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ADVERTISEMENT 


BY 


THE  EDITOR. 


T^HE  Analytical  Inftitutions  of  the  very  learned  Italian  Lady,  Mari€ 
Gaetana  Agntft^  Profeflbr  of  the  Mathematicks  and  Philofophy  in 
the  Univerfity  of  Bologna^  which  were  publiflied  in  two  Volumes, 
Quarto,  in  the  year  1748,  are  well  known  and  juftly  valued  on  the 
Continent;  and  there  cannot  perhaps  be  a  better  recommendation  of 
them  in  this  Ifland,  than  that  they  were  tranflatcd  into  Englifli  by  that 
eminent  judge  of  Mathematical  Learning,  the  late  Reverend  John 
Colfon^  M.  A.  F.  R.  S.  and  Lucafian  Piofeflbr  of  the  Mathematicks  in 
the  Univerfity  of  Cambridge.  That  learned  and  ingenious  man,  who 
had  obliged  his  Coimtry  with  an  Englifli  Tranflation  of  Sir  Isaac 
Newton's  Fluxions,  together  with  a  Comment  on  that  profound  work, 
in  the  year  1736, — and  was  well  acquainted  with  what  appeared  on  the 
iame  fubjed,  in  the  courfe  of  fourteen  years  afterward,  in  the  writings 
of  thofe  very  ingenious  men,  Emerfon^  Mac  Lamrin^  and  Simpfon^-^ 
found,  after  all,  the  Analytical  Jnjiitutions  of  Agneji  to  be  fo  excellent, 
that  he  was  at  the  psdns  of  learning  the  Italian  Language,  at  an  advanced 
age,  for  the  fole  purpofe  of  tranflating  that  work  into  Engltfh ;  that  the 
Youth  might  have  the  benefit  of  it  as  well  as  the  Youth  of  Italy. 

ThU 
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This  great  defign  he  lived  to  accomplifh ;  and  had  afliially  tranfcribed 
a  fair  copy  of  his  Tranflation  for  the  prefs,  and  begun  to  draw  up  propofals 
for  printing  it  by  fubfcription.  And,  in  order  to  render  it  more  eafy  and 
ufeful  to  the  Ladies  of  this  Country,  (if  indeed  they  can  be  prevailed  upon 
by  his  perfuafion  and  encouragement,  to  fliow  to  the  world,  as  they  eafily 
might,  that  they  are  not  to  be  excelled  by  any  foreign  Ladies  whatever, 
in  any  valuable  accomplifhment,)  he  had  defigned  and  begun  a  popular 
account  of  this  work,  under  the  title  of  The  Plan  of  the  Ladys  Syftem 
of  Analyticks }  explaining,  article  by  article,  what  was  contained  in  it. 
But  this  he  did  not  live  long  enough  to  finifli,  nor  indeed  to  give  more 
than  a  rough  draught  of  it  fo  far  as  article  256  of  the  firft  Book. 

In  this  date  the  Manufcript  remained  many  years ;  and,  confidering 
the  great  expenfe  which,  in  the  prefent  times,  attends  the  printing  of 
fuch  a  work,  probably  might  have  remained  many  more,  had  it  not  been 
for  the  adive  and  liberal  fpirit  of  Mr.  Baron  Maseres  j  who,  whether 
we  confider  his  own  ingenious  and  extenfive  labours  in  the  Mathe* 
maticks,  or  the  encouragement  which  he  gives  to  others  who  employ 
their  talents  in  that  way,  well  deferves  what  Sir  Isaac  Newton  laid  of 
Mr.  Collins^  the  great  encourager  of  Mathematical  Learning  in  his  time 
— Vir  in  Rem  Matbematicam  promtfuendam  natus  *•  But  this  commen- 
dation is  far  fhort  of  the  defcrts  of  the  Patron  of  this  Work,  While  he 
fets  a  due  value  upon  Arts  and  Sciences^  he  ia  highly  fenfible  of  the 
much  greater  importance  of  Revealed  Religion,  and  weU-conJiituted 
Covernment^  to  the  happinefs  of  mankind ;  and  is  no  lefs  pious  and 
loyal  than  he  is  learned  and  liberal.  To  the  truth  of  thefe  aflertions 
every  one  who  is  acquainted  with  him  will  readily  bear  teftimony  ;  and 
they  might  be  fupported  likewife  by  paflages  from  various  Books  which 

;*  See  Comm.  EpifloL  £dit.  17221  p.  148. 

are 
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obtain  *,)  I  Hvr  no  way  of  fatisfying  myfelf,  but  to  undertake  the 
labour,  great  as  it  was^  of  examining  and  recomputing  every  operatioa 
in  which  I  fufpeded  or  difcovered  any  error :  and  this  was  frequently 
the  cafe  in  the  fecond  Volume^  In  fhort,  my  endeavour  has  been  to 
prefent  this  Tranflation  to  the  Public  faithfully  as  the  worthy  old  Pro* 
feffor  made  it,  and  would  have  rendered  it,  if  he  had  lived  to  publifh 
it  J  altering  nothing  in  it  but  the  miftakes  before  mentioned,  nor  infert- 
ing  any  thing  of  my  own  but  what  is  included  within  thefe  marks  [    ]• 

With  refpeft  to  the  ftyle  of  this  Tranflation,  fome  of  the  fentences, 
no  doubt,  might  have  been  better  turned  ;  yet  the  meaning  is,  ia 
general,  plain  enough,  which  is  all  that  is  requifite  in  books  of  this  kind. 

It  has  been  mentioned  above,  that  the  Introdudion  was  left  unfi- 
niftxed  by  Profeflfor  CoI/on :  I  have  continued  it  to  the  end  of  the  lirft 
Volume  J  diftinguifhing  what  I  have  written  from  what  was  found  in 
Manufcript  by  putting  it  in  brackets. 


It  appears  by  a  pafTage  in  the  Manufcript  of  the  Introdudion,  that 
Mr.  Col/bn  intended  to  make  fome  additions  to  this  Work ;  but  what 
thefe  additions  were  to  be  is  not  mentioned.  Yet  I  conjefliure  that  they 
were  to  be  fome  eafy  pleafant  Queftions,  with  their  Solutions,  in  the 
manner  which  he  has  fhown  in  Sed.  VI.  of  his  Comment  on  Sir  Isaac 
Newton's  Fluxions  ;  merely  to  exercife  the  learner  in  the  rules  given 
in  thefe  Inftitutions,  and  not  to  contain  any  new  rules,  or  additional 
matter ;  for  he  has  called  this  Work  of  j^gnejij  A  Complete  Syjiem  of 
Analyticks  f  •  And  finding  a  fhort  Paper  of  this  kind  in  his  hand- 
writing, I  have  inferted  it  at  the  end  of  the  fecond  Volume. 

*  In  the  year  1799, 1  employed  two  days  in  making  inquiries  amongft  the  bookfellers  of 
London,  from  one  end  of  the  city  to  the  other,  for  a  Copy  of  the  Originalj  without  fuccefs. 
f  See  the  Introdudion,  p.  u 

That 
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That  thefc  Inftitutions^  confidering  the  great  quantity  of  valuable 
matter  contained  in  them,  the  judicious  manner  in  which  it  is  arranged^ 
and  the  perfpicuity  with  which  it  is  explained,  will  be  efteemed,  by  all 
candid  judges,  as  the  moft  v^uable  work  of  the  kind  that  has  appeared 
in  our  language,  need  not  be  doubted.  Inftances  of  the  fuperiour  ikill 
of  the  Author  may  be  found  in  various  parts  of  her  Work,  more 
efpecially  in  the  Fourth  Book,  where  it  appears  in  the  conftrudlion  of 
fome  fluxionary  equations  without  a  feparation  of  the  variable  quantities, 
— in  the  feparation  of  the  variable  quantities  in  others, — and  ia  the 
reduction  of  others  in  which  there  are  fecond  and  third  fluxions  to 
equations  having  firft  fluxions  only.  A  fingle  inftance  of  her  great 
ikill  may  ferve  to  gratify  the  reader,  and,  for  the  fake  of  brevity,  is  all 
that  1  fhall  produce  in  this  place.  It  is  taken  from  the  beginning  of 
the  fifth  Article  of  the  firft  Sedion  of  the  Fourth  Book,  where  fhe 

fhows  that   the   equation   of  the   fluents    of  y^y  =  x^y  +  yx^  ^   x  is 

Jhy  y  =  x^y^  ±  6  ;  which,  by  only  writing  a;  for  y  and  y  for  x^ 

is  the  folution  of  the  equation  y^x  +  xy       y  =  x^x ;  from  which  the 

•              fft . 
folution  of  the  equation 1-   —  =  is   moft   eafily   obtained. 

This  equation  is  taken  from  page  289  of  the  fecond  Volume  of 
Simp/on  s  Fluxions,  (publiflied  in  the  year  1750,)  who  has  there 
exprefled  his  opinion.  That  the  only  cafe  in  which  this  equation  admits 
of  a  folution  "  by  multiplying,  or  dividing  it,  by  fome  power  or  produdl 
of  the  quantities  concerned,''  is,  when  »  =  i  :  whereas  Agnefi  has  given 
a  general  foludon  by  that  method  *.     What  is  here  faid  is  only  to 

*  I  am  aware  that  a  folution  of  this  equation  has,  of  late,  been  given  by  fevcral 
ingenious  perfons  of  this  Country ;  which,  however,  fome  of  them  may  fee  reafon  to 
revife. 

Vol.  I.  B  prove 
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prove  the  great  fkill  of  Signora  Agneft^  and  not  with  any  intent  to 
leflen  the  reputation  of  Mr.  Simpfon ;  for  whofe  memory  and  abilities  I 
have  the  higheft  refped,  efteeming  him  as  one  of  the  greateft  Mathe^ 
matical  Geniuses  that  this  Country  has  produced  fince  the  time  of 
Sir  Isaac  Newton. 


It  may  perhaps  be  objedled  to  thefe  In/lit utions^  That  there  are  a 
number  of  Mechanical  and  Phyfical  Problems  to  be  met  with,  in  fome 
Treatifes  of  Fluxions  in  our  language,  which  are  not  found  here.  The 
anfwer  is.  That  fuch  Problems  are  properly  placed  in  Treatifes  of  Ma^ 
tbematical  Philofopby ;  but,  as  the  folutions  of  them  require  a  knowledge 
of  Mechanicks,  and  Natural,  Philofophy,  they  could  not,  with  any  more 
propriety,  be  admitted  into  an  Elementary  Treatife  of  Fluxions,  than 
the  Problems  of  meafuring  Land,  or  of  taking  Heights  and  Diftances, 
could  be  admitted  into  Euclid's  Elements  of  Geometry. 


But  here  I  would  not  be  underftood  to  infinuate  that  thefe  Injlitutions 
are  fo  perfedt  as  to  admit  of  neither  improvement  nor  addition  :  on 
the  contrary,  I  have  obferved  that  fome  of  the  inveftigations  might  be 
made  in  a  fimplef  manner ;  and  that  the  Methods  of  Jinding  the  Roots 
of  numerical  Equations  by  Approximation ^  —  Of  fclving  literal  and 
jftuxionary  Equations  by  infnite  Series ^ — and  Of  comparing  together  homo^ 
geneous  Fluents^  are  wanting  in  them ;  all  which  might  be  contained  in 
a  few  fheets,  and  which,  if  added  to  this  Work,  would  fave  the  learner 
the  expenfe  of  money  and  time  in  procuring  and  reading  a  number  of 
books  on  thefe  fubjeds.  Thefe  Methods  therefore,  together  with  Notes 
on  feveral  parts  of  the  Work,  I  purpofe  to  draw  up,  under  the  title  of 

J  Sup- 
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A  Supplement  to  Maria  Jignefts  Analytical  Injlitutions ;  to  be  printed 
with  the  fame  type,  and  on  the  fame  kind  of  paper,,  as  this  Work ;  if 
health  and  leifure  fhould  permit,  and  if  it  fhould  appear  to  be  defired 
by  Mathematical  Readers, 

The  wonderful  fagacity  which  appears  in  thefe  Injlitutions^  and  the 
fjngular  circumftance  that  fo  large  a  work  of  this  kind  was  performed 
by  a  Lady,  raifed  in  me  a  wifh  to  obtain  a  particular  account  of  the 
Author ;  but  the  confufion  and  mifery  which  have  been  brought  upon  a 
great  part  of  Europe,  and  particularly  upon  Italy,  by  the  French  Revo- 
lution, have  deprived  me  of  the  means  of  getting  authentic  information 
refpeding  this  Phenomenon  of  Literature  from  the  Univerfity  of 
Bologna^  of  which  (he  was  once  fo  bright  an  ornament.  All  the 
information  I  have  been  able  to  get  of  her,  (befidcs  what  appears  in 
her  excellent  Work,  and  fome  juft  encomiums  on  her  Ikill  which  I 
have  feen  in  foreign  books,)  I  have  inferted  in  the  following  pages  ; 
fuppofing  that  the  reader  would  be  no  lefs  defirous  than  myfelf  of  any 
authentic  information  refpedting  fo  amiable  and  fo  extraordinary  a 
pcrfon.  The  account  comes,  indeed,  by  way  of  France  ;  yet,  as  there 
is  no  vifible  motive  for  the  writers  of  it  to  deviate  from  truth  in 
what  they  have  related  of  her,  I  fee  no  reafon  for  dilbelieving  it. 

I  have  alfo  inferted  the  Teftimony  given  by  Dr.  Saunderfon  to  the 
great  genius  and  Ikill  of  Mr.  Colfon ;  conceiving  that  it  might  prove 
iifeful  information  to  the  junior  readers  of  thefe  Injlitutions. 

I  have  only  to  requeft  of  the  candid  reader  that,  if,  notwithftanding 

B  2  the 
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the  care  I  have  taken  in  correding  the  prefs  for  this  Work,  any  errors 
have  efcaped  me,  (and  in  printing  a  work  of  this  kind  it  is  hardly 
poflible  but  fome  will  efcape  unnoticed,)  he  will  corred  them  himfelf, 
and  kindly  excufe  the  omiflion. 

John  Hellins. 

PotterVPury, 
September  29th>  i8oi* 


SOM£ 


SOxME  ACCOUNT  OF  MARIA  AGNESI, 

THE  AUTHOR  OF   THESE   AKALY7ICAL  INSTITUTJONS. 


IN  the  Appendix  to  the  XXXII Id  Volume  of  the  Monthly  Review, 
pages  516  and  517,  is  an  Account  of  Maria  Agnefi^  taken  from  one  of 
M.  Dc  Brojes"  Letters  on  Italy,  which  is  nearly  the  fame  in  fubftance, 
but  not  in  perfpicuity,  with  what  is  here  printed. 

'  Letter  X. — The  account  given  by  Monfieur  De  Broffes,  in  the  loth  Letter, 
of  a  kind  of  literary  phaenomenon  that  he  met  with  in  this  journey,  is  fo 
remarkable  that  we  cannot  avoid  tranfcribing  ir.  This  was  a  young  lady  of 
Milanj  about  eighteen  or  twenty  years  of  age,  named  la  Sigmrina  Jgneft,  whom 
he  calls  a  walking  Polygloti^  and  who,  not  content  with  knowing  all  the  oriental 
languages,  undertook  to  maintain  a  Tbefis  in  any  of  the  fciences  againft  any 
one  who  (hould  choofe  to  difpute  upon  it  with  her.  At  a  Converjatione  to  which 
our  traveller  [Monfieur  De  Broffes]  and  his  nephew  were  invited,  they  found 
about  thirty  perfons,  of  fcveral  different  nations  of  Europe,  fitting  in  a  circle, 
and  la  Signorina  Agnefi^  with  her  little  fifter,  feated  under  a  canopy.  She  could 
hardly  be  reckoned  handfome  j  but  (he  had  a  fine  complexion,  and  an  air  of 
great  fimplicity,  foftnefs,  and  feminine  delicacy/ 

"  I  had  conceived  (fays  the  Prefident  *,)  when  I  went  to  this  converfation- 
party,  that  it  was  only  to  converfe  with  this  young  lady  in  the  ufual  way,  though 
on  learned  fubjedls;  but,  inftead  of  this.  Count  Bellom  (who  had  introduced 
me  to  it,)  made  a  fine  harangue  to  the  lady  in  Lali^y  with  the  formality  of  a 
college-declamation.  She  anfwered  with  great  readinefs  and  ability  in  the  fame 
language  ;  and  they  then  entered  into  a  difputation,  ftill  in  the  fame  language 
on  the  origin  of  fountains  and  on  the  caufes  of  the  ebbing  and  flowing  which  is 
obferved  in  fome  of  them,  like  the  tides  in  the  fea.  She  fpoke  like  an  angel 
on  this  fubjeft  ;  and  I  never  heard  it  treated  in  a  manner  that  gave  me  more 
fatisfadion.  Count  Bellom  then  dcfired  me  to  enter  with  her  on  the  difcuflSon 
of  any  o.her  fubjed  I  Ihould  choofe  to  pitch  upon,  provided  that  it  related  to 
Mathcmaticks  or  Natural  Philofophy.     This  propofal  alarmed  me  a  good  deal, 

•  M.  De  Broffes  was  firft  Prefident  of  the  Parliament  of  Dijon,  and  Member  of  the 
Royai  Academy  of  Infcriptions  and  Belles  Lettres  of  Paris.  According  to  the  iVlonthiy 
Reviewer,  he  travelled  in  Italy  about  the  year  1 740  :  from  which  it  follow8  that  Agneji 
was  about  28  years  of  age  when  her  Analyi%0al  InJHtutions  y^cxc  publi(bed« 

as 
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as  I  found  it  was  expedcd  that  I  (bould  hold  a  converfation  in  the  Latin 
language,  with  which  I  had  no  longer  that  familiar  acquaintance  and  readinefs 
at  fpeaking  ir,  which  in  the  days  of  my  youthful  ftudies  1  had  formerly  poflelurd. 
However,  I  made  the  lady  the  beft  excufes  I  could  for  my  want  of  fufficient 
fkill  in  the  Latin  language  tp  make  me  worthy  of  converfing  in  it  with  her, 
and  hoped  fhe  would  over-look  the  incorreft  expreffions  I  might  happen  to 
make  ufe  of  in  the  courfe  of  the  difcuflion  ;  and  we  then  entered,  firft,  into  an 
inquiry  concerning  the  manner  in  which  the  foul  receives  impreffions  from 
corporeal  objeds,  and  in  which  thofe  impreffions  are  communicated  from  the 
eyes,  and  ears,  and  other  parts  of  the  body  on  which  they  are  firft  made,  to 
the  organs  of  the  brain,  which  is  the  general  Jenjoriuniy  or  place  in  which  th^ 
foul  receives  them  ;  and  we  afterwards  difputcd  on  the  propagation  of  light 
and  the  prifmatick  colours.  Loppin  then  difcourfcd  with  her  on  tranjparent 
bodies  J  and  on  curvilinear  figures  in  Geometry,  of  which  laft  fubjed  I  did  not 
underftand  a  word.  Loppin  fpoke  in  French ;  and  the  lady  begged  to  be 
permitted  to  anfwer  him  in  Latin,  fearing  that  (he  Qiould  not  be  able  to 
recoiled  the  proper  French  technical  names  of  the  fcveral  fuhjeds  which  they 
fhould  have  occafion  to  confider. 

*^  She  fpoke  wonderfully  well  on  all  thefe  fubjeds,  though  (he  could  not 
have  been  prepared  before-hand  to  fpeak  upon  them,  any  more  than  we  were. 
She  is  much  attached  to  the  Philofophy  of  Sir  Isaac  Newton  :  and  it  is 
marvellous  to  fee  a  perfon  of  her  age  fo  converfanc  with  fuch  abftrufc  fubjeds. 
Yet,  however  much  I  may  have  been  furprized  at  the  extent  and  depth  of  her 
knowledge,  I  have  been  much  more  amazed  to  hear  her  fpeak  Latin  (a  language 
which  (he  certainly  could  not  often  have  occafion  to  make  ufe  of,)  with  fuch 
purity,  eafe,  and  accuracy  that  I  do  not  recoiled  to  have  ever  .read  any  book 
in  modern  Latin  that  was  written  in  fo  claffical  a  ftyle  as  that  in  which  (he 
pronoynced  thefe  difcourfes.  After  (he  had  replied  to  Loppin^  the  converfation 
became  general,  every  one  fpeaking  to  her  in  the  language  of  his  own  country, 
and  (he  anfwering  him  in  the  fame  language  :  for  her  knowledge  of  languages  is 
prodigious.  She  then  told  me  that  (he  was  forry  that  the  converfation  at  this  vifit 
had  taken  that  formal  turn  of  an  Academical  Difputatiortj  declaring  that  (he  very 
much  difliked  fpeaking  on  fuch  fubjeds  in  numerous  companies ;  where,  for  one 
perfon  who  received  amufement  from  the  difcu(fion  of  them,  there  were  often 
twenty  who  were  tired  to  death  by  it ;  and  that  therefore  fuch  fubjeds  were  only 
fit  to  be  entered*upoa  in  fmall  companies  of  two  or  three  perfoas,  who  had  all 

the 
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the  fame  tafte  for  difcuffing  them.  This  obfervaiion,  I  thought,  was  very  juft, 
and  was  a  proof  of  the  fame  good  fenfc  and  difcernmcnt  which  had  appeared 
in  her  former  learned  difcourfes.  I  was  forry  to  hear  that  (he  was  determined 
to  go  into  a  Convent,  and  take  the  veil  :  which  was  not  from  want  of  fortune, 
(for  (he  is  rich,)  but  from  a  religious  and  devout  turn  of  mind,  which  difpofes 
her  to  fliun  the  pleafures  and  vanities  of  the  world.  After  the  converfation  was 
finiflied,  her  little  fifter  played  on  the  harpfichord,  with  the  fkill  of  a  Rameau, 
firft,  fomc  of  Rameau*s  pieces  of  mufic,  and  then  fome  pieces  of  her  own 
compoiition,  and  concluded  by  finging  fome  airs  and  accompanying  her  voice 
on  the  inftrument," 

M.  Montucla  fpeaks  of  Marta  Agneft^  and  of  her  Analytical  Injli^ 
tutions^  to  the  following  effed,  in  his  Htftoirc  des  Mathematiquesy  Vo- 
lume II,  page  171. 

*^  BeGdes  the  foregoing  Authors  I  ought  to  mention  on  this  occafion,  with 
much  commendation,  the  Analytical  Injlituiions  of  a  learned  Italian  lady  of  the 
name  of  Maria  Gaetana  Agneft^  which  is  a  work  of  fuch  merit  that  fome  female 
mathematician  of  France  (for  we  alfo  have  fome  ladies  of  that  defcription 
among  us,)  would  have  done  well  to  give  us  a  French  tranflation  of  it.  Wc 
cannot  behold  without  the  greatefl:  aftonilhment  a  perfon  of  a  fex  that  fi^ems  ^o 
lirtle  fitted  to  tread  the  thorny  paths  of  thefe  abftraft  fciences,  penetrate  fa 
deeply  as  flie  has  done  into  all  the  branches  of  Algebra,  both  the  common  and 
the  tranfcendental,  or  infinitefimal.  She  has  fince  retired  to  a  cloifter :  and, 
though  ue  do  not  f)refume  to  cenfure  her  conduft  in  this  ftep,  (which  we  mud 
fuppofe  to  proceed  from  the  pureft  and  finccreft  piety,)  we  cannot  but  lament 
that  (he  (hould  have  thus  deprived  the  learned  world  of  the  ufeful  improvements 
in  Literature  which  her  genius  and  knowledge  would  have  enabled  her  to 
communicate  to  it,  not  only  on  fubjeAs  of  a  mathematical  nature,  but  on  many 
others  of  a  different  kind,  in  which  (he  had  become  eminent." 

In  the  Index  to  the  Volume  above  mentioned,  M.  Montucla^  at  the 
name  Agiicft^  refers  alfo  to  the  third  Volume  of  his  work,  which  is  not 
yet  puhliftied, 

Maria  Agnefi  and  her  Analytical  hijlitutions  are  mentioned  alfo  in  a 
note  in  page  1 79  of  a  work  intided  "  An  EJfay  on  the  Learnings  Genius^ 
and  Abilities  of  the  Fair-Sex :  proving  them  Not  Inferior  to  Man^  f^om  a 
Variety  of  Examples^  extracted  from  Antient  and  Modern  Hijiory.     Tranf^ 
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lated  from  the  Spanijb  of  *  El  Tbeatro  Crlttco.^     London  I774-''     What 
is  there  faid  of  her  is  to  the  efFed  following : 

"  A  learned  Italian  lady  of  our  own  times  is  Signora  Agnfi  *,  daughter  of  a 
creditable  tradefman  in  Milan,  famed  throughout  all  Europe  for  her  knowledge 
of  the  learned  languages  and  for  being  the  author  of  a  profound  treatife  of 
Algebra,  vs\i\\\tA  Analytical  Inftitutions^  which,  befides  many  eulogiums  beftowed 
on  her  by  feveial  Scientifical  Societies,  has  gained  her  a  Profcflbrfhip  of  Maihc- 
maticks  in  the  Univerfity  of  Bologna.  Neither  her  inclination  to  thefe  favourite 
intelledual  purfuits,  nor  a  defire  of  preferving  and  increafing  the  fame  the  had 
acquired  by  her  attainments  in  them,  nor  the  intreaties  of  her  father  have  been 
able  to  ftifle  the  call  from  heaven  which  (lie  conceives  herfelf  to  have  felt  in 
her  child-hood  to  dedicate  herfelf  to  a  monaftick  life  amongft  the  nuns  known 
by  the  name  of  ^be  Blue  Nuns,  than  which  there  are  few  orders  in  the  Church 
of  Rome  fubjedt  to  rules  of  greater  feverity.  Since  her  father's  death  flie  has 
given  herfelf  up  to  the  mod  fublime  devotion,  and  has  facrificed  to  chriftian 
felfdenial  all  thofe  enjoyments  in  the  fociety  of  the  world  to  which  her  fine 
qualities  and  literary  attainments  had  already  introduced  her  amongfl:  the  mofl 
refpeftable  part  of  mankind." 


DR.  SAUNDERSON'S  TESTIMONY  OF  THE  GENIUS  OF  MR.  COLSON. 

Dr.  Nicholas  Saunderson,  Lucaftan  Profeflbr  of  the  Mathematicks 
in  the  Univerfity  of  Cambridge,  and  Fellow  of  the  Royal  Society,  fpeaking 
of  Mr.  Colfon  in  \i\%  Algebra^  Vol.  II.  p.  720,  has  thefe  words : 

— **  The  learned  Mr.  John  Colfon,  a  gentleman  whofe  great  genius  and  known 
abilities  in  thefe  fciences  I  (hall  always  have  in  the  higheft  admiration  and  efteem." 


Mn  De  Moivre  alfo  has,  on  feveral  occafions,  fpoken  of  the  great  fkill  of 
Mr.  Colfon ;  but,  for  want  of  books,  I  cannot  quote  his  words.  However, 
Dr.  Saunderfons  Teftimony,  and  the  office  which  Mr.  Colfon  afterward 
held  in  the  Univerfity  of  Cambridge^  are  fufficient  vouchers  of  his  ability. 

*  In  the  Note  above  referred  to,  which  feems  to  be  a  bad  tranflation  of  a  pafTage  in  a 
book  intitled  ^  Obfervations  fur  r Italic,  &c,'  her  name  is  erroneoufly  printed  Anglefe.  I 
have  therefore  given  the  fame  Account  in  better  Englifli,  as  it  was  communicated  to  me 
by  Mr.  Baron  Majeres ;  to  whom  alfo  I  am  obliged  for  all  the  reft  that  is  here  printed 
concerning  this  very  extraordinary  perfon.  J.  H. 

THE 
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t^amasB 


TO 


HER  SACRED  IMPERIAL  MAJESTY, 


MARIA  TERESA  OF  AUSTRIA, 

EMPRESS  OF  GERMANY,  QUEEN  OF  HUNGARY,  BOHEMIA,  &c.  8tc. 


A  MONG  the  various  arguments  I  revolved  in  my  mind,  in- 
ducing me  to  hope,  that  Your  Sacred  Majefty,  according  to 
your  great  condefcenfion,  would  vouchfafe  to  receive  favourably 
this  Work  of  mine,  which  is  proud  to  (helter  itfelf  under  your 
augufl  name,  and  humbly  to  crave  your  gracious  patronage  and 
protection  ;  among  all  thefe  arguments,  I  fay,  none  has  encouraged 
me  fo  much  as  the  confideration  of  your  fex,  to  which  Your 
Majefty  is  fo  great  an  ornament,  and  which,  by  good  fortune, 
happens  to  be  mine  alfo.  It  is  this  confideration  chiefly  that  has 
iupportcd  me  in  all  my  labours,  and  made  me  infenfible  t6  the 
dangers  that  attended  fo  hardy  an  enterprife.  For,  if  at  any  time 
there  can  be  an  cxcufe  for  the  rafhncfs  of  a  Woman,  who  ventures 
Vol,  I.  c  to 
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to  afpire  to  the  fublimities  of  a  fciencet  which  knows  no  bounds, 
not  even  thofe  of  infinity  itfelf,  it  certainly  (hould  be  at  this 
glorious  period,  in  which  a  Woman  reigns,  and  reigns  with  uni- 
verfal  applaufe  and  admiration.  Indeed,  I  am  fully  convinced, 
that  in  this  age,  an  age  which,  from  your  reign,  will  be  diftinguifhed 
to  lateft  pofterity,  every  Woman  ought  to  exert  herfelf,  and 
endeavour  to  promote  the  glory  of  her  fex,  and  to  contribute  her 
utmoft  to  increafe  that  luftre,  which  it  happily  receives  from  Your 
Majedy ;  who,  having  difFufed,  on  all  fides,  the  fame  and  admiration 
of  your  anions,  have  obliged  Mankind  to  apply  to  you,  with  much 
greater  reafon,  what  has  been  faid  of  fome  of  the  antient  Caefars ; — 
that,  by  the  juftice  and  clemency  of  your  Government,  you  are  an 

honour  to  human  nature,  and  a  near  refemblance  of  the  divine. 
To  thofe  who,  zealous  for  the  glory  of  our  fex,  (hall  faithfully 
tranfmit  to  pofterity  the  memory  of  your  deeds ;  to  thofe  (I  fay) 
I  muft  leave  to  commemorate,  how  each  accomplifhment  of  the 
mind  is  united  in  Your  Majefty  with  the  moft  engaging  gracefulnefs 
of  perfon ;  to  thofe  I  fhall  leave  the  arduous  tafk  to  defcribe,  the 
ilrength  of  your  underftanding,  the  cxtenfivenefs  of  your  genius, 
but,  above  all,  that  fignal  fortitude,  that  invincible  courage  and 
conftancy  of  mind,  by  which  you  derived  frefh  vigour,  as  it  were, 
from  your  perils  and  perfecutions  themfelves  *,  and,  after  having 
been  fo  feverely  tried  by  the  hand  of  Providence  at  the  beginning 
of  your  reign,  gave  at  laft  fo  happy  a  reverfe  to  your  affairs. 
Neither  will  they  fail  to  celebrate  the  engaging  fweetnefs  of  your 
temper,  your  humane  and  companionate  difpofition,  nor  that  gene- 
rous condefcenfion  with  which,  amidfl  the  hurry  and  tumult  of 
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vm3,  you  cherifh  and  proted  the  arts  smd  fcieqeet;  being  duly 

fenfible  how  greatly  thefe  redound  to  the  public  w^ld^K ;  and  that 
by  thefe  the  minds  of  men  are  forcibly  excited  to  the  purfuit  and 
pradice  of  every  focial  virtue.  Hence  it  was,  that  the  Sciences  fo 
early  took  poffeffion  of  your  mind,  and  that  you  became  well 
acquainted  with  the  whole  circle  of  them.  And  though  the  bufy 
cares  and  interruptions  of  Empire  may  have  withdrawn  you  from 
your  more  ftudious  applications,  (Heaven  having  thought  it  too 
fmall  a  commendation  for  you,  to  be  called  the  moft  knowing  and 
learned  Woman  of  your  age,)  yet  ftill  your  love  of  truth  is  not  the 
lefs  fervent ;  fo  that  whoever  employ  themfelves  in  the  fearch  of  it, 
are  fure  to  meet  with  diftinguilhing  marks  of  your  approbation. 

Vouchfafe,  therefore,  Madam,  to  caft  a  favourable  eye  on  this 
Performance  of  mine,  not  only  as  a  Work  which  comprehends  the 
higheft  attempts  of  the  human  underftanding,  but  alfo  as  the  greateft 
tribute  it  was  in  my  power  to  oflFer,  to  the  glory  of  your  aufpicious 
reign;  a  reign  which  feems  to  revive  the  memory  of  former 
heroines,  only  to  render  your  magnanimity,  prudence,  and  good 
fortune,  the  more  eminently  confpicuous  by  the  comparifon.  And 
if  the  Volume  of  Mufic,  which  my  Sifter  has  had  the  honour  of 
prefenting  to  Your  Majefty,  has  been  fo  fortunate  as  to  excite  your 
voice  to  melodious  accents ;  let  this  be  fo  happy  as  to  have  the 
defired  effeS,  of  employing  fometimes  the  fagacity  and  penetration 
of  your  underftanding.  As  nothing  more  remains,  but  to  implore 
of  Heaven  a  long  and  happy  continuance  of  your  glorious  reign, 
for  the  felicity  of  the  many  nations  fubjed  to  your  command ;  I 
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therefore  prollrate  myfelf,  with  all  humility,  at  the  foot  of  your 
Throne,  and  am 

Your  Majefty's 

moft  humble, 

xnoft  obedient, 

and  faithful  fervant, 

Maria  Gaetana  Agnesi. 


THE 


iwaiawaa^ 


THE     AUTHOR'S     PREFACE 


TO 


THE     READER. 


T^HERE  are  few  fo  unacquainted  with  Mathematical  Learning,  but 
are  fenfible  the  Study  of  Analyticks  is  very  neceflary,  efpecially  in 
our  days ;  they  cannot  but  be  apprized  what  improvements  have  already 
been  made  by  it's  means,  what  are  ftill  making  every  day,  and  what  may 
be  yet  expected  in  time  to  come.     For  which  reafon  I  fhall  not  amufe 
myfelf  with  making  unncccflary  encomiums  on  this  fcience,  which  flands 
in  no  need  of  any  fuch  recommendations,  and  much  Icfs  of  mine.     But, 
notwithftanding  the   necelfiry  of  this  fcience  appears  fo  evident  as  to 
excite  our  youth  to  the  carn^R  (ludy  of  it ;  yet  great  are  the  difficulties 
to  be  overcome  in  the  attainment  of  it.     For  it  is  very  well  known, 
that  perfons  able  and  willing  to  teach  it  are  not  to  be  found  in  every 
city,  at  Icafl:  not  in  our  Italy  ;  and  every  one  that  \vould  be  glad  to  learn 
has  not  the  means  of  travelling  into  diftant  countries,  in  qucft  of  proper 
mafters.    This  I  know  by  my  own  experience,  as  I  muft  ingenuoufly  con- 
fefs;  for,  notwithftanding  the  ftrong  inclination  I  had  to  this  fcience,  and 
the  great  application  f  made  ufe  of  to  acquire  it ;  I  might  ftill  have  been 
loft   in   a   maze  of  inextricable   difiicukics,    had  I  not  been  aflifted  by 
the  fecure  guidance  and  lajre  dircdion  of  the  very  learned  Father  7)^?;/ 
Ramiro  Rampinelli^  Monk  of  the  Olivetan  Order,  and  now  PrcfelFor  of 
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the  Mathematicks  in  the  Royal  Univcrfity  of  Pavia ;  to  whom  I 
acknowledge  myfelf  indebted  for  what  little  progrefs  I  may  poflibly 
have  made  in  this  kind  of  ftudy ;  on  whofe  deferved  praife  I  fliall 
forbear  to  iniift^  it  being  unneceflary  to  a  perfon  of  his  fame  and  merit, 
and'ofFenfive  to  his  known,  but  perhaps  too  rigid,  modefty.  True  it  is, 
the  aforefaid  inconvenience  may,  in  fome  meafure,  be  removed,  by  having 
recourfe  to  good  books,  written  with  perfpicuity,  and  (what  is  above  all) 
in  a  proper  method.  But  though  what  relates  to  the  fubjedl  of  Analyticks 
may  have  already  been  treated  of,  and  is  ta  be  found  in  print ;  yet  as 
thefe  pieces  are  fcattered  and  difperfed  in  the  works  of  various  authors, 
and  particularly  in  the  Leipftc  Afl:s,  the  Memoirs  of  the  Royal  Academy 
of  Sciences  at  Paris^  and  in  other  foreign  Journals  ;  fo  that  it  is  impof- 
lible  for  a  beginner  to  methodize  the  feveral  parts,  even  though  he  were 
furniflied  with  all  the  books  neceflfary  for  his  purpofe :  this  confidera* 
tion  induced  the  celebrated  Father  Renau  to  publifh  that  moft  ufeful 
Work,  inlitled  TJ  Analyfe  demontrec^  a  work  deferving  the  higheft  com- 
mendation. After  which,  I  am  very  fenfible,  that  thefe  Inftitutions  of 
min€  may  feem,  at  firft  fight,  to  be  needlefs,  fo  many  learned  Men  having 
thus  amply  provided  for  the  occafions  of  the  Public.  But,  as  to  this 
point,  I  defire  the  candid  reader  to  confider,  that,  as  the  Sciences  are 
daily  improving,  and,  fince  the  publication  of  the  aforementioned  book, 
many  important  and  ufeful  difcoveries  have  been  made  by  many  inge- 
nious writers  ;  as  had  happened  likewife  to  thofe  who  had  written  before 
them :  Therefore,  to  fave  ftudents  the  trouble  of  feeking  for  thefe  im- 
provements, and  newly-invented  methods,  in  their  feveral  authors,  1  was 
perfuaded  that  a  new  Digeft  of  Analytical  Principles  might  be  ufeful  and 
acceptable.  The  late  difcoveries  have  obliged  me  to  follow  a  new  ar- 
rangement of  the  feveral  parts ;  and  whoever  has  attempted  any  thing 
of  this  kind  muft  be  convinced,  how  di£Bcult  it  is  to  hit  upon  fuch  a 
method  as  (hall  have  a  fufficient  degree  of  perfpicuity,  and  fimplicity, 
omitting  every  thing  fuperfluous,  and  yet  retaining  all  that  is  ufeful  and 
oeceirary ;  fuch,  in  ihort^  as  fhall  proceed  in  that  natural  order,  in  which 
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confifts  the  clofeft  connexion,  the  ftrongeft  conviction,  and  the  eafieft 
inftruftion.  This  natural  order  I  have  always  had  in  view ;  but  whether 
I  have  always  been  fo  happy  as  to  attain  it,  muft  be  left  to  the  judgment 
of  others. 

In  the  management  of  various  methods,  I  think  I  may  venture^ to  fay, 
that  I  have  made  fome  improvements  in  feveral  of  them,  which  I  believe 
will  not  be  quite  devoid  of  novelty  and  invention.  To  thefe  the  judi- 
cious Reader  may  give  what  weight  he  pleafes.  It  was  never  my  defign 
to  court  applaufe,  being  fatisfied  with  having  indulged  myfelf  in  a  real 
and  innocent  pleafure ;  and,  at  the  fame  time,  with  having  endeavoured 
to  be  ufeful  to  the  Public. 

In  the  Second  Volume,  in  which  I  treat  of  the  Integral  Calculus,  or 
what  is  alfo  called  the  Inverfe  Method  of  Fluxions,  the  Reader  will 
meet  with  a  fpeculation  entirely  new  *,  and  no  where  before  publiflied, 
concerning  Multinomials.  For  this  I  am  indebted  to  the  celebrated 
Count  James  Riccati^  a  gentleman  who  has  greatly  deferved  of  every 
branch  of  literature,  and  whofe  merit  is  well  known  to  the  learned 
world.  He  was  pleafed  to  communicate  this  to  me,  which  I  take  as  a 
favour  beyond  my  deferts ;  and  for  which  both  the  Public  and  myfelf 
are  bound  to  give  him  our  thanks. 

To  conclinle  :  As  it  was  not  my  intention,  at  firft,  that  the  following 
Work  fhould  ever  appear  in  public  ;  a  work  begun  and  continued  in  the 
Italian  tongue,  purely  for  my  own  private  amufement,  or,  at  mofi,  for 
the  inftrudion  of  one  of  my  younger  Brothers,  who  poflibly  might  have 
a  tafte  for  mathematical  fiudies ;  and  as  I  had  not  determined  to  fend  it 
abroad  till  after  it  was  pretty  far  advanced,  and  had  grown  to  the  fize 

*  It  does  not  appear  to  me,  that  any  thing  can  be  done  by  this  new  method,,  whieh  may 
not  be  done  as  well,  or  better,  witkont  it*  }•  H. 

of 
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of  a  juft  volume ;  then  I  thought  I  might  be  excufed  the  trouble  of 
tranflating  it  into  Latin,  (a  language  which  fome  may  imagine  is  more 
fuitable  to  works  of  this  nature,)  efpecially  as  I  had  the  example  of  fo 
many  famous  Mathematicians,  as  well  Italians  as  others,  who  have 
publifhed  their  Mathematical  Works  in  their  own  mother-tongues.  Nor 
could  I  eafily  overcome  my  natural  indolence,  in  fubmitting  to  the 
drudgery  of  tranflating  that  into  Latin  which  I  had  already  compofed  in 
Italian.  Far  am  1  therefore  from  laying  the  leaft  claim  to  any  merit 
arifing  from  that  purity  and  elegance  of  ftyle,  which  in  fubjeds  of  a 
different  nature  may  be  laudably  attempted;  being  fully  fitisfied  if  I  have 
always  expreffed  myfelf,  as  I  fiiicerely  endeavoured,  in  a  plain,  but 
clear  and  intelligible  manner. 
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INTRODUCTION. 


'T^HAT  we  (hould  receive  from  Italy,  the  Mother  of  Arts,  a  complete  Syftcm 
of  Analyticks,  is  not  fo  much  to  be  wondered  at ;  knowing  we  have  often 
had  from  that  quarter  very  excellent  produ£Uons  in  the  fublimer  Mathematicks. 
But^  that  we  (hould  receive  fuch  a  prefent  from  the  hands  of  a  Lady ;  from  that 
fex  whichy  however  capable^  yet  hardly  ever  amufe  themfelves  with  thefe  feverer 
fludies ;  is,  indeed,  very  wonderful  and  furprifing.  Yet  fo  it  is  in  fiid :  a  very 
learned,  ingenious,  and  celebrated  Lady  of  Milan,  by  name  Donna  Maria 
Gaeiana  Agnefi,  a  member  of  the  Univerfity  of  Bolma,  and  lately  advanced  by 
the  Pope  to  a  Profeflbrfhip  in  Mathematicks  and  Philofophy  in  the  fame  Uni« 
verlity,  has  publiflied  a  Treatife  in  Italian,  in  two  volumes  quarto,  which  (he 
calls  Anafytical  Injlitutions  for  the  Ufe  of  the  Toutb  of  Italy ;  of  which  (he  was 
pleafed  to  prefent  a  Copy  to  the  Royal  Society  of  London.  This  Copy  I  had 
the  curiofity  to  infpeift,  and  thought  it  might  be  a  proper  way  of  returning  the 
Author's  compliment,  to  have  an  Account  of  the  work  drawn  up  and  read  to 
the  Society,  and  perhaps  printed  in  the  Philofophical  Tranfaftions,  as  has  often 
been  the  pradlice  on  fuch  occa(ions.  This  Account,  therefore,  I  undertook  to 
draw  up,  liaving  the  confent  and  approbation  of  our  worthy  Prefident.  But 
when  I  came  to  look  into  the  work  more  clofely,  I  foon  enlarged  my  fcheme  i 
Vol.  L  a  Und, 
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and,  infleftd  of  httrtiy  taking  the  PlaHi  or  giving  an  Account  of  it,  I  thoughr 
it  highly  deferved  to  be  tranflated  into  our  own  language^  that  the  Youth  of 
England  might  likewife  enjoy  the  benefit  of  it«  This  determined  me  then  ta 
attempt  it's  tranflation,  though  I  well  knew  how  unequal  I  was  to  the  tafk.  I 
confefs  I  alfo  entertained  fome  diftant  hopes^  that  it  might  excite  the  curiofity 
of  fome  of  our  Engltjb  Ladies ;  that  it  might  raife  an  emulation  in  them^  a 
laudable  ambition  to  promote  the  glory  of  their  countryj  with  a  generous 
refolution  not  to  be  outdone  by  any  foreign  ladies  whatever.  They  want  no 
genius  or  capacity  for  the  fciences,  and  have  undoubtedly  as  good  abilities  as 
the  Ladies  of  lialy.  They  feem  only  to  want  to  be  properly  introduced  into 
thefe  (ludies,  to  be  convinced  oS  their  ufefulnefs  and  agreeablenefs^  and  to- 
prevail  on  themfelves  to  ufe  the  neceffiiry  application  and  perfeverance.  They 
have  here  a  noble  inftance  before  them^  of  what  the  fez  is  capable  to  perform^ 
when  their  faculties  are  exerted  the  right  way.  And  they  may  be  fully  per* 
fuaded,  that  wha(  one  lady  is  able  to  write,  other  ladies  are  able  to  imitate^  or^ 
at  lead,  to  read  and  underftand.  With  not  much  more  pains  and  induftry  thaa 
what  they  muft  be  at,  to  be  expert  at  Whift  or  C^iadrille,  they  may  become 
miftrefles  of  this  fcience  ;  which  ihey  will  find  to  be  much  more  innocent,  more 
diverting  and  agreeable,  and  to  have  infinitely  more  amufing  variety  than  thofe^ 
or  any  other  games  whatever.  Indeed,  this  is  rather  to  be  efteemed  a  game,  or 
a  diverfion,  than  a  Ihidy ;  but  then  it  is  a  game  of  ikilV  without  any  mixture 
of  chance,  like  Chefs  and  (bme  other  ingenious  games :  and  parties  of  two,  or 
more,  may  play  at  it  together,  by  propofing  curious  queftions  to  one  another 
alternately,  to  their  great  diverfion  and  improvement..  The  games  of  Whift, 
Quadrille,  Back*gammon,  &c.  and  all  other  games  in  which  chance  predomi* 
nates,  but  ikill  is  alfo  required  to  convert  the  events  of  chance  to  the  beft 
advantage ;  thefe  are  only  particular  cafes  of  this  general  game  or  art,  and 
ought  always  to  be  jegulated  by  it.  For,  in  all  inftances,  Analyticks  may 
be  ufed  to  difcover  the  odds,  or  degrees  of  probability,  which  are  for,  or 
againft,  the  happening  of  any  particular  event,  and  fo  the  chance  may  be  made 
equal  on  all  fides,  notwithftanding  a  fuperiority  of  (kill  on  one  fide.  And  thus 
all  games  of  chance  may  be  made  fair  and  equal;  and  the  welUmeaning 
gamefter  will  not  be  impofed  on  by  (harpers,  who,  by  much  obfervation,  rather 
than  by  ikill  in  Analyticks,  always  know  what  they  call  the  beft  of  the  lay,  or 
always  have  the  odds  on  their  fide* 
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But  this  IS  the  lead  recommendation  of  this  fcience.  The  improvemerit  of 
their  minds  and  underdandings,  which  will  neceflarily  arife  from  hence>  is 
of  much  greater  importance.  They  will  be  inured  to  think  clearly^  clofely^ 
and  juflly ;  to  reafon  and  argue  confequentially,  to  inveftigate  and  purfue 
truths  which  are  certain  and  demon (Irative,  and  to  (Irengthen  and  improve 
their  rational  faculties.  Now  that  thefe,  and  all  other  readers,  may  attain  thefe 
advantages  with  as  little  trouble  as  pofTible^  I  (hall  endeavour  to  draw  out  the 
Plan  of  this  Work  at  full  lengthy  and  in  a  popular  manner,  inferting  fome 
ufeful  Obfervations  to  explain  the  Art  itfelf ;  fo  that  the  Work,  when  publilhed, 
may  be  eafily  read  and  apprehended,  by  fuch  as  will  perufe  it  with  the  necelTary 
diligence  and  attention. 

The  fubjeft  of  the  Work  is  Analyiicks,  or  the  general  Science  of  Compu- 
tation or  Calculation*  That  is,  the  Art  of  refolving  all  kinds  of  Mathematical 
Queftions,  by  finding  or  computing  unknown  numbers^  or  quantities,  by  the 
means  of  others  that  are  known  or  given.  Thefe  computations  are  performed 
either  by  common  numbers,  and  then  the  fcience  is  called  Jritbmetick  :  or  by 
general  numbers  or  arbitrary  fymbols  of  quantities,  which  are  commonly  the 
letters  of  the  alphabet,  and  then  it  is  ufually  called  Jlgiira :  or  by  lines  and 
geometrical  figures,  which  are  likewife  the  fymbols  of  quantities,  and  then  it  is 
called  Geometry :  or^  laftly,  by  all  thefe  conjundly  and  indifferently,  and  then 
it  will  properly  be  called  Analyticks.  All  thefe  fciences  our  Author  teaches 
and  explains  promifcuoufly,  but  in  good  order  and  method,  at  leaft  the  higher 
and  more  difficult  parts  of  them ;  for  (he  requires,  as  very  reafonably  (he  may, 
that  the  learner  (hould  come  prepared  with  a  pretty  good  flock  of  common 
Arithmetick,  with  a  competent  knowledge  of  the  firft  elements  of  Geometry, 
and  with  fome  infight  into  the  Ampler  properties  of  the  Conic  SeAions.  Thefe 
are  acquifitions  with  which  they  may  be  eafily  furni(hed  out  of  the  common 
macbematical  books  on  thefe  fubjcfts ;  which  will  then  prepare  the  way  for  an 
«afy  accefs  to  her  fublimer  fpeculations.  Now,  to  enter  upon  our  intended 
Plan.  The  Author  divides  her  fubjeft  into  two  Tomes,  or  Volumes  5  in  the 
firft  of  which  (he  treats  of  the  common,  ordinary^  and  finite^  quantities,  and 
their  reprefentatives,  whether  numbers,  general  fymbols,  or  lines.  In  the 
fecond  Volume  (he  explains  the  nature  of  what  fhe^cslh  IfffinUeJlmals,  or  infinitely 
fmall  Quantities;  proves  their  comparative  exigence,  and  (hows  their  ufe  and 
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application.  This  is  the  grand  divifion  of  the  whole  Work,  which  is  again 
divided  into  four  Booksj  and  every  Book  is  fubdividcd  into  it's  number  of 
Seaions^  according  to  the  nature  of  the  feveral  fubjefts  they  treat  of.  Laftly, 
there  is  a  further  fubdivifion  of  the  Seftions  into  Articles^  which  arc  numbered 
without  interruption  from  the  beginning  to  the  end  of  each  Book^  and  which 
we  (hall  alfo  obferve  and  enumerate  in  our  explications  of  them. 


PLAN. 


The  firft  Sedion  of  the  firil  Book  is  concerning  the  primary  Notions  and 
Operations  of  the  Analyfis  of  finite  Quantities;  in  which  are  contained  the 
following  Articles.  After  a  (hort  Preface  concerning  the  nature  of  Analyfisj 
the  Author  obferves^ 

1.  That  it's  operations  are  the  lame  as  thde  of  common  Arithmetick ;  this 
operating  with  numbers,  and  that  with  fpecies,  that  is,  with  fymbolical  numbers 
or  quantities.  By  which  means  Algebra  has  great  advants^es  over  Arithmetick; 
for,  in  this^  the  fteps  of  the  operations  will  be  confounded  and  loft  by  the  fubfe- 
quent  ones,  but  in  Algebra  they  may  be  preferved,  as  they  are  oftea  not  actually 
performed,  but  only  infinuated  by  proper  fymbols ;  it  is  alfo  more  univerfal, 
and  works  indifferently  with  known  or  unknown  quantities. 

2.  Here  the  diftindion  of  pofitive  and  negative  numbers,  or  quantities,  is 
explained.  Negative  quantities  are  not  in  nature,  but  depend  only  on  the 
manner  of  conceiving  them.  They  are  merely  artificial,  and  introduced  to  lave 
needlefs  repetitions  and  diftindions,  by  which  we  can  confider  the  oppofite 
operations  of  Addition  and  Subtraftion  under  one  general  view  and  compre- 
henfive  idea.  In  Geometry,  they  are  reprefented  by  lines  drawn  oppofite  ways* 
If  pofitive  lines  proceed  to  the  right-hand,  then  negative  ones  will  be  to  the 
left,  with  the  fame  diredUon ;  or  if  pofitive  ones  are  upwardS)  then  negative 
iwill  be  downwards. 
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3.  Then  different  affedions  of  quantities  are  diftinguifhedi  or  denoted,  by 
the  figns  +  or  —  9  plus  or  minus ^  placed  before  them  1  whether  the  quantities 
are  reprefented  arithmetically,  or  by  common  numbers  %  or  elfe  algebiHicallyy 
by  reprefentative  numbers,  that  is,  by  the  letters  of  the  alphabet :  plus  being 
the  mark  of  Addition,  and  minus  of  Subtradion.  And  the  fign  zt  ^nd  7  are 
ambiguous,  but  contrary  to  each  other.  The  equality  of  quantities  is  denoted 
by  the  mark  =,  and  majority  or  minority  by  the  marks  >  or  <.  Proportion, 
or  equality  of  ratios,  by  :;,  and  infinitely  great  by  00  • 

4.  Quantities  are  Jimpk  that  are  not  conneAed  by  the  figns  -f  or  — ,  and 
iompound  when  they  are  :  of  which  examples  are  propofed  by  the  Author. 

5.  Then  is  taught  the  addition  of  fimple  quantities  being  integers,  and 
explained  by  a  fufficient  number  of  examples :  alfo,  the  ufe  of  numeral  co^effi* 
cients  is  (hown. 

6«  Likewife,  the  fubtradiion  of  fimple  integral:  quantities  is  taught,  in  whidf 
it  is  (hown  that  the  fign  of  the  quantity  to  be  fubttafted  mud  always  bt 
changed,  and  the  reafon  of  it,  together  with  examples. 

7.  Next  the  Author  proceeds  to- the  multiplication  of  fimple  quantities, 
being  integers,,  whether  they  are  pofitiv^  or  negatirci  Thett  the  prodoft  will 
be  reprefented  by  the  connection  of  the  feveral  factors,  and  their  co^-efficients 
without  any  fign  between  them.  And  if  the  faftors  are  pofitive  and  negative 
promifcuoufly,  like  figps  will  always  produce  -)-,  and  unlike  figns  — .  TEria 
Ihe  demonftrates  from  the  nature  of  proportion. 

8.  And  whereas  raifing  of  powers  is  a  cafe  of  multiplication ;  (he  (bows  how 
fimple  powers  are  formed,  and  conveniently  exprefled  by  their  indices^  6t 
ixpmuuiSy,  annexed  to  the  roots. 

• 

9.  The(e  powers  are  diftributed  into  fyuaus^  cuits,  iiquadrates^  &c. ;  that 
is,  into  fecond,  third,  fourth,  &c.  powers,  of  which  the  given  number,  or  root^ 
is  always  the  firH  power;  and  they  are  marked  by  the  exponents  i,  2,  3,  4,  &:c« 
refpedively.    Their  figns  are  always  known  by  the  general  fule  aforegoing. 

10.  Then 
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10.  Then  comes  divifion  of  fimple  quantities,  being  integers,  which  is  juft 
the  reverfe  of  multipiication>  and  tefolipes,  or  decompoimdsi  that  which  the 
other  had  compounded  4  as  by  the  examples* 

1 1.  When  common  letters  or  quantities  are  rejefted,  and  the  divifion  can 
proceed  no  further,  it  muft  be  infinuated^  by  making  a  fradion  of  what  (hall 
remain. 

12.  When  the  figns  of  the  dividend  and  divifor  are  the  fame,  the  fign  of  the 
quotient  mud  be  pofitive ;  but  when  thofe  iigns  are  difierenr,  the  fign  of  the 
.quotient  mud  be  negative.    This  proved  from  the  nature  of  proportion. 

13.  Whence,  infradlions,  it  is  indifferent  how  the  figns  are  changed  in  the 
numerator  and  denominator^  provided  the  fign  of  each  is  changed  into  it*s 
contrary. 

14.  The  roots  of  fimple  quantities  will  be  eztraAed,  by  dividing  their 
•exponents  by  the  number  which  denominates  the  root  to  be  extraded.  As,  by 
A  for  the  fquare«root,  by  3  for  the  cube-root,  and  fo  on. 

1 5.  If  any  even  root  is  to  be  extraded,  the  fign  of  that  root  will  be  ambi- 
^ous  ;  but  if  an  odd  ro9(  is  to  be  extrafted^  the  fign  of  that  root  will  be  the 
iame  as  of  the  given  power. 

i6.  When  roots  are  furd,  and  cannot  be  extraded^  they  are  to  be  infinuated 
by  radical  £gns  or  charaders. 

17.  Fromthefe  operations  belonging  to  fimple  quantities,  the  Author  pro* 
ceeds  to  thofi:  of  compound  4juantities,  or  fuch  as  confift  of  feveral  fimple 
quantities,  conneded  by  the  figns  +  and  — •  Thus,  Addition  will  be  per- 
formed by  fetting  down  all  the  given  quantities  together  promifcuoufly,  and 
then  abbreviating  the  fum  as  much  as  may  be,  and  expunging  equivalents  with 
contrary  figns. 

iS.  In  Subtradion,  all  the  figns  are  changed  of  the  quantity  to  be  fubtraded, 
and  the  remainder,  or  difference,  fo  found  is  to  be  abbreviated  as  much  as  may^ 
be  done. 

19.  Mul- 
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f9«  Multiplication  of  compound  quantities^  being  integers^  depends  on  the 
mulciplication  of  fimple  quantities ;  and  the  procefs  is  much  lil^e  the  fame 
operation  in  common  Aritbmetick,  as  the  examples  (how. 

ao.  But  it  is  often  convenient  only  to  infinuate  this  mukiplicationj  without 
aAually  performing  it.  And  that  is  done  by  drawing  a  line,  or  vinculum^  over 
the  feverai  fadlors,  and  connediog  them*  by  putting  the  mark  Xj  fignifying 
Multiplied  iy,  between  them*- 

21.  The  powers  of  com  pound' quandties,  as  well  as  of  fimple,  need  not  always 
be  actually  formed,  but  may  often^  be  conveniently  infinuated,  by  a  vinculum 
placed  over  the  root,,  and  a  proper  index^  annexed  to  it.  How  thefc  powers^ 
may  be  actually  fbrmed,.whenoccafion  requires^  is  here  (hown. 

22«  The  Author  prefents  us  with  a  general  Canon,  (being  Sir  Ifaac  NewtM*s 
Binomial  Theorem,)  for  raifing  any  binomial  quantity,  or  even  multinomud^ 
to  any  power  required ;  which  (he  exemplifies  by*  a  fuiikient  number  of 
examples^ 

23.  The  Author  proceeds  to  divifion  of  compound  quantities,  being  integerf» 
of  which  (he  makes  three  cafes.    The  fird  is,  when  the  divifor  is  fimple  and  the  * 
dividend  compound,   and  the  fecond  is  on  the  contrary.    Thefe  arc  eafily 
reduced  to  the  foregoing  rules* 

24.  The  third  cafe  is^  when  both  the  dividend  and  divifor  are  multinomials^ 
and  therefore  requires  a  more  prolix  procefs.  In  order  to  which,  the  tenns  of 
each  are  to  be  difpo(ed  according  to  the  dimenfions  (or  powers)  of  fome  parti* 
cular  letter  contained  in  them ;  that  is,  they  are  to  form  numbers  belpngii^  to  a 
fcale,  of  which  that  letter  is  the  root,  ju(i  as  we  do  in  our  common  Aritlimetick> 
the  root  of  which  is  ten,  and  the  numbers  are  difpofed  according  to  the 
dimenfions  of  that  root.  Then  *the  procefs  of  divifion  oiuft  be  performed 
much  after  the  manner  of  the  like  procefs  in  numbers,  and  which  is  fufficiently^ 
explained  by  the  examples  produced.  When  the  dividend  cannot  be  intirely 
exhaufted,  the  quotient  muft  be  completed  by  adding  a  fradtion  to  it>  as  in 
common  Arithmetick. 

25.  The  Author  proceeds  to  the  extraction  of  the  roots  of  compound  quan- 
titles,  being  integers,  and  firft  of  the  fquare-root.    The  terms  of  the  given 

quantity 
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quantity  are  to  be  difpofed,  as  before,  in  Divifion;  and  the  procefi  of  eztraftioa 
will  be  nearly  as  the  (ame  operation  in  numbers.  Indeed,  her  proccfs  is  fodie- 
thing  different  in  form  from  the  common  one,  but  is  very  intelligible^  aod 
comes  to  the  fame  thing.  Her  examples  make  it  very  clear.  When  the  rooc 
is  furd,  and  therefore  cannot  be  extradted,  it  mud  be  infinuated  by  a  quadratick 
vinculum* 

26.  The  procefs  of  the  extra£lion  of  the  cube«root  is  much  after  the  fame 
manner,  only  more  operofe,  as  being  a  more  complicate  operation.  The 
examples  render  it  as  plain  as  the  nature  of  the  thing  will  admit. 

27.  The  biquadratick,  or  fourth  rbot^  is  extracted  in  the  fame  manner. 

^  28.  The  fifth  root,  and  all  higher  roots^  may  be  esctraded,  by  forailng  rules 

for  them,  which  are  found  by  raifing  a  binomial  to  the  fame  power.  For  the 
Jilce  was  done  in  forming  rules^  by  which  the  fquare  and  cube-roots  have  been 
extraded. 

29.  The  Author  then  proceeds  to  the  algorithm  of  fradions  fimple  and 
compound ;  obferving  that  any  quantity  may  be  converted  into  a  fraAion  with 
a  denominator  given,  if  it  be  multiplied  into  that  denominator :  of  which  (he 
produces  feveral  mftances.    For  this  fee  the  Examples. 

30.  Then  comes  the  reduftion  of  fraftions  to  more  fimple  cxpreflions,  when 
that  can  be  done,  which  it  is  not  always  eafy  to  perceive.  When  the  numerator 
and  denominator  are  each  multiplied  by  the  fame  quantity,  whether  fimple  or 
compound,  they  may  each  be  divided  by  it  again,  and  a  new  fradion  will  arife 
equivalent  to  the  former.  And  fo  iiffUs  quoties^  This  will  be  a  very  ufcfui 
xedudtion ;  for,  in  all  our  calculations,  we  (hould  always  iludy  to  abbreviate  as 
mvich  as  poffible.  See  the  Examples.  How  thefe  common  divifors  may  be 
ipund  we  (hall  be  taught  afterwards. 

31.  Then  is  taught  redudion  of  fradions  to  a  common  denominator,  which 
in  two  firadions  is  performed  by  the  crofs  multiplication  of  each  numerator  into 
che  denominator  of  the  other,  as  by  the  examples.  And  fo  two  by  two,  if 
<diere  are  more,  till  all  are  reduced^ 

32.  This 
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32.  This  prepares  the  way  for  ihc  addition  and  fubtradion  of  fraftions ;.  for, 
if  they  have  not  a  common  denominator,  thofe  operations  can  only  be  infinu- 
tted,  by  writing  them  after  one  another  with  their  proper  figns.  But,  when 
reduced  to  a  common  denominator,  their  numerators  may  then  be  added  or 
fubtraded,  to  compleat  thefe  operations ;  as  by  the  examples, 

33,  The  multiplication  of  fradlions  requires  no  fuch  preparation,  but  is 
performed  direftly,  by  multiplying  the  numerators  together  for  a  new  nume- 
rator, and  the  denominators  together  for  a  new  denominator.  The  produft, 
or  fradion  thence  arifing,  may  often  be  reduced  by  fome  of  the  foregoing 
methods. 

34.  Divifion  of  fractions  is  reduced  to  multiplication,  by  multiplying  the 
dividend  by  the  reciprocal  of  the  divifor  j  which  reciprocal  is,  when  the  nume-  * 
rator  and  the  denominator  change  places.    The  quotient  thus  found  will  often 

have  occafion  for  fome  redudlion,  as  by  the  examples  may  be  feen. 

3^.  As  for  the  extradion  of  the  roots  of  fradlions,  whether  it  be  the  fquare- 
root,  the  cube-root,  &c.  the  faid  roots  muft  be  extrafted  feverally  out  of  the 
numerator  and  denominator,  and  the  fradion  thence  arifing  will  be  the  root  of 
the  fraft ion.  given.  But  when  fuch  root  cannot  be  extrafted,  it  muft  be  infi- 
nuated  by,  placing  a  radical  vinculum  before  the  given  fradlion,  as  by  the- 
examples. 

36.  To  conclude  the  Doftrine  of  Fradlions,  the  Author  proceeds  to  a  vtry 
curious  and  ufeful  operation,  which  is^  to  find  the  greateft  common  divifor  of 
two  quantities  or  formulas  given.  Where  it  may  be  obferved,  that  a  formula 
is  a  combination  of  quantities,  which  may  ferve  as  a  paradigm,  or  pattern,  for 
all  combinations  of  the  like  kind.  Then,  by  a  procefs  not  unlike  that  in 
Arithmetick,  which  is,  by  fubtradling  one  from  the  other  continually  and 
interchangeably  as  often  as  can  be  done,  the  laft  quantity  fo  found  will  be  the 
greateft  common  divifor  of  the  two  given  quantities.  Now,  if  thofe  two 
quantities  form  a  fraftion,  and  the  numerator  and  denominator  are  each  di- 
vided by  the  greateft  common  divifor  fo  found,  a  fradion  will  thence  arifc 
equal  to, the  other,  but  reduced  to  the  fmalleft  terms.  Of  this  redudtion  (he 
gives  us  the  procefs  at  large,  in  three  fcveral  inftanccs. 
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37.  The  Author  goes  on  then  to  the  Doftrine  of  Surds  or  Radicals,  which 
are  fuch  quantities  whofe  roots  cannot  be  extrafted,  yet  may  often  admit  of  a 
partial  extradion,  or  may  be  reduced  to  fimpler  expreifions;  as  by  the  examples 
may  appear, 

38*  The  redudlion  of  different  radicals  to  radicals  with  the  fame  index,  will 
be  performed  by  finding  the  leaft  number  for  a  common  exponent,  by  which 
the  given  exponents  may  be  divided.  Then  each  radical  muft  be  raifed,  if 
neceffary,  till  it  arrives  at  that  exponent.     The  examples  make  it  plain. 

39.  Addition  and  fubtraftion  of  radicals  is  eafily  performed,  by  writing  thecn 
one  after  another  with  their  proper  figns,  and  then  abbreviating  when  it  may 
be  done. 

40.  Radical  quantities  are  multiplied  by  thofe  that  are  rational,  by  prefixing 
the  rational  to  the  radical,  with  fuch  fign  as  the  Rule  of  Multiplication  requires. 
And  when  they  are  complicate,  their  produft  will  be  found  by  the  fame  rule. 

41.  Radicals  of  the  fame  denomination,  or  reduced  to  fuch^  are  multiplied 
by  putting  their  produft  under  the  fame  radical  vinculum. 

42.  If  the  radicals  are  affefted  by  rational  co-efficients,  their  produft  muft 
be  put  before  the  radical  fo  found. 

43.  When  like  quadratick  radicals  are  multiplied  into  each  other,  the 
radical  fign  will  be  taken  away,  and  the  produdk  will  often  become  rational. 
Several  examples  of  this  are  exhibited. 

44.  A  rational  co-efficient  to  a  radical  may  at  any  time  be  made  to  pafs  under 
the  radical  vinculum. 

45.  The  multiplication  of  radicals  of  different  kinds  may  be  infinuated,  or 
they  may  be  reduced  to  the  fame  kind. 

46.  Divifion  of  radicals  of  the  fame  kind  is  performed  by  leaving  out  the 
radical  quantity,  and  dividing  the  co-efficients  only. 

47.  If  the  radicals  are  of  the  fame  kind,  but  not  of  the  fame  quantity,  the 

quantities  under  the  vinculum  may  be  divided,  and  the  quotient  put  under  the 

fame  vinculum. 

48.  But 
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48.  But  if  the  radicals  are  different,  they  may  be  reduced,  to  the  fame  expo- 
nent, and  then  divided  as  before.  And  thus  complicate  quantities  may  be 
divided  as  in  common  Divifion. 

49.  Then  the  Author  gives  us  a  Rule  for  extrading  the  fquare-root  of 
quantities  any  how  compounded  of  rational  and  irrational  quantities,  and  thofe 
cither  numeral  or  algebraical ;  which  (he  applies  to  feveral  examples. 

50.  In  order  to  the  calculation  of  powers,  which  arc  expreffed  by  integer 
exponents ;  from  any  root  (he  forms  a  geometrical  progrelfion  of  it's  powers, 
beginning  from  unity,  and  afcending  one  way  by  pofitive  exponents,  and  de- 
fcending  the  other  way  by  negative  exponents,  to  (how  the  correfpondencc 
there  is  between  the  increa(ing  powers  and  their  affirmative  exponents,  and  the 
decreafing  powers  arid  their  negative  exponents.  Then  obferves,  that  when  any 
power  is  in  the  denominator  of  a  fraftion,  it  may  be  made  to  pafs  into  the 
numerator,  and  vice  verjd^  by  only  changing  the  (ign  of  the  index. 

51.  Then,  as  fraftional  powers,  or  roots,  arc  certain  intermediate  term^ 
between  the  integral  powers  in  the  foregoing  geometrical  progreflion  ;  fo  their 
exponents  muft  be  correfponding  intermediate  terms  in  the  arithmetical  pro- 
greflion. And  this  will  obtain  in  the  defcending  progredlon  as  well  as  in  the 
afcending,  and  whether  the  terms  are  (imple  or  compound. 

52.  Hence  the  multiplication  or  divifion  of  powers  will  ea(ily  be  performed 
by  their  exponents.  For,  to  multiply  them,  we  muft  add  their  exponents; 
and  to  divide  them,  we  fubtraft  the  exponent  of  the  divifor  from  that  of  the 
dividend.    This  (he  proves  from  the  nature  of  proportion. 

53.  Hence  the  raifing  of  powers,  or  extracting  the  roots  of  any  powers,  will 
eafily  be  performed  by  their  exponents.  For  the  index  of  any  power  muft  be 
multiplied  by  the  index  of  the  power  to  which  it  is  to  be  raifed  \  and  the  index 
of  the  given  power  is  to  be  divided  by  the  index  of  the  root  to  be  extraded. 

54.  And  this  obtains  as  well  in  compound  quantities  as  in  (imple.  For  all' 
which  reduAions  fee  the  Examples. 

55.  Another  ufeful  operation  follows,  which  is  that  of  finding  all  the  linear 
or  (imple  divifors  of  any  given  number  or  formula  j  or  to  refolve  a  compound 

b  2  quantity 
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quantity  into  the  feveral  quantities  of  which  it  is,  or  may  be,  compounded  by 
multiplication.  The  procefs  is  exemplified  and  illuftrated  both  in  numbers  and 
fpecies.  Indeed,  if  this  could  always  be  done  in  numbers,  it  would  amount  to 
ti  very  valuable  difcovery,  or  defideratum  in  Analyticks,  which  is,  a  method  of 
refolving  a  given  compound  number  into  the '  prime  numbers  of  which  it  is 
compounded ;  but  though  it  i^  only  a  tentative  method,  yet,  liowevcr,  it  is 
very  ufefuL 

56.  This  is  extended  to  any  compound  formula,  or  to  a  number  exprcffed 
by  an  indefinite  root  in  an  arithmetical  fcale,  which  may  have  been  formed  by 
the  multiplication  of  feveral  binomial  faftors.  By  this  method  fuch  a  number 
may  again  be  refolved  into  it's  faftors,  by  the  help  of  the  foregoing  operation^ 
And  if  the  number  of  trials  to  be  made  fliould  happen  to  be  too  great,  the 
Author  (hows  a  method  of  reducing  them  to  a  fmaller  number,  which  is,  by 
changing  the  root,  and  fo  exhibiting  the  given  formula  by  another  fcale. 

57.  Now,  if  the  firft  term  of  the  given  formula  (hould  happen  to  have  a 
numeral  co-efficient,  it  may  be  convenient  (by  fubftitution)  to  change  it  into 
another  formula,  or  to  exprefs  it  by  an  equivalent  root  of  another  fcale,  the 
co-efficient  of  the  firft  term  of  which  (hall  be  unity. 


BOOK   I.    SECT.   II. 

Of  Equations^  and  of  Plane  Determinati  Problems. 

58.  Having  explained  the  firft  principles  or  operations  of  Analyticks  in  the 
foregoing  Seftion,  our  Author  proceeds  tp  the  grand  inftrument  of  the  art  of 
computation,  which  is  equation.  This  is  either  when  fome  of  the  terms  placed 
before  the  mark  of  equality,  arc  colledively  equal  to  all  the  terms  on  the  other 
fide,  called  the  bomogeneum  comparationis ;  or  when  the  whole  are  one  fide,  and 
equal  to  nothing  on  the  other  fide  ;  infinuating  that  the  affirmative  and  negative 
are  equal,  ,and  fo  deftroy  one  another.  She  explains  likewife  what  is  meant  by 
the  law.  of  homogeneity^ 

59.  She 
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59.  She  tells  ns  what  a  Problem  is,  and  what  is  the  diftinfbion  between  the 
data  and  quafiia  of  a  problem. 

60.  Problems  are  divided  into  determinate  and  indeterminate j  of  which  (he 
gives  inftances  from  Geometry.  But  in  this  Seftion  (he  treats  only  of  fuch  as 
arc  determinate. 

61.  Here  it  is  explained  how  equations  are  formed,  from  the  dependance  of 
quantities  upon  one  another,  whether  they  are  known  and  given  quantities,  or 
unknown  and  required.  The  inftances  are  taken  from  the  properties  of  lines 
and  figures. 

62.  How  we  are  to  argue  from  the  given  conditions  of  the  queftion  till  we 
come  to  an  equation  between  the  quantities  given  and  required.  This  is  ex- 
plained geometrically,  and  by  an  abflradt  arithmetical  queftion* 

(>l.  No  more  given  quantities  are  to  be  affumed  than  are  neceffary,  whcft 
they  can  be  exprefTed  by  the  known  properties  of  the  figure. 

64;  It  will  often  happen,  that  the  lines  given  in  a  figure  are  not  fufHcient 
for  forming  the  equations;  then  fuch  other  lines  muft  be  drawn  as  may  complete 
the  figure,  and  bring  us  to  a  determination.  A  problem  is  propofed  to  illuftrate 
this ;  and  the  Propofitions  of  Euclid  arc  enumerated,  which  will  be  of  ufc  for 
fuch  purpofes. 

65.  Here  the  Author  propofes  and  folves  three  or  four  geometrical  problems, 
to  (how  the  method  of  arguing  from  one  condition  to  another,  in  order  to» 
obtain  a  final  equation. 

€S.  When  the  conditions  of  a  problem  involve  the  properties  of  angles, 
they  muft  fomehow  be  reduced  tp  the  properties  of  lines.  This  is  exemplified 
in  the  problem  of  finding  an  equicrural  triangle,  in  which  either  of  the  angles 
at  the  bafe  is  double  to  the  angle  at  the  vertex  :  which  is  reduced  to  the  linear 
problem,  of  dividing  a  line  in  extreme  and  mean  proportion. 

^7.  Having  thus  (hown  how  to  find  equations  from  the  given  circumftances 
of  a  problem,  (he  proceeds  to  the  refolution  of  thefe  equations,  or  to  the 
finding  the  unknown  quantity,  by  means  of  various  redudions.    For  this  end 

Ihe 
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Ibe  gives  us  four  axioms.  By  the  firft,  (he  (hows  the  ufe  of  tranfpofing  quan* 
titles  at  pleafure  from  one  fide  of  an  equation  to  the  other;  which  may  always  be 
done  without  deftroying  the  equation,  only  by  changing  the  (igns  of  the  terms 
fo  trahfpofed. 

68.  By  the  fecond  axiom  (lie  (liows  how  we  may  take  away  any  fradions  that 
arife  in  an  equation,  and  fo  reduce  the  whole  to  integral  terms. 

69.  And  how,  by  the  fame,  any  term  may  be  freed  from  it's  co-efficient. 

70.  By  the  third  and  fourth  axiom  (he  (hows  how  equations  may  be  freed 
from  furds  and  radicals;  and  of  all  ihefe  reduSions  gives  us  a  variety  of  examples* 

71.  Equations  prepared  for  folution,  and  diftributed  into  their  terms. 

72.  Equations  further  prepared,  by  which  the  unknown  quantity  will  be  found 
equal  to  a  combination  of  known  quantities,  and  a  fimple  equation  will  be 
folved  entirely. 

73.  If  any  power  of  the  unknown  quantity  is  found  equal  to  known  quan« 
tities,  then  the  root  may  be  extraded  on  both  (ides. 

74.  If  the  equation  is  an  afFefled  quadratick,  it  may  be  folved  by  completing 
the  fquarc  on  one  fide,  and  then  extrafting  the  fquare-root  on  each  fide. 

75.  In  quadratick  equations  the  ambiguity  of  the  figns  will  fupply  two  values 
of  the  unknown  quantity,  which  may  therefore  be  both  pofitive,  both  negative, 
or  one  pofitive  and  the  other  negative,  or  both  imaginary,  according  to  the 
values  of  the  known  quantities.  What  is  analogous  to  this  difference  of  figns 
in  geometrical  figures,  is  here  (hown,  and  all  is  illuftrated  by  examples. 

76.  The  Author  (hows  us  here  the  ufe  of  impoffible  or  imaginary  roots  of 
equations.  For  they  are  a  fure  indication,  that  the  queftion  (as  now  propofed) 
is  impoflible,  either  by  chance  or  defign.  And  the  fame  thing  is  to  be  con- 
cluded, when  the  final  equation  brings  us  to  any  abfurdity  or  contradidion. 
This  (he  flbows  in  feveral  inftances. 

77.  And  fometimes  we  may  be  brought  to  an  identical  equation  ;  which  cply 
(hows  that  the  point  required  may  be  any  where  in  the  given  line,  as  by  the 
example. 

78.  Equations 


•^:   • 


BTSTEM      OP      ANALYtlCKSt  Xt^ 

78.  Equations  and  problems  are  diftingiiiQied  into  degrees,  according  to  the 
dimenfions  of  the  unknown  quantity  contained  in  them.     Alfo,  thofe  problems 

*  are  called  P/aue,  the  rclblution  of  which  requires  only  the  ordinary  Elements  of 
Geometry.  But  if  they  require  the  defcription  of  the  Conic  Sedions,  or  other 
curves,  they  are  Solid  Problems. 

79.  Equations  are  not  always. of  that  degree  which  their  higher  powers  feem 
to  infinuate,  but  may  often  be  brought  to  a  lower  degree  by  an  eafy  reduction  : 
As  by  the  examples. 

80.  Sometimes  neceffity,  and  fometimes.conveniency,.will  require,  that  more 
than  one  unknown  quantity  may  be  introduced  in  a  problem  j  in  which  cafe 
(if  the  problem  is  determinate,)  as  many  equations  muft  be  found  as  there  are 
unknown  quantities  affumed.  Then  thefe  are  to  be  eliminated  one  by  one,  till 
we  finally  arrive  at  an  equation,  in  which  there  is  only  one  unknown  quantity. 
The  way  of  doing  this  (he  (hows  by  an  example. 

81.  This  method  of  elimination  maybe  made  u(e  of,  not  only  in  fimple 
equations,  but  alfo  in  aifedted  quadraticks. 

82,  Higher  equations  may  fometimes  be  reduced,  by  eliminating  their 
greateft  powers.  And  when  thofe  powers  have  not  the  fame  index,  they  may 
be  reduced  to  fuch  as  have.  Of  both  thefe  rcduftions  the  Author  produces 
feveral  examples. 

83.  If  there  be  feveral  fimple  equations  including  as  many  unknown  quan- 
*titics,  they  may  be  fcverally  eliminated,  and  reduced  to  one  equation  including 

only  one  unknown  quantity,  though  the  calculation  will  often  be  tedious. 

84.  If  there  are  not  as  many  equations  to  be  found  as  there  are  unknown 
quantities,  the  problem  will  become  indeterminate^  and  will  allow  an  infi^nite 
number  of  aniwers.     Of  this  (he  produces  examples. 

85.  But  if  the  conditions  to  be  fulfilled,  or  the  equations,  are  more  thaa 
neceflary,  they  may  be  inconfiftent  with  each  other,  and  fo  the  problerik  will 
become  impo(rible  j  or  fome  of  the  conditions  may  coincide  with  others^^  and 
fo  be  fupcrfluoua. 

86.  Having 
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86.  Having  laid  this  foundation  for  calculating  with  arithmetical  or  a)ge« 
braical  quantities';  (he  now  does  the  fame  for  calculating  with  geometrical 
•quantities,  or  with  lines  and  figures.  She  begins  with  the  operations  of  Multi* 
plication  and  Dirifion,  or,  what  is  the  fame  thing,  with  finding  fuch  fimple 
proportions,  or  conftrufting  fuch  fimple  equations,  as  will  give  the  values  of 
the  quantities  required  exprelTed  by  lines. 

£7.  The  operations  of  addition  and  fubtradion  of  lines^  when  thus  founds 
'    will  be  very  eafy  and  familiar. 

88.  Hence,  by  fubflitution,  any  given  letter,  or  letters,  may  be  introduced  ; 
or  a  plane  may  be  transformed  into  another  with  a  given  fide,  or  a  folid  intQ 
another  with  one  or  two  given  fides,  &c.  by  which  the  conftrudion  of  fimple 
equations  will  be  much  facilitated* 

89.  This  redudion  is  Qaflly  extended  to  fradtions,  the  numerators  or  deno- 
minators of  which  are  complicate  terms. 

90.  But,  without  dividing  a  fraftion  into  feveral  fradtions,  the  method  of 
transformation  may  often  be  preferable,  as  is  (hown  by  a  variety  of  examples. 

91.  Here  it  is  fliown  how  lines  may  be  found,  that  (hall  exprefs  the  value  of 
any  quadratick  radical,  by  only  finding  geometrically  a  mean  proportional 
between  two  given  quantities :  excepting  the  cafe  when  that  value  is  imaginary 
or  impoffible. 

gz.  But,  to  reduce  radical  quantities  to  this  rule,  there  will  often  be  bccafion 
to  have  recourfe  to  the  method  of  transformation,  as  appears  by  the  examples* 

93.  Any  quadratick  radicals  may  be  conftruded  by  a  right-angled  triangle, 
cither  alone  or  combined  with  a  circle,  without  transformation ;  though  fomc 
transformation  will  often  be  found  convenient.  This  illuftrated  by  various 
examples, 

94.  The  foregoing  rules  may  eafily  be  applied  to  the  conftrudion  of  any 
affeded  quadratick  equation  j  but  they  may  all  be  conftruded  after  a  more 
general  manner.  For  this  purpofe  the  Author  aflumcs  a  general  alFeded 
quadratick  equation,  which  fhc  diftinguiflies  into  four,  according  to  the  variety 

of 
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of  their  figns.    Thefie  (he  conftruds,  one  after  anotherj  by  right-angled  triangles 
and  a  cirde>  and  exhibits  the  roots^  both  affirmative  and  negative,  by  right 

lines. 

05.  The  fame  equations  may  be  otherwife,  and  more  eafily,  conftruftedt 
when  the  laft  term  is  not  a  fquare,  but  a  redangle. 

96.  Hitherto  the  learned  Author  has  been  laying  down  the  principal  rules  of 
the  Art  of  Computation,  whether  arithmetical,  algebraical,  or  geometrical ;  (he 
now  proceeds,  as  (he  tells  us,  to  (how  their  ufe  in  the  folution  of  fome  particular 
Problems,  to  the  number  of  15,  with  which  (he  concludes  this  Seftion.  The 
firft  is  purely  arithmetical,  and  to  be  found  in  moft  Books  of  Algebra. 

97.  The  fecond  Problem  is  alfo  very  common,  and  is  about  the  motion  of 
two  bodies  with  given  velocities,  in  various  cirCumftances,  general  and  par* 
ticular. 

98.  The  next  is  the  famous  Problem  of  King  FSero's  crown,  in  which  ArM^ 
medes  difcovered  the  quantUy  of  bafer  metal  mixed  with  the  gold,  and  which 
gave  the  occafion  to  his  celebrated  ivpiiKu* 

99.  The  next  Problem  is  concerning  the  relation  of  two  weights  to  each 
other,  and  is  purely  arithmetical.    And  chefe  Problems  hitherto  have  produced 

only  fimple  equations. 

• 

I  oo.  Then  we  have  a  Geometrical  Problem,  which  amounts  only  to  a  (imple 
equation,  and  is  therefore  eafily  refolved  and  conftrufted. 

1 01.  The  next  Problem  is  geometrical,  which  arifcs  to  a  fimple  quadratick 
equation,  which  is  there  confbruded,  or  refolved,  geometrically. 

102.  Then  a  Geometrical  Problem»  teaching  to  infcribe  a  cube  in  a  given 
fphere;  which  amounts  only  to  a  fimple  quadratick  equation,  and  is  there^ 
conftrudted,  and  the  conftrudion  proved  by  a  fynthetical  demon ftration. 

103.  A  Geometrical  Problem,  or  rather  Theorem,  concerning  a  fecant  drawn 
through  two  concentrical  circles,  fo  that  the  parts  intercepted  by  the  circumfe- 
rences (hall  be  equal.    This  being  the  propeny  of  every  fuch  fecant,  the 

Vol.  h  c  folution 
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folution  brings  to  an  identical  equation  i  which  is  a  proper  caution  how  Co 
manage  fuch  Problems^  and  what  conclufions  we  are  to  derive  from  thenu 

104.  Another  Geometrical^  or  rather  Algebraical,  Problem. 

105.  A  Geometrical  Problem* 

106.  A  Geometrical  Problem,  in  which  the  magnitude  of  angles  enters  the 
calculation. 

107.  A  Geometrical  Problem,  with  a  fynthetical  demonftration. 

108.  The  Author  gives  us  here  a  very  notable  Geometrical  Problem,  which 
is,  two  contiguous  arches  of  a  circle  being  given,  and  alfo  their  tangents^  to 
find  the  tangent  of  their  fum.  And  this  (he  extends  very  artfully  to  the  IblutioA 
of  a  much  higher  and  more  general  Problem,  which  is,  any  number  of  arches 
and  their  tangents  being  given,  to  find  the  tangent  of  their  fum.  By  the  way 
(he  gives  us  a  general  Theorem^  for  finding  all  the  poffible  combinations  of  any 
number  of  quantities  given.  She  concludes  with  giving- a  general  canon,  dt 
formula,  for  finding  the  tangent  of  airy  multiple  or  (ubmultiple  arch  ;  as  alibr^ 
(hows  the  converfe  of  this  Theorem. 

109.  Then  we  have  a  Geometrical  Problem,  which  is,  to  find  a  triangle,  the 
fides  of  which  and  the  perpendicular  are  in  continued  geometrical  proportion. 
This  amounts  to  a  high  equationj,  but  is  reduced  to  an  afFefted  quadratick  r 
which'  is  geometrically  conftrufted. 

110.  The  laft  Problem  is  that  famous  geometrical  one,  of  trifefting  a  given 
angle.  This  (he  divides  into  three  cafes,  according  as  the  given  angle  i» 
right,  obtufe,  or  acute.  I'he  firft^afe  (he  folves  by  a  fimple  qnadratiick 
equation,  of  which  (he  alfo  gives  us  the  conftruftion.  The  fecond  and  third 
cafes  arife  to  cubic  equations,  which  (he  rcfervcs  till  (he  comes  to  treat  of  thofe 
equations. 


BOOK 
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BOOK   I.    SECT.   III. 

Off  the  CofiftruRm  of  GtofMrical  Places,  and  rf  Indeterminate  Problems  not 

eneeeding  the  Jecond  Degree. 


III.  In  this  a|-ticle  the  Author  explains  the  nature  of  variable  quantities; 
that  there  mud  always  be  two  of  them,  at  leaft^  in  an  indeterminate  Problem, 
which  are  varied  according  to  a  conftaqt  law,,  which  is  ezprefled  by  a  given  , 
•equation* 


112.  A  Locus  Geometrkus  is  a  right  line,  or  a  curve,  the  abfcifs  and  ordinate 
{or  the  co-ordinates)  of  which  arc  variable  right  lines,  which  in  all  cafes  exprefii 
the  variables  of  the  equation*  The  abfcifs  begins  firom  fome  certain  point  taken 
at  pleafure  in  an  indefinite  right  line,  and  the  ordinate  is  placed  at  the  end  of 
the  abfcifs,  at  a  given  angle.  When  a  definite  value  is  affigned  to  one  of  thefe 
lines,  the  curve,  or  locus,  will  give  the  definite  and  relative  value  of  the  other, 
agreeably  to  the  equation  :  as  by  the  inftaoces  may  be  feen. 

113.  Different  equations  will  require  different  loHp  and  viceverfL  And  as 
the  equations  are  of  di^erent  degrees,  fo  will  the  loci  be  alfo« 

114.  Ofja  fimpk  equation  the  46cus  will  almtys  1)0 «  right  line. 

115.  When  any  CQ|iibina,tion  of  the  variables^  in  any  one  term,  does  not 
exceedthefeconddegree,,  the  equation  will  always  require  a  conic  feiSion  for 
it's  locys,. 

1 15.  Thefe  loci  are  here  diflributed  into  their  feveral  orders. 

s 

117.  All  equations  of  the  firfi:  order,  or  which  can  belong  to  a  rights  line,  are: 
here  conflrufted. 

1 18.  In  fimple  equMipns,  fopietimes  a  deteitninate  problem  may  be  propofed 
as^an  indeterminate,  in  which  cafe  One  of  the  variables  wiH  Vanifii  out  of  the 
equation,  or  not  at  aU  app«<tc  in  itt    Then  the  locus^of  .the  equation  will  be  a 

ca  right 
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right  line,  either  perpendicular  or  parallel  to  the  abfcifs.     Of  this  the  Author 
produces  an  inftance  or  two,  with  their  conftrudion. 

119.  The  Author  goes  on  to  the  circle,  as  the  fimpleft  curve,  of  which  (he 
exhibits  the  firft  and  fimpleft  equations,  whether  we  take  the  beginning  of  the 
abfcifs  from  the  centre,  or  from  the  end  of  the  diameter ;  and  (hows  what  the 
radius  mud  be,  in  cafes  not  fo  (imple ;  and  tells  us  likewife  when  the  circle 
will  be  only  inu^inary, 

120.  She  proceeds  then  to  the  parabola,  as  the  next  fimpleft  curve,  of  which 
ihe  exhibits  ihe  primary  equations,  whether  the  parameter  be  fimple  or  com- 
plicate, whether  the  parabola  be  internal  or  external. 

12 !•  The  next  conic  feftion  is  the  hyperbola,  or  rather  the  two  oppofite 
hyperbolas,  of  which  (he  exhibits  the  fimpleft  equations,  when  the  ordinates  are 
referred  to  the  axis ;  whether  the  abfcifs  commences  from  the  centre,  or  from 
either  of  the  vertices ;  or  whether  the  equation  is  exprefled  by  the  axes»  or  by 
the  parameter.  She  finds  the  equation  when  the  hyperbQla  is  equilateral  %  and 
reduces  complicate  parameters,  or  diameters,  to  fimple  ones. 
• 

122.  She  (hows  likewife  what  will  be  the  fimpleft  equation  belonging  to  the 
hyperbola  between  it's  afymptotes. 

123.  The  fimpleft  equations  are  alfo  derived  for  the  ellipfis,  whatever  is  the 
angle  of  ordination ;  and  whether  the  abfcifs  begins  from  the  centre,  or  from 
either  of  the  vertices;  or  whether  the  equation  is  exprefled  by  the  diameters,  or 
the  parameter.  And  what  wilt  be  the  equation,  when  the  diameters  and  para* 
merer  are  equal.  Iil  this  laft  cafe,  if  the  angle  of  ordination  is  a  right  angle^  * 
the  ellipfis  will  degenerate  into  a  circle.  Complicate  diameters  and  parameters 
are  reduced  to  fimple  ones,  as  before  in  the  hyperbola,  from  the  equations  of 
which  thofe  of  the  ellipfis  will  differ  only  in  their  figns  ;  fo  that  they  will  eafily 
pafs  into  each  other. 

124.  When  the  fimple  equations  to  the  diameters  of  the  hyperbola,  or 
ellipfis,  arc  not  given  exaftly  in  the  terms  of  the  diameters,  but  rather  in 
difguifwi  terms }  the  Author  (hows  how,  by  the  Rule  of  Proponion,  thofe 
diameters  may  be  found.    Of  which  rcduaioii  (he  gives  Examples. 

125.  Or 
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125.  Or  when  the  fame  equations  are  expreflcd  by  parameters,  though 
fomething  obfcurcly ;  (he  (hows  us  how  to  find  thofe  parameters,  and  gives 
Examples  of  it. 

126.  Having  thus  exhibited  the  fimpleft  equations  belonging  to  the  Conic 
Seftions,  and  fliown  how  we  may  find  the  diameters  or  parameters  when  in- 
volved, by  which  thcfe  feftions  may  be  defcribedj  the  Author  proceeds  to 
conftruft  any  complicate  equations  that  may  be  given^  belonging  to  thefe 
fcAions  or  curves ;  in  order  to  which,  (he  diflributes  all  fuch  equations  into 
three  fpecies  or  cla(res.  The  firft  are  thofe  that  contain  the  fquare  of  one  of  the 
variables,  and  the  redangle  of  the  other  into  a  conftant  quantity.  The  fecond 
fpecies  contains  the  redangle  of  the  two  variables,  with  other  fimple  terms. 
The  third  contains  the  reAangle  and  both  the  fquares  of  the  variables,  with  any 
other  (imple  terms. 

1 27.  She  then  proceeds  to  cohftruft  equations  of  the  firft  fpecies,  however 
complicate  they  may  be,  and  reduces  them  to  a  fimple  form,  by  one  or  two 
fubftitutions  of  new  variables.  And  of  this  (he  gives  us  two  Examples.  In  the 
firft,  by  one  fubftitution,  (he  reduces  the  given  equation  to  the  fimpleft  form 
belonging  to  the  parabola,  which  (he  then  conftrudls.  In  the  fecond,  (he 
reduces  the  given  equation,  by  two  fubftitutions,  to  the  fimpleft  form  belonging 
to  the  hyperbola  between  the  afymptotes,  which  (he  then  conftrufts,  and 
purfues  it  through  all  it's  varieties.  When  the  conftant  quantities  are  fuch,  as 
not  to  admit  of  thefe  fubftitutions,  (he  changes  them,  by  the  tranfmutations  (he 
had  taught  before,  into  fuch  as  will  be  fit  for  thofe  fubftitutions. 

128.  Then  (he  reduces  equations  of  the  fecond  fpecies  to  the  firft,  by  a 
method  not  unlike  that  of  extradmg  the  fquare-root  of  an  affeded  quadratick 
equation.  By  which  means,  and  by  a  fubftitution,  (he  introduces  a  new 
variable.  Of  this  (he  gives  an  Example  in  an  eq[uation  to  the  parabola,  which 
(he  reduces  and  con(b:uds.  Alfo,  another  to  the  hyperbola,  reduced  by  two 
fubftitutions. 

129.  Then  (he  (hows,  by  an  example,  how  an  equation  of  the  third  fpecies 
may  be  reduced  to  the  firft^  and  fo  confiiuded. 

130.  Here 
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13a  Here  (he  propofes  various  complicate  examples,  of  which  feme  are  to 
the  parabdla,  fotne  to  the  hyperbpla,  and  fome  to  the  ellipfis,  which  require 
federal  fubftitutions  and  transformations ;  but  are  all  reduced  to  fimple  equations^ 
and  conftru&cd  with  great  art  and  ingenuity. 

131.  All  the  variety  of  equations  to  the  hyperbola  tSetween  the  afymptotes^ 
are  reduced  to  four  general  equations,  which  are  here  conftruded,  by  one,  two^ 
ot  more  fubftitutions,  or  changing  of  the  variables ;  and  that  according  to  all 
the  variety  of  their  figns.  To  illuftrate  thefe  conftruftions,  and  to  (how  their 
application  in  particular  cafes,  (he  propofes  and  refolves  the  feveral  Problems 
following. 

132.  The  equation  of  the  firft  Problem  is  found  to  belong  to  the  parabola^ 
being  the  property  of  the  focus  of  the  parabola  in  refped:  of  the  dire£faix» 
which  is  therefore  eafily  con(bru£i:ed  by  one  fubftitution. 

133.  l^e  equation  of  the  next  Problem  is  found  to  be  a  locus  to  the 
hyperbola  between  the  afymptotes,  and  is  cdnftruAed  by  means  of  two  eafy 
fubftitutions. 

134.  This  Problem  is  propofed  concerning  the  properties  of  two  circles  and 
their  tangents,  but  the  general  folution  and  conftrudion  of  the  equation  require, 
all  the  three  conic  feftions,  according  to  the  three  cafes  included  in  it.  The(c 
cafes  are  conftrufted  feparately,  by  the  help  of  feveral  fubftitutions  and  traQ(^ 
mutiitiohs. 


'I .  t 


135.  A  Problem  to  the  three  Conic  Sedions,  according  to  i^s  three  different 
cafes. 

136^  A  general  Problem  folved  by  a  canonical  equation,  and  illuftratcd  by 
three  Examples  of  particular  curves,  of  which  the  laft  arifes  to  a  cubical 
equation,  and  therefore  goes  beyond  the  Conic  Seftions. 

137.  A  Problem  concerning  two  equal  interfedling  circles,  which  arifes  to  an 
equation  to  an  ellipfis,  which  is  here  conftruded  by  means  of  one  fubftitution. 

138.  A  Problem,  or  rather  two  Problems  to  the  circle,  with  fynthetical 
dcmonftrations  of  the  folution.  •     ;   =  '>^' •  -      

139.  A 
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159.  A  Problein  of  a  nortnal  Aiding  between  the  fides  of  a  right  angle^.  and 
with  one  end  defCribing  a  curve.  This  curve^  by  it's  equation^  is  found  to  be 
an  ellipfisy  and  is  here  conftruded. 

140.  The  equation  of  this  Problem  is  either  to  the  parabola^  the  byperboIa» 
or  the  ellipfis*  according  to  different  circumflances^  and  is  refoived  by  various 
fubfticutionSy  or  changes  of  the  indeterminate  quantities,  and  is  here  conftrufted. 

141.  The  Method  of  Majority  and  Minority  is  here  occafionally  exp]aioed«. 
u'hich  proceeds  in  the  fame  manner  as  the  redudion  of  equations*  For^  by  a 
feries  of  comparifons  duly  made,  we  may  know  which  of  two  quantities  is  the 

greater  or  leflen ' 

* 
•         J     •  -      ■     ■  ■     ■ 

14a.  A  Problem  producing  an  equation  to  the  hyperbola  between  the 
afymptotesy  which  is  very  artfully  refoived  and  conftru6;ed»  by  three  fabfti* 
lutions,  or  changes  of  the  variable  quantities. 


.  jr 


143.  Here  the  Author  concludes  her  Problems,  and  recommends;  the.  proving 
the  folution,  after  it  is  finifHed,  by  tracing  back  the  feveral  fub(lituciona,,^d 
fo  returning  to  the  original  ^uatlon.  Of  this  fhc  gives  us  two  Examples  ixk 
the  foregoinjg  Problems* 


■■ 


t  « •  * 
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'  ft         • 

Of  Solid  ProhUms  and  tb^ir  Efiatims. 


144.  The  Author  having  thus  difpatched  what  are  called  Plane  ProWems,  or 
fuch  as  require  only  equations  of  two  dimenfions  y  (be  proceeds  to  thofe  called 
Solid  Problems,  which  require  equations  of  more  than  two  dimenfions^  and 
therefore  higher  and  more  difficult  conflru£iions»  She  begins  by  informing  us 
what  are  the  roots  of  fuch  affcfted  equations,  or  what  are  the  values  of  the 
unknown  and  indeterminate  quantities,  which  are  to  be  extradled  out  of  thefe 
equations.  That  ihey  a?e  fuch  numbers  or  quantities,  that,  if  they  were  to  be 
fubftituted  in  the  equation  given,  inflead  of  the  root,  they  would  reduce  the 
whole  to  nothing  j  which  would  be  a  full  proof,  when  the  root,  or  roots,  are 
extracted,  chat  they  are  the  true  roots  of  the  equation. 

145.  Ot, 
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145*  Or,  in  another  acceptation i  thofe  (imple  equations  are  often  called  the 
Roots  of  a  compound  equation,  which,  being  multiplied  into  each  other  conti* 
nually,  will  produce  the  equation  given.  Confequently  that  equation  may  be 
refolved  into  it's  components  by  continual  divifion.  Hence  every  equation  will 
have  fo  many  roots  as  it  has  dimenlions.  Of  this  (he  gives  us  inftances  in 
equations  of  two,  three,  or  four  dimenfions,  or  of  quadratic^,  cubick,  and 
biquadratick  equations,  which  are  formed  by  the  multiplication  of  fimple,  but 
general  equations,  and  which  therefore  will  be  the  roots  of  the  equations  fa 
formed. 

146.  Hence,  when  any  of  the  roots  of  a  compound  equation  happen  to  be 
known,  we  have  a  method,  by  divifion,  of  depre(fing  that  equation,  and  re-. 
ducing  it  to  a  fimpler,  which  (hall  include  only  the  unknown  roots. 

147.  From  this  way  of  raifing  compound  equations  by  multiplication,  we 
may  know  the  conflitution  of  every  (ingle  term,  when  the  whole  equation  is 
difpofed  in  a  proper  and  regular  order,  and  made  equal  to  nothing.  For  the 
higheft  term  mud  always  be  pofitive,  and  have  no  other  co-efficient  but  unity^ 
which  can  always  be  efiefted.  The  co*  efficient  of  the  fecond  term  will  be  the 
fum  of  ail  the  roots,  under  their  proper  (igns.  The  co-efficient  of  the  third 
term  will  be  the  fum  of  the  produds  of  every  pair  of  roots,  &c.  And  the  laft 
term  will  be  the  produft  of  all  the  roots,  afieded  by  their  proper  figns. 

148.  It  follows  from  hence,  that,  if  the  fecond  term  is  wanting  in  any 
equation,  then  the  fum  of  the  pofitive  roots  will  be  equal  to  the  fum  of  the 
negative  4  therefore,  when  that  term  is  prefent  and  affirmative,  the  fum  of  the 
pofitive  roots  will  be  lefs  than  the  fum  of  the  negative  j  but  the  contrary,  if  that 
term  be  negative. 

149.  When  any  term  is  wanting  in  an  equation,  it's  abfence  is  commonly 
indicated  by  putting  an  afterifm  in  it's  place. 

150.  If  no  imaginary  root  appears  in  the  equation,  yet  it  may  have  them, 
two  by  two,  always  in  pairs,  and  with  contrary  figns.  If  the  degree  of  the 
equation  is  odd,  it  will  have,  at  leaft,  one  real  root;  and  if  it's  degree  is  even, 
it  may  have  all  it's  roots  imaginary.    The  like  may  be  obferved  of  furd  roots. 

151.  Many 
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15 1  •  Many  ufeful  indications,  concerning  the  roots  of  an  aflfeded  eqiiation, 
may  be  had  from  the  ligns  of  the  fevcral  terms. 

152.  A  proof  that,  in  cubick  and  biquadratick  equations,  if  the  fecond  term 
is  wanting,  and  the  third  term  is  pofitive,  there  will  ncceflarily  be  imaginary 
roots. 

153.  In  any  equation  the  affirmative  roots  may  be  made  negative,  and  the 
negaiivc  affirmative,  only  by  changing  the  figns  of  thofe  terms  which  are  in 
even  places.  Here  the  afterifm,  or  vacant  place,  muft  always  be  reckoned  for 
one.    This  proved  by  Examples. 

154.  The  roots  of  afTe&ed  equations  may  be  increafed  or  dimini(hed  by  any 
quantity  at  pleafure,  by  refolving  the  root  into  two  parts,  one  unknown,  and 
the  other  known ;  and  that  only  by  a  fubflitution  of  equivalents.  The  new 
equation  fo  found  will  have  the  fame  roots  as  the  given  equation,  only  they  will 
be  increafed  or  diminiflied  by  a  known  quantity.     See  the  Author's  Examples. 

155.  By  a  like  fubftitution.of  equivalents,  the  roots  of  any  equation,  though 
unknown,  may  be  multiplied  or  divided  by  a  given  quantity,  and  undergo 
many  other  changes  at  pleafure. 

156.  The  reafon  of  thefe  feveral  procefTes  is,  that,  as  equals  arc  always 
fubftituted  for  equals,  Co  the  refults  muft  always  come  out  equal* 

157.  The  u(es  of  thefe  fubftitutions  are  many.  One-  of  which  is,  that, 
though  the  roots  of  an  equation  are  unknown,  yet,  by  fuch  a  transformation, 
they  may  often  become  known. 

158.  Another  u(e  is,  the  freeing  an  equation  from  fractions  or  furds.  Of 
this  the  Author  produces  feveral  Examples. 

159.  Some  neceflary  conditions  in  the  equation,  in  order  to  it's  being  freed 
from  furds  or  radicals. 

160.  But  the  chief  ufe  of  this  tranihiutation  of  equations,  is  intirely  to  take 
away  the  fecond  term  from  any  equation  by  an  cafy  fubftitution  :  of  which  the 
Author  gives  feveral  inftanccs. 

Vol.  I.  d  161.  Or 
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]6i.  Or  th€  third  term  may  be  taken  away,  by  folving  a  quadratick  equation^ 
the  fourth  by  a  Cubic,  &c. ;  as  may  appear  from  the  Author^s  general  procels. 

162.  In  an  equation  wanting  the  fecond  term,  the  penultimate  term  may  be 
taken  away  ;  but  it  will  be  by  reftoring  the  fecond  term. 

i6j.  Thus,  in  an  equation  wanting  the  third  term,  the  ante-penultimate  term 
may  be  taken  away ;  and  fo  on» 

164.  Or  any  equation,  in  which  any  term  or  terms  are  wanting,  may  be 
made  complete  by  a  new  fubftitution. 

165.  If  equations  have  divifors  of  one,  two,  or  more  dimenfions,  they  are 
properly  of  that  order",  to  which  they  may  be  reduced  by  divifion* 

1 66.  Divifion  ought  firfl:  to  be  tried  by  a  divifor  of  one  dimenfion,  then  byt 
thofe  of  two,  &c. 

• 

1  Sj.  Equations  of  the  third  degree,  if  reducible,  may  be  reduced  by  a  linear 
or  fimple  divifor,  which  is  to  be  found  in  the  manner  taught  in  the  36th  Article 
before.  If  an  equation  of  the  fourth  degree  cannot  be  reduced  by  a  divifor  oC 
one  dimenfion,  to  be  found  in  the  fame  manner^  the  reduftion  muft  be  at« 
tempted  by  a  divifor  of  two  dimenfions.  To  perform  which,  the  Author  throws 
out  the  fecbnd  term  of  the  equation,  as  fhown  before,  and  then  aflumes  two 
general  equations  of  two  dimenfions,  and  multiplies  them  together,  and  com-^^ 
pares  the  terms  of  the  produced  equation  with  thofe  of  the  equation  given.  By 
this  comparifon  (he  determines  the  co-efficients  of  the  aflumed  equations,,  the 
lad  comparifon  of  which  amounts  to  an  equation^  which  in  efiedi  is  no'  more 
than  cubical.  This  cubic  equation  is  refolved  by  the  Method  of  Divifors,  and. 
it's  roots,  being  fubftituted  in  the  afllimed  equations,  will  make  them  become 
divifors  of  the  biquadratick  equation  propofed.  Of  this  method  of  folution  (he 
gives  us  two  Examples. 

168.  Here  is  the  fame  procefs  as  before,  but  after  a  more  general  manner^ 
and  applied  to  a  particular  biquadratick  equation,  which  is  refolved  by  it. 

169,  Sometimes  this  method  will  fucceed  only  by  taking  away  the  fecond 
term  of  the  equation,  wliich  will  deprefs  it  to  a  quadratick. 

170.  The 
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lyo.  The  fame  method  is  purfucd,  but  without  taking  away  the  fccond  term 
of  the  given  biquadratick  equation.  Two  general  quadratick  equations  are 
affumed,  and  multiplied  together,  and  the  general  co-efEcicnts  of  the  produft 
are  determined  and  eliminated^  as  far  as  may  be,  by  a  comparifbn  with  thofe  of 
the  given  equation.  The  laft  co-efBcient  in  thefe  comparifons  muft  be  deter- 
mined by  the  foregoing  Method  of  Divifors.  But  this  way  of  refolution  fecms 
to  be  too  tentative  to  be  of  any  general  ufc.  It  is  illuftrated  by  three  Ex^ 
amples. 

171.  The  fame  method  is  carried  on  to  equations  of  five  dimenfions,  in 
which  the  two  aiTumed  general  equations  arc,  one  of  two  and  another  of  three 
dimenfions.  When,  by  comparifon,  the  general  co-efficients  are  determined, 
they  are  fubftituted  in  the  fimplefl:  of  the  aflumed  equations,  which  then  becomes 
a  divifor  of  the  given  equation ;  as  by  two  Examples. 

172.  The  Author,  extends  this  method  to  equations  of  fix  dimenfions,  which 
(he  manages  with  great  fagacity  and  fuccefs,  though  it  muft  be  owned  to  be 
very  tedious,  precarious,  and  tentative ;  but,  however,  is  the  beft  that  can  be 
had  in  thefe  high  equations.  She  afifumes  two  general  and  fubfidiary  equations, 
one  of  two,  and  another  of  four  dimenfions,  which  are  multiplied  together  to 
produce  a  general  formula  for  equations  of  fix  dimenfions,  that  may  be  refolved 
into  two  fuch  equations.  Then  the  general  co-efficients  are  determined  as 
before,  and  fubftituted  in  the  fimpleft  of  the  aflumed  equations,  which  will  then 
become  a  divifor  of  the  given  equation.  Of  this  reduction  (he  gives  us  an 
Example. 

But  an  equation  of  the  fixth  degree  may  poffibly  be  refolved  into  two  cubic 
equations,  and  not  otherwife.  She  therefore  aiTumes  two  general  cubic  equa- 
tions^  and  multiplies  them  together,  to  conftitute  a  general  formula  for  thefe 
equations.  Then,,  a  particular  equation  of  fix  dimenfions  being  given,  the 
general  co-efficients  are  determined  by  comparifon,  as  far  as  that  can  be  done, 
and  their  values  are  finally  fubftituted  in  one  of  the  aflumed  equations,  in  order 
to  form  a  divifor  to  the  given  equation. 

173.  The  Author  afifures  us,  that  the  fame  method  might  be  applied  to  the 
folution  of  higher  equations,  if  it  was  not  for  the  exceffive  tedioufnefs  of  the' 
operations.    It  may  very  well  be  fuppofed,  that  the  calculation  will  become 

d  2  very . 
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very  laborious  in  thofe  equations,  by  what  we  fee  in  tbefe  of  a  lower  order* 
And  as  the  method  is  but  tentative  at  beft,  it  can  hardly  deferve  to  be  pro(e* 
cuted  any  further ;  efpecially  as  we  have  an  exegefis  numtrofa  to  recur  to  in  theie 
cafes,  which,  though  only  an  approximation  to  the  root,  yet  will  anfwer  all  real 
occafions  that  can  offer.  The  Author  now  proceeds  to  propofe  and  refolve 
fome  particular  Problems,  in  order  to  Ihow  the  ufe  and  application  of  what  is 
now  delivered. 

• 

1 74*  The  firft  Problem  is  purely  arithmetical,  and  is  elegant  enough  :  ^ofimd 
four  numbers  which  exceed  one  another  by  umty^  and  their  produS  is  lOO.  The 
equation  of  this  Problem  amounts  to  a  biquadratick  equation  with  all  it*s  terms; 
but,  by  throwing  out  the  fecond  term,  it  is  reduced  to  a  quadratick  with  four 
roots.  Thefe  are  irrational,  of  which  two  only  are  real,  one  politive,  the  other 
negative,  either  of  which  will  folve  the  Problem.  The  firit  and  lead  of  the  four 
numbers  required,  when  reduced  to  a  decimal,  will  be  the  negative  number* 

1 75.  The  next  is  a  Geometrical  Problem,  relating  to  a  right-angled  triangle. 
It's  equation  is  a  biquadratick  with  all  it*s  terms,  but  when  the  fecond  term  is 
taken  away,  it  degenerates  into  a  quadratick  with  a  plane  root,  but  irrationals 

176.  A  Geometrical  Problem  producing  a  biquadratick  equation,  the  four 
roots  of  which  are  irrational,  and  may  be  all  real,  and  are  exhibited  by  the 
figure. 

177.  An  equation  may  often  appear  of  a  higher  order  than  the  Problem 
really  requires,  if  a  prudent  choice  is  made  of  the  unknown  quantity,  by  which 
the  Problem  is  determined*    This  is  illuftrated  in  feveral  appoiite  Examples* 

1 78.  Another  artifice  that  often  prevents  Problems  from  rifing  to  too  high 
equations,  is  finding  two  values  of  the  fame  unknown  quantity,  and  making 
them  equal.    An  inftance  of  this  is  feen  in  the  next  Problem. 

179.  This  Problem  is,  in  a  given  circle  to  infcribe  a  regular  heptagon*  The 
Author  gives  feveral  folutions  of  this  Problem,  which  amount  to  high  equa- 
tions }  but,  by  being  compared  with  each  other,  are  reduced  lower.  At  laft 
(he  brings  it  to  a  cubic  equation  with  a  plane  root.  This  is  performed  by 
finding  two  different  expreffions  for  the  fame  quantity,  and  comparing  them 
together. 

180.  When 
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x8o.  When  cubic  (or  higher)  equations  cannot  be  thus  reduced,  their  roots 
may  be  found  analytically,  but  involved  in  (brds,  by  what  are  called  Cardans 
Rules.  But  the  geonnietrical  method  will  be  more  univer(al,  by  conflruAing 
them,  and  finding  their  roots  by  the  interfeAion  of  curve*lines. 

i8i.  She  begins  with  the  analytical  folutbn,  or  with  finding  Cardoffs  Rules; 
All  cubic  equations,  that  want  the  fecond  term,  are  reprefented  by  four  general 
IbrdQulse,  difiering  only  in  the  feveral  changes  of  the  (igns.  To  refolve  the 
firft  general  formula,  (he  divides  the  unknown  root  into  two  parts,  which,  after 
fubftitution^  gives  room  for  fplitting  the  equation  into  two,  fuch  as  may  eafilf 
be  refolved  feparately.  This  finds  commodious  values  for  the  two  aflumed 
parts  of  the  root,  and  brings  us  two  cubical  radicals  for  the  value  of  the  root. 
See  the  Philofophical  Tranfadions,  Number  309. 

i82«  The  folution  of  the  fecond  formula  does  not  differ  from  the  firft,  but 
only  in  the  figns. 

183.  The  fame  may  be  faid  of  the  third* 

184.  And  likewife  of  the  fourth; 

185.  All  the  four  formdlse  are  folved  fomething  differently,  in  which  the  two 
parts  of  the  root  have  only  one  cubic  radical ;  but  which  coincide  with  the 
forcing  folution,  and  are  eafily  reduced  to  it« 

286.  The  limits  of  thefe  roots  are  here  afligned,  and  it  is  (bown  when  they 
will  be  real,  and  when  two  of  them  will  be  only  imaginary. 

187.  When  one  root  is  found  of  a  cubic  equation,  the  other  two  may  be 
found  without  divifion.  For,  as  unity  itfelf  has  three  cubic  roots,  fo  any  other 
quantity  has  the  fame.  Therefore,  multiplying  the  root  found  by  the  three 
roots  of  unity  fucceffively,  we  (hall  have  the  three  roots  of  the  given  equation. 
This  is  proved  here  fynthetically,  by  returning  to  the  original  equation.  See 
Phil.  Tranf.  No.  309. 

i88.  This  method  of  folution  is  illuftrated,  by  applying  it  to  a  given  cubic 
equation,  of  which  the  three  roots  are  thence  found, 

9  189.  Or, 


-.-  ^-    • 
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189*  Or,  without  reairring  co  the  general  foUition,  any  panicular  cub. 
equation  may  be  iblved,  by  p^irfuing  the  method  of  that  folution*  Of  thet 
here  are  given  feveral  Examples. 

190.  The  Author  proceeds  to  the  folution  of  biquadraticlc  equations,  of 
v'hich  (he  takes  a  general  formula,  with  the  fecond  term  abfent.  Then  afllimes 
two  general  quadratick  formulas,  which,  multiplied  together,  produce  a  geneial 
biquadratick  equation ;  and,  by  comparifm  with  the  firfl  general  equation,  flie 
determines  the  afibmed  co-efficients.  This  will  bring  her  co  a  transformed 
cubic  equation,  in  the  manner  taught  in  Article  167  aforegoing.  And  thus  the 
proceeds  to  determine  the  four  roots  of  the  aflumed  biquadratick  equation. 
See  Phil.  Tranf. 

This  folution  (lie  applies  to  an  Example. 

191.  From  the  algebraical  refolution  of  thefe  equations,  (he  proceeds  to  the 
more  general  (as  (he  calls  it),  or  to  the  geometrical  folution,  which  is,  by  con-* 
(lru£ting  the  feveral  loci  geometrici^  or  curve-lines,  adapted  to  every  equation 
confiding  of  two  indetermi nates.  Every  determinate  equation  may  be  refolved 
into  two  indeterminate  equations,  by  introducing  a  quantity  into  it  at  pleafure. 
Thefe  two  equations  muft  confift  of  the  fame  two  variable  quantities,  and  the 
fame  conftant  quancitiesi  and  may  be  conftruded  by  two  curves.  If  thofe  two 
curves  are  combined  in  fuch  manner,  as  that  they  (hall  have  a  common  ablcifs, 
they  will  alfo  have  fome  common  ordinates  at  their  common  points,  that  is, 
their  points  of  interfedion.  Thefe  common  ordinates  will  be  the  roots  of  the 
determinate  equation,  if  the  quantity  reprefenting  thofe  roots  is  made  one  of 
the  variable  quantities.  Te  exismplify  this,  (he  a(rumes  a  determinate  biqua- 
dratick equation,  and  alfo  an  equation  to  the  parabola.  This  (he  introduces^ 
by  fubflitution.  into  the  given  biquadratick,  which  will  then  be  an  indetermi- 
nate equation  to  the  hyperbola.  She  then  conftruds  thefe  two  curves  upon  a 
common  axis,  and  draws  four  ordinates  from  the  four  points  of  interfedion  of 
the  curves,  which  will  be  the  roots  required. 

192.  From  this  conftrudion  thefe  notable  circumftances  will  evidently  follow; 
that  the  pofuive  and  negative  roots  will  be  on  different  fides  of  the  common 
abfcifs  s  that,  when  two  ordinates  become  equal,  or  when  the  two  curves  do  not  ' 

cut 
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cut  but  touch  each  other,  two  roots  of  the  equation  will  be  equal ;  or^  when  the 
two  curves  cut  each  other  in  the  vertex,  one  of  the  roots  will  be  equal  to 
nothing  ^  and  whert  the  curves  neither  touch  nor  cut^  the  roots  will  be  im- 
poflible. 

193.  It  is  here  (hown,  that,  as  there  may  be  great  variety  in  reducing  a 
determinate  equation  given,  to  two  indeterminate  equations,  in  order  to  be 
tonftrufted  ;  fo  fuch  a  choice  is  to  be  made  of  the  two  hciy  that  the  con- 
fttuflion  may  be  as  fimple  as  poffible.  According  as  the  equation  is  in  degree, 
fo  each  locus  (hould  be  taken,  as  together  to  make  up  nearly  the  dimenfions  of 
the  given  equation. 

194.  Here  it  is  (hown,  by  an  Example,  how  the  feveral  loci  to  the  Conic 
Sections  are  to  be  diftinguifhed  from  one  another* 

195.  Other  cautions  to  be  dbferved,  in  adapting  the  loci  to  their  equations. 

196.  Here  follow  fome  Examples,  to  illufirate  the  foregoing  do(ftrine.  The 
firft  is,  a  determinate  cubic  equation  wanting  the  fecond  term,  which  is  reduced 
to  a  biquadratick,  by  multiplying  the  whole  by  the  root,  and  a  iimple  equation 
to  the  parabola  is  aflumed.  This  is  introduced  into  the  given  equation  by 
fubilit\ition,  by  which  it  becomes  an  indeterminate  equation  to  the  circle. 
Then  ihefe  two  loci  are  combine^,  or  conftrufted  to  a  common  abfcifs,  and 
from  their  interfeftion  a  common  ordinate  is  drawn,  which  will  therefore 
reprefent  the  root  of  the  giveh  equation.  Their  other  iritcrfeftion  is'  at  the 
vertex,  and  therefore  it*s  root  will  be  nothing,  whicli  was  introduced  into  the 
equation.     The  truth  of  this  cohftru£tioh  is  confirmed'  by  a  demonftration* 

197.  The  fame  equation  is  igarh  bb»ftrotSft*tf  by  c6nibirilhg  tWo  *  f>*rabol4s, 

ahd  the  conftrudtion  demonftrated.  '  .     .    ^v>'  .         : 

.....        »      i     •        •  ■         ■ 

19S.  Or,  to  conftruft  the  fatde  eqiiatlon,  the  equiteterat  hyperbolar  might  be 

introduced^  only  by  fubtrafting  orte  of  the  equations^  tb'ihc  pfxTthdlz  ftorti  the 
other.  -'"       -. .  !'a  *i  ■  ^  -/J  -■ 


199*  Or,  laftly,  by  a  fmall  alteration,  one.  of  the  /ofi  m|gbt  have  been  to- 
the  circle,  the  other  to  the  hyperbola. 

200.  But» 
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200.  But|  without  increaHng  the  dimenfions  of  the  cubic  equatioQ»  U  may  be 
con(lru6led  by  an  hyperbola  between  the  afymptotes^  combiped  w::h  a  parabola; 
as  is  here  performedy  and  the  conftrudion  demonftrated.  And  Co  may  all  other 
equations  be  conftrndted,  that  do  not  exceed  the  third  degree. 

In  her  next  Example  (he  takes  a  determinate  equation  of  the  fourth  degree^ 
which  (he  changes  into  an  indeterminate,  by  the  fubftitution  of  an  equation  to 
the  parabola.  Into .  this  (he  introduces  an  equation  to  the  circle,  and  thea 
conftrufts  it  by  means  of.  thefe  two  loci :  which  conCtruftion  (he  then  demon* 

ftrates. 

Fof  another  Example  (he  takes  a  determinate  cubic  equal  ion^  into  which  (he 
introduces  a  known  root  by  multiplication,  which  raifes  it  to  a  biquadrattck* 
Then  taking  an  equation  to  the  parabola^  by  the  fubfUtution  of  this  after 
various  manners,  (lie  produces  feveral  indeterminate  equations ;  the  iaft  of 
which,  being  to  the  circle,  (he  makes  choice  of  for  conftruding  the  biqua- 
dratick  equation.  One  of  it's  roots  is  the  known  root  that  was  introducedy  two 
are  imaginary^  and  the  fourth  is  a  real  but  negative  root.  Then  (he  demon*- 
(Irates  the  conftruftion. 

Another  Example  isj  an  equation  of  (ix  dimenfions,  but,  being  divifible  by 
a  divifor  of  two  dimenfions^  it  is  reduced  to  a  biquadratick  equation.  By 
various  fubflitutions  of  an  equation  to  the  parabola,  various  loci  are  formed^  of 
which  (he  conftrudbs  one,  which  is  to  the  equilateral  hyperbola.  Bqt  thefe  two 
loci^  being  combined  as  their  equations  require,  will  no  where  interfefl  each 
other,  or  will  have  no  common  ordinates.  Which  proves,  that  all  the  roots  of 
the  given  equation  are  imaginary^ and  impo(fible. 

20I.  In  this  Kxafsple  a  biquadratick,  or  cubic^  equation  is  propofed,  to  be 
conftruded  by  two  conical  ioci^  not  to  be  found  (as  before)  from  the  given  lines 
of  the  equation,  but  fuch  as  are  already  known  and  defer ibed,  or  otherwife  by 
fuch  as  (hall  be  like  to  thefe.  This  is  performed  by  deriving  the  two  loci  in 
general  (as  before),  and  then  introducing  new  quantities,  which  are  to  be 
determined  from  the  known  lines  of  the  given  loci,  according  to  their  various 
circumftances.  This  equation,  therefore,  is  conflruAed  by  means  of  a  given 
parabola,  combined  with  a  given  hyperbola. 

li 
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If  it  (hould  be  required  to  conftrudt  a  biquadratick  equation  with  a  given 
parabola^  and  with  an  ellipfis  that  is  of  the  fame  fpecies  with  an  ellipiis  given ; 
here  is  an  inftance  of  it,  by  means  of  introducing  new  quantities  into  the 
equation ;  which  are  afterwards  to  be  determined  as  occafion  (hall  require. 
And  the  truth  of  the  conftrudtion  is  demonftrated  at  length, 

202.  The  Author  here,  by  way  of  anticipation,  gives 'us  fome  conftrucflions 
of  equations  that  exceed  the  fourth  degree,  though  (he  referves  the  fuiler 
treating  of  fuch  conftruftions  to  her  next  Seftion.  She  affumes  a  determinate 
equation  of  the  fifth  degree,  and  likewife  an  indeterminate  equation  to  the 
parabola,  and,  by  fubftitution,  forms  an  equation,  or  locus,  to  a  line  of  the 
third  degree,  which,  combined  with  the  parabola,  will  conftruft  the  given 
equation.  Or,  (he  (hows  how  it  may  be  done  with  the  fame  locus  combined 
with  an  hyperbola.  Or,  with  an  hyperbola,  and  the  firft  cubic  parabola. 
Likewife,  (he  conftrufls  an  equation  of  the  fixth  degree,  by  a  parabola  cona- 
bined  with  a  line,  or  locus,  of  the  third  degree :  of  which  equation  (he  finds 
two  real  roots,  one  afiirniative  and  the  other  negative,  and  the  other  four  are 
imaginary. 

203.  Then  (he  tells  in  what  order  the  loci  muft  rife,  by  which  we  would 
conftruft  higher  equations  ;  and  conftrufts  (for  example)  an  equation  of  eight 
dimen(ions  by  means  of  a  parabola,  combined  with  another  locus  of  four 
dimen(ions. 

204.  She  then  obferves,  how  equations  of  the  ninth  degree  (and  therefore 
thofe  of  the  eighth  degree,  reduced  to  the  ninth  by  multiplying  by  the  unknown 
root,)  may  be  conftrudlcd  by  combining  two  kci  of  the  third  ilegree :  which  rule 
(he  makes  general. 

205.  The  mod  natural  way  of  conftrufting  an  equation  of  any  degree,  is  by 
a  right  line  for  one  of  the  loci^  and  a  curve  of  the  fame  degree  for  the  other. 
As  an  example  of  this  method,  the  Author  aflTumes  a  definite  equation  of  the 
fifth  degree,  makes  one  of  the  divifors  of  the  lad  term  to  become  indefinite, 
that  is,  alTumes  a  locus  to  a  right  line,  and,  fubftituting  it  in  the  given  equa- 
tion, makes  it  become  an  indefinite  equation  of  the  fame  degree  as  the  equation 
given.    This  being  conftru(fted,  and  the  right  line  drawn  as  it  ought  to  be  by 

Vol.  I.  e  the 
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the  nature  of  the  equation,  the  common  ordinates  will  determine  fo  many 
abfcifles,  which  will  reprefent  the  roots  of  the  given  equation.  Thofe  roots 
will  be  impoffible,  where  the  right  line  docs  not  meet  the  curve. 

fia6.  She  tells  us  this  method  may  be  of  ufe  in  verifying  other  conftruftions  ; 
then  proceeds  to  particular  Problems^  with  their  conftruftions. 

307.  The  firft  is  a  Geometrical^  or  rather  Analytical  Problem  ;  betwim  t^uoo 
given  quantities^  to  find  as  many  mean  proportionals  as  we  pleafe.  This  is  applied 
to  finding  two  mean  proportionals,  and  arifes  to  a  fimple  cubic  equation^  which 
(he  raifes  to  an  affedted  biquadratick,  by  multiplying  it  by  the  unknown  root. 
Then  aiTumes  a  locus  to  the  parabola,  and^  by  fubftituting  it  various  ways  ia 
the  given  equation^  (he  forms  feveral  other  loci^  one  to  a  parabola,  one  to  aa 
hyperbola^  and  one  to  a  circle.  This  lad  (he  combines  with  the  aflumed  locus 
to  the  parabola,  and  conftruds  the  equation  given  %  finding  one  real  affirmative 
root,  and  the  root  that  was  introduced  which  is  equal  to  nothing,  and  the  other 
two  roots  Will  be  imaginary. 

208  i  Or,  without  introducing  a  new  root  equal  to  nothing,  (be  conftrufts  it 
by  a  parabola,  and  an  hyperbola  between  the  afymptotes. 

209.  To  find  three  mean  proportionals  is  a  plane  Problem* 

210.  To  find  four  mean  proportionals  amounts  to  a  (imple  equation  of  the 
fifth  degree,  which  (he  conftrufts  by  means  of  a  parabola  combined  with  aa 
byperboloid  of  the  third  degree. 

211.  Or,  by  the  common  hyperbola  between  it's  afymptotes^  and  the  fecond 
cubical  parabola. 

212.  To  find  five  mean  proportionals  amounts  only  to  a  cubical  equation. 
Then  (he  obferves>  by  what  loci  fix,  feven,  or  any  odier  number  of  mean 
proportionals  may  be  found. 

213.  The  next  is  a  Geometrical  Problem,  cf  three  contiguous  chords  being  given^ 
tirminating  at  the  diameter  of  a  circle^  to  find  that  diameter ;  which  Problem  has 
two  cafes.  For  the  middle  chord  may  cut  the  diameter,  either  within  the 
circle  or  (produced)  without.    The  eqtiation  that  arifes  for  the  folution  of  this 

A  Problem 
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Problem  is  cubical,  which  (he  multiplies  by  the  root  to  make  it  a  biquadratick. 
Then,  afluming  a  locus  to  the  parabola,  by  fubftitution  (he  finds  another  locus, 
which  is  to  the  circle ;  by  the  combination  of  which  two  loci  (he  finds  the  three 
roots,  and  then  determines  which  of  them  will  folve  the  prefent  Problem. 
After  which  (he  proceeds  to  the  other  cafe,  which,  with  little  variation,  requires 
the  iame  con(faru£tion. 

214.  A  Geometrical  Problem,  by  which  the  Problem  of  §  176  is  made  more 
general,  the  equation  afcending  to  the  fourth  degree.  It  is  conftrudted  by  a 
parabola  combined  with  an  hyperbola. 

215.  This  Problem  is,  to  trtfell  a  given  angle j  (fee  §  no.)  and  amounts  to  a 
cubic  equation,  which  is  conftrufted  by  two  loci,  the  parabola,  and  the  hyper- 
bola  between  it's  afymptotes.  The  conftruftion  is  demonftrated,  and  extended 
to  all  the  cafcs« 

2 1 6.  A  further  explanation  of  the  trifedtion  of  an  angle,  (howing  how  the 
three  roots  of  the  equation  ferve  for  all  the  three  feverai  cafes,  which  are 
implied  in  the  trife&ion  of  any  angle. 

2 1 7.  The  fame  otherwife  conftrufted,  by  combining  two  other  loci,  one  to 
the  parabola,  and  the  other  to  the  circle. 

218.  This  Problem  of  dividing  a  given  arch  into  any  given  number  of  parts, 
is  here  extended  to  five  equal  parts,  and  arifes  to  an  equation  of  the  fifth 
degree.  It  is  conftrufted  by  afTuming  a  locus  to  the  parabola,  and  thence 
forming  an  indeterminate  equation  of  the  third  degree,  which  is  conftrufted  by 
a  curve  proper  10  it.  Thefe  two,  being  combined,  give  all  the  five  roots  of 
the  equation* 

219.  And  this  may  be  extended  to  the  dividing  any  angle  into  any  greater 
odd  number  of  equal  parts. 


C2  BOOK 
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BOOK   I.    SECT.   V. 

The  ConftruSion  of  Loci  exceeding  the  Jecond  Degree. 


220.  Having  difcourfed  at  large  of  the  ufe  of  the  Conic  Scdblons,  as 
geometrical  loci  for  the  conftrudlion  of  equations  j  the  Author  proceeds  now  to 
higher  curves,  and  their  defcription,  as  the  proper  loci  for  conftrucfling  equations 
of  more  dimenfions.  Thefe  curves,  flie  fays,  may  be  defcribcd  in  two  different 
manners ;  one  is,  by  finding  as  many  points  as  we  pleafe  in  each  curve,  and 
tracing  regular  curves  through  them.  The  other  is,  by  taking  a  curve  already 
defcribed  of  a  lower  order,  and  finding  by  that  the  points  of  the  other  curve, 
or  locus. 

221.  In  order  to  defcribe  a  curve  by  an  infinite  number  of  points,  from  it's 
equation  we  muft  derive  the  value  of  one  of  it's  unknown  quantities,  and 
fuppofe  it  the  ordinate  of  a  curve.  Then  we  muft  aflume  a  fucceffion  of 
values  of  the  other  unknown  quantity,  or  the  abfcifs,  and  then  the  corrc* 
fponding  ordinate  will  become  known,  and  fo  give  us  a  fucceffion  of  points  in 
the  curve,  through  which  we  may  trace  a  regular  curve,  which  will  be  one 
locus.    Of  this  (he  propofes  an  Example  in  an  equation  of  three  dimenfions. 

222.  This  ordinate  may  be  drawn  at  any  conftant  angle  to  it's  refpedtive 
abfcifs. 

223.  As  an  example  of  this  defcription  of  a  curve  by  points,  the  Author 
aflumes  the  equation  to  an  equilateral  hyperbola ;  and,  interpreting  the  abfcifs 
by  fmall  numbers  continually,  (he  finds  the  correfponding  ordmates,  which  give 
fo  many  points  in  the  curve. 

224.  And  the  fame  thing  will  obtain  if  the  abfcifs  is  interpreted  by  negative 
numbers,  beginning  from  the  centre  of  the  hyperbola;  fo  that  the  fame 
hyperbola  will  arife,  but  only  in  an  inverted  pofition. 

225.  And  when  the  ordinate  is  made  nothing,  the  value  of  the  abfcifs  will 

ll)Ow  when  the  curve  cuts  the  axis. 

126.  Alfo, 
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226.  A\Co,  intermediate  points  may  be  founds  by  intermediate  values  of  the 
abJfcifs  and  ordinate. 

227.  A  Rule  to  find  whether  a  curve  has  afymptotes  or  no,  and  where  they- 
are  if  it  has  any. 

228.  But  this  Rule  holds  only  when  the  afymptotes  are  parallel  to  the 
co-ordinates  ;  for  the  hyperbola  has  it's  afymptotes,  which  may  be  found  from, 
another  equation  to  the  fame  curve,  and  by  the  fame  rule. 

229.  The  affair,  of  finding  the  afymptotes  of  curves,. prdperly  belongs  to  the: 
Method  of  Infinitefimals,  to  which  therefore  it  is  referred. 

230.  Other  circumftances  of  the  propofed  curve  are  here  inquired  intOj  as,, 
whether  it  is  convex  or  concave  towards  it's  axis.  This  is  eafily  determined  by 
the  Rule  of  Proportion.  For,  if  a  triangle  is  infcribed  in  the  curve,  and  an* 
ordinate  is  drawn  which  is  in  common  both  to  the  curve  and  the  triangle ;  if 
the  ordinate  to  the  triangle  is  lefs  than  that  to  the  curve,  the  curve  will  be 
concave  to  it's  axis;  otherwife  not. 

231.  But  this  Rule  will  not  always  obtain  in  all  curves;  for,  in  fome,.  parti- 
cular methods  mufl  be  ufed,  as  will  be  feen  hereafter.  The  Author  proceeds 
to  give  another  Example  of  defcribing  curves  by  points,  which  is  the  firft 
cubical  parabola.  Of  this  (he  determines  a  fufiicient  number  of  pcrints,  to  (how 
it's  progrefs,  that  it  cuts  the  axis  only  in  one  point,  that  it  goes  on  ad  infinitum,. 
that  it  has  no  afymptotes,  that  it  is  concave  towards  it's  axis,  and  that  it  has  a. 
negative  branch  like  the  pofitive,  but  contrarily  po(ited. 

The  next  Example  is  of  the  firft  cubical  hyperboloid,  the  form  of  which  flie. 
detei mines  by  finding  it's  points;  as  alfo  it's  afymptotes,  and  other  circiun* 
ftances. 

She  then  gives  an  Example  of  a  curve  of  the  fourth  degree,  the  form  of 
which  (he  determines  by  finding  the  feveral  points. 

232.  She  further  profecutes  the  fame  equation  through  all  it's  varieties^  of 
po(itive,  negative,  and  imagmary  roots  ;  Ihowing  the  different  circumftances  of : 

the  curve,  and  of  it's  leveral  branches,  which  relult  from  thofe  roots. 

^  Another. 
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Another  Example  of  an  equation  of  three  dimenfions,  from  the  roots  of 
whichy  and  finding  the  mod  material  points,  the  form  and  other  circumftances 
of  the  curve  belonging  to  it  are  determined :  as  it's  afymptote,  it's  conjugate 
ovaly  &c. 

Another  Example  of  a  curve  of  three  dimenfions,  in  which  the  principal 
points  are  determined  by  the  feveral  roots  of  the  equation. 

233.  The  fame  equation  and  the  fame  curve  is  further  profecuted,  and  other 
of  it's  properties  difcovered  :  as  it's  two  parts  extending  to  infinity,  their 
common  afymptote,  the  convexity  towards  it's  axis,  &c. 

234.  The  fame  method,  of  defcribing  the  curve  by  points,  may  be  extended 
to  equations  in  which  the  indeterminates  are  involved  together^  and  not  eafily 
feparable.  The  points  required  may  dill  be  found,  though  the  trouble  will  be 
increafed. 

235.  The  Author  makes  an  apology,  for  feeming  to  depart  from  the  method 
(he  had  preicribed  to  herlelf,  in  treating  of  thefe  high  equations  and  their 
curves  ^  and  then  illuftrates  what  (he  has  delivered,  by  propofing  and  folving 
feveral  Problems* 

236.  The  conftruftion  of  the  firft  Problem  produces  a  well-known  curve 
called  the  Cijfoid  of  Diodes^  and  arifes  to  an  equation  of  the  third  degree. 
This  locus  the  Author  defcribes^  by  finding  feveral  of  the  principal  points,  and 
determines  it's  afymptote. 

237.  In  this  Problem  the  Author  finds  another  curve  by  it's  points^  the 
equation  of  which  arifes  to  four  dimenfions. 

23S.  A  Problem  in  which  the  Author  conftrufts  a  curve,  which  (he  calls  the 
jyttcb.  It's  equation  arifes  to  three  dinicnfions,  and  (he  determines  it*$ 
afymptote  and  other  circumftances. 

239.  The  curve  of  the  next  Problem  will  be  the  Conchoid  of  Nicomedes^ 
the  equation  of  which  arifes  to  the  fourth  degree.  This  (he  conftrufts  by 
finding  it's  principal  points,  it's  two  diftinft  parts  feparated  by  a  commoa 
Afymptote,  it's  concavity  and  convexity,  and  that  it  has  points  of  contrary 

flexure 
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flexure  and  rcgrcflSon.     This  Is  in  the  firft  cafe ;  for  (he  diftinguilhes  the 
Problem  into  three  cafes,  which  (he  purfues  feparately. 

240.  As  the  Brft  cafe  depended  upon  the  equality  of  two  certain  lines,  fb 
this  requires  that  one  of  them  (hall  be  bigger  than  the  otber»  and  fo  will 
produce  a  different  figure  with  fomething  different  properties^  The  point  of 
regreffion  in  the  former  cafe  now  becomes  a  node,  where  the  curve  croifes  itfetf^ 
and  forms  a  foliate.  The  afymptote  remains  as  before,  and  the  curve  wiH  have 
a  like  concavity  and  convexity  towards  it. 

241.  The  other  cafe  is,  when  that  line»  which  before  was.  the  gfeateft  of  the 
two,  is  now  the  leaft.  This  produces  a  great  alteration  in  the  curve  of  the 
former  cafe  ;  for  now  the  foliate  entirely  vanifties,  and  makes  the  curve  have  a 
continued  curvature  at  it's  vertex^  not  much  unlike  that  part  on  the  other  fide 
of  the  afymptote. 

242.  The  Author  propofes  a  way  here,  of  improving  this  method  of  de- 
fcribing  curves  by  points  1  which  is  by  geometrical  conftrudtion.  In  this  her 
firft  Example  of  it,  (he  refumes  the  Cijbid  of  DiecUs  and  it's  equation^  V^3^> 
which  (he  confbiids  an  eafier  way  by  geometrical  efiedion. 

In  her  fecond  Example  (he  redunes  the  curve  of  §  237,  which  (he  confbrufts 
after  a  like  manner.. 

Then  Ihe  does  the  fame  by  the  curve  called  the  fTitch,  §  238. 

And  by  the  Conchoid  of  Niamedis^  oi  ^  239,  which  (he  con(b\ids  geome* 
trically  in  all  it's  varieties. 

243.  The  foregoing  conftruiEtions  are  eafily  performed  by  the  afStlance  of  a 
circle  ;  others  may  be  made  by  the  help  of  other  fimple  curves.  As,  here  an 
equation  of  four  dimenfions  is  conftruded  by  means  of  a  parabola ;  but  that 
parabola  muft  be  varied  for  every  new  ordinate.  However,  every  npw  parabola 
gives  four  points  in  the  curve. 

244.  Parabolas  are  here  enumerated,  and  diftributed  into  orders^,  according 

to  their  dimenfions.    There  is  only  one  of  the  firft  order,  which  is  the  ApolhntM^ 

or  common  parabola :  two  cubic  parabolas,  or  of  the  fecond  order;  three  of  the 

third  order,  or  of  four  dimenfions  j  &c. 

245.  In 
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245.  In  thefe  feveral  orders  of  parabolas,  thofe  are  called  firft  parabolas  ia 
*tvhofe  equation  the  abfcifs  afcends  no  higher  than  to  the  root,  or  firft  power. 
She  begins  with  the  conftruftion  of  the  firft  cubic  parabola,  the  equation  of 
which  ftie  changes  (by  fubftitution)  into  that  of  the  common  parabola,  which 
:ihe  conftrudts ;  then,  by  means  of  this  (he  cafily  finds  the  points  of  the  other 
parabola  :  and  that  both  for  the  pofitive  and  negative  branch. 

246.  The  Author  proceeds  to  conftrud  the  firft  parabola  of  the  fourth 
degree,  by  changing  it's  equation  of  four  dimenfions  (by  fubftitution)  into  the 
equation  of  the  firft  cubical  parabola,  which  has  been  conftruded.  Then,  by 
the  help  of  fimilar  triangles,  for  every  ordinate  of  the  affumed  parabola  £he 
determines  a  point  of  the  curve  required,  in  each  branchy  afHrmative  and 
negative. 

247.  By  the  fame  method,  from  the  firft  parabola  of  the  fourth  degree  the 
Author  conftru6ls  the  firft  parabola  of  the  fifth  degree,  as  to  both  it's  branches 
affirmative  and  negative. 

• 

248.  She  then  (hows,  in  general,  that  we  may  always  conftruft  a  firft 
parabola  of  any  degree,  by  means  of  a  triangle,  and  of  the  firft  parabola  of 
the  next  lower  degree. 

249.  The  Author  then  proceeds  to  conftruft  other  parabolas  befides  the  firft, 
and  that  of  any  degree,  by  means  of  the  firft,  which  (he  fuppofes  already 
defcribed.  As,  here  flie  defcribes  the  fecond  cubic  parabola,  by  finding  it's 
ordinate  from  that  of  the  firft,  being  reduced  to  a  common  abfcifs.  And,  in 
like  manner,  (lie  conftruds  the  third  parabola  of  the  fourth  degree,  by  reducing 
the  value  of  one  ordinate  to  that  of  another. 

250.  She  adds  here  a  ufcful  Remark  concerning  any  of  thefe  parabolas,  or 
paraboloids ;  which  is,  that  the  fecond  parabola  of  the  fourth  degree  is  no  other 
than  the  common  parabola,  only  redoubled  on  the  negative  (ide  :  and  fo  in  all 
other,  in  which  the  index  of  the  power  of  the  ordinate  is  double  to  that  of  the 
abfcifs,  and  both  even  numbers.  But  if  the  index  of  the  power  of  the  abfci(s 
is  an  odd  number,  the  curve  will  be  no  other  than  the  common  parabola, 
without  fuch  reduplication.    And  this  holds  good  of  all  hyperbolas  as  well  as 

parabolas^ 

251.  She 
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251.  She  goes  on  to  the  conflrnftion  of  hyperbolas  (or  hyperboloids)  of  any 
degree.  There  are  only  two  of  the  third  degree ;  the  firft  has  it's  ordinares 
reciprocally  proportional  to  the  fquares  of  the  abfciffes,  in  the  fecond  the  fquare 
of  the  ordinate  is  reciprocally  as  the  abfcifs.  The  firft  of  thefe  (he  conftrufts 
by  the  help  of  a  common  parabola  and  hyperbola,  by  means  of  which  (he  finds 
it*s  points.  The  other  will  be  the  fame  curve  in  effecV,  and  may  be  conftruftcd 
the  fame  way,  only  by  changing  the  co-ordinates  into  each  other. 

m 

252.  The  Author  proceeds  to  conftru£t  hyperboloids  of  the  fourth  degree, 
or  fuch  wherein  the  ordinate  is  reciprocally  as  the  cube  of  the  ab(cifs  ;  or  the 
fquare  of  the  ordinate  is  reciprocally  as  the  fquare  of  the  abfcifs ;  or  the  cube 
of  the  ordinate  is  reciprocally  as  the  abfcifs.  The  firft  (he  conftru£ts  by  the 
help  of  the  common  hyperbola  and  the  firft  cubical  parabola ;  the  fecond  is  no 

r 

other  than  the  common  hyperbola  itfelf ;  and  the  third  is  the  fame  as  the  firft, 
if  the  co-ordinates  change  places. 

IZ53.  She  goes  on  to  conftruft  hyperboloids  of  the  fifth  degree ;  attdj  firfl, 
that  in  which  the  ordinate  is  reciprocally  proportional  to  the  fourth  power  of 
the  abfcifs.  She  finds  the  points  of  this,  by  firft  conftrufting  a  common 
hyperbola,  and  then,  in  proper  circumftances,  a  firft  paraboloid  of  the  fourth 
degree.  She  alfo  conftrucls  another  hypcrboloid  of  the  fifth  degree,  in  which 
the  fquare  of  the  ordinate  is  reciprocally  as  the  cube  of  the  abfcifs,  by  afluming 
two  other  curves  of  an  inferior  degree.  In  all  thefe  conftruftions  (he  deter- 
mines  the  afymptotes  of  the  curves,  and  their  other  afiedions.  And  the  fame 
method  might  be  purfued  in  loci  of  higher  degrees. 

254.  She  obferves  that  all  firft  parabolas,  defcribed  about  the  fame  axis, 
will  cut  one  another  in  the  fame  point.  This  point  will  be  diftinft  from  their 
common  vertex  -,  and,  belides,  they  muft  all  have  the  fame  parameter, 

255.  Likewife,  that  thefe  firft  parabolas,  in  tending  to  this  common  inter- 
feftion,  the  higher  their  dimenfions  are,  the  nearer  they  approach  to  the 
tangent ;  and,  after  they  are  paft  it,  the  nearer  they  approach  to  the  axis* 
And  the  firft  hyperboloids  have  alfo  a  like  property. 

256.  Having  conftrufted  thefe  paraboloids  and  hyperboloids,  or  curves  of 
two  terms  only ;  the  Author  proceeds  to  fuch  as  have  feveral  terms,  which  (he 

Vol.  I.  f  diftbgui(hes 
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diftinguifhes  into  three  cafes,  'Xht  firft  cafe  is  of.  thofe  curves,  or  their  equa^ 
tions,  in  which  the  ordinate  is  but  of  one  dimenfion  only,  and  is  found  only  iiv 
one  term.  In  the  fecond^  the  ordinate  arifes  to  any  power,  but  is  found  in  one: 
term  only. 

In  the  third,  the  ordinate  is  found  in  more  terms  than  one,  and  of  any 
number  of  dimeniions. 

[257.  She  give*  here  an  Example  of  the  firft  cafe.  The  equation  of  the 
curve  to  be  conftruAed  is  of  the  fourth  degree,  and  has  three  terms.  By  a- 
convenient  fubftitution  this  equation  is  refolved  into  two  others,  one  of  which' 
contains  only  conftant  quantities^  and  the  other  belongs  to  a  firft  parabola  of 
the  founh  degree,  which  is  here  conftruded,  and  the  co-ordinates  of  the  other 
curve  ar^  eafily  derived  from  it ;  which  curve,,  it  is  obfcrved,  will  be  a  portioa- 
cf  a  parabola  of  the  fame  degree. 

258.  Another  Example  of  the  fame  cafe,  in  which  the  equation  of  the  curv^ 
to  be  conftruded  has  three  terms  and  four  dimenfions.  Here  again,  firft,  the 
equation  is  refolved  into  two  others  by  a  fubftitution,  and  then  the  curve  is 
conftruded  by  means  of  two  firft  parabolas,,  one  of  three,,  and  the  other  of 
four  dimenfions. 

259.  A  third  Example  of  the  fame  cafe.  The  equation  of  the  curve  is  of 
four  dimenfions,  and  has  four  terms.  This  likewife  is  refolved  into  two  other 
equations  by  a  fubftitution,  of  which  one  is  fimilar  to  that  which  was  con* 
ftrufted  in  the  preceeding  example,  and  the  other  is  to  the  yipollonian  parabola  ;. 
and  by  means  of  tbefe  two  curves  the  required  one  is  eafily  conftrufted. 

Here  the  Author  remarks  jthat,  if  an  equation  ftiould  more  abound  in  terms^ 
the  fame  artifice  might  be  ufed  ;  and  that,  although  the  conftru6lion  in  this 
cafe  might  become  more  compounded  and  perplexed,  yet  the  fame  method^ 
would  obtain. 

She  obferves  alfo  that  the  equation  in  this  example  might  have  been 
refolved,  by  another  fubftitution,  into  three  equations  belonging  co  as  many 
parabolas  of  different  orders ;  and  then,  by  means  of  thefe  auxiliary  curves,. 
the  principal  curve  might  have  been  conftrudted. 

a6o«.  It 
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260.  It  is  here  ftiowDj  that  the  co-ordinates  of  thefe  curves  may  make 
any  angle. 

261.  The  Author  gives  here  an  Example  of  the  fecond  cafe,  in  the  con- 
ftruftion  of  a  general  equation  of  many  terms,  which,  by  a  convenient  (ubfti* 
tution,  (he  reduces  to  cafe  the  firfl.     See  the  Example. 

262.  An  Example  of  conftruding  a  Curve  of  the  third  cafe.  The  equation 
here  propofed  is  general,  and  is  refolved,  by  a  proper  fubditution,  into  others 
which  belong  to  the  firft  cafe ;  fo  that,  by  the  conftrui^tion  of  thefe  curves,  the 
co-ordinates  of  the  propofed  curve  are  obtained. 

263.  Hitherto  the  Author  has  confidered  only  thofe  equations  which  have 
their  indeterminate  quantities  feparate  ;  (he  here  obferves  that,  when  the  inde- 
terminates  are  involved  with  each  other,  the  foregoing  rules  cannot  take  place, 
but  that  a  feparation  of  the  variable  quantities  muft  be  made,  either  by  common 
divifion,  or  by  the  extraftion  of  roots,  or  by  a  congruous  fubftitution,  or  by 
other  expedients.  She  then  gives  two  examples  of  the  feparation  of  the 
indeterminate  quantities :  in  the  firft,  it  is  performed  by  common  divifion  ;  in 
the  fecond,  by  a  convenient  fubftitution. 

264.  Having  (hown  how  to  prepare  equations  of  that  kind  for  conftruftion, 
(he  proceeds  to  the  a6lual  conftrudtion  of  them,  taking  here  the  firft  equation 
in  the  preceding  article,  and  conftrufting  it  by  means  of  equations  which 
come  under  cafe  the  firft  of  article  256. 

265*  The  conftruftion  of  the  other  equation  in  §  263  :  which,  it  is  (hown, 
may  be  performed  by  cafe  the  third  of  §  256. 

266.  A  remark.  That  a  convenient  fubftitution  may  be  of  ufe  even  in  thofe 
cafes  in  which  the  indeterminate  quantities  are  already  feparated ;  and  may 
fuggeft  a  conftruftion  which  is  more  eafy  and  elegant. 

267.  An  inftance  of  the  truth  of  the  foregoing  remark  appears  here,  where 
the  conftrudlion  of  a  curve,  the  equation  of  which  has  four  dimen(ions,  is 

f  z  facilitated 


tllV  THE      PLAK      OF      THE      £Al>t*^S 

facilitated  by  ar  ftibilitution,  although  the  variable  quantities  in  that  eqnatioiv 
were  feparater  With  this  the  Author  ends  her  examples  of  the  conftruAion 
of  curves. 
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Of  the  Method  De  Maximis  et  Minimis,  of  the  Tangents  of  Curves^  of  Contrary^' 
Flexure  and  RegreJJion ;.  making  nje  only  of  the  Common  Algebra. 


fl68.  The  Author  here  obferves  that,  although  the  Calculus  of  Infinitefimals* 
be  the  iimpleft  and  (borteft  method,  and  the  mod  univerfal,  for  managing  fuch 
[peculations,  yet  the  folution  of  fuch  queftions  may  be  performed  by  common 
Algebra^  in  curves  that  are  ezprefled  by  finite  algebraical  equations. 

She  begins  with  the  Maxima  and  Minima  \  that  is,  to  find  in  geometrical 
curves  the  greateft  or  the  leaft  ordinates  \  and  (hows  that,  in  either  cafe,  two 
ordinates  coincide,  and  confequently  two  abfcifTes  become  equal ;  and  thence 
two  roots  of  the  equation  belonging  to  the  curve,  taken  either  in  terms  of  the 
letter  which  exprefTes  the  abfcifs,  or  of  the  letter  which  expreflfes  the  ordinate, 
become  equal  to  each  other. 

Her  firfl  Example  is,  To  find  the  greateft  or  Icafl  ordinate  when  the  curre 
is  an  Ellipfis ;  which  (he  does  by  forming  a  quadratick  equation  which  has 
equal  roots,  and  comparing  it,  term  by  term,  with  the  equation  of  the  curve. 
She  then  (hows  how  to  perform  the  fame  thing  when  the  equation  of  the  curve 
is  of  the  third,  fourth  or  higher  degree ;  which  is,  by  forming  an  equation  of 
the  fame  degree,  that  has  two  equal  roots,  and  comparing  it,  term  by  term>. 
with  the  equation  of  the  curve.     See  the  Examples. 

269.  A  (horter  and  ea(ier  way  of  doing  the  fame  thing ;   which  is,  by 
multiplying  the  terms  of  the  given  equation  by  the  terms  of  an  arithmetical 

*  Rz^tx  Fluxions.    Editor. 

progrefTion* 
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progreflion.  For,  if  an  equation  has  two  equal  roots,  (which  is  the  cafe  of  a 
maximum  or  minimum,)  one  of  tbefe  roots  will,  of  necedity,  be  included  in  the 
prod  lid  of  that  equation  multiplied  by  the  arithmetical  progreffion.  This  is 
demonftratcd  j  and  the  two  preceding  examples  are  refumed,  and  the  fame 
refults  obtained,  although  diSerenc  progreflions  are  ufed. 

270.  The  Author  proceeds  to  find  tangents  and  perpendiculars  to  curves  by 
a  like  method  5  previoufly  (bowing  that  the  queftion  is  reduced  to  this  2  To  find 
a  circle  that  (hall  touch  the  curve  in  any  given  point.  This  alfo  is  performed 
by  means  of  equations  that  have  two  equal  roots:  which  (he  explains,  and 
illullrates  by  an  example  of  drawing  a  tangent  to  the  Apollonian  parabola.  The 
equation  which  thus  arifes  is  folved,  firft,  by  comparing  it  with  another  qua- 
dratick  having  two  equal  roots ;  fecondly,  by  multiplying  the  terms  of  it  by 
the  terms  of  the  arithmetic  progre(fion  3,  2,  1 5  and,  laftly,  by  multiplying 
the  terms  by  the  progreffion  2,  i,  o. 

271.  Another  Example  of  drawing  a  tangent  to  a  curve  of  which  the 
equation  is  cubical,  worked  both  by  comparing  it  with  an  equation  of  the  fame 
degree  which  has  two  equal  roots,  and  by  multiplying  the  terms  of  it  by  the 
arithmetical  progreffion  3,  2,  i,  o. 

272.  It  is  obferved,  that,  in  general,  the  moft  convenient  progreffion  will 
be  that  which  forms  the  exponents  of  the  letter  according  to  which  the 
equation  is  ordered. 

273.  The  Problem  of  drawing  tangents  is  folved  in  a  way  fomewhat  dif- 
ferent, but  more  fimple ;  and  the  formulas  here  derived  are  of  ufe  alfo  in 
finding  points  of  contrary  flexure  and  regreffion. 

274.  Points  of  Contrary  Flexure  and  Regreffion  are  here  defined ;  and  it  is 
(hown  that,  as  the  nature  of  maxima  and  minima,  and  of  tangents,  requires 
equations  that  have  two  equal  roots,  fo  in  contrary  flexures  and  regrcffions 
three  equal  roots  are  required.  An  example  of  finding  the  point  of  contrary 
flexure  is  given,  by  way  of  illuftration. 

275.  The  Author  obferves  that  the  operation  is  the  fame  for  finding  the 
points  of  regreffion  in  curves,  as  for  finding  points  of  contrary  flexure ;   fo 

6  that» 
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tliar,  to  diftinguifli  them^  there  is  no  other  way,  but  to  (ind^  by  means  of  .a 
conftruftion,  the  figure  and  proceeding  of  the  curve. 

She  fays  chat  the  fame  ambiguity  arifes  in  queftions  de  maximis  et  minimis^ 
which  can  only  be  removed  by  acquiring  fome  knowledge  of  the  difpofition  of 
the  curve.  She  then  obferves  that,  by  the  fame  condition  of  three  equal  roots, 
we  may  find  the  radii  of  curvature ;  but,  intending  to  treat  of  thefe  things  in 
the  fecond  Volume,  (he  here  puts  an  end  to  the  firfL] 

N.  B.  It  being  my  intention  to  deliver  what  I  have  to  offer  on  the  fecond 
Volume  in  Notes,  as  is  mentioned  in  my  Advertifement  prefixed  to  this 
Work,  the  reader  will  fee  the  propriety  of  my  continuing  the  Plan  of  the 
Ladfi  jSyftem  of  Analyticks  no  further.  J.  H« 
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THE  ANALYSIS  OF  FINITE  QUANTITIES. 


THE  jinafy/is  of  Finite  Quiniiiics,  which  is  commonly  called  the  Algelra  of  Introduatoii, 
Carufiusj  is  a  method  of  folving  ProWems  by  the  ufe  and  i^anagement  ^^*J^]J  ^^ 
of  finite  quantities :  that  is,  from  certain  quantities  and  conditions,  which  are  Andlytilks. 
given  and  known,  we  may  come  to  the  knowledge  of  others  which  are  unknown 
and  required  ;  and  that  by  means  of  certain  operations  and  methods,  which  I 
propofc  to  explain  by  degrees  in  the  following  Sections. 


SECT.    I. 

Of  the  Firft  Notions  and  Operations  of  ibe  Analyfts  of  Finite  ^antities. 


I.  The  primary  operations  of  this  Algebra,  or  Analyticks,  are  the  fame  asTheopeni- 
thofe  of  common  Arithmctick;  which  are,  Addition,  Subtradion,  Mulriplica-^^onsof  Al- 
tion,  Divifion,  and  Extraflion  of  Roots.     Bui  with  this  diflTercnce,  that  whereas  ^^^*^'  ^^**^* 
in  Arithmeiick  thofe  operations  are  performed  with  numbers,  in  Algebra  they 
are  performed  (or  perhaps  only  infinuated)  with  fpecies,  or  the  letters  of  the 
alphabet ;  by  which  quantities  are  denominated  and  calculated  in  the  abftrafl, 
ot  whatever  kind  they  may  be,  whether  Geometrical  or  Phyfical,  as  Lines, 
Surfaces,  Solids,  Forces,  Refiftances,  Velocities,  &c.     And  therefore  this  kind 
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of  Arithmetick  is  often  called  ^be  Algorithm  of  ^antitUSy  or  Specious  Aritbmetick. 

And  indeed  this  is  of  a  much  more  excellent  and  general  nature  ihan  that  can 
be,  though  all  it*s  opeiaiions  are  the  fame;  as  well  becaufe  thefe  quantities  arc 
not  confounded  one  among  another  in  their  operations,  as  numbers  arc ;  as 
becaufe  in  this  Calculus  known  and  unknown  quantities  are  treated  indifferently, 
and  with  the  fame  facility;  and  laftly,  becaufe  Analytical  demonftrations  are 
general,  and  therefore  applicable  alike  to  all  cafes;  whereas  in  Arithmeiick 
they  are  particular,  and  in  every  different  cafe  require  a  new  determination. 

Pofitiycand        2.  Now  of  thefe  quantities  fome  are  pofitivej   or  faid  to  be  greater  than 

negative        nothing;  others  are  lefs  than  nothing,  and  therefore  are  called  negative.     To 

di"ftinculftc^  explain  this  by  an  example.     The  goods  in  our  own  poffeffion  may  be  called 

'pofitive,  but  thofe  which  we  owe  to  others  arc  negative,  becaufe  they  rouft  be 

lubtraded  from  the   pofitive,    and   therefore  will  diminilh    their    fum  total. 

Wherefore,  as  the  capitals  in  our  poffeffion  arc  pofitive,  and  are  anfwerablc  for 

our  debts;  fo  the  debts  we  owe  will  be  negative  quantities.     In  like  manner, 

if  a  body  or  point  in  motion  is  direfted  towards  a  certain  mark,  and  in   it*s 

paffage  defcribes  a  fpacc,  this  fpace  may  be  called  pofitive;  but  afterwards  if 

it  receives  an  oppofite  direAion,  it  will  indeed  defcribe  a  fpace,  but  this  fpace 

will  be  negative  in  refpccl  of  the  mark  to  which  it  ought  to  go.     Wherefore, 

in  Geometry,  if  a  line  drawn  one  way  is  affumed  as  poiittve,  (for  this  is  quite 

arbitrary,)  a  line  diawn  the  contrary  way  will  be  negative. 

TheCgnsof  3,  Pofitive  and  negative  quantities  in  Algebra  are  diftinguifhed  by  means  of 
pofitive  and  certain  marks,  or  figns,  which  are  prefixed  to  them.  To  pofitive  quantities 
quantities,  ^'^ '  "S"  +9  ^^  P^'*^^  ^^  prefixed  :  to  negative  quantities  the  fign  — ,  or  mmus. 
with  other  And  when  a  quantity  has  no  fign  prefixed,  as  when  it  (lands  alone,  or  is  the 
marks,  ex-  firft  among  others,  it  is  then  always  fuppofed  to  be  affcded  by  the  pofitive 
plained.         ^^^^^     'pj^^  ^^^^  ^^  ^j^^  contrary  of  which  is  T»  is  an  ambiguous  fign,  and 

fignifies  either  plus  or  minus.  So,  for  example,  ±  a  infinuates,  that  the  quan- 
tity or  number  repref'entcd  by  a  may  be  taken  cither  aftirmative  (that  is,  pofi- 
tive) or  negative.  The  mark  =  fignifies  equality,  and  therefore  azu  b  infortns 
us,  that  the  two  quantities  expreired  by  a  and  b  are  equal  to  each  other.  So 
a  >  b  means,  that  a  is  greater  than  b.  Alfo,  a  <  b  tells  us,  that  a  is  lefs 
than  b.  The  equality  of  ratios,  or  the  geometrical  pioportion  of  three  or  four 
terms,  is  thus  exprelfed  :  a  .b  w  b  .  c^  when  there  are  three  terms;  that  is, 
the  ratio  of  ^  to  ^  is  equal  to  the  ratio  of  b  to  c.  Alfo,  a  .  b  i\  c  .  d  means, 
that  ii  is  to  ^  as  r  is  to  d.  Laftly,  the  fign  00  denotes  infinite,  and  therefore 
tf  n  00   fignifies,  that  a  is  equal  to  infinite,  or  is  an  infinite  quantity. 

Quantities  4.  A  quantity  is  fimple,  incomplex,  or  of  one  term  only,  when  it  is  ex- 
arc  divided  prefled  by  one  or  more  letters,  but  thofe  are  not  feparated  or  diftinguifhed  from 
coro^'und  ^'  ODC  another  by  the  fign  cither  of  addition  or  fubtraftion.  Such  are  ^,  ab^  aac^ 
coinpoun  .    ^^^  ^^^  ^.^^^^     g^^  ^^  ^^^^  contrary,  quantities  are  compound,  or  of  feveral 

terms^ 
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terms,  when  they  arc  cxpreffed  by  feveral  letters,  feparated  from  one  another 
by  the  figns  +  or  — .  Such  are  <f  +  *,  ^  —  ff+  bK  and  the  like.  And 
therefore  a  +  b  will  be  a  quantity  of  two  terms,  or  a  binomial;  aa  -^ff  -k-  bb 
will  be  one  of  three  terms,  or  a  trinomial,  &c. 


Addition  cf  Simple  ^uantiiieSy  being  Integers. 


5.  Simple  quantities  are  added  to  one  another  by  writing  one  after  another,  Addition  of 
prefixing  to  each  it's  proper  fign.  As  if  we  were  to  add  a  x,o  b  and  c^  the  ^\«1P^«  ^^^^' 
fum  would  be  reprefented  hy  a  +  b  +  c.  If  we  were  to  add  a  10  —  ^,  the  ^*^'"* 
fum  would  ht  a  —  b.  To  add  a  \o  bio  a  10  b,  the  fum  would  he  a  +  t+  a+b. 
But  here  it  muft  be  obferved,  that  17  -f-  ^  is  the  fame  as  2^,  and  ^  +  ^  is  the 
fame  as  ab ;  therefore  the  fum  will  be  2a  +  zb.  Therefore,  to  add  the  fame 
quantities,  or  fuch  as  are  cxpreffed  by  the  fame  letters,  it  will  fuffice  to  prefix 
to  the  fame  letter  fuch  a  number  as  fliall  contain  fo  many  units,  as  are  the  times 
that  the  letter  Ihould  be  repeated.  Thus,  the  fum  of  ac  to  ac  to  aCy  that  is, 
ac  +  ac  +  ac,  will  make  3^r,  and  this  number  is  called  the  Numeral  Co^efficient 
of  the  quantity.  And  if  the  qimntities  to  be  added,  being  denominated  by 
the  fame  letter,  fhall  have  different  co-efEcients,  thofe  co-efficients  are  to  be 
added  by  the  ordinary  rules  of  Arithmetick.  Thus  the  fum  of  2a  and  5^,  to- 
gether with  b  and  4^,  will  be  ya  +  sb*  And  thus  the  fum  of  a  and  3^,  and 
—  2r,  and  yc,  and  5^,  will  be  ^  +  3^  —  ac  +  jc  +  5a.  But  a  +  ^a  will 
make  6tf,  and  —  2C  +  yc  make  5^.    Therefore  the  fum  will  be  6a  +  ^b  +  ^c. 


SubtraSion  of  Simple  ^antities^  being  Integers. 


6.  To  fubtraft  one  quantity  from  another,  the  fign  muft  be  changed  of  that  Subtraaio* 
quantity  which  is  to  be  fubtrafted,  and  then  with  it's  fign  fo  changed  it  muft^f  ^""P|^ 
be  wrote  with  the  other.     Thus  to  fubtraft  b  from  ^l,  we  muft  write  ^  -^  ^ ;  ^l^^utics. 
where  it  may  be  obferved,  that  if  tf  is  a  quantity  greater  than  ^,  the  remainder 
of  the  fubtradion,  or  the  difference,  will  be  pofitive.     But  if  ^  is  greater  than  a, 
in  that  cafe  the  difFeience  will  be  a  negativ^quantity.   To  fubtraft  affhom  btc, 
it  will  make  bbc  —  off.     To  fubtradl  aa  from  5^1,  it  will  make  5^  —  2a  ;  but 
5^  leflTened  by  2a  make  3^1,  fo  that  the  remainder  will  be  ^a.     And  to  fubtraft 
-—  b  from  a,  it  muft  be  written  a  +  b.     Nor  ftiould  it  feem  ftrange,  that  to 
fubtradl  the  negative  quantity  —  ^  it  muft  become  pofitive,  that  the  remainder 

B  2  may 
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way  be  tf  +  /  i  for  as  mudi  as  to  fnbtraft  one  quantity  from  another  is  the 
(amc  thing  as  to  find  the  difference  beiviccn  ibofc  quantities.  Now  the  dif- 
ference beivveen  a  and  —  ^  is  ^  4-  ^,  jt'ft  in  ihc  fame  manner  as  t!ic  difference 
between  a  capital  of  xoo  cro\vns  and  a  debt  of  50  is  i  jo  crowns.  For  from 
having  an  hundred  and  having  none,  the  difference  is  an  hundred  ;  and  from 
having  none  to  having  a  debt  of  fifty,  the  difference  is  fifty  i  therefore,  from 
having  an  hundred  to  having  a  debt  of  fifty,  the  difference  mull  be  an  hundred 
and  fifty.  Thus,  for  t!ie  fame  realon,  to  I'ubtrad  b  from  —  tf,  it  muft  be  wriltca 
—  a  —  i ;  and  to  fubtradt  —  ^  from  —  tf,  it  muft  be  written  —  a  +  if. 


Mulliplicaiion  of  Shn^lc  ^amities ^  being  Integers. 


Miiltiplica-         7.  Simple  quantities  are  multiplied  by  writing  them  one  after  another,  without 
tiun of  fimple  any  fign  between,  (unlefs  fometimes  the  mark  x,)  and  the  refulting  quantity  is 
quuntitiw.     called  the  PrcduH^  as  alfo  the  quantities  fo  multiplied  are  called  the  FaSfors  or 
MuUiplurs.     But  as  to  the  fign  which  is  to  be  prefixed  to  thefe  produfts,  the 
general  rule  is  this ;  that  if  the  quantities  to  be  multiplied  are  both  pofitive  or 
both  negative,  then  the  pofitive  fign  muft  always  be  prefixed  to  the  produfl  : 
but  if  one  of  thofe  quantities,  whichever  it  is,  is  pofitive,  and  the  other  ne- 
gative, then  the  negative  fign  muft  always  be  prefixed  to  the  produfl.     The  ■ 
reafon  of  this  is,  becaufe  multiplication  is  nothing  elfe  but  a  geometrical  pro-« 
portion,  of  which  the  firft  term  is  unity,  the  fecond  and  third  terms  are  the  two 
quantities  which  are  to  be  multiplied  together,  and  the  fourth  term  is  the  pro* 
duft.     And  therefore  being  placed  in  a  row,  unity  for  the  firft  term,  one  of  the 
multipliers  for  the  fecond,  and  the  other  multiplier  for  the  third  ;  therefore,  by 
the  nature  of  geometrical  proportion,  the  fourth  muft  be  fuch  a  multiple  of 
the  third,  as  the  fecond  is  a  multiple  of  the  firft.     If  the  fecond  and  third 
terms  are  pofitive,  for  example,  if  it  is  i  .  ^  ::  ^  .  to  a  fourth  ;  the  firft  term 
or  unity  being  pofitive,  the  fourth  muft  therefore  be  pofitive.    But  if  the  fecond 
is  negative,  and  the  third  pofitive,  that  is,  if  i  •  -^  ^  ::  ^  .  to  a  fourth ;  whereas 
this  fourth  muft  be  fuch  a  multiple  of  the  third  as  the  fecond  is  of  the  firft, 
and  the  fecond  being  negative,  therefore  the  fourth  muft  be  negative.     Let  the 
fecond  be  pofitive  and  the  third  negative,  that  is,  let  it  be  i  .  a  W  —  ^  .  to  a 
fourth.     Now,  whereas  this  fourth  muft  be  fuch  a  multiple  of  the  third,  as  the 
fecond  is  of  the  firft,  and  the  fecond  and  firft  being  pofitive  and  the  third  ne- 
gative, the  fourth  cannot  be  otherwife  than  negative.     Laftly,  let  both  the 
fecond  and  third  be  negative,  that  is,  let  it  be  i  .  — a  :\  —  b  .  to  a  fourth. 
Now  the  fecond  being  here  a  negative  multiple  of  the  firft,  it  follows  that  the 
fourth  muft  be  a  negative  multiple  of  the  third.     But  the  third  is  already  ne* 
gative,  and  therefore  the  fourth  muft  be  pofitive.     Wherefore  the  produft  of 
a  into  b  will  be  ab.    That  of  a  into  — b  will  be  —  ab.     That  of  —  ^  into  k 
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will  alfo  be  —  at.  That  of  —  ^  into  — ^  will  be  ak  Tliat  of  a  into  i 
intar  will  be  ak.  That  of  a  into  —  i  into  r,  will  be  —  r.k ;  betauie  a  into 
—  ^  will  be  —  ai^  and  —  a/^  into  ^  will  be  —  ak.  And  the  produft  of 
— —  a  into  -^  i  into  ^  will  be  ate. 

If  the  quantities  to  be  multiplied  (liall  have  numeral  co-efficients,  thofe  co. 
efficients  muft  be  multiplied  together  by  the  common  rules  of  numbers,  and 
the  produft  muft  be  prefixed  tothat  of  the  letters.  Hence  the  produft  of  ba 
into  —  She  will  be  —  4Satc.  And  the  produft  of  2a  into  —  z/p  into  —  ^c 
will  be  I2aic.     And  the  like  of.  all  others. 

8.  Now  becaufc  the  produft  of  a  into  a  is  aa,  that  of  a  into  a  into  a^  or  of  Notation 
aa  into  a,  is  aaa,  that  of.  a  into  £i  into  a  into  ^,  or  of  aaa  into  ^,  is  aaaa,  and  °^  ^»"^P^<-' 
fo  on  fucceffivcly ;  to  prevent  the  repetition  of  the  fame   letter  fo  often,  it  is^ 
ufual  to  write  tf*  inflead  of  aa^  a^  inftead  of  aaa,  a^  inftead  of  aaaa,  and  fo  of 
others.     That  is,  .we  may  write  a  little  above  the  letter  fuch  a  number  as  (hews 
the  number  of  times- the  letter  ought  to  be  repeated,  which  number  is  called  an 
Lidex  or  Exponent.     We  may  write  indifferently  aa  or  a*,  but  higher  produfts 
or  powers  are  more  commonly  exprelfed  by  their  exponents. 

9*  As- the  produft  of  a  number  multiplied  by  itfelf  is  called  the  Square  ofNamcsof  the 
that  number,  or  it's  fecond  power;  fo  if  this  prodqft  is  again  multiplied  by  the P^^^"? ^."^ 
fame  number,  the  new  produft  is  called  the  Cube  or  the  third   power  of  theJj^^'^jj^jQ*"^* 
fame  number.     And  the  produft  of  the  cube  by  the  fame  number  is  called  the  poiuive  and 
Biquadrate  or  fourth  power  of  the  fame  number  j  and  fo  on.     Thus  the  quan- negative. 
lity  a  multiplied  by  ^,  or  ^%  is  called  the  Square  of  a^  or  the  fecond  power  of 
tf ;  4'  is  it's  cube  or  third  power ;  a^  it*s  fourth  power,  &c.     Therefore  za  and 
tf*  will  be  very  different  from  each  other,  the  firll  being  the  fum  of  a  and  /?,  or 
J  +  tf,  the  other  their  produft,  or  aa.     The  fame  is  to  be  underftood  of  3^ 
and  a^^  of  ^a  and  a^\  and  fo  of  others.     Now  as  the  produft  of  4-   into  +, 
or  of  —  into  — ,  is  always  pofitive;  it  proceeds  from  thence,  that  as  well  the 
fquare  of  ^  as  of  —  ^i  will  be  always  pofitive,  or  aa.     So  on  the  o:her  hand 
the  cube  of  a^  or  ^',  will  always  be  pofitive,  but  the  cube  of  —  a  will  always 
be  negative,   or  —  a^.     For  —  a  into    —  a  makes  aa^   and  aa  into  —  a 
makes  —  a^.     Thus  the  fourth  power  as  well  of  —  a  as  of  ^  will  be  pofitive. 
And  in  general,  when  the  exponent  of  the  power,  to  which  we  would  raife  the 
given  quantity,  is  an  even  number,  whether  the  quantity  itfelf  is  pofitive  or 
negative,  that  which  refults  will  always  be  pofitive.     And  when  the  exponent 
is  an  odd  number,  if  the  quantity  is  pofitive,  the  refult  will  be  pofitive ;  and  if 
it  be  negative,  the  refult  or  power  will  be  negative. , 
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Divijien  of  Simple  ^antities,  being  Integers. 


Divlftani 
what. 


lo.  Divifion  is  an  operation  direftly  contrary  to  Multiplication;  and  ^hat 
this  compounds,  that  again  refolves.  Thus,  becaufe  ab  is  the  produft  of  ^  into  b^ 
therefore  if  we  divide  ^^  by  tf,  we  (hall  have  b  for  the  quotient.  And  if  we 
divide  it  by  b,  the  quotient  will  be  a.  So  dividing  abc  by  r,  we  (hall  have 
the  quotient  ab.  And  fo  on.  The  quantity  to  be  divided  is  called  the  rl/vi- 
dcfidj  that  by  which  the  divifion  is  performed  is  called  the  Divifor,  and  that 
which  refults  from  the  divifion  is  called  xht^otient^  as  in  common  Arithmeiick* 
Therefore  whenever  in  the  dividend  and  the  divifor  the  fame  quantities  arc 
found,  they  may  be  taken  out  of  both,  or  as  it  were  cancelled,  and  what  is 
left  will  give  the  quotient.  Thus,  if  we  are  to  divide  aa  by  a^  the  quotient  will 
be  a.  If  we  divide  a^  by  tf,  the  quotient  will  be  aa.  If  we  divide  a^b^  by  ^*^% 
the  quotient  will  be  ab.  If  the  dividend  and  divifor  (hall  have  numeral  co-cf. 
ficients  befides,  they  are  alfo  to  be  divided  by  the  common  rules  of  Arithmetick, 
and  the  refuking  numeral  co-efficient  muft  be  prefixed  to  the  literal  quotient. 
Thus,  if  we  divide  3^'^*  by  3^%  the  quotient  will  be  a^.  Dividing  $6aH^  by 
8^/',  the  quotient  will  be  'jab*.  And  here  it  may  be  obferved,  that  whenever 
the  quantity  to  be  divided  is  the  fame  as  the  divifor,  then  the  quotient  will  be 
unity;  as  dividing  b  by  ^,  ja^  by  7^2',  and  fuch  like.  The  reafon  of  which  b 
plain,  becaufe  to  divide  is  to  find  how  often  the  divifor  is  contained  in  the 
dividend,  the  anfwer  of  which. qucftioo  is  the  quotients 


When  quo-  ^'*  Wherefore,  in  the  divifor  and  dividend,  when  no  common  quantities  or 
ticntsarcto  letters  are  found,  by  means  of  which  the  divifion  may  be  performed  in  the 
be  reprc-  foregoing  manner,  the  quotients  will  receive  the  form  of  fraftions.  Thus,  to 
divide  a  by  b^  a^  by  bc^  ^aabb  by  icc^  &c.  the  quotients  are  to  be  wrote  thus  : 


fentcd  as 
frad^ions. 


a 


hb 


,     ,  ,  &c  :    that  is,   place  the  dividend  above,  and   the  divifor 

be    ^      2CC    ^  '    *  ' 

under  it,  with  a  little  line  between  them ;  and  it  is  to  be  underftood,  that  a 
ought  to  be  divided  by  b,  a^  by  be,  &c ;  and  thefe  are  called  FraSions,  in  which 
the  quantity  above  the  line  is  called  the  Numerator ,  and  that  below  is  the  De* 
nominator.  Thus  if  any  of  the  letters  of  the  divifor,  but  not  all,  (liall  be  in 
common  with  the  letters  of  the  dividend,  thofe  that  are  common  are  to  be  taken 
away  from  each,  and  of  thofe  that  reiuain  a  fraction  is  to  be  formed.     Thus,  if 


S'<^ 


we  were  to  divide  a^bb  by  ^abcc^  the  quotient  will  be    ^  ,     ,  or 

•J 

we  divide  loab^  by  le^bcc,  the  quotient  will  be  ^ — . 


And  if 


And  fo  of  all  others. 


12.  Now, 


^ 
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roots 


units  in  the  index  of  the  roor»  (hall  have  for  the  produfl  the  quantity  whofe 
root  is  propofed  to  be  extrafted.  Thus  a  will  be  the  fquarc-root  of  aa^  the 
cube-root  of  tf',  the  biquadratick-root  of  j*,  &c.  In  the  fame  manner  the 
fquare-root  oi  aahb  will  be  ah^  of  idaabbcc  will  be  j^abc;  the  cube-root  of 
2  7^V  will  be  ^ax\  and  fo  of  others. 

« 

SicrnsofrootB.      1 5.  And  fince  the  produft  of  mims  into  nunus  is  always  pluSj  as  above; 

Impoffiblc  thence  it  follows  thai  the  fquare-root  o{  aa  will  be  either  tf  or  —  tf ,  that  is  ±  a. 
It  is  riot  fo  with  the  cube-root,  which  will  always  be  pofitive  if  the  given  cube 
is  pofitive,  and  will  be  negative  if  this  be  negative;  for  the  cube  of  a  will  be  a', 
and  the  cube  of  —  ^  will  be  —  a^.  But  the  fourth  root  will  be  either  pofitive 
or  negative.  And  to  fpeak  in  general,  the  roots  whofe  index  is  an  even  nucD« 
ber  will  always  be  either  pofitive  or  negative  ;  but  ihofe  whofe  index  is  an  odd 
num!">cr  will  be  pofitive  if  the  power  propofed  be  pofitive,  and  negative  if  that 
be  negative.  And  hence  it  is,  from  the  fame  property  of  the  figns  in  multi-^ 
plication,  that  no  pofitive  or  negative  quantity  can  ever  produce  a  negative 
po>^er  having  an  even  exponent.  So  that  it  is  impoflible  to  find  the  root  of  a 
negative  power  with  an  even  exponent.  Such  roots  as  thefe,  of  a  negative 
quantity  wiih  an  even  index,  are  therefore  called  Impoffiblc  or  Imaginary.  Thus 
the  fquare-root  of  •—  aa  will  be  imaginary,  as  alfo  the  fourth  root  of  —  «♦, 
the  fixth  root  of  —  a^^  &c.     But  fuch  as  thefe  will  be  true  and  real  roots^  the 


cube-root  of  —  a\^  the  fifth  root  of 


^^j  &c. 


Roots  ex- 
tra6lcd  of 
imperfe^ 
powers. 


i6.  But  for  the  generality  the  quantities  propofed,  of  which  we  are  to  extraft 
the  loots,  will  not  be  true  fquares,  cubes,  or  other  powers,  which  are  produced 
by  the  muhiplication  of  rational  quantities  into  themfelvcs,  but  will  be  the 
produds  of  another  kind  ;  as  ab^  abcj  &c  :  in  which  cafe  we  make  ufe  of  the 
mark  v^,  called  the  Radical  Sign  or  Vinculum.  Hence  \/aby  or  fimply  ^ai^ 
denotes  the  fquare-root  of  ab  ;  \/abc  denotes  the  cube-root  of  abc.  And  thus 
\/  (tands  for  the  fourth  or  biquadratick-root,  ^^  (lands  for  the  fifth  root,  &c. 
And  fuch  quantities  as  thefe,  affedled  by  a  radical  fign  or  vinculum,  are  called 
Surds,  or  Irrational  ^amities. 


Addition  of  Compound  ^aniifics,  being  Integers. 


Compound 

quantities 

added. 


17.  By  the  addition  or  fubtraftion  of  fimple  quantities,  compound  quantities 
are  produced.  Therefore,  to  add  thefe  together,  it  is  fufficient  to  write  them 
one  after  another  with  their  proper  figns.  So  to  add  a  +  b  to  c  —  d^  we  may 
write  a  +  b  +  c  —  d.  To  add  2aa  —  ^.v  to  3^^  -f-  ayy^  the  fum  will  be 
iiaa  —  XX  +  2>cc  +  xyy.  To  add  aa  —  xx  to  bb  -\'  xx  -^^  yy^  we  fhall  have 
aa  —  XX  +  bb  +  XX  +  yy^  but  here  it  is  to  be  obferved,  that  —  xx  and  -f  xx 

remove 
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remove  or  deflroy  each  other,  and  therefore  may  both  be  cancelled  or  omitted, 
and  then  the  fum  will  be  aa  +  it  i-  yy.  To  add  laa  —  ^M  to  aa  +  iib  +  yy^ 
the  fum  will  be  zaa  —  5*^  +  aa  +  ihb  +  yy ;  but  here  2aa  +  aa  make 
atftf,  and  —  ^bb  +  2bb  make  —  ^bbj  and  therefore  the  fum  will  be  ^aa  — 


Subtraliion  of  Compound  families,  behig  Integers, 


18.  The  figns  muft  be  changed  of  that  quantity  which  is  to  be  fubtraftcd,  Compound 
and  then  with  the  figns  fo  changed  it  is  to  be  wrote  after  that,  from  which  the  9"^°^*J|^ 
fubtradtion  is  to  be  made.     Thus  to  fubtraft  r  —  rf  from  ^  +  ^,  we  muft       '^ 
write  them  thus,  a  +  b  —  c  +  d;  and  the  reafon  is  plain.     For  if  we  were  to 
fubtra£fc  only  the  quantity  f,  we  (hould  write  a  +  b  '^  c.     And  now  having 
fubtraftcd  too  much,  (for  we  ought  to  have  fubtrafted  only  c  —  rf,  or  the  dif- 
ference between  c  and  d,)  having  fubtradted,  I  fay,  more  than  we  ought  by  the 
quantity  d,   to  make  amends  we  mud  add  dj   and  fo  write  the  remainder 
a  +  b  "^  c  +  d.    The  fame  is  to  be  done  for  quantities  more  compounded* 
To  fubtradt  tf  +-  3^  from  3a  +  2^,    it  will  be  wrote  3^  +  ab  —  a  —  3^  5 
but  by  a  redudtion  of  fimilar  terms,  becaufe  3a  — •  ^  is  la,  and  zb  —  3^  is 
—  by   the  remainder  will  become  za  —  b.     To  fubtradt   ^ab  —  zbc  +  icd 
from   sab  —  /^bc  +  acd,  after  a  proper  redudtion  the  remainder  will  be 
sab  —  2bc. 


Multiplication  of  Compound  ^antiiies^  being  Integerit 


19.  The  rule  for  the  multiplication  of  fimple  quantities  being  underftood.  Compound 
that  for  compound  quantities  will  be  very  eafy.    Let  one  of  the  fadtors  be  wrote  quantities 
\inder  the  other,  as  is  ufual  in  the  vulgar  Arithmetick,  and  then  all  the  terms  "^^^*pl*^^ 
x)f  the  multiplicand  muft  be  multiplied  fucceflively  by  every  term  of  the  mul- 
tiplier, according  to  the  rules  already  given  for  .the  multiplication  of  fimple 
quantities ;  and  what  refults,  after  the  ufual  redudtion  of  fimilar  terms,  will  be 

the  produdl  required.    Thus  if  we  are  to  multiply  a  +  b  --  c 

4i  +  b'^  c  by  X,  let  them  be  wrote  as  in  the  margin.     Then  let  every 

^  term  of  the  multiplicand,  placed  above,  be  multiplied  by 

^'  the  multiplier  placed  under  it,   and  the  produdt  will  be 

4ix  +  bx  '^  ex      /ix-+  bx  —  ex,  as  by  the  operation.    Thus  if  we  were  to 

C  multiply 


it 
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HA   + 


3* 
3* 


•  e 


»#* 


3^^ 


6^  +  2cy 


aa  +  .v^ 
^£j  —  XX 


a.-* 


tf*  +  a^x 


multiply  2tf  +  3*  —  ^  by  3*  —  2jr,  let  tbem  be 
placed  as  in  the  margin.  Then  multiply  all  the 
terms  above  by  ^x^  and  do  the  fame  by  the  other 
term  —  ^y^  and  fo  if  there  were  more  terms  ia  the 
multiplier.  The  produdt  will  be  as  is  here  to  be 
feen.  It  is  no  matter  whether  the  operation  begins 
from  the  right  hand  or  from  the  left,  in  regard  to  either  of  the 
fadors;  or  which  of  them  is  wrote  above,  and  the  other  below; 
or  in  what  order  the  terms  are  placed.  Suppofe  we  were  to 
multiply  aa  +  xx  by  aa  ^^^  xx\  proceed  as  in  the  margin, 
where  becaufe  aaxx  and  —  aaxx  deftroy  each  other,  the  pro- 


~  ^V  —  ^     (Juft  will  be  reduced  to  ^  —  ^. 

In  long  multiplications,  in  order  to  reduce  fimilar  terms  with  greater , 

it  will  be  convenient  to  write  thofe  fimilar  terms,  which  will  arifc  from  the  multt* 
plication,  one  under  another  as  in  the  foregoing  and  following  example.  Let  ic 
be  propofed  to  multiply  ^  +  it^b  —  %ab^  +  V  by  a^  —  ^ab  +  6^*.     The 

work  will  ftand  as  in  the  mai^n, 
412'+  3/1'*  —    2^^*  +    ^ 
tf*  _    ^ab  +  6^* 


4tf»  +   3^*^  _  2tf»^*  +    a^b^ 

^toa^b  —15^'^*+  ioa*P  —  ^ab* 

+  24a^b*+  iSa'P  -^izab^  +  eb^. 


fore  the  produd  is  4a* 


Here  it  is  eafily  perceived,  that 
+  3^*^  —  2oa^b  make  —  ly^K 
And  that  —  2a^b*  —  i^a^i^  + 
240^ y  make  ya^b\  And  that 
+  a*P  +  ioa*b^  +  i^a^P  make 
2ga*b^.  And  that  —  ^ab^  — 
iiab^  make  —  iyab\  Thcrc- 
I  ya^b  +  ya^b*  +  aga^b*  —  1  yab^  +  6bK 


Multiplica- 
tion how 
iniiDuatcd. 


ao.  Sometimes  it  will  be  unneceffary  adlually  to  perform  the  multiplication 
in  this  manner,  but  it  may  be  fufEcient  to  infinuate  it  only,  which  is  commonly 
done  by  inferting  this  mark  X,  and  drawing  a  line  or  vinculum  over  each  of  the 
multipliers,  extended  over  all  the  terms  which  enter  the  multiplication.  Thus 
aa  +  XX  X  aa  —  xx  denotes  the  produft  of  aa  +  xx  by  aa  —  xx.  But  in  the 
quantity  aa  +  xx  X  aa  —  xx  ±  a\  the  term  ±  a\  not  being  included  in  the 
vinculum,  is  not  intended  to  be  comprehended  in  the  multiplication.  So  that 
being  wrote  in  this  manner  it  muft  be  underftood,  that  to  or  from  the  produft 
of  aa  +  XX  into  aa  —  xx,  muft  be  further  added  or  fubtraded  the  term  ^. 

Powcrtof  21.  After  the  fame  manner  that  in  fimple  quanrines  the  produfl  of  a  into  m 
connpound  is  called  the  fquare  of  a,  the  produft  of  aa  into  a  is  called  the  cube  of  a,  the 
how^nfmuat.  P^*^^^^^  ^^  ^'  ^"^^  ^  ^^  Called  the  biquadrate  of  tf,  &c.  So  in  compound  quan^ 
cd:  howac-  ^i^i^s  the  produft  of  a  +  b  (for  example)  into  a  +  b^  or  a  +  b*  X  a  +  b%  is 
luallyformcd.  called  the  fquare  of  a  +  b,  which  is  wrote  thus,  a  +  tPi\  when  we  would  not 
aftually  form  it  by  multiplication.  In  the  fame  manner  a  +  h]*  X  a  +  b  will 
be  the  cubej^  which  may  be  wrote  thus,  T^fT)^ ;  and  a  +  t]'   X  a  +  bf  or 
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ffTT)*  X  a  -f-  /;)%  or  a  +  i\^  will  be  the  fourth  power  of  ^  +  ^.  And  this  is 
to  be  undcrftood  of  quantities  of  any  number  of  terms. 

Aftually  to  form  thefe  powers,^ the  quantity  given  muft  be  multiplied  into 
itfelf,  and  the  produA  by  the  fame  quantity  fucceflively,  as  many  times,  fave 
one,  as  the  exponent  of  the  power  required  contains  unity.  But  for  the  fecond 
power,  or  the  fquare,  the  operation  may  be  thus  abbreviated.  If  the  quantity 
given  is  a  binomial,  or  conufts  only  of  two  terms,  fuppofe  «  ±  i,  write  down 
the  fquare  of  the  firft  term,  then  the  two  redtangles,  or  twice  the  produd  of 
the  firft  term  by  the  fecond,  with  fuch  a  fign  as  the  rule  of  multiplication  re. 

quires ;  and  laftly  the  fquare  of  the  fecond  term  muft  be  added.     Thus  a  +  i\^ 

will  be  aa  +  7,ah  +  bh ;  and  J^^;*  will  be  aa  —  ^ab  +  ^^»  Alfo  -  «  -  3A* 
will  ht  aa  +  %ab  +  bb.  If  the  quantity  given  is  a  trinomial,  or  confifts  of 
three  terms  ;  befides  the  fquare  of  the  two  firft  terms  found  as  before,  muft  be 
wrote  two  reftanglcs  of  the  firft  into  the  third,  and  alfo  of  the  fecond  into  the 
third,  (taking  care  that  thefe  reftangles  may  have  their  proper  figns,  according 
to  the  rules  of  multiplication,)  and  laftly  the  fquare  of  the  third  term.     Thus 

a  -if  b  ^  c^  will  be  aa  +  ^ab  +  bb  —  2ac  —  2bc  +  cc.  If  the  quantity  is  a 
quadrinomial,  or  of  four  terms,  there  muft  be  wrote  befides,  twice  the  rcdangles 
of  the  three  firft  terms  into  the  fourth,  and  alfo  the  fquare  of  the  fourth  term. 
And  fo  on  to  other  multinomials. 

ai.  But  as  to  all  binomial  quantities,  the  following  general  canon  will  be  of  Powers  ratfcd 
good  ufe,  not  only  to  raife  it  to  the  fquare,  but  to  any  power  denoted  by  «f,  ^  *,^i«®'"^' 
where  m  ftands  for  any  number  whatever.     Therefore  let  />  +  j  be  to  be  raifed  ^^  ^j^  ^^ 

to  the  power  m  ;  this  power  will  bep     +  mp  "  q  +  m  x p        J*  + 

m  X  -—  X  -—  p     ^q^  +  m  X  X  X  — '  p        q\  &c. ;  which 

»  3  «  3  4 

Icries  of  terms  may  be  continued  as  far  as  we  pleafe,  obferving  the  fame  law. 

From  hence  let  us  derive  the  fquare  o(  p  +  q.    In  this  cafe  m  will  be  2,  and 
therefore  in  this  canon,  by  fubftituting  2  inftead  of  i»,  the  firft  term  will  be  p^ ; 

the  fecond  2p  ""  j,  that  is  ipq ;  the  third  will  be  2  X  ^—-p  "^?%  that  is  q\ 

z 

(Here  we  do  not  admit  the  quantity  p^  becaufe  being  raifed  to  no  power,  it  is 
equal  to  unity,  as  will  be  fhown  afterwards.    And  the  fourth  term  will  be 

2  X  -^^  X  ^^  p^""'^  qK    But  2  —  2  in  the  co-efEcient  is  equal  to  nothing, 

and  therefore  this  term  being  multiplied  by  nothing  will  be  nothing,  or  will 
vanifh.  And  thus  fince  all  the  following  terms  are  multiplied  by  nothing,  they 
will  all  vanifh,  and  the  canon  will  terminate  after  three  terms.  So  then  the 
fquare  required  will  ho  pp  +  2fq  +  qq. 

Ca  If 


i;i 


ANALYTICAL     INSTITUTIONS. 


BOOK  fi 


If  we  would  have  the  cube  or  third  power  of  p  +  q,  then  i»  rr  3  ;  whence 
the  fifth  term  of  the  canon,  and  all  the  following  ones,  will  be  equal  to  nothing. 
So  that  the  power  required,  by  fubflituting  3  inftead  of  w,  will  be  ^  +  3P^9 
+  ?P?*  +  ?'•  If  ^^^  quantity  to  be  raifed  is  p  —  y,  it  will  be  fufficient  to 
place  the  fign  w/>r/^j  before  all  the  terms,  in  which  the  index  of  q  is  an  odd 
number. 

The  foregoing  canon  will  not  only  ferve  for  the  binomial  p  ±  q,  but  for  an^ 
other  whatever.  So  that  if  we  would  have  the  third  power  of  lax  —  xx^  we 
muft  fuppole  p  '=•  2axj  and  y  iz  —  xx^  as  alfo  m  =  3.  Then  in  the  canon^ 
inftead  of  p  and  the  powers  of  p,  we  muft  fubftitute  zax  and  it's  powers ;  which 
muft  alfo  be  done  by  putting  —  xx  inftead  of  q  and  it's  correfponding  powers^ 
Then  inftead  of  m  put  3,  and  the  cube  will  be  8a\x^  —  iiaax^  +  6ax*  —  x\ 

It  may  likewife  ferve  for  any  polynome,  or  for  any  quantity  confifting  of 
more  terms  than  two.  Let  there  be  a  trinomial  a  +  t  —  c  to  be  raifed  to  ihe- 
third  power,  and  then  it  will  be  w  =:  3.  If  we  make  p  zn  a  and  q  zz  t  '-^  c^, 
and  fubftitute  a  and  it's  powers  inftead  of  p  and  it's  powers,  and  alfo  ^  — .  c 

and  it*s  powers  inftead  of  j  and  it's  powers ;  the  cube  will  be.  a^  +  ^aa  x  #  —  ^ 

+  3^  X  r^*  +  nr?)'  J  that  is,  a^  +  ^a*b  -^  ^a\  +  ^ab"^  —  6abc  +  yu^ 


Divijion  of  Compmind  ^uantities^  being  Integers. 


Compound' 

quantities 

divided 


There  may  be  tliree  different  cafes,  or  combinations,  in  the  divinon  off" 
compound  quantities  ;  the  firft  is,  when-  the  quantity  to  be  divided  is  codi«^ 
pound,  and  the  divifor  is  (imple ;  the  fecond.  is^  on  the  contrary,  when  the  dw 
vifor  is  compound,  and  the  dividend  fimple;  the  third  is  when  they  are  both 
compound  quantities.     As  to  the  two  firft  cafes,  it  will  Aiffice  to  make  ufeof- 
the  rule  for  fimple  quantities.     In  the  firft  cafe  every  term  of  the  quantity  pro- 
pofed  is  divided  by  the  divifor,  and  there  will  arife  either  integers  or  fraftions^. 
as  follows  from  the^  nature  of  divifibn  of  fimple  quantities.     Thus  if  we  arc  to 
divide  aa  -{-  ab  -^  ac  by  tf,  we  (hall  have  for  the  quotient  a  +  ^  — ^.     I£ 

-  6bc.  +  XX  by  iby  we  (hall  have  2a  —  ^c  +  -^ .    Ifr 
we  are  to  divide  ^b  ^  €c+  ^xx  by  3^^  we  (hall  have  ^L^^^ffJtJfl ^  or  el(e 

' —  — 1 •    In  the  fccond  cafe  the  divifor  is  wrote  under  the  dividend.-^ 

as  is  ufual  in  fractions  5  and  if.  in  every  termV^f  the.  numerator  and  denoa«Si. 

natoj:. 
8 


we  are  to  divide-  /^b 
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jiator  there  (hall  be  any  common  quantity,  it  may  be  cancelled ;  then  what 
remains  will  always  be  a  fraftion.     Thus  dividing  3^'^  by  aa  —  ax  +  ab^  the 

quotient  will  be    ^^      .     And  if  we  divide  ta^  by  zaa  -^  zax  -f  ^vx*  the 
quotient  will  be  • —- —  - 

aa  -^  ax  +,  xx 

24,  In  the  third  cafe  it  is  neceflary,  firft  to  put  the  terms  of  the  dividend  inProccfsof 
©rder,  and  likewife  of  the  divifor,  in  refpeft  to  feme  certain  letter  which  fliall  ^*^»^°"- 
be  thought  the  moft  proper  for  that  pnrpofe.  This  is  done  by  writing  that  for 
the  firft  term  of  the  dividend,  and  alio  of  the  divifor,  in  which  that  letter  is 
found  of  the  higheft  power,  or  of  moft  dimenfions.  Then  making  that  the 
fecond  term,  in  which  that  letter  is  of  the  next  greateft  power.  And  fo  fuc- 
ceffively  till  we  come  to  thofe  terms,  which  are  not  afFefted  oy  that  letter  at  all, 
which  therefore  muft  be  made  the  laft.  Thus  the  quantity  a^  -+•  la^c  —  a^b 
^--^•^abc  +  bbc  will  be  ordered  in  refpeft  of  the  letter  ay  and  alfo  the  divifor 
a  —^  b.  If  we  would  dilpole  this  in  order,  in  refpeft  of  the  letter  ^,  it  muft  be 
done  thus;  b^c  —  ^abc  —  (fb  +  tf'  +  z^V;  and  the  divifor  thus,  — b  +  a. 

This  fuppofeJ,  the  divifion  muft'  be  performed  after  this  manner.  The  firft: 
term  of  the  dividend  muft  be  divided  by  the  firft  term  of  the  divifor,  and  the 
quotient  muft  be  written  on  one  fide.  By  this  quotient  the  whole  divifor  muft 
be  multiplied,  and  the  produd'fubtraded  from  the  dividend.  When  the  fub- 
traftion  is  made,  and  the  terms  reduced,  in  the  fame  manner  the  firft-  term  of 
the  remainder  muft  be  divided  by  the  firft  term  of  the  divifor,  and  this  term  of 
the  quotient  muft  be  wrote  after  the  other,,  with  fuch  fign  as  it  ought  to  have. 
Then  the  whole  divifor  muft  be  multiplied  by  this  ftcond  quotient,  and  the 
produft  fubtradted  from  the  dividend^  that  is  from  the  firft  remainder.  And 
proceeding  in  this  manner,  the  calculation  muft  be  repeated,  till  at  laft  there  • 
is  no  remainder.  Then  the  fum  of  all  thefe  quotients^  thus  found  by  parts, 
will  be  tfae-whole  quotient  of  the  divifion. 

Let  it  be  required  to  divide  a^  +  2:1V  —  a^b  —  ^abc  +  b^c  by  a  ^  b.  Let 
the  quantity  to  be  divided  be  wrote  .at  A,  the  divifor  at  B.  Now  dividing  a^ 
by  ^,  the  quotient  will  be  a^,  which  is  written  at  D.  Then  finding  the  product 
of  the  quotient  into  the  divifor,  and  fubtraAing  it  from  the  dividend,  there 
will  be  left  the  firft  remainder,  as  at  M.  Then  dividing  the  firft  term  laac  in 
this  remainder  M  by  the  laid  firft  term  of  the  divifor  a^  and  writing  the  quotient 
2ac  after  the  other  at  D,  we  muft  fubtradt  the  produdt  of  lac  into  the  divifor  B, 
and  we  (hall  have  the  fecond  remainder  N.  Divide  the  firft  term  — -  abc  of  this 
iecond  remainder  by  the  fame  term  a  of  the  divifor,  and  write  the  quotient 
—  ^tf  at  D  after  the  otfer.  The  produdt  of  —  be  into  the  divifor  muft  bo 
fubiradted  from  the  fecond  remainder,  and  nothing  will  now  remain^  There- 
foie  the  compieat  quotient  will  be.  aa./+  2ac  —  be. . 

A.  tf?-^ 
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A.  a^  +  2tfV  —  a^b     —  ^abc  +  ^V     B.  ^  •—  ^ 

M.  2rtV  —  'i^abc   +  /'V  D.  tftf  +  2tfr  —  ir. 

N.  —  abc      +  ^V 

Let  c?  —  3^j*^  +  3^^*  —  b^  be  to  be  divided  by  a  —  b»  Let  the  dividend 
be  wrote  at  A,  and  the  divifor  at  B.  Let  the  firft  term  a^  be  divided  by  a,  and 
the  quotient  aa  be  wrote  at  D.  Then  finding  the  product  of  the  quotient  into 
the  divifor,  and  fubtrading  it  from  the  dividend,  there  will  be  left  the  firft 
remainder  M.  Let  the  firft  term  of  this  remainder,  that  is  —  2a^bs  be  di* 
divided  by  the  fame  firft  term  of  the  divifor  a^  and  let  the  quodent  —  oak  be 
wrote  after  the  other  at  D.  Then  let  the  produft  of  —  2ab  into  the  divifor  be 
fubtraded  from  the  firft  remainder  M,  and  we  fhall  have  the  fecond  remainder 
N.  If  we  divide  the  firft  term  ab*  of  this  fecond  remainder  by  the  fame  firft 
term  of  the  divifor  ^,  the  quotient  bb  muft  be  wrote  at  D  after  the  other.  Thesi 
let  the  produd  of  bb  into  the  divifor  B  be  fubtraded  from  the  fecond  remainder 
I*j,  and  nothing  will  remain;  fo  that  the  whole  quotient  will  be  tf a  —  2ab  +  bb. 

A.    a'  —  id'b  +  3<2i*  —  ^*        B.    a  —  ^ 

M.        —  2al'b  +   ^aV"  —  b^        D.   aa  —  lab  +  bb 

N.  +     ab^  —  b^ 

Another  Exampk. 

A.    zaa  +  $ab  +  2bb  ^^  ac  —  zbc        B.   «  +  2* 
M.  +  ab    +  abb  —  ac  —  2bc        D.  a^  +  ^  —  c 

N.  _  j^  —  abc 

Anotbir. 

A.    9^/*  +  i%d^e  —  4^^   —  f*  B.  3^*  —  e 

M.  I2d^e  +  3^V  — .  4i/tf'  —  ^       D,  s^i*  +  4^?  +  f* 

Another. 

At   40*  +  i^b  —  2ac  +  iJ*   —  r*        B.  2a  +  * 
M.  2ab  '—lac  +  b*    —  ^*        D.  2a  +  b  —  e 

N*  —  lac  —  ^ 

O.  bc^c" 

Now  here  it  is  to  be  obferved,  that  the  laft  remainder  at  O  is  not  diviiible 
by  aa,  and  confequently  the  operation  cannot  proceed,  but  it  muft  remain  as  a 

fradion  -^-^p  •    That  is  to  fay,  that  the  quantity  propofed  is  not  entirely 


2a+b 


diviiible 
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divifible  by  la  +  i,  but  only  in  part,  and  therefore  the  quotient  will  be  partly 
an  integer,  and  partly  a  fraftion,  as  aa  +  b  —  c  +  "T^XJ"  •     ^^  ^^  whole 

-     -L-         V  4^tf  4-  4^^  '^  lac  +  hh  ^  cc 

may  be  wrote  as  a  frattion  thus,  la  -^  b * 


OB 


Extraliiott  of  the  Roots  of  Compound  ^antUits^  being  Integers^ 


25.  As  in  fimple  quantities,  fo  in  compound;  the  root  of  any  quantity  is  Roots  how 
that,  which  being  multiplied  into  itfelf,  if  once  produces  the  given  fquare,  if  to  ^  «- 
twice  produces  the  given  cube,  and  fo  on.  ^^^A  *  the* 

The  manner  of  extrafting  the  fquare-root  in  compound  quantities  is  as  fol-  ^"*'  ' 
lows :  Ic  being  firfl:  underftood,  that  the  terms  muft  be  difpofed  in  order,  ac* 
cording  to  fome  one  of  it's  letters,  agreeably  to  the  caution  before  given,  §  24* 

Let  the  given  quantity  be  a*  +  ^ab  +  b^,  whofe  root  is  to  be  extrafted, 
and  let  it  be  wrote  down  as  at  A.  Extraft  the  fquare-root  of  the  firft  term  d^^ 
which  will  be  «,  and  let  it  be  wrote  as  at  B,  The  fquare  of  this,  or  d^^  muft 
be  fubtrafted  from  the  quantity  propofcd.  A,  and  the  remainder  wrote  down 
at  D.  Then  the  quantity  a^  wrote  down  at  B,  muft  be  doubled,  and  wrote  as 
at  M,  which  will  be  aa.  By  this  quantity  ia  the  firft  term  at  D  muft  be  di- 
vided, and  the  quotient  b  wrote  at  B.  Then  the  divifor  aa  muft  be  multiplied 
by  the  quotient  b,  and  the  produft  fubtrafted  from  the  quantity  D ;  and  more- 
over the  fquare  of  b  muft  be  fubtrafted  from  the  famej  and  as  there  is  no 
remainder,  the  root  required  will  be  ^  +  ^, 

A.     a^  +   aab  +  b^  B.     a  +  i 

D.  2ab   +   b""  M.    2a 

Let  the  quantity  given  be  a^  +  6a^b  +  5^*3*  —  12^2^'  +  4^*;  let  it  be 
wrote  at  A,  and  lei  the  fquare  root  of  the  firft  term  be  extradled,  which  is  a\ 
and  let  this  root  be  wrote  at  B.  Let  the  fquare  of  d^  be  fubtraded  from  the 
quantity  A,  and  there  w'ill  remain  the  quantity  D,  Let  a*  be  doubled  and 
wrote  at  M,  and  by  this  double,  that  is  by  la*,  let  the  firft  term  be  divided  of 
the  firft  remainder  D,  and  the  quotient  ^^b  be  wrote  at  B.  Then  fubtrafting 
the  produft  of  ^ab  into  the  divifor  laa^  as  alfo  the  fquare  of  ^ab^  from  the  firft 
remainder  D,  there  will  be  left  the  fecond  remainder  H.  Let  the  whole  quan^ 
tity  B  be  doubled,  and  wrote  at  G.  By  it*s  firft  term  let  the  ftrft  term  of  H 
be  divided,  and  the  quotient  —  ab*  be  wrote  at  B.  Then  fubtrafting  the 
produd  of  the  quotient  into  the  divifor  G,  and  alfo  the  fquare  of  the  fame 

quotieDr> 
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quotient,  from  the  quantity  H ;  and,  as  there  is  no  remainder,  the  quantity 
written  at  B,  that  is,  a'a  ■+■  y.b  —  zbb,  will  be  the  root  required. 

A.   a*  +  ea^b  +  5flV'»  —  i  laP  +  ^h*        B.    «*  +  3^^  —  a** 

D.  6a'b  +  5a*-/*  —  i2tf*»  +  4^*        M.  2fl' 

H.  —  4«'^'  —  1 2«^»  +  4^*        G.    2«*  +  6ai 

The  Operaticn  of  anctber  Example. 

A.  y  +  4/7/  —  ia^y  +  4/2*         B.    /  +  lay  —  2^' 

D.  ^y^  —  ^a^y  +  4^*         M.    2>'* 

H.       —  4^y  —  8tf*j  +  4^*        G.    2>'*  +  4^ 

Another  Example. 

A.  i6tf*  —  24^jV  —  i6tf*^*  +  i2^V  +  9.V*  B,   4^"  —  3.V*  -  ^h^ 

D.  —  24rtV  —  i6fl"^*  +  la/'V  +  9;^*  M.  8^" 

H.  —  i6aV+i2^V  G.   8rt*  — 6a* 

K.  —    4^* 

In  this  laft  operation  there  is  a  remainder  of  —  4^*,  which  cannot  be  dt- 
vided  by  8/a*,  as  the  method  requires,  which  in  this  cafe  cannot  take  place. 
That  is  to  fay,  that  the  fquare-root  of  the  propofcd  quantity  cannot  be  aftually 
extrafted,  and  therefore  we  muft  make  ufc  of  the  radical  (ign,  as  above  at  §  16; 
which  expedient  muft  alfo  be  applied  in  other  extraftions,  as  the  cube-root,  the 
biquadratick-root,  &c.  Thus  \/aa  +  hh  reprcfcnts  the  fquare-root  of  ^^  +  ^^5 
and  X/ aab'-^abb  wiU  ftand  for  the  cubic  root  of  aab  —  abb\  and  the  like  for 
other  roots. 

The  cube-  26.  As  to  the  cube-root,  let  it  be  required  to  extradt  the  root  of  the  quan- 
root  ex-  tity  a^  4-  y^b  +  j^ab^  +  ^',  as  is  written  below  at  A.  Extraft  the  cube-root 
xradcd,         Qf  ji^g  fj^(^  j^Pj^^  ^3^  wliich  is  a^  and  is  written  at  B.     Let  the  cube  of  this» 

or  c?j  be  fubtradcd  from  the  given  quantity  A,  and  let  the  remainder  be 
written  at  D.  Then  take  the  triple  of  the  fquare  of  a^  which  is  3^^,  and  lee 
it  be  wrote  at  M,  by  which  divide  the  firft  term  of  the  remainder  D,  aiid  let 
the  quotient  b  be  wrote  at  B.  By  this  multiply  the  divifor  ^aa^  and  the  pro- 
dud,  together  with  the  triple  of  the  fquare  of  b  into  tf,  and  the  cube  of  b^ 
muft  be  fubtrafted  from  the  remainder  D.  And  as  nothing  remains,  a  ^  b 
will  be  the  root  required. 

A.     a"  +  ^d'b  4-  3^**  4-  /*         B.     ^  4.  3 
D.  3^*^  +.  lab^  4-  b^         M,  ^aa 

Let  it  be  required  to  extraft  the  cube- root  of  the  quantity  a'  4-  6^2:* 
-  4o^V  4-  96/^^2  —  t^\ 

Extraa 
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Extraft  the  root  of  the  firft  term  z^,  which  is  2*,  and  let  it  be  wrote  at  B. 
Let  the  cube  of  B  be  fubtrafted  from  the  propofed  quantity  A,  and  let  the 
remainder  be  wrote  at  D.  Take  the  triple  of  the  fquare  of  B,  and  write  ic 
at  M,  and  by  that  divide  the  firft  term  of  the  remainder  D,  and  write  the 
quotient  Q.iz  at  B.  Then  fubtraft  the  produft  of  2iz  into  the  quantity  M, 
and  moreover  the  triple  of  the  fquare  of  ziz  multiplied  into  22,  witli  the  cube 
of  zte,  from  the  remainder  D,  and  write  the  remainder  at  H.  Then  find  the 
triple  of  the  fquare  of  B,  which  write  in  G,  and  by  the  firft  term  divide  the 
firft  term  of  the  remainder  H,  and  write  the  quotient  —  ^ii  in  B.  Then 
multiply  this  quotient  by  the  quantity  G,  and  the  produft,  together  with  the 
triple  of  the  fquare  of  —  ^t  into  iz  +  2^2;,  and  the  cube  of  —  4^^  muft 
be  fubtradled  from  the  quantity  H,  and  nothing  will  remain.  Whence  the 
cube-root  of  the  quantity  propofed  will  be  the  whole  quantity  B,  that  is, 
%z  +  2bz  —  ^bh. 

A.  X*  +  ebz""  —  4oi'2;'  +  96^*2  —  64^*         B.    ^*  -f  2bz  —  4^* 

D.  6bz^  —  /^ob^z^  +  ^6b'z  —  64/'*         M.  32* 

H.      -  12^V  — 48^V  +  ^6b'z  —  64^**         G.    32*  +  iibz"  +  i2^V 

After  the  fame  manner  is  extraAed  the  cube-root  of  the  following  quantity. 

A.  27/  —  54^7*  +  144^V  —  152^^  +  192^*/  —  c^6c^y  +  64^* 
^^  •*  540^*  +  I44^V  —  li^^y  +  192^*/  —  ^6c^y  +  64^^ 
H.  io8c*j4  —  i44^y  +  192^^  —  ^dc^y  +  64^"* 

B.  sy*  —  2cy  +  4^*  ' 
M.  27/ 

G.    27^  —  36ry  +  i2cy 

27.  For  the  fourth  root.     Let  the  quantity  propofed  be  a^  +  ^a^b  +  6^*3*  The  fourth 
+  /^ab^  +  b^j  of  which  wc  would  extract  the  biquadrarick  or  fourth  root.     Let  root  ex- 
it be  wrote  at  A,  and  ex  trad  the  fourth  root  of  the  firlt  term,  which  is  ^,  and  ^^^^^^* 
write  it  at  B.     Subtraft  the  fourth  power  of  B  from  the  quantity  A,  and  write 
the  remainder  at  D.     Then  find  the  quadruple  of  the  cube  of  a^  and  write  it 
at  M.     By  this  muft  be  divided  the  firft  term  of  the  qtiantity  D,  and  the  quo- 
tient b  muft  be  wrote  at  B.     From  the  quantity  D  mult  be  fubtrafted  the  pro- 
duft  of  the  quotient  b  into  the  divifor  4^^  and  moreover  the  fcxtiiple  of  the 
^uare  of  b  into  the  fquare  of  a,  and  the  product  of  the  quadruple  of  the  cube 
of  b  into  the  quantity  a^  and  laftly  the  biquadrate  of  b.     And  as  theie  is  no 
mainder,  the  root  required  will  be  a  +  b. 

A.    ^*  +  /^a^b  +  6tfY*  +  ^^b^  +   b^         B.     a  ^-  h 
D.  /^'b  +  6«-/>*  +  j\aP  +  b""         M.  ^a' 

I)  28.   As 


if 
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The  fifihsnd  28.  As  to  the  fifth  root ;  in  order  to  difcovcr  in  what  manner  the  operations' 
higher  roots  proceed,  which  are  to  be  made  in  the  exiraftion,  it  will  be  iufficient  to  foru 
the  fifth  power  of  a  binomial^  fuppofe  of  i?  +  ^»  which  will  give  a  rule  liere  ^ 
as  the  fecond,  third,  and  fourrh  powers  of  the  iiime  binomial  have  fupplicd  us 
with  rules  for  tlie  extraction  of  the  fecond,  thirds  and  fjurth  roots.  The  like 
obtains  in  the  fixth,  feventh,  and  other  roots. 


Notation  a£ 
fridkions. 


Of  Franions^  Simple  and  Compound. 


29.  We  have  feen  before,  how  fraftions  or  broken  numbers  arife  from  the 
divifion  of  quantities.  Therefore  a  fradion  infinuates  a  divifion  that  is  to  be 
made^  of  the  numerator  by  the  denominator.     Whence  it  proceeds,  that  if  the 

numerator  is  the  fame  as  the  denominator,  as  —  ,  or  —^-rr »   and  fuch  like. 

thofe  fraftions  can  fignify  nothing  elfe  but  unity  ;  becaufe  in  faft,  if  we  divide 
a  by  tf,  or  aa  —  bb  by  aa  —  bb^  the  quotient  will  be  unity.  And  becaufe 
multiplication  is  an  operation  contrary  to  divifion,  it  is  plain,  that  any  integer 
whatever  may  be  reduced  to  a  fraAion  with  what  denominator  we  pleafe,  it  it 
is  multiplied  by  the  quantity  which  is  to  be  the  denominator,  and  then  divided 
by  it  again.    Thus  to  reduce  the  integer  ^  to  a  fra£lion  with  the  denominotor  h^ 

we  mud  write  -r-  •     To  reduce  ^  —  ^  to  a  fradlion  with  the  denominator  Jt^ 


we  muft  write 


h  • 


fliall  be 


To  reduce  ^  +  ^  to  a  fraction  wbofe  denominator 

ac  '^  he  ^  ad  ^  hd 


fl,  we  muft  write  — r ,  or 


c^d 


i 


ReduSlion  of  FraHions  to  more  Jimple  ExpreJ/ions, 


Bow  frac- 
tions are  to 
be  reduced* 


30.  When  fraftions  have  the  fame  letter  or  letters  in  every  term  of  the  nu-* 
merator  and  denominator,  it  will  be  fufficient  to  expunge  the  common  letters 
in  both  ;  having  regard  to  their  powers,  as  is  faid  in  Divifion,  at  §  10.     Thu» 

Will  become  ;  —7-  will  be  —  i    — ^ — n—   will  be   r-  •     But 


ac 


ahc     ""*  ''^     ^    *        ah^bh       "'"    "*'       a^b 

though  there  are  not  the  fame  letters  in  both  the  numerator  and  denominators 
yet  if  each  of  them  is  multiplied  by  the  fame  compound  quantity^  they  niay  be 

9  divided 
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oiviJed  by  it  again,  and  confequently  the  fradion  may  be  reduced.     Thus 
— :; — rr— ,  that  18 r  1  Will  be  reduced  to  -7* .     So  — 7- — tt  ,   that  is 


4ia'\-7.ah  X  aa'\'iah  .,,   •  i         i  *^   ^^  +  ^^^  o      aac '^  and  ^  aed -^^  add 

— ^ — -^ — ,  Will  be  reduced  to ,  — 7 .     So  r~ji 9  or 

• ,  will  be  reduced  to 


aa^ad  X  c^d     ^.m  1 ^1 j  ^_   aa  -^  ad  ' 


d  X  c— </ 


Therefore  in  general,  as  often  as  the  fradion  is  fuch,  that  it*s  numerator  and 
denominator  are  both  divifible  by  one  and  the  fame  quantity,  which  in  this  cafe 
is  called  their  common  divifor,  by  aftually  dividing  both,  the  two  quotients  will 
give  the  fraftion  reduced.  But  it  muft  be  obferved,  that,  if  that  common  divifor 
U  not  the  greateft  that  can  be,  the  fradlion  indeed  will  be  reduced,  but  not  to 


the  fimpleft  expreffion.     Thus  the  fraftion  ^1^^ ,   that  is  ^  ^  ^^  H"^- , 

aatt^oc  a  X  e  X  a+lf 

may  be. divided,  both  as  to  it*s  numerator  and  denominatoi7  by  a,  by  a  +  l^^ 
and  by  aa  +  ab,  the  greateft  of  which  divifors  is  aa  +  ab.  And  as  the  fraction 
(hould  be  reduceji  to  ii's  leaft  terms,  we  muft  divide  it  by  aa  4-  ab^  and  the 

quotient  or  fradion  reduced  will  be  -^^.     But  very  often  it  will  be  difficult 

to  know  if  there  is  a  common  divifor,  and  what  it  is  ^  and  therefore  we  (hall 
give  a  rule  to  find  it,  at  §  36.  afterwards.  At  prefent  we  (hall  omit  it,  that  we 
may  not  too  much  difcourage  young  learners,  as  yet  not  fufficiently  confirmed, 
and  (hall  proceed  to  Other  operations  ;  making  ufc  of  fradlions  that  are  any 
how  reduced  to  lower  and  firnpler  expreffions. 

ReduSllon  of  FraSions  to  a  Common  Benominalct. 


31.  If  two  fraflions  are  given,  let  the  numerator  of  the  firft  be  multiplied  Fraaiont 
by  the  dcnortiinaror  of  the  fecond,  and  the  numerator  of  the  fecond  be  multi-  "^"^^  ^^ 
plied  by  the  denominator  of  the  firft,  and  each  product  be  divided  by  the  pro-  dcnomTnat^^ 

dudt  of  the  two  denominators.     Thus  -r-  +  —  will  be  ^  "^  -^  •  and  —  —  ~ 

by  ^  >»  3* 

will  be V-— -^  .     Alfo  — -^ Will  be  --i--i^ — — ,    that 

is  ^•^'.  7 —  .     But  here  we  muft  take  notice,  that  as  often  as  the  two  denomi- 

xjators  of  the  fradlions  have  a  greateft  common  divifor,  in  this  cafe  the  multi- 

D  2  plication 
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plication  of  the  numerators  into  that  common  divifor  is  fuperfluous^  and  al(b 
of  thofe  common  divifors  into  each  Oiher,  for  forming  a  new  denominator  i  for 
then  it  may  be  neceflary  to  reduce  the  fractions  to  more  fimple  expreffions. 
Wherefore  the  faid  numerators  (hould  be  multiplied,  not  by  the  denominators^ 
but  by  the  quotients  which  will  refult  by  dividing  the  faid  denominators  by  thek 
common  divifors  :  and  the  denominator  will  be  the  produd  of  thofe  quotients, 

and  of  the  faid  common  divifor.     For  exafmple,  let  there  be  given  —  +  • 

Being  reduced  as  uuial  to  a  common  denommator,  it  will  be  — 


that  is  — — ^^^— .     Therefore  it  was  needlefs  to   multiply  the  numerators 

by  f}ij  the  common  divifor  of  the  denominators,  as  it  was  fuperfluous  to  mul- 
tiply the  denominators  together.  Ii  was  fufiicient  to  multiply  a^  into  x,  and  ait 
into  Hj  to  form  the  numerators,  and  to  multiply  m  into  n  into  x,  to  form  the 
common  denominator.    Thus  to  reduce  to  a  common  denominator  the  fraAions 

L-Il- ^ ,  it  will  be  enough  to  multiply ^  into  s  +  i,  and  it  will 

be  ^'  -   ^JZ^^  r  '"'^  ,  that  is  r  ^'  "" J^^ .     In  like  manner  to  reduce  to  a 

common  denominator  the  fradions  -t rv    +    ^  .    j.  i   bccaufc  r  — -  ^  is  a 

common  divifor  of  both  the  denominators,  it  will  fufEce  to  multiply  h^  by  d^ 
and  a^  +  h^  by  c^j  as  to  the  numerators ;  and  to  multiply  a*  into  d  into  r  —  4^ 

as  to  the  denominator,  and  therefore  it  will  be  —  'jf  \Z —  • 

If  three  fradions  are  to  be  reduced  to  a  common  denominator,  let  the  two  firft 
be  reduced,  then  that  which  refults  from  thefe  with  the  third ;  and  fo  on  fuc- 
ceflively  if  there  are  more.    So  to  reduce  thefe  to  a  common  denominator^ 

-^  +  -^  —  — ,  let  the  two  firft  be  reduced,  and  we  (hall  have  ^  ,'t  ^ .    Let 

p  a  u  pa 

this  be  reduced  with  the  third,  and  we  (hall  have  t — 7"  7|'— — -  •     This  may 

alfo  be  done  in  refpeft  to  integers ;  for  whereas  any  integer  may  be  conlklcred 
as  a  fradion,  having  unity  for  it's  denominator,  we  may  proceed  after  the  fame 

manner  as  before.    Thus  2aa  +  ^^^""/^    ,  that  is  -^  +  ^  ^^/^- ,  will  be 


—     » 


AUkiof 
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AddiUon  and  Subtra^ion  of  Fralfions. 


32.  Fraftions  are  added  by  writing  them  one  after  another  with  the  lame  figns.  Fraaions 
And  on  the  contrary  they  are  fubtraded  by  changing  the  figns  of  the  quantities  how  added 
to  be  fubtraded.     And  the  fame  things  muft  be  done,  if  there  are  integers  with  "^^ "j/ 

the  fradions.     Thus  to  add  —  to  — ,  they  arc  wrote  ^ .     To  add  ~ 


^x  •  n  I  aa      ,      xM 


to y^  it  muft  be  wrote H  -■ y  i  which  afterwards  (if  we  pleafe) 


aam  +  cxx  —  r«rf 


cm 


may  be  reduced  to  a  common  denominator,  and  tiien  it  will  be 

To  add     .    ^-.   .  ^^  to     ^^  ,, ,  the  fum  will  be    .    f^ia^ii  +         ll  >    which 

if  we  would  funher  reduce  to  a  common  denominator,  we  may  obferve,  that 
the  denominator  df  the  firft  is  the  fquarc  of  aa  —  bh  i  therefore  the  two  deno- 
minators have  a  greatcft  common  divifor  aa  —  bb^  by  which  being  divided^  the 
quotients  will  be  aa  —  bb  in  the  firft,  and  unity  in  the  fecond.  Wherefore  it 
will  be  enough  to  multiply  the  numerator  of  the  fecond  fraftion  by  aa  —  bb^ 
and  to  divide  the  whole  by  n^  —  2a^b^  +  ^%  and  the  fum  required  will  be 

aV^  +  a^bb  •-  fl«3*       ,  a^bb  -t*     r  t        a    bb    c  ^^      •-     mi  u 

— :; , ,  ,  .^  ■  ,  that  IS  ^,  .    To  fubtract  —  from  — ,  it  will  be  wrote 

f^L::^.     To  fubtraft  ^  ^  ^  from  -^  ,  it  will  be  wrote  ^ 'a  +  ^, 

c  m  nt'^n  m^^n  m 

which  being  reduced  to  a  common  denominator,   if   we  think  fit,  will  be 

myy  —  amm  +  amn  +  mxx  —  nxx         rr^      r  %        /v  ^  r     a^  -¥  b^        .  -• 

-^ — .     To  fubtraft  —z r;  from  -7 — -7> ,  it  mutt 

mm  —  mn  /{c^e^J^^d  zed  —  2dd 

be  wrote  -^-; — r? --, ;  and  to  reduce  it  to  a  common  denominator, 

we  muft  multiply  a^  +  b^  by  2aa,  and  —  b^  by  d,  and  the  whole  muft  be 


divided  by  ^aacd  — *  4aadd;  then  it  will  be 


2a^  +  2aab*  *  b^d 
^aacd  —  i^dd 


Multiplication  of  Fra£lions. 


33*  The  numerators  muft  be  multiplied  into  one  another,  and  alfo  the  deno-  Fndioiii 
minators,  and  the  new  fraftion  will  be  the  produft  of  the  fraftions  to  be  mul-  how  muUi- 

tiplied.    Thus  to  muhiply  ~  into   -^^  the  produdl  will  be  ~-,  which  rs 

reduced 
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m 

reduced  to  -5^.     To  multiply  -t^—  into   IflLZ —      it  will  be  wrote    thus, 

■  ^.   7    ^    »     The  fame  muft  be  done  if  there  are  integers  with  them,  by  con- 

iidcring  an  integer  as  a  fraftion^  the  denominator  of  which  is  unity.  Thus  to 
multiply  la,  or  — ,  into  **  "" ^^  ,  the  produdl  will  be  ^^'^*  "^    ^yy  ^ 

Let  it  be  required  to  multiply  ^^  _  ,■■    into   a  —  b.     In  this  and  the   like 

cafes,  becaufe  the  quantity  which  ought  to  multiply  is  the  fame  as  the  denomi- 
nator of  the  fradion,  it  will  be  fufiicient  to  expunge  the  denominator^  and  then 

the  produdl  will  be  j<j  +  hb.     If  aa  —  lb  is  to  be  multiplied  into  ^  ""  a"  »    *^ 

may  be  obferved,  that  aa  —  bb  is  the  fame  as  a  +  b  X  tf"^,  and  therefore 
fmce  it  would  be  required  to  multiply  aa  —  ab  into  a  +  b  into  a  —  ^,  and 
afterwards  to  divide  hy  a  +  b  i  and  becaufe  a  -^  b  would  be  a  common  diviibr 
both  of  the  numerator  and  the  denominator  which  would  thence  arife  j  the  mul- 
tiplication and  divifion  by  the  fame  a  +  b  may  be  omitted,  and  it  woulJ  be 
iufTicient   to  multiply  the  numerator  by  a  —  b^    and  the  produdl  will    be 

a^  —  zaab  +  abb.     Thus  the  produft  of  ^  "  ^     into      ^  ,,    will  be 


XX  ^yy  aa  —  bb  xx  ^JJjf 


Divifion  of  FraSlions. 


FraaJons  34.  The  Divifion  of  Fraflions  is  performed  by  multiplying  crofs-wife,  that 

how  divided,  ij^  by  multiplying  the  numerator  of  the  dividend  by  the  denominator  of  the 

divifor,  which  produft  mufl  be  the  numerator  of  the  fraftion  which  is  to  be  the 
quotient :  and  then  multiplying  the  denominator  of  the  dividend  into  the  nu- 
merator of  the  divifor,  which  product  will  be  the  denominator  of  the  quotient. 
This  quotient,  if  there  is  occafion,  mufl  afterwards  be  reduced  to  the  mofl 

fimple  exprefiion.  Let  it  be  required  to  divide  —  by  — ;  the  quotient  will 
be  — .     Divide  —  by  •^^;  the  quotient  will  be  -^-^,  or  ^ — \    which 

cm  c         ^       n  ^  ^  cm  cm 

is  all  one  by  §  13.    Let  it  be  required  to  divide  — xx  ^^y  ^^— ^ \  it  will 


1       a^c  —  h^c 

be    ■  — 

ai  +  i« 


It 
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It  is  eafy  to  perceive,  thai  if  the  two  fraAions,  the  dividend  and  divifor,  Ihall 
have  the  fame  denominator,  it  would  be  needlefs  to  multiply  them  crofs-wife. 

As  if  we  were  to  divide  —  by  ^-^^  ,    in  this  cafe  it  would  be  enough  to 
divide  aa  hy  c  ^  d.     For  by  multiplying  crofs-wife  it  would  be      ^^^     ,  and 
then  reducing  it  to  it's  leaft  terms,  it  would  be  -^^«     Thus  dividing  ^  ^  \ 
by  ^  "*^  ^^  ■ ,  the  quotient  would  be     ^  *"  ^  '  ,  ;    but  by  redudlion,    be- 

caufe  the  numerator  is  <?  X  ^  +  b  X  7Z7,  and  the  denominator  is  m  x  J+7, 

k  will  become  — ^^  .    After  the  fame  manner  we  muft  proceed  when  we  arc 

to  divide  an  integer  by  a  fradtion,  or  a  fradion  by  an  integer ;  confidering  an 
integer  as  a  fradion  whofe  denominator  is  unity.     Thus  dividing  the  quantity 

M  —  xx^  or  ^^  "  ^*  ,  by  ^SLniS"   the  quotient  will  be  3^  -3^^f  ^     p^^^  ^ 

of  others^ 


wm^r^ 


ExtraRion  of  the  Roots  of  FraSions^ 


j5.  The  root  of  a  fraftion  is  extrafted  by  extrafting  the  root  of  the  nume-  Roots  of 
fator,  and  then  of  the  denominator,  and  the  new  fraction  arifing  fhall  be  the  fraaions  how 

ahh  h  cxtraftcd, 

root  of  the  fradtion  propofed.    So  the  fquare-root  of  ^ —  will  be  — .     The 
fquare-root  of      —  ^^^  ^yjjj  ^^  ^  f"      ,     The  fquare-root  of  ±aa  + 

6jlxx  —  i6atfjr     ^t    ^   •       c   ^ooaa  —  i6oax  +  64XX  .,,  ,       10a  —  8x        ,— ,       ^ 

-^ ,  that  IS  of  -i— 2 — ,  will  be  .     The  fame 

is  to  be  underftood  of  the  cube-root,  the  biquadratick-root,  and  all  others. 

But  now  if  the  root  cannot  be  extrafted  out  of  both  the  numerator  and 
denominator,  yet  poffibly  it  may  be  extrafted  out  of  one  of  the  two.  Let  it 
be  extraded  out  of  which  of  the  two  it  can,  and  before  the  other  let  the  radical 

fign  be  placed.    Thus  the  cube-root  of  -r — r  will  be   -  .  •    The  cube- 

'^^^  °f  ^  ^a^y  "'  w*^^  be       '^^"'**  •    And  if  the  root  cannot  be  extrafted 

neither 


24'  ANALYTICAL      INSTITUTIONS.  BOOK  I. 

tieither  out  of  the  numerator  nor  denominator,  then  the  whole  fraftion   muft 
be  included  under  the  radical  ficrn.     Thus  the  fquare-root   of will 

XX  +  DX 


O/  /i&^  greateji  Common  Divifor  of  Two  ^tantities^  or  Formulas. 


Gicatcd  36.  By  a  Formula  I  mean  any  analytical  expreflion  whatever,  whether  cQfii- 

common  plicate  or  nor,  the  letters  of  which  rcprefenting  indeterminate  quantities,  may 
diviforhow    j^^  ^^j^^^  ^^  pleafe ;  provided  that  whatever  may  be  faid  of  that  formula   is  to 

be  underftood  as  faid  of  any  other,  compounded  of  other  letters,  but  fimilar  to 

tlie  firft. 

To  obtain  the  grcated  common  divifor  of  two  quantities  or  formulas ;  in  ihc 
firft  pUce  it  muft  be  obfcrved,  that  if  every  term  of  both  is  multiplied  into  the 
fame  quantity  or  number,  in  this  cafe  they  muft  be  divided  by  that  qiianticy. 
Then  each  of  the  formulas  muft  be  fet  in  order  according  to  any  letter  at 
pleafure ;  that  is,  that  muft  be  made  the  firft  term,  in  which  that  letter  arifes  to 
the  moft  dimenfions,  and  then  the  others  in  order.  Let  the  two  given  for- 
mulas be  i%a^bx  —  ^a^b  —  ^^bx^  —  ^a'bx^  +  ^a\  and  da^b  +  bx^  —  abx^ 

—  ^a^bx ;  which  becaufe  they  are  divifible  by  the  letter  b^  let  them  be  (b  di- 
vided, and  then  fet  in  order  (if  you  pleafe)  according  to  the  letter  x.  They 
will  be  thus,  x"^  —  Q^ax^  —  ia^x^  +  i  ^a^x  —  %a\  and  .r'  —  ax^  —  ia^x  +  6^'. 
This  being  done,  the  firft  term,  or  that  wherein  the  letter  is  of  moft  dimenfions 
by  which  the  terms  are  fet  in  order,  muft  be  divided  by  the  like  term  in  the 
fecond,  namely  x^  divided  by  .v'  will  give  .v  in  the  quotient.  Then  the  procluft 
of  this  quotient  into  the  divilbr  muft  be  fubtrarted  fiom  the  dividend,  and  we 
Ihall  have  the  firft  remainder  —  2a\^  +  iia^x  —  8^3%  which  mull  be  reduced 
to  ^he  moft  fimple  expreirion,  (as  ought  always  to  be  done,)  by  dividing  by 
— ^ii ;  then  the  remainder  will  be  x^  —  6a^x  +  4^'.  And  Lecaufe  the  di- 
menfion  of  x  in  this  remainder  Is  the  lame  as  in  the  divifor,  by  the  faid  divifor 

'  this  remainder  mull  be  diviJed  ;  from  whence  in  like  manner  muft  be  fubtroAcd 
the  product  of  the  quotient  into  the  divifor,  and  we  fliall  have  a  fecond  re- 
nxijndcr  ax^  +  2«'x —  2tf%  or  dividing  by  a  it  will  be  a**  -f  2ax  —  2a*. 
Now  becaufe  in  this  remainder  the  dimenfion  of  x  is  lefs  than  in  the  divifor^ 
tlie  order  muft  be  inverted,  and  this  remainder  muft  be  made  the  divifor,  and 
the  firft  divifor  the  dividend.  And  making  the  divifion,  the  produft  of  the 
quoticiii  in  o  the  fecond  divifor  muil  be  fubiraftcd  from  the  fcc(>iKi  dividend, 
that   is  from  a^  — ax^  —  8^-x  -f  6^%    and   the  remainder  will  be  —  3^JJC* 

—  6a'  X  -f  6^',  which  dividing  by  —  3^  is  .v*  +  lax  —  2^ \  ^Jow  whereas 
this  laft  remainder  is  the  fame  as  the  divifor^  it  will  be  the  grcatcft  common 

divil/ii* 
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ReduSlion  of  Irrational  ^antUies  to  more  fimpU  ExpreffionSi 


37.  It  has  been  obferved  already,  how  irrational  quantities  arife,  which  areSurdarc* 
otherwife  called  Surds,  or  Radicals.  For  when  the  root  required  cannot  be  ^"^^^'^  ^®^' 
actually  cxtrafted,  then  we  have  recourfc  to  a  radical  vinculum^  which  infinuates 
it.  But  it  often  happens  that  the  quantity  under  the  vinculum  is  the  produft  of 
two  faftors,  one  of  which  is  a  true  power  of  the  fame  name  as  the  root  required. 
As  if  it  were  \/aabc^  or  \^a^b  —  a^x  ;  the  firft  of  which  is  the  produft  of  ^^i  into 
bcy  and  the  other  is  the  produft  of  aa  into  b  —  x.  Thus  alfo  ^a^x  —  a^y  is 
the  cube- root  of  the  produft  of  a^  into  x  — •  J^.  In  this  cafe  the  root  may  be 
extrafted  out  of  fuch  of  the  factors  as  will  admit  ir,  and  wrote  without  the 
radical  fign,  and  the  other  fadlor  may  remain  under  the  fign.  And  this  is  called 
extrafting  the  root  in  part,  or  reducing  the  radical  to  a  more  fimple  expreffion. 
Thus  »/ aabc  will  be  reduced  to  a*/ be.  And  \/aab  -  aax  will  be  the  fame  as 
a>/ b  -  xi  ^a^x  -  a^y  will  bc  reduced  to  a^x  —  j^;  and  fo  of  others.  In  like 
'manner,  bccaufe  V /fiaabc  is  the  root  of  the  produd  of  \6a:i  into  3^^*,  it  will 

be  reduced  to  ^a^ ^bc.     Thus,  becaufe  ^^ — ZLll If—  is  the  root  of  the 

produft  of  ^  "  "^^ ' —  into  ab,  and  the  root  of  ^^  ""  ^^ —  is  1-— i. ; 

the  root  reduced  will  be  ^  "  ^  >/ ab.    Thus  the  root  ^/^-^ --ilfL£.  when  re- 

duced,  will  be  -^\/*»  +  aw*.     And  the  root  4^ 8^'^ 4-1 6a*  will  be  2a^b  4-  za. 

pz  ^  ^ 

Thus  \/  111  —  la^b  -f  lab^  —  l^y  which  IS  the  root  of  the  produdi:  of  aa  —  lab  +  bb 

into  a  '^  by  will  be  reduced  to  a  ^  b  X  \^a  —  ^.  But  very  often  it  cannot  be 
known  by  infpeftion  only,  what  are  the  faftors  from  whence  the  propofed  radical 
proceeds.  In  which  cafe  we  muft  have  recourfe  to  the  method  of  finding  all 
the  divifors,  which  I  (hall  give  in  ii*s  proper  place ;  and  if  among  thefe  (hall  be 
CM,  which  is  exadtly  a  power  with  the  fame  exponent  as  the  radical  indicates ; 
the  propofed  quantity  may  then  be  reduced  in  the  manner  now  explained. 


ReduSion  of  Radicals  to  the  fame  DenomiHaticn. 


28.  Thofe  are  called  radicals  of  a  different  denomination  which  have  a  dif-  Radicals  how 


;> 


fcrent  index  or  exponent.     To  reduce  them  therefore  to  radicals  of  the  fame'*f^"c«*  ^^ 

the  fame  d( 
nominiitioat 


index,  we  mud  proceed  thus.     If  the  index  of  one  of  the  radicals  is  an  aliquot  ^^^  ame  de- 


part of  the  index  of  the  other,  the  greater  index  muft  be  divided  by  the  lelfer, 

£  2  and 


28 
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and  the  quotient  fhows  that  power,  to  which  the  quantities  nnifl  be  raifcd  which 
are  under  the  radical  of  the  leiVcr  index,  and  to  which  muft  be  prefixed  the 
radical  of  the  greater  index.  Let  it  be  propofcd  to  reduce  to  the  fame  index 
the  qunntiticrs  V  */ ax  and  ^/a  ;  or  which  is  the  fame,  ^cix  and  ^a.  Bccaiife 
4  divided  by  2  gives  2  for  the  quotient,  therefore  the  quantity  a  of  the  leiTer 
index  mufl  be  raifed  to  it's  fquare,  which  is  aa^  and  it  will  be  ^aoi  and  rhere^ 
fore  is  reduced  to  the  fame  index  or  denomination  as  ^ax.  Thus  y/a^k^  4-  mk^ 
and  s/^b  will  make  ^a^b^  +  ab^  and  y/ a^l^.  But  if  one  of  the  exponents  is 
not  an  aliquot  part  of  the  other,  the  lead  number  mud  be  found  which  is  di- 
vifible  without  a  fradion  by  each  of  the  exponents  of  the  given  radicals,  and 
this  will  be  the  index  of  the  common  radical.  Then  the  quantities  mud  be 
raifed  to  the  next  inferior  degree  of  the  number,  by  which  the  exponents  au% 
increafed  of  the  refpedive  radicals,  and  then  to  the  powers  fo  raifed  let  the 
common  radical  now  found  be  prefixed.  Let  the  two  quantities  y/aq^2xA  4faaq 
,  be  given,  to  be  reduced  to  a  common  radical.  The  Icaft  number  di vifible  by 
2  and  by  3  will  be  6,  and  therefore  \/  will  be  the  common  radical.  Now, 
becaufe  the  index  of  the  fquare-root  is  in  this  cafe  increafed  by  4,  and  that  of 
the  cube-root  by  3  ;  therefore  the  firft  will  become  ^/a^q^,  and  the  fecond  wiB 
be  ^a^qq.  If  the  radicals  to  be  reduced  are  more  than  two,  any  two  arc  to  be 
reduced  iirft,  then  the  third,  and  fo  on  fuccefTivcly. 

The  manner  of  reducing  rationals  to  any  radical,  is  plain  of  itfelf,  without 
the  aflfiftance  of  rules ;  by  railing  the  rational  to  any  power  of  the  fame  name 
or  index  of  the  radical  given,  and  then  prefixing  to  it  the  fame  radical. 


jiddUion  and  SubtraUion  of  Radical  ^aniities. 


Surdi  how 
added  or 
fttbtrafted. 


39.  To  add  them  together,  the  radical  quantities  are  wrote  one  after  another 
with  their  proper  (igns.  And  to  fubtradt  them,  the  figns  of  thofe  to  be  fut>* 
traded  are  to  be  changed,  as  is  done  in  other  quantities.  Thus  to  add  5a\/^ 
to  2b\/bx  to  —  r^zy,  they  muft  be  wrote  thus,  ^a*/b€  +  ibV bx  —  cVzy^ 
To  add  s^y/ ab  to  ^xs/ab  toy^/ bx^  they  muft  be  wrote  thus,  ^xk^ ab  +•  2^^ab 
+  yV bx  J  and  then  reducing  like  terms,  which  ought  always  to  be  done,  they 
will  become  ix^/ab  +  y\/bx.  To  add  a  —  ^  to  \/^  —  xxy  it  muft  be  wrote 
a  —  ^  +  V aa  —  XX*  And  the  fame  is  to  be  done  in  fubtradion,  having  regard 
to  the  (igns. 


Muhi. 
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Multiplication  of  Irrational  ^antitiest 


^o.  To  multiply  rational  quantities  by  furds  or  radicals,  the  rational  is  wrote  Surds  how 
together  with  the  radical,  without  any  fign  between,  only  prefixing  to  the  pro-  multiplied, 
duct  fuch  fign,  whether  pofitive  or  negative,  as  (liall  be  required  by  the  common 
rules  of  multiplication  ;  and  this  is  to  be  underftood  always  to  be  done.  There- 
fore the  produft  of  a  into  V aa  -  xx  will  be  asf  aa  -  *:»•  The  produft  of  ab 
into  —  \^ab  will  be  —  ah»/ ab.  And  if  the  rational  quantities  or  radicals  fliall 
confift  of  feveral  terms,  or  if  they  are  com plicater'' every  term  of  one  muft  be 
multiplied  into  every  term  of  the  other.  Wherefore  the  produft  of  aa  —  a:* 
into  f^ XX  ^  yy  will  be  aa^  xx\/ xm  -^yy^  where  it  is  underftood,  that  all  thofe 
terms  are  multiplied  into  the  radical,  which  are  under  the  vinculum. 

41.  To  multiply  radicals  among  themfelves,  fuppofing  them  to  be  of  the  Surds  multi- 
fame  denomination,  or  reduced  to  fuch,  the  quantities  muft  be  multiplied  into  plied  by  furdi. 
each  other  which  are  under  the  radical  figns,  and  to  the  produft  muft  be  put 

the  fame  radical  vinculum,  with  fuch  a  fign,  either  pofitive  or  negative,  as  the 
common  rule  requires.     Thus  to  multiply  1/ be  into  */xy^  the  produft  will  be 

s/bcxy.     To   multiply   v^ffJI-fi  into   —  \^ aa  +  xxy    the   produd   will    be 

K 

42.  Moreover,  if  the  radicals  (hall  have  rational  co-efficients,  whether  no-whcntbcy 
meral  or  literal,  thofe  co-efficicnts  muft  be  multiplied  together,  and  alfo  the  have  rational 
radicals  together,  and  the  produft  of  the  co-efficients  muft  be  put  before  the  ^^'^®*^^"*'** 
radical,  without  any  fign  between.    Thus  a^bbc  into  aUbxx  will  be  aa^b^cx^^ 

which  reduced  is  aab^cxx.     So   za  — \/aa^xx  into   —Vaa  +  xx  will  be 

T.h'/  aa  +  XX —  y/ ai^  -  «♦. 

a 

43.  According  to  this  rule,  to  multiply  mh/ ah  into  n^/ab^  the  produft  would  Sometimes 
be  mnt/aahb.     But  aabb  is  a  fquare  whofe  root  is  ab^  and  therefore  the  P^'^^"^  ™^j^n^°* 
will  be  mnab.     So  that,  to  multiply  two  like  quadratick  radicals  into  each  other, 

it  will  fuffice  to  take  away  the  radical  vinculum,  and  the  quantities  which  were 
under  it,  multiplied  into  the  produft  of  the  co-efficients,   will  be  the  total 

produ6k.     Thus   —  y/ ax  ^  xx  into  —  —  ^ ax  ^  xx  will  be  — -  —  X  ax  -  «.v> 

that  is, ^  ^^x  +  2fe .     But  here  it  muft  be  obfcrvcd,  that  if  the  radicals 

having 
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having  no  co-efBcients,  or  unity  only,  are  alfefled  by  the  fame  figOy  poficive  or 
negative^  the  vinculum  being  taken  away,  the  quantities  mud  be  left  with  tbe 
fign  they  have.     And  if  the  radicals  have  contrary  (igns,  all  the  figns   of  the 

X 

1/ into  —  V ,   Will  be    .     Alio  y/ into 

X  XX  X 

x/!fJl5iL  will  be  ZJl±fl^  or  ^.i:^^  .     The  rcafon  of  which  is,    be- 

X  X  ^  — *  ' 


quantity  muft  be  changed.     For  example,  1/^—^ —  into  \/ — — —  ,    or  dfc 


caufe   v^^^  "^  ^*  ,    (and   fo  of  any  other,)    is  always  underftood    to    have 


aa  ^'  XX 

X 

+   I    for   it's  CO- efficient,    and  —  x/'"  "  **  to  have  —  i.    Therefore  the 


ma  —  XX 


aa  ^  XX  '       \      n  r\       r  i  aa  ^»  xn 


produft  ought  to  be  i   X  — '^ —  in  the  firft  cafe,  and  —  i   x  in  the 

fecond.     Here  are  other  examples  of  thefe  multiplications. 

\/ ah  +  \/ aa  —  XX  into  ^/ ah  -^  \/ aa  -~  xx  makes  the  produ6l  ah  -{-  v^IiTZT^D? 

-\-  aa  —  A'.V  +  ^ a^h  -  ahx*-y   Or  rf^  +  tf*  —  a:*  +   2  y/ a^h  —  d^**. 


^  _  y  VV1J_>1^*  i„jo  ^  +  J-^Aa*Y-y'  makes  the  produft 

,,  -  ^y^^SEZ  _  -{^ijzjL  +  .y^^sn*,  that  k. 


^  —  ly  —  ^i77  -,V//>  >nto  ^  —  ij  —  v'-i^^  •  ^v/i^  makes  the  produA 


^\Vl  -t-  H^iqq-i\pp  -i-  -i??  — Vt/>;>,  that  is,  ^ijy  -  Vy/^/  +  jv^i^TTT^  ' 

Ritional  CO-  44.  Becaiife  tf\/tf;f,  7T7  x  v/STTTT,  and  fiich  others,  are  the  produ^b 
broS' ^''''^  ^^  .^  rational  quantity  into  a  radical,  and  we  already  know  how  to  reduce  any 
under  the  ^'^^ional  to  any  radical  we  pleafe  ;  we  can  always  make  the  rational  multiplier  to 
▼iiculum.       pafs  under  the  vinculum  without  any  alteration  of  the  quantity.     Thus  a\/^a^J^ 

will  be  the  fame  as  ^  gi  ^a^x\  a^b  X  \/xy  will  become   >>/  a^xy^iahxy^y^xj  i 

axU m^n  will  be  ^ ma^x^  —  tta}x^\  and  fo  of  any  others. 

r?T*  45-  If  ihe  radicals  to  be  multiplied  arc  not  of  the  fame  name,  they  may  be 

wultlpH^.     '■^^'"^^.^  ^^  fuch,  and  then  the  multiplication  may  be  made  as  before.     But  very 

often  it  will  be  more  commodious  to  infinuate  it  only,  without  actually  per- 
forming it,  and  this  by  writing  one  radical  after  another,  without  any  fign  inter- 
pofed,  except  the  mark  of  multiplication.  Thus  y/ aa  -  xx  X  4^xxy  will  denote 
the  produft  of  thcfe  two  radicals. 

Divifign 
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Divifion  of  Radical  ^tantities. 


46.  In  every  term  of  the  dividend  and  of  the  divifor,  if  the  fame  radical  is  How  furdt 
found,  omitting  this,  the  rational  quantities  arc  to  be  divided  as  ufual,  and  a';^,*^ ^<^ 
what  refulcs  will  be  the  quotient.     Thus  to  divide  5a\/ i  by  3tfv/3,  the  quo-  ^*^*^^^' 

tient  will  be  — - .     To  divide  6v^fl4  4-  a^i,%  by  2 */ a^k*  +  i^,  or  6a\^a^  +  3*  by 

2^v^tf»  +  A»,  the  quotient  will  be  —  •     To  divide  aa^aa  +  xx  —  ^ax^aa-^-xst 

+  xx^a^  +  jft  by  a^aa  +  xx  -^  x^aa  +  *^,  Omitting  the  radical,  and  di» 
*viding  tftf  —  2tfjp  +  XX  by  ^  —  x,  the  quotient  will  be  a  -^  x.  To  divide 
aa  +  bb  by  \/aa  +  A^,  becaufc  the  dividend  is  v^^a  +  bb  X  v/^fl~+l^j  the 
quotient  will  be  y/aa  +  ^^  • 

47.  But  when  the  radicals  are  not  the  fame>  though  they  have  the  fame  when  the    , 
exponent  of  the  root ;  let  the  quantities  under  the  vinculum  bt  divided  by  the  index  is  the 
rational  quantities  in  the  ufual  manner,  and  to  the  quotient  prefix  the  common  Ja'nc,  butthe 
vinculum.      Thus  to   divide   4faH  *  ab^  by   ^m  -  bb ,    dividing;  a^i  —  ab^  ^y  dxScxtnu 

a*  -—  b^  there  arifes  ab^  and  therefore  the  quotient  required  is  '^ab^ 

48.  And  if  the  exponents  of  the  toots  are  different,  they  may  be  reduced  When  the 
to  the  fame,    and  then  the  operation  will  be  as   before.     Thus   to   divide  »«;^c*  *^°  *^ 
%/a^  +  la^b  ^  zab^  —  h^  by  a  +  b^  the  fquare  of  ^  +  ^  muft  be  found,  and  ^™"°^* 
put  under  the  vinculumy  which  will  be  then  \/aa  +  zab  +  bb.     Then  by  the 
quantity  under  this  vinculum  the  other  quantity  muft  be  divided,  and  the  refulc 

will  be  aa  —  bb.     Therefore  the  quotient  required  will  be  \^aa  —  W. 

By  combining  tbcfe  rules  with  thofe  of  common  divifion,  quantities  ftill  more 
complicate'^ay  be  divided.  Thus  to  divide  a^  —  ab*c  -—  a^by/bc  +  b*c\/bc 
by  tf  —  x/bCf  it  may  be  performed  as  is  ufual  in  divifion. 

Dividend*    a^b  —  ab*c  —  a*b\/bc  +  V^cy/bc^        Divifor    a  —  s/hc 
Rem.  —  aV^c  —  b\y/bc         Quotient  a^b  —  b*c 

Thus  dividing  a^  ^^  abc  +  a^\^bc  —  bc\/bc  by  /i  —  \/&r,  the  quotient 
will  be  iw  +  ^r  +  lay/ be.  And  when  the  divifion  will  not  fucceed,  the 
quantities  muft  be  wrote  in  form  of  a  fradion.. 


Extranimt 
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ExtracUcn  of  the  S^uftre-Root  y  Radical  ^antiiies. 


The  fquarc-        49.  When  quantities  any  how  compounded  of  nationals  and  radicals  are 
'^^t  a  d*^*^^  qiiadratick  radicals,  the  rule  for  extraftin  ?,  ihw  Tcjuarc-root  will  be  this.    Taking 
fuch  a  part  of  the  quantity  propofcd  as  is  areatcr  than  the  remaining  part,  from 
the  fquare  of  this  greater  part  let  the  fqnau'  of  the  Icflcr  part  be  fubtraifted,  and 
to  the  greater  part  let  the  fquare-root  of  the  remainder  be  added,  and  likewife 
be  fubtrafted  from  it.     The  fquare-root  of  the  half  of  this  fum,  and  of  the 
half  of  this  difference,  being  taken  together,  and  taking  the  fame  fign  to  this 
fccond  as  belongs  to  the  minor  part,  will  mike  the  fquare-root  of  the  propofed 
quantity.     Thus  let  us  extraft  the  fquare-root  of  the  quantity  3  +  y^S  ;    fub- 
tradling  the  fquare  of  \/8  from  the  fquare  of  3,  there  will  remain   i,  ihc   root 
ofvvhich  is  alio  i.     Adding  this  therefore  to  the  greater  part,  or  3,  they  will 
make  4,  and  fubtrafling  it  from  the  lame,  it  will  make  2  ;  now  the  fquare-root 
of  the  half  of  4  is  1/2,  and   the  fquare-root  of  the  half  of  2  is  i  i  therefore 
|/2  +1   will  be  the  root  required. 

If  we  would  have  the  fquare-root  of  6  -(-  y'S  —  y'la  —  t/24;  from  the 
fquarc  of  6  +  -/S  fubtratting  the  fquare  of  —  v^i2  —  y'24,  there  remains  8, 
the  root  of  which  -/S  being  added  to  6  +  \/8,  the  greater  part,  will  make 
6  +  2^8^  and  fubtraded  from  the  fame  greater  part  will  make  6.     Therefore 

the  firft  part  of  the  root  required  will  be  y/ '- —  ,  that  is,  t/s  +  v'S*  ^^^  ^^^ 

fccond  part  will  be  —  y'  — ,  that  is  —  1/3,  (for  the  leffer  part  of  the  pro«  ' 

pofed  quantity  was  affedtcd  by  the  negative  fign  ;)  whence  v'3  +  ^8  —  Vs  vill 
be  the  root  required.     But  by  the  la(l  example  it  may  be  feen,  that  y'3  +  ^g 
is  the  fame  as  i  +  ^l  \  therefore,  laftly,  the  root  of  the  quantity  propofed  will 
be  I  -h  v^2  —  •3. 

■ 

Let  us  extrafl:  the  fquare-root  of  aa  4-  2x\/aa  •  .rx  •  Taking  from  the 
fquare  of  aa  the  fquarc  of  2x\/aa  -  xx ,  there  will  remain  a*  —  /^aaxx  +  4Jc^, 
the  root  of  which  is  aa  —  2xv.  This  added  10  the  greater  part  a^iy  and  taking 
the  half  of  it,  will  make  aa  —  xx :  and  fubtradled  rrom  the  fame,  and  taking 
half  the  difference,  will  make  xx.    Therefore  the  root  required  is  \/aa  -  xx  +  ». 


Let  us  extraft  the  fquare  root  of  the  quantity  aa  -f-  t^ax  —  l^Tx^ 
From  the  I'quare  of  aa  +  z,ax^  the  greater  part,  fubtracting  the  Cquare  of 
—  ic.'^ax  +  4;r*,  there  will  remain  a^  -f-  6^.v  +  9tfV,  the  root  of  which  is 
aa  +  3JA:.  This  added  to  the  greater  part,  and  taking  it*s  half,  it  will  be 
aa  +  ^ax\  and  fubtrafling  and  taking  the  half,  it  will  be  ax.  Therefore  the 
root  required  will  be  v/a^i  +  aox  —  ^ax. 

To 
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To  cxtraft  ihc  fquare-root  of  this  quantity  aVhc  +  d»/bc  +  i^aicd.  From; 
the  fquare  of  a^bc  +  d^bc  fubtradling  the  fquare  of  z^abcd^  there  retnain% 
4abc  —  zabcd  +  b^dd^  the  root  of  which  is  a^bc  —  dVbci  which  being  added 
to  the  major  part,  and  fubtrafted  from  the  fame,  and  taking  half  of  the  fum- 
and  difference,  the  half  of  the  fum  will  be  a\/bc,  and  half  of  the  difference 
d\/bc.  Therefore  the  root  required  is  s/T^-  +  s/llJTcy  that  is,  ^Z  ^aabc  ^ 
•/'/bcdd^  or  ^aabc  +  st/bcdd.  If  the  root  cannot  be  extrafted,  the  quantity 
mud  be  put  under  a  radical  vinculum ^  as  ufual.  j 


l^hc  Calculation  of  Powers. 


» •  • 

. :  1 .7 


50.  There  is  nothing  now  to  be  obferved  concerning  the  Addition  or  Sub- Powers  how 
traction  of  Powers  ;  they  are  to  be  written  one  after  another  wiih  their  proper  calculated 
figns  in  the  firft  cafe,  and  in  the  fecond  by  changing  the  figns  of  the  quantities  ^^  o"„gJ|^ 
to  be  fubtradted.     But  as  to  the  other  operations  which  belong  to  <heir  cx-^^re  intcgcri. 
ponents,  it  may  be  firfl  obferved,  that,  taking  unity  for  the  fird  leriu^  and  any 
quantity  whatever,  as  a^  for  the  fecond,  and  then  fucceffively  the  other  powers 
of  the  fame  quantity  a  in  order,  it  is  plain  we  (hall  form  an  Jncreafing  geome- 
trical progreffion,  i,  a^  tf%  «',  tf*,  &c. ;  and  that  the  exponents  of  this  pro- 
greffion  will  form  an  arithmetical  progreflion  increafing,  which  will  be  o,  i,  &, 
3,  4,  5,  &c.     The  firft  term  of  this  is  o,  becaufe  unity  being  the  firft  term  in 
the  geometrical  progreffion,  in  this  the  quantity  a  is  raifed  to  no  power ;  fol* 

I  s=  —  =  ^i**    Wherefore,  multiplying  either  — ,  w  /?^  by  a,  which  does 

not  deftroy  the  equality,  the  produft  will  be  tf  z:  tf^     ,  which  are  magnitudes 
plainly  identical.     And  befides,  if  we  continue  the  fame  geometrical  progreflioa 

below  unity,  it  will  be  i,  — ,  ~,   —^  -^,   &c.     And   likewife,   conti* 

nuing  the  arithmetical  progreffion  of  the  exponents,  they  will  become  o,  —  i, 
^2,  —  3,  —  4i  &c.     And  therefore  the  exponents  of  fuch  powers  will  be 

negative.     So  that  — ,  — j- ,   — j- ,  &c.  will  be  the  fame  as  ^     ^  a     >  a     , 


—II 


&c.    And  in  general, will  be  the  fame  as  a      ;   that  is  to  fay,  we  may 


n 
a 


Iways  make  a  power  to  pafs  into  the  numerator  of  a  fraffcion  out  of  the  deno- 
linator,  and  vice  verjdy  only  by  changing  the  fign  of  the  index. 

51.  Moreover,  if  we  (hould  defirc  to  introduce  new  intermediate  terms  into  when  they-; 
:  geometrical  progreffion,  the  exponents  of  thcfe  would  alfo  be  intermediate  arc  fraaioni. 

F  tcrtris 
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terms  in  the  trithmetical  progreffion,  analogous  to  the  former.     So,  bccaufe 
Vii  is  a  geometrical  mean  between  unity  and  a^  the  exponent  of  this  ought  to 

be  an  arithmetical  mean  between  o  and  unity,  and  therefore  muft  be  *— ;  fo 

that  a^  will  be  the  fame  as  \/a.    If  two  mean  proportionals  arc  inrerpofed 
between  i  and  a^  of  which  the  firft  will  be  ^a^  and  the  fecond  ^aa^  there  muft 

be  two  arithmetical  means  between  o  and  i,  which  are  —  and  -^ ;  ib  that  a^ 

3  3 

will  be  the  fame  as  ^a^  and  a'  will  be  the  fame  as  ^aa.    If  three  mean  propor* 
tionals  are  introduced^  they  will  be  ^^a  the  firft^  ^^aa  the  fecond,  and  ^m^a 

the  third,  and  their  exponents  will  be  — ,  —  ,  — ;  therefore  y/a  will  be  the 

T  ^  ^ 

I  »  ■  ,  « 

fame  as  c^^  and  y/aa  the  (ame  as  is^,  or  ^ %  and  ^a^  will  be  the  fame  as  ^. 
And  thus  we  may  proceed  to  as  many  mean  proportionals  as  we  pleafe ;  fo  that,. 

n 

in  general,  it  will  be  \/a^  the  fame  as  a"  • 

The  (ame  things  obtain  in  refpeft  of  the  progreffion  produced  by  defcendin^ 
below  unity.    Thus,  as  --j-  is  a  mean  proportional  between  unity  and  —  ,  or 


—I 


between  unity  and  a     ,  fo  it's  index  (hould  be  an  arithmetical  mean  between 


o  and  —  X,  that  is  —  — \  therefore  -7-  will  be  the  fame  as  «"*,  or  -i-. 
Thus  likewife  —  and  — ^  and  a^^  will  be  the  fame.    And  t-t-  ,  -—,  «""* 

n 

ti^iU  be  the  fame.    And  fo,  in  general,  — ^  ,   — ^  ,  and  a    *"   will  be  the 
fame. 

And  what  has  been  faid  concerning  integral  or  fira^^ional  powers  of  fimple 
quantities,  is  to  be  underdood  alfo  of  compound  quantities.     Thus,  for 


^'^^P^^^  '  is  the  fame  as  aa  +  bl^^  .    So  y/aa  +  h6\ "  will  be  the  lame 


at  M+^    >  ^nd  the  like  of  others. 

Powers  how       5a.  From  the  nature  of  the  two  foregoing  progreffions,  the  geometrical  and' 

mdu^icdor^jJljjjj^jj^j^  wc  obtain  a  method  for  the  multiplication  or  divifion  of  any  two^ 

^''^*        powers  of  the  fame  quantity,  whatever  they  may  be ;  and  that  is,  by  adding 

the  exponents  together  when  the  powers  are  to  be  multiplied,  and  by  fubtraft- 

ing 
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power  to  another,  it  will  be  fufficient  to  multiply  the  exponent  of  the  given 
power  by  the  exponent  of  that  power  to  which  we  would  raife  it :  and  to  excraft 
any  root,  it  will  be  enough  to  divide  it's  index  by  the  index  of  the  given  roou 

Thus  to  raife  a*  to  it's  cube,  it  will  be  a     "*,  or  or.    To  raife  a^  to  the  cube^ 

it  will  be  a^^^j  or  a*.    To  raife  ^""^  to  the  fifth  power,  it  will  be  a^^^^,  or 

«     .    To  raife  a         to  the  power  whofe  index  is  ±  — ,  it  will  be  a  . 

Thus  to  extrafl  the  fquare-root  of  a*,  it  will  be  a\    To  extradl  the  cube^rooc 

±—  ±  — 

of  a*,  it  will  be  a'.     To  extradl  the  root  r  of  a        ,  it  will  be  41         , 

Extended  to      ^4.  What  I  have  here  faid  concerning  the  powers  or  roots  of  one  and  the  fame 
compound     fimpie  quantity,  may  be  underftood  in  like  manner  concerning  the  powers  or 
quanuues.     ^^^^5  ^f  ^ny  compound  quantities,  as  is  evident.     And  by  this  method   the 
calculus  of  fractions  and  radicals  will  be  much  facilitated. 


Of  Linear  or  Simple  Divi/ors  of  any  Formula  wbattuer. 


Simple  di- 
vifors  how 
found ;  ai 
ilfo  com* 
pound  di- 
Tifort. 


55.  Any  quantity  or  formula  whatever,  whether  complicate  or  not,  is  faid  ta 
ht  prime  or  Jimple^  when  it  is  not  exactly  divilible  by  any  other  quantity,  except 
icfclf  or  unity.  And  it  is  called  compound  when  it  is  exadtly  divifible  by  fomO' 
other  quantity.  Thus,  for  example,  ^  +  ^i  ^a  +  atx,  x^  —  aax  +  aah^  and 
fuch  others,  will  be  prime  or  fimple.  But  ab  is  compound,  becaufe  divifible  by^ 
a  or  b.  So  aa  -*  xx  is  compound,  becaufe  divifible  by  ^  +  x  or  41  —  jrw 
And  fo  of  others. 

Two  or  more  formulas  are  relative  primes^  when  they  have  no  common  di« 
vifor,  and  that  the  leflcr  is  not  a  divifor  of  the  greater.  Such  between  them* 
felves  will  be  aa  and  bb.  Alfo  aa  +  ^ab  +  bb  and  aa  +  bb^  &c.  And  otk 
the  contrary,  they  are  abfolutely  and  relatively  compound,,  between  ihernfelvcs, 
when  they  have  fome  common  divifor^  or  that  ont  of  thtm  can  diviile  the 
other.  Such  are  aa  and  ab^  which  are  L  'h  divifi.ble  by  ^  ^  fuch  are  aa^^^  xae 
and  a  +  Xj  which  are  divifible  by  ^  +  x,  cvc. 

In  order  to  have  all  the  fimple  divifors  of  any  quantity,  either  numeral,  or 
literal,  or  mixt,  it  muft  be  divided  by  the  l^ift  of  it's  divifors,  and  the  quotient 
again  by  the  lead  of  it's  divifors^  and  (0  on  continually  till  a  quotient  arifes^ 

which 
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which  can  no  longer  be  divided  except  by  itfelf.  The  quantities  thus  arifing, 
unity  being  comprehended  among  them,  will  be  all  the  finiple  divifors.  And  if 
they  are  taken  two  by  two,  three  by  three,  and  fo  on  •,  according  to  all  the  com- 
binations poflible,  they  will  give-likewife  all  the  compound  divifors. 

For  example,  let  us  find  all  the  divifors,  fimple  or  compound,  of  the  number 
300.  Let  the  given  number  300  be  wrote  at  A,  and  at  one  fide,  as  at  B,  fet 
down  it's  lead  divifor,  as  2.  Then  dividing  by  2,  write  the  quotient  150  at  A 
under  300 ;  and  again  divide  this  number  150  by  2,  and  over  againfl:  it  at  B 
write  the  divifor  2,  and  the  quotient  75  at  A  under  the  firft  quotient  150* 
Now,  becaufe  75  is  not  divifible  by  2,  let  it  be  divided  by  3,  and  write  the 
divifor  3  over  againft  it  at  B,  and  under  it  at  A  the  quotient  25.  The  leaft 
divifor  of  25  will  be  5,  which  muft  be  wrote  over  againft  it  at  B,  and  the 
quotient  5  under  it  at  A.  The  laft  quotient  5  is  not  diviflble  unlefs  by  itfelf; 
therefore  it  muft  be  wrote  afide  at  B,  and  we  (hall  have  all  the  prime  divifors  ; 
to  which  we  may  add  unity,  becaufe  it  is  always  a  divifor  of  any  quantity. 
Now  to  have  all  the^compound  divifors,  according  to  all  the  combinations,  let 
the  firft  and  fecond  divifors  be  multiplied  together,  and  the  produtft  4  be  wrote 
at  B  over  againft  the  fecond  divifor.  By  the  third  divifor  let  all  above  it  be  muU 
fiplied,  and  let  the  produfts  6,  12,  be  wrote  afide,  fetting  down  but  once  thofe 
that  may  chance  to  be  repeated.  In  like  manner,  by  the  fourth  let  all  above  it 
be  multiplied,  and  the  produdts  fet  down  as  before  :  and  fo*  on  fucceflSvcly  to 
the  laft.  Now  the  numbers  wrote  at  B  will  be  all  the  divifor*  of  the  propofcd 
Humber  300. 

A.    »• 

I 
300    2 
150    2   4 
75        3      ^     12 

25      5   10   15   2Q    30    60 

5    S  ^5  50  75  100  15^  300 
I 

Let  the  given  formula  be  aiaib,  of  which  we  are  to  find*  all  the  divifors.  As 
it  is  not  divifible  by  2,  let  it  be  divided  by  39  which  is  to  be  wrote  over  againft 
it  at  B,  and  the  quotient  yai^lf  under  it  at  A.  Let  yati  be  divided  by  7,  which 
h  to  be  wrote  over  againft  it,  and  the  quotient  alk'  underneath.  Let  ai^i  be 
divided  by  a,  which  is  wrote  afide,  and  the  quotient  tk  under  it.  Then  divide 
W  by  ^,  which  is  wrote  afide,  and  the  quotient  t  underneath.  This  is  to  be 
divided  by  ^,  and  wrote  over  againft  it ;  and  then-  we  (hall  have  all  the  prime 
divifors  r,  3,  7,  /i,  ^,  ^,  of  the  propofed  quantity.^  To  have  thofe  that  arc 
compound  we  muft  multiply  3  into  7,  and  the  produft  is  21.  Multiply  3,  7, 
21  into^,  and  the  produdls  are  3^,  7^,.  21a.  Multiply  all  the  divifors  3,  7, 
^^}  ^y  3^9  7^9  2ia  into  ^,  and  there  will  arifc  3*,  7^,  ai^,  alf,  ^aby  jab,  iiaii. 

and. 
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tnd  fo  proceed.  Thus  the  column  £  will  contain  all  the  divifors  of  the  quamicy 
propofMj  both-fioiple  and  compound. 

A.  B« 

I 

jai^i  7  21 

aifi  a  3a       7^     sia 

1^6  k  %b       'jb     l\b         ab     ^ab     fab      ziab 

b  b  bb     ^bb     *]bb     iibb    nbb     ^abi     yabb     iiabb 
I 

In  like  manner,  let  labb  —  6aac  be  given.  Let  it  firft  be  divided  by  a, 
and  the  quotient  abb  —  2^^  ^J  ^9  ^^^  ^'^^  "^^  quotient  bb  •—  ^ac  by  itfelf, 
as  being  diviiible  by  no  other  quantity.  And  therefore  all  the  divilbrs  will  be 
as  in  the  column  B. 

A.  B. 

2abb  —  6aac  2 

iibb  — •  2^ac  a^  2a 

bb  —  ^ac  bb  —  ^c^  abb  —  Gac^  abb  —  ^aac,  aabb  —  641^ 

I 

Compound  56.  But  if  the  laft  quotient,  or  perhaps  the  formula  itfelf  at  firft  propofed» 
^fTwd'**^^^  ftill  be  compound,  and  yet  is  not  divifiblc,  after  the  foregoing  nunner,  by 
any  (imple  quantity,  fo  that  all  it's  divifors  are  compound  terms;  the  way  of 
obtaining  them  is  different,  and  may  be  thus.  The  quantity  is  to  be  fet  in  otder 
according  to  fome  one  of  it*s  letters^  as  has  been  already  (hown  at  §  24 ;  and 
if  there  are  fraftions,  they  muft  be  reduced  to  a  common  denominator.  Then 
all  the  divifors  of  the  laft  term  muft  be  found,  compounded  of  numeral  divifors 
if  there  are  any,  and  of  the  letter  of  one  dimenfion.  And  if  the  greateft  cerm 
has  a  numeral  co-efficient,  it  muft  be  divided  by  fome  one  of  thofe  divifors,  by 
which  that  co-efficient  of  the  greateft  term  is  divifible.  By  every  one  of  thdc 
divifors,  firft  added  and  then  fubtradted  from  the  letter,  by  which  the  formula 
is  ordered,  the  divifion  muft  be  tried  ;  and  all  thofe  by  which  it  lucceeds  will  be 
fo  many  divifors  of  the  propofed  quantity. 

Let  the  formula  y^  —  40^*  +  ga^y  —  2a'  be  given.  The  divifors  of  one 
dimenfion  of  the  laft  term  are  a  and  2a.  Therefore  the  divifion  muft  be  tried 
by  each  of  thefe  added  to  the  letter  y,  or  fubtradled  from  it,  becaufe  the  co» 
efficient  of  the  greateft  term  y  is  unity  5  that  is,  hy  y  ±  a,  or  by  jr  ±  m« 
Firft  let  it  be  divided  by  ^  —  2a,  and  the  quotient  is  yy  —  zay  +  aa,  which 
alfo  is  divifible  by  j  —  a,  giving  >  —  a  in  the  quotient.  Wherefore  the  di* 
Tifors  of  the  formula  propofed  are  jr  —  ^i  J^  -~  ^>  ^d  J  *^  ^^9  ^^^^^  ^^ 
produA  of  which  it  is  derived* 
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Let  the  formula  be  6y*  —  ay^  —  aiaayy  +  ^a^y  +  aotf*.    The  divifors  of 
one  dimenfion  of  the  lad  term  are  a,  aa^  40^  ^a,  loa^  zoa ;  and  becaufe  the 

firft  term  6y  is  divifible  by  i,  2,  and  3,  wc  muft  try  the  divifion  by  j^  ±  "-^^> 

y±—  tf,  y±  —a,y±  —a.    But  becaufe  it  would  be  too  tedious  and 

troublefome  to  try  all  thefe  divifors  ;  in  order  to  know  among  fo  many  which 
are  to  be  felededj  we  may  make y  zz  z  +  a-,  and  fubftituting  this  in  the  place 
©f  y,  and  alfo  it's  powers,  there  will  arife  another  formula,  which  is  this» 

62*  +  24^2'  +  ^6aazx  +  240'^  +     6a^ 

«.  az^  —     ^aazz  —    ^i^z  —       d^ 

—  2iaazz  -—  42^*2:  —  2itf* 

+     3«*2  +     3^ 

+    204* 

Which  by  collefting  the  terms  will  be  this. 

Now  all  the  divifors  of  the  laft  term  ja^  of  this  formula  are  found'  to  be  m 
and  ya^  which  divided  by  2  and  by  3,  the  numeral  divifors  of  6z\  will  make 

-r- «,  "T"  *>  —  ^>  -^^.     And  becaufe  if  was  made  y  ~  z  +  a^  if  thefe: 

23'a'3  ~  -^ 

divifors  can  be  made  ufe  of  in  the  fecond  given  formula  by  z,  they  will  alfo  be 
tifeful  in  the  firft  by  y,  when  they  are  increafed  by  the  quantity  a,  that  is  by 

making  them -5- tf,  —  ^,  -^a,  —a.    Therefore  let  thefe  divifors  be  com- 

2323 

pared  with  the  divifors  of  the  firft  formula,  and  choofe  only  thofe  which  agree: 
with  them,  that  is  —  ^  and  —a.  by  which  added  to  and  fubtra<^ed  from  y,. 

3  3  "^ 

ihe divifion  muft  be  tried ;  which  will  fucceed  with  f  +  ^a.     Fiit  notwith- 

3 

(landing  this  operation,  if  there  Ibould  ftill  remain  too  many  divifors  to  be- 
felefted  by  this  compariibn,  we  may  make  ^  =  z  —  tf,  and  another  fbrmula 
will  arife.  From  the  divifors  found  by  this,  the  quantity  a  muft  be  fubtradled, 
and  then  they  are  to  be  compared  with  thofe  which  are  feleAed  by  means  of  the 
fecond  ;  and*  by  them  which  agree,  which  will  be  fewer  in  number,  the  divifion 
is  to  be  tried.  And  proceeding  in  the  fame  way  of  operation  by  new  fubfti- 
tutions,  making  ^  =  z  +  24,  jr  =  z  —  2^,  &c.  the  divilbrs  may  be  reduced 
to  fuch  fmaller  numbers  s»  wlU  be  fufficiexic. 

57.  When* 
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How  the  eo-  SJ.  Whet)  the  propofed  formula  has  it*s  firft  or  greatcft  term  multiplied  by 
efBcIent  oF  aoy  number,  inftead  of  applying  the  rule  aforegoing  to  this  cafe,  it  may  be 
^^^a  ^bc  ^r*"  ^^^^^  convenient  to  change  the  formula  into  another,  the  firft  term  of  which  ii 
moved.  *  multiplied  only  by  unity ;  and  then  find  the  divifors  of  the  fame,  from  which 
you  may  afterwards  pafs  to  thofe  of  the  propofed  formula. 

Let  the  formula  be*  for  example, 

+  zhy  +    9^^J 

Make  ^y  zz  z^  (or,  in  general,  yy  =  s,  putting  n  to  reprefcnt  the  oumcral 

co-efficient  of  the  higheft  power,)  and  thence  y  zz:  —  z.     This  being  fubfti- 

ruted  inftead  of  j^,  and  it's  powers  exprelled  in  like  manner,  we  (hall  have  the 
formula  2'  +  9^:3*  +  3^2'  —  36^*2  +  z^ahz  — -  loStf'^,  all  divided  by  9. 
Let  the  divHors  of  this  be  found,  (at  prelent  omitting  the  denominator  9,) 
which  will  be  2  +  i2<7,  ^  —  3^,  z  +  3^ ;  and  taking  account  of  the  deno- 
minator 9,  one  of  thcfe  is  to  be  divided  by  9,  or  two  of  them  by  3,  and  they 

will  be,  for  example,  z  +  iia^  ^  "  ^'^  ,  ^9  but  it  was  made  3V  =  z  ; 

and  fubftituiing  this  value  of  2  in  the  divifors,  they  will  become  ^  +  XTMm 
y  ^  a^  y  +  h  which  are  the  three  divifors  of  the  formula  propofed. 


■jm 
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Of  Equations  J  and  of  Plane  Determinaie  Problems. 


Equationg  58.  Equation  is  a  relation  of  equality,  which  two  or  more  quantities,  whether 

and  their  numerical,  geometrical,  or  phyfical,  have  with  one  another  when  compared 
wlm?^"*  together ;  or  which  they  have  with  nothing  when  compared  to  that.  ^  The 
aggregate  of  all  thofe  terms  which  are  wrote  before  the  mark  of  equality,  is 
called  the  Firft  Member  of  the  Equation  ;  and  the  aggregate  of  all  thofe  which 
are  wrote  after  it,  is  called  the  Second  Member,  or  the  Hemogefteum  Compare 
tionis.  Thofe  terms  of  the  equation  are  homogeneous,  when  each  of  thcni  is 
of  the  fame  dimenfion  ;  and  therefore  in  an  equation  they  are  faid  to  obfcrvc 
the  law  of  homogeneity,  as  in  this  equation  axx  —  bbx  zi  «*.  And  thus,  on 
the  contrary,  they  arc  faid  not  to  obfervc  the  law  of  homogeneity,  when  the 
terms  are  not  fuch,  as  in  this  equation  :^  --^  aK^  zz  b. 

59.  A 
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59.  A  Problem  is  a  propofition  in  which  it  is  required  to  do  or  to  find  fomc-  A  problem, 
thing,  by  means  of  other  things  which  are  known,  or  of  certain  conditions  '^'^^^ 
which  are  given,  and  therefore  called  the  Data  of  the  Problem.    So  thofc  things 
which  are  required  are  the  ^afita  of  the  Problem. 


Fig.  I. 


60.  Of  Problems  (bme  are  Determinate^  and  others  Indeterminate.    The  deter-  When  pro- 
'  rriinate  are  thofe  which  have  a  certain  number  of  Iblmions,  or  which  can  beblcm«arc 
rcfolved  by  one  or  more  determinations,  but  always  in  a  finite  and   limited  ^^^™"l**f^ 

number.     Such  it  would  be  if  we  fhould  inquire,  ^,.r^,inate"  *^ 
where  we  ought  to  cut  the  ri^ht  line  AB,  fo^that 
A  6  B        the  whole  line,  to  it's  greater  fcgment,  fhould  have 

the  fame  ratio,  as  the  greater  fegmcnt  to  the  leffer. 
Bccaufc  one  point  only  can  be  afligncd  in  this  line,  for  example  C,  which  will 

have  the  property  required.     The  fame  thing 
Fig.  2.  would  be,  if  in  a  given  circle  AED  we  were 

to  find  a  ^wint,  fuppofe  C,  in  the  diameter 
AD,  from  whence  raifing  a  perpendicular 
CE,  terminated  in  the  periphery ;  this  per- 
pendicular (hould  be  jufl:  equal  to  a  third 
part  of  the  diameter.  For  there  are  only  two 
points,  each  at  an  equal  diflance  from  the 
C      i)     centre,  that  can  fatisfy  this  demand. 

Now  if  it  were  propofed  to  find,  out  of  the  right  line  AD,  fuch  a  point  E,  fo 
that  drawing  from  it  two  right  lines  EA,  ED,  to  it*s  extremities  A  and  D,  the 
angle  AED  (hall  be  a  right  angle ;  it  will  be  found,  that  there  are  infinite  fuch 
points  as  will  refolve  the  problem,  or  the  whole  periphery  AED,  as  is  known 
from  Euclid^  In  the  fame  manner,  if  a  point  C  is  required  in  the  diameter  AD, 
from  whence  raifing  the  perpendicular  EC  in  the  circle,  it  (hall  be  a  meati 
proportional  between  the  fegments  AC,  DC  j  it  will  be  found,  that  all  the 
points  of  the  diameter  will  folve  the  problem  (and  therefore  fuch  points  are 
infinite  in  number) ;  which  is  therefore  called  an  Indeterminate  PnbUm. 

Determinate  problems  have  occafion  for  one  unknown  quantity  only,  but 
indeterminate  ones  of  two  at  leaft,  though  -the  manner  of  forming  an  equation 
is  the  fame  in  both.     Of  thefe  I  (hall  treat  particularly  in  Seft.  III. 


61.  The  given  or  known  quantities  are  ufed  to  be  denominated  by  the  fird  Known  End 
letters  of  the  alphabet,  as  has  been  faid  already;  but  the  unknown,  or  fuch  as  ""^"^^"* 
are  required,  by  fome  one  of  the  laft  letters.     And  here  it  may  be  obferved,  how  diOiH- 
that  if  the  quantity  fought  is  a  line,  it  ought  always  to  have  it's  origin- or  be-  guifhcd. 
ginning  at  fome  determinate  fixed  point.     And>A  that  which  is  required  is 
already  fuppofed  to  be  done  or  known,  by  calling  it,  for  example,  x  ;  fo  that 
lirom  thefe  quantities  fuppofed  as  known,  others  that  depend  on  them  come  to 

G  be 
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be  known  or  given,  as  it  were  by  hypochefis. 
1'hus,  AD  =  a  being  given,  and  C    being 
fsjppofed  the  point  required,  and  therefore 
calling  AC  x-,    it  will  be  CD  =  #  ^^  jr; 
and  thus  we  may  argue  of  feveral  others.   And 
further,  though  many  of  the  quantities  are  noc 
exprefsly  given,  like  as  in  the  line  AD  ;  yet, 
however,  they  are  given  implicitly,  and  as  it 
were  by  conftrudtion.     Thus,  in  the  right^ngled  triangle  AED,  if  the  hypo- 
thenufc  AD  zr  ^  is  given,  and  the  fide  ED  z:  b ;  then,  by  the  47th  propofitioa 
of  the  firft   Book   of  Euclid^    the  fide  AE  zi   \/aa  -  bb   will  be  therefore 
given.     Thus,  in  the  femicircle  AED,  the  diameter  AD  =r  a  being  given^ 
and  the   fegment   AC  n  ^,    it  will  be   CD  n  j  —  b ;   and   therefore,    by 
Euclid  J  vi.  8,  it  will  be  CE  zi  \/  ab  -  lb*    Or  becaufe  AC  was  called  k^  it  will 
be  CE  =  ^ ax  ^  XX 9  which  is  given  both  by  hypothefis  and  by  conftruftioiu 

Thus,  in  the  right-angled  triangle  ACB,  from  the 
right  angle  B  letting  fall  the  perpendicular  BDj 
let  be  given,  for  example,  the  two  lines  AC  :s  a^ 
and  AB  zz  ^;  then  in  like  manner  will  be  given 
all  the  other  lines  BC,  BD,  AD,  DC.  For  BC  = 
^aa  '^  bbj  by  EucUd,  i*  479  ^s  faid  before.  And 
by  vi.  8^  CD  will  be  a  third  proportional  to  AC 

and  CB  ;  wherefore  it  will  be  CD  zz  ^"^    ,  by 


^'l*  $• 


the  17th  of  the  fame  book, 
and    therefore    AD    zz    • 


bb 


AD  will  be  a  third  proponional  to  AC  and  AB^ 
- .     DB  will  be  a  mean  proportional  between  AD 


-Kff.  4 


and  DC  ;  or  elfc  it  will  be  a  fourth  proportional  to  AC,  CB,  AB,  and  tbere« 

fore,  by   16  of  the  fame  book,  it  will  be  DB   ss- 

— flZ—  .    Thus,  in  the  right-angled  triangle  ABC^ 

if  DH  is  parallel  to  BC,  and  are  given  AB  :^  a, 
BC  =  by  AD  =  X  i  then,  by  4  of  vi.,  will  be  given 

DH  =  -^,  AH  =  ill^^±5.  And  the  fame  may 

be  obferved  of  infinite  otiicrs. 

Equations  62.  Thus,  by  fuppofing  that  already  done  or  known,  which  is  to  be  done  or 

how  derived,  fcnown,  and  by  treating  given  and  fought  quantities  indifferently,  all  the  con*. 

ditions  may  be  fulfilled,  which  are  required  by  the  propofition  or  problem,  and 
^.  we  (hall  thus  arrive  at  an  equation.     Let  there  be  a, 

^^'  '*  right  line  AB,  which  is  to  be  cut  in  extreme  and 

A  d         B     tncAti  proportion.    "Let  AB  zz  a,  and  let  C  be  thc: 

point 


3£CT.  If. 


ANALYTICAL      INSTITUTIONS. 


43 


point  required.  Let  AC  =  x^  and  therefore  CB  =  ^  —  sc.  The  condition 
implied  is,  that  it  ought  to  be  AB  .  AC  ::  AC .  CB;  that  is,  a  .  x  \\  x  .  a  ^  x. 
But  by  the  nature  of  a  geometrical  proportion,  the  reftangle  of  the  means  muft 
be  equal  to  that  of  the  extremes  ;  fo  that  aa  -^  ax  z=z  xx^  and  thus  we  are  now 
come  to  an  equation.  Again,  let  there  be  three  numbers  given,  the  firft  is  4, 
the  fecond  is  5,  and  the  third  is  lo.  A  fourth  number  mud  be  found,  fuch 
that,  if  from  the  produdt  of  this  into  the  third  the  firft  be  fubtracled,  and  if  the 
remainder  is  divided  by  the  firft,  the  quotient  fliall  be  equal  to  the  fecond 
number  given.  Let  the  number  fought  be  denoted  by  a;  ;  then  the  produdt  of 
this  into  the  third  will  be  lov,  from  which  fubtrading  the  lirft,  the  remainder 

will  be  10.V  —'4,  and  dividing  this  by  the  firft,  the  quotient  will  be 

T 

which  by  the  condition  of  the  problem  iliould  be  5,  that  is  ^ — ^^zz  5,  which 
is  the  equation  required. 


lojr  *-  4. 


^ir-4 


Again,  in  the  triangle  ABC,  are  given  the  fides 
AC  iz  J,  BC  z:  by  and  the  bafe  AB  rr  r ;  we  are 
to  find  in  this  fuch  a  point  D,  that  drawing  DH 
parallel  to  BC,  the  fquare  of  DH  may  be  equal  to 
the  reftangle  AD  x  DB.  Make  AD  =  x.  whence 
DB  =  f  —  x-  i  and  becaufe  of  like  triangles  ABC, 

ADH,  it  will  be  DH  =  -^  .     Then  by  complete 

ing  v/hat  the  problem  requires,  we  ftiall  have  the 

equation   — ^-  zz  ex  ^  xx. 


t3 


Fig.  2. 


63.  If  the  given  triangle  ABC  is  right-angled  at  B,  we  ftiall  have  no  need  Some  lines 
to  denominate  AC  =  tf,  but  otherwife  =  ^^W+Tc,  to  exprefs  thereby  the''^^ ^^"^™^- 

condition  of  a  right-angled  triangle.  Thus  "„^t^'rcncc. 
in  the  femicircle  AED  is  given  the  diameter 
AD  =:  2J,  and  the  fegment  AC  =  i ;  hence 
confcquently  is  given  the  line  CE,  and  there- 
fore it  ought  not  to  be  exprefl'ed  by  a  letter 
at  pleafure,  but  to  be  denominated  from  the 
property  of  the  circle,  by  making  it  = 
V  2ab  —  bb  ;  thereby  exprefsly  to  indicate,  that 
it  is  an  ordinate  in  the  circle  at  the  point  C. 
And  in  general  it  is  to  be  underftood,  that  the 
fame  ought  to  be  done  in  all  like  cafes. 

•64.  But  perhaps  it  may  makefome  difficulty,  that  very  often  the  lines  given  ^^^^^  line«  to 
in  a  figure,  by  which  the  problem  is  propofed,  are  not  fufficient  to  obtain  fuch 
quantities  or  denominations,  as  are  neceflary  to  arrive  at  an  equation.     Such  a 

G  2  cafe 


44 


A21ALYTICAI.     INSTITUTION  ff» 


BOOK  U 


care  would  be,  if  tvo  indefinice  right  lines 
AE,  AF»  were  given  in  pofition,  and  s  point 
C  out  of  thofe  lines  :  and  if  it  were  propofed 
to  draw  a  line  CF  in  fuch  a  manner  from  the 
point  C,  as  that  it  Ihould  include  a  triangle 
AEF,  equal  to  a  given  plane.  The  ezpreflion 
of  the  triangle  AUF  would  be  half  the  redtangle 
of  AF  into  EG,  letting  fall  EG  perpendicular 
to  AF.  Now  make  AF  =  x ;  but  yet  it  will  not  be  poffible  to  determine  the 
value  of  EG  from  the  lines  hitherto  defcribed.  Upon  fuch  occafions  it  will  be 
neceflary  to  conftrudl  or  complete  the  figure,  by  drawing  parallels,  raifing  or 
letting  fall  perpendiculars,  forming  fimilar  triangles,  describing  circles,  or  by 
iifing  the  like  expedients  of  the  common  Geometry  ;  for  which  it  is  not  poflH>Ie 
to  give  any  general  rules,  as  they  will  depend  on  the  various  circumffamces  of 
problems,  on  fagacity,  induftry,  and  pra6lice,  and  often  upon  chance.  But 
commonly  thefe  proportions  of  the  firft  Book  of  Euclid  are  ufed  to  be  of  good 
fervice,  5,  13,  15,  27,  29,  32,  47;  fome  of  thefecond;  thefe  of  the  thirds 
ao,  21,  22,  27,  31,  35,  36;  thefe  of  the  fixth,  i,  2,  3,  4,  5,  6,  7,  8; 
and  fome  of  the  nth  and  12th  when  folids  are  concerned.  Therefore,  m  the 
problem  now  propofed,  from  the  point  C  draw  CD  parallel  to  £A,  and  EG, 
CB,  perpendicular  to  FA  produced.  Now  becaufe  the  right  lines  AE,  AF,  ate 
given  in  pofition,  and  alfo  the  point  C ;  the  lines  AD,  CB,  will  be  given  in 
magnitude.  Therefore  make  AD  zz  a,  CB  =  b,  AF  =  *,  and  let  the  given 
plane  be  =:  cc.  And  as  the  triangles  FDC»  FAE,  are  fimilar,  as  alfo  the  tri- 
angles DCB,  AEG  ;  we  (hall  have  the  analogies  DF  .  AF  ::  (DC  •  A£  :t) 


BC  .  EG.     That  hy  a  +  x  .  x  \\  b  .  EG.     Therefore  EG  = 


XV 


a-^x 


And  be* 


caufe  the  triangle  AEF,  that  is,  half  the  redlanglc  of  AF  into  EG,  ought  ta 
be  equal  to  the  given  plane  cc,  we  (hall  at  laft  have  the  equation 


2a  4-  2X 


=    CCm 


Equatxoni         6$.  The  propofing  of  the  problems  only,  which  hitherto  I  have  taken  for 

how  formed   examples,  has  brought  me  immediately  and  direftly  to  an  equation  ;  becaufe  it 

tSuif*^*the^  was  required  that  the  two  quantities  fo  found  Ihould  be  made  equal.     But  this 

iamcquan-     method  will  not  thus  fucceed,  when  from  certain  quantities  given,  it  (hall  be 

tity.  propofed  to  find  others,  without  fuch  a  condition  as  will  lead  us  exprefsly  ta  an. 

equation.     Then  it  may  be  needful  to  ufe  a  little  art  to  obtain  ir,  and  that  will 

be  by  means  of  different  properties,  and  compounding  the  figure  if  neceflfary^ 

to  find  two  different  expreflions  of  the  fame  quantity,  and  fo  to  make  an  equa* 

tion  between  them.     I  faid  by  means  of  different  properties,  becaufe  the  fame 

property,  however  managed,  will  always  give  the  fame  expre(rion,     1  (ball 

produce  three  examples  of  this9  wiiicb  I  think  may  fulHce  at  prefent. 


Givea 
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Fig.  6. 


Given  the  ifofcelcs  triangle  CDB,  the  diameter 
AB  of  the  circle  CADB  is  required,  in  which  it 
may  be  infcribed.  Make  CD  zz  a^  CB  =  BD 
=  by  BA  =:  x^  which  is  the  diameter  required ; 
and  draw  CA.  The  two  triangles  ABC,  BC£| 
will  be  (imilar,  becaufe  the  angles  BCA  and  CEB 
are  right  ones,  and  the  angle  BCE  =  BDC  = 
BAC,    Therefore  it  will  be  AB  .  BC  ::  BC  .  BE  j 

that  is,   ;c  .  ^  ::  ^  •  BE;   whence   BE  z=   — . 

m 

Moreover  CE  is  the  half  of  CD,  whence  CE  z:  -^a. 


And  becaufe  of  the  right-angle  CEB,  it  will  be  CBj  =  —  + 


But  the 


fquare  of  CB  is  alfo  =s  bi.    Therefore  we  (hall  hive  the  equation  ib  = 


aa 


XX 

^^i*  7*  A  In  the  triangle  ABC  the  three  fides  are  given,, 

and  from  the  angle  A  letting  fall  the  perpendicular 
A£  upon  BC ;  the  two  fegments  BE,  EC  are  re» 
quiFed.      Make   AB  =  a,    AC  =z  if    BC  z:  r, 
BE  =  X ;  then  it  is  EC  =  ^  —  ;r.    By  the  47  of 
the  GltA  of  Euclid^  the  fquare  of  AE  will  be  equal 
to  the  fquare  of  AB,  fubtradting  the  fquare  of  BE  ; 
that  is  AEf  =  ABjr  -—  BE;.     But  by  the  fame 
it  will  be  alfo  AEq  =  ACj  —  EC;.     There- 
fore  AB;  —  BEf  =  AC^  —  £C;«    And  reducing  to  an  algebraick  ex* 
preffion,  it  will  be  aa  ^^  xx  :=z  ii  -^  cc  +  2£x  —  xx,  that  is,  aa  'zz  bb  —  cc 
+  2tx. 

Again  another  way.   Let  £F  be  drawn  perpendicular  to  AB ;  then,  by  the  8  of 

the  fixth  of  Eutlid,  it  will  be  AB .  BE : :  BE .  BF;  and  therefore  BF = -^.  Thence 

a 


AF  =  a 


XX 


And,  by  the  fame  proportion,  it  win  be  AF  •  A£ ::  A£ .  AB;. 

and  therefore  AE;.  z:  aa^-^  xx.    From  the  point  E  dmwing  the  right  line 
£M  perpendicular  to  AC,  by  the  fame  way  ot  arguing  it  will  be  found,  that 
AE;  =  bb  ^  cc  +  icx^-^xx;  aod  making  a  compariibn  between  thefe  twa^ 
values,  we  (hall  have  the  fame  ec^uation  as  before^ 


The 
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Fig-  8.  The  quadrant  AHM  being  given,  and  the  tan* 

gents  AI,  HK,  of  the  two  arches  AM,  HD  s  it  is 
required  to  find  AB  the  tangent  of  the  fum  of  thcfe 
two  arches.  Make  the  radius  CA  =  a^  AI  =  b^ 
HK  =:  r,  and  AB  =  at.  To  obtain  an  equation, 
from  the  point  D  let  be  drawn  DE  perpendicular 
upon  AC.  Then  by  the  fimilar  triangles  CBA, 
CDE,  we  may  find  the  values  of  CE  and  DE.  L.et 
us  examine  then  if  we  cannot  contrive  to  denonii-i 
natc  the  fame  DE  in  another  manner.  Therefore 
drawing  DF  perpendicular  to  CH,  by  means  of 
the  fimilar  triangles  CAl,  CEO,  we  may  have  the 
lines  EO,  CO ;  and  in  like  manner^  by  means  of  the  fimilar  triangles  CHK, 
CFD,  we  may  have  the  line  FD ;  and  from  the  fimilar  triangles  CEO,  FOD, 
we  may  obtain  OD ;  whence  we  fliall  finally  arrive  at  OD  in  another  manner, 
independent  on  the  firft,  and  then  ED  =  EO  +  OD,  which  will  give  us  an 
analytical  equation. 

I  have  here  produced  the  order  of  arguing  only,  which  might  be  ufed  to 
bring  us  to  an  equation  ;  omitting  the  adual  operation,  becaul'e  the  problem 
will  be  completely  lolvcd  in  another  place. 


How  we  arc 


arc  con- 
cerned. 


Fig.  9. 


66.  It  will  often  require  fome  particular  expedients  to  be  made  ufe  of,  in 
to  proceed     f^ch  problems  in  which  angles  arc  concerned  ;  for  by  fome  artifice  we  muft.pafs 
angci  ^^^^  ^j^^  properties  of  angles  to  ibofe  of  lines,  which  may  enter  the  problem  in 
their  flead.     I  will  take  an  example  of  this  from  the  loth  propofition  of  the 

fourth  Book  of  Euclid.  Let  it  be  required,  upon 

the  given  right  line  AB,  to  conflruft  an  ifofceles 

triangle  ABC,  of  which  the  angle  at  A  (hall  be 

half  of  either  of  the  angles  ABC,  or  ACB» 

Let  the  triangle  ABC  be  fuch  a  triangle,  and 

therefore  the  two  angles  ACB,  ABC,  will  be 

equal  to  each  other,  and  thence  the  fides  AG^ 

AB,  will  alfo  be  equal.     Let  the  right  line  CD 

be  drawn  in  fuch  a  manner,  that  it  may  bifeft 

the  angle  ACB.    Then  the  two  triangles  ACB^ 

CDB,  will  be  fimilar,  from  whence  we  fhall  have  this  analogy,  AB  •  EC  z: 

BC  .  BD.     But  it  is  BC  =  DC  =  AD,  and  therefore  it  will  be  AB  •  AD  :: 

AD  .  DB.     And  now  fee  the  problem  propofed  reduced  to  another,  which  i^ 

to  divide  the  given  line  AB  in  extreme  and  mean  proportion.     Wherefore  thb 

fecond  problem  being  refolved,  the  point  D  will  be  found,  and  the  problem  at 

firfl  propofed  will  then  be  folved.     For  bifefting  DB  in  E,  and  raifing  the 

perpendicular  EC,  it  will  meet  in  C  an  arch  BC,  which  is  defcribed  with  radius 

AB  from  the  centre  A.    Then  if  from  the  point  found  C  we  draw  the  lines 


CA^  C6,  the  triangle  ACB  fhall  be  fuch  as  is  required. 


67.  Now 
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67.  Now  when  the  equation  of  a  problem  is  found,  all  that  remains  to  be  Equations 
done  is,  to  derive  the  value  of  the  unknown  quantity  from  it;  that  is,  to  re- ^^^ '^^^^"^* 
duce  the  unknown  quantity  to  be  equal  to  fome  known  and  given  quantities, 

in  which  confifts  the  folution  of  the  problem.     And  this  is  called  the  Rcfolution 
$/  tVe  Equation. 

'   For  this  purpofe  we  muft  call  to  our  affiftance  the  following  Axioms. 

I.  If  to  two  equal  things  we  (hall  add  equals,  or  if  we  (hall  fubtraft  equals 
from  them,  the  fums  or  the  remainders  will  alfo  be  equal. 

a.  If  equal  things  are  multiplied  or  divided  by  equals,  the  products  or 

quotients  will  alfo  be  equal. 

■  « 

3.  If  from  equals  a  root  be  extradled  with  an  equal  index,  the  roots  or 
quantities  refulting  will  be  equal. 

4.  If  equals  are  raifed  to  a  power  with  an  equal  index,  thofe  powers  or  re- 
fulting  quantities  will  be  equal. 

From  the  firft  of  thefe  axioms  we  learn,  that  if  we  (hould  defire  that  any 
term  of  an  equation,  which  is  on  one  (ide  of  the  mark  of  equality,  (l}Ould  pafs 
to  the  Other  (ide  i  this  may  always  be  done  without  dcftroying  the  equality  of 
the  terms.  Let  the  equation  be  ax  +  it  zz  ^  xx  +  cc;  if  we  add  xx  to  both 
the  members  of  this  equation,  it  will  be  ax  +  ii  +  xx  zn  xx  -^xx  +  cCy  in 
which  XX  —  XX  expunge  one  another,  and  there  will  remain  ax  +  bb  +  xx  zz  cc, 
where  the  term  xx  has  pafled  into  the  firft  member  of  the  equation ;  from  whence 
if  bb  is  to  be  taken  away,  it  will  be  ax  +  bb  +  xx  —  bb  =  cc  —  bb ;  but 
bb  —  bb  expunging  one  another,  the  remaining  equation  will  be  ax  +  xx  :::=^ 
€c  —  bby  where  the  term  bb  has  pafled  into  the  fecond  member  of  the  equation. 
Wherefore  in  general,  when  we  would  have  any  term  pafs  from  one  (ide  of  the 
equation  to  the  other,  it  will  be  enough  to  expunge  it  on  one  fide,  and  write  it 
on  the  other  with  it's  (ign  changed.  In  confequence  of  this,  we  may  at  pleafure 
make  a  term  po(itive  which  in  the  equation  is  negative,  and  fo  on  the  contrary  j' 
and  that  will  be  by  writing  it  on  the  oppofite  fide,  and  changing  it's  fign. 
Therefore  aa—'xx^bb  will  be  the  fame  as  ^^  —  W  =  xx^  or  xxzzaa^^  bb. 
Wherefore  if  there  (hall  be  the  fame  term  on  each  fide  of  the  equation,  and 
affeAed  with  the  fame  (ign,  they  may  both  be  expunged  without  injuring  the 
equation.  As,  if  it  were  ax  —  xxr^bb  —  xx^  it  would  be  reduced  to  ^  =  bb. 
For,  iranfpofing  the  term  —  xx^  it  would  be  then  ax  +  xx —  xap  =  bb^  where 
XX  —  XX  deftroy  each  other.  The  fame  thing  would  follow,  if,  in(lead  of 
tranfpofing  the  term  which  is  common  to  both  members,  it  were  added  to  both 
if  in  the  equation  ic  were  negatiye,  or  fubtra^ed  from  both  if  a&mative. 

68.  From  the  fecond  axiom  we  learn^  that  if  an  equation  (hould  have  frac- Reduced  bf 
tions  in  it,  it  may  always  be  freed  from  them  without  prejudice  to  the  equation;  muUiplica- 
by  reducing  every  term  to  a  commoa  denominator,  and  then  rejcfting  tha*^*** 

deno« 
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denominator :  bccaufe  equal  qnantities  multiplied  by  equals  make  equal  pro- 
duifls.     Let  the  equation  bcji  —  ~  =  ^.     Reducing  all  to  a  common  deno« 

minator,  it  will  be  — ^^-^  =  -y  ,  and  multiplying  all  by  b,  or  reje<Sling  the 

common  denominator,  it  will  be  ah  —  xx  '=.  bb.  And  if  befides  wc  would 
have  the  term  —  xx  to  be  pofitive,  it  will  be  cb  ^^  bb  +  x.v,  or  oclierwife 

XX  -TL  ab  —  hb.  Let  the  ecjuaiion  be  —  —  -^  zz  ah.  Reducing  to  a  com- 
mon denominator,  it  will  be  ^^    ""  '        z= ,  and  multiplying  all  by  za^  it 

will  be  ccx  —  ihxx  =  laab.  And  if  wc  defire  bcfides,  that  the  term  —  ^hxx 
(hould  be  pofitive,  and  moreover  that  all  the  terms  in  v/hich  the  letter  *•  is  con- 
cerned fliould  be  on  one  fide  of  the  equation,  make  fi/avc  —  aax  =  •—  %aab\ 
or  reducing  the  whole  equation  to  one  fide,  by  which  it  will  be  equal  to  no- 
thing, it  will  be  ihxx  —  aax  +  laab  =  o. 

Reduced  by       69.  By  the  fame  axiom  we  may  free  any  letter,  or  any  power  of  a  letter,  in 

divifion.        any  equation,  from  it's  co-efficient,  or  from  any  quantity  in  which  it  happens 

to  be  multiplied ;  and  that  is  by  dividing  every  term  by  that  co-efficient.     Now 

let  there  be  7,bxx  —  aax  r:  —  Q.aab^  and  let  it  be  required  to  free  the  term  Q,bxx 

from  it's  co-efficient  ^b.     Then  dividing  each  member  of  the  equation  by  the 

fame  quantity  zbj  the  quotients  ..  '^*  "  ^^*  —  _  ^±.  (hall  ftill  be  equal,  and 
therefore  xx  —  —-  zr  —  aa.  Again,  if  the  equation  is  ^at —  zz  bb  —  ^  ' 


—  bx^  and  if  it  were  defired  that  ^.v  fliould  be  pofitive,  freed  from  it's  fraAioa 
and  cO'-efficient,  and  that  all  the  terms  which  any  how  contain  the  letter  x 
fliould  be  on  one  fide  of  the  equation,  and  known  terms  on  the  other;  write 

then  2J^  +  bx  +  ax  zz  bb  +  —^  multiply  all  the  terms  by  ztf,  and  it  will 
be  ^bxx  +  labx  +  zaax  =  labb  +  -j— ;  then  divide  every  term  by  3*,  and 

the  equation  will  become  xx  +  —ax  +  ^^  zz  —ab  +  -tt-  ,   which   has 
all  the  conditions  required- 
Reduced  by     ,  70.  From  the  fourth  axiom  we  learn^  that  if  an  equation  contains  radicals  or 
raffing         furds,  it  may  be  freed  from  them,  by  writing  the  furd  term  or  terms  on  one 
fovrm.        fijg  Qf  jjjg  equation,  and  the  rational  quantities  on  the  other,  and  then  fquaring 

each  rnember  of  the  equation  if  the  root  is  quadratick,  or  cubing  if  cubick,  &c« 
Thus  if  wc  had  Vam  -  **  +  4  =  if,  wc  muft  write  it  thus,  Vaa  -m  =  *  —  a, 
4Uid  then  fquaring^  ^a-^xx  zzxx  '^  zax  +  aa,  that  is  2ax  =  2xx^  or  «  r=  ir. 

Thus 
S 


TSkw  if  the  equation  were  ^TaaT^^  —  «  +  ;r  =  o,  write  it  ^dax  -  **  =  « 
—  jr,  and  it  will  be,  by  cubing,  aax  —  x*  =  «'  —  ^iC^x  +  3«;r*  —  a:\  That  i^ 
^x  -r—  34^*  —  «'  =  o,  or  by  dividing  by  4,  4<m;  —  3**  —  ^*  =  o. 

But  if  the  radical  terms  be  two  or  more,  fo  that  they  will  not  vanifh  at  one 
operation,  it  muft  be  repeated  as  often  as  there  is  occafion.  Tims  \/^4?  =  ^  + 
'/axx  write  it  thus,  ^/bx  —  s/ax  n  n;  then  fquaring,  it  is  ^;if  —  isf  ahxx  + 
^  rr  aa^  ihat  \%hx  '\'  ax  ^^  aa  ':=:  i  V abxx.  And  fquaring  again,  bbxx  +  aaxx 
+  xi^  +  labxx  —  aaabx  —  2a^x  zz  ^bxx;  that  is  b*x*  —  labx*  +  a*x*  —  2a*bx 

'—  2a^x  +  a^  =  o.     Thus  y  zz  \/ ay  +  yy  -^  ^^^  — »  by  fquaring  will  be 

yy  zi  ay  +  yy  '^  a^ ay  -^yyy  that  is  ay  =  a^'^HJyy  qv  y  zi  V ay  -  yy*  And 
fquaring  again,  yy  zz  ay  ^  yy^  or  2y  zi  a. 

71.  Thcfe  things  being  premifed,  the  manner  of  refolving  equations  will  bcHowrqua- 
eafy,  in  order  to  obtain  the  value  of  the  unknown  quantity,  in  fuch  terms  as  ^Jons  are  to 
are  known  and  given,  and  which  ferve  to  the  folution  of  the  problem.     Butoe«"^lvc<*' 
firft  the  equations  ^re  fuppofed  to  be  freed  from  all  afymmetry,  that  is  from  ra- 
dicals, if  the  unknown  quantity  be  under  a  vinculum ;  and  then  reduced  to  the 
mod  fimple  expref^on  ;  by  expunging  fuperfluous  terms,  if  fuch  there  be  j  by 
dividing.of  each  member  that  (hall  be  multiplied  by  the  fame  quantity ;  or  by 

multiplying  if  fp  divided.    As  if,  for  example,  we  had v r  =  — r —  , 

it  would  be  reduced  to  xx  — ax  zi  aa.  Further,  by  the  firil  term  of  an  equa- 
tion is  meant  the  aggregate  of  all  thofe  terms,  which  contain  the  higheft  power 
of  the  unknown  quantity.  By  the  fecond  term  is  meant  the  aggregate  of  all 
thofe  terms  which  contain  the  next  inferior  degree  of  the  fame  quantity,  and  fo 
on.  By  the  known  term  is  meant,  the  aggregate  of  all  thofe  terms  which 
do  not  at  all  contain  the  unknown  quantity.  Whence  in  the  equation  axx  —  bxx 
T-  bbx  —  aax  =  a  *  —  b^^  or  elfe  axx  —  bxx  —  bbx  —  aax  —  tf'  +  ^*  zz  o,  the 

firft  tcrni  will  be  axx:-^  bxx^  or  J^l  x  xx.    The  fecond  will  be  —  bbx  —  aax, 

that  is  —  da ,-{-  bb  X  X.     The  known  term  is   —  a'  +  b^.     In  the  equation 

aaxx,^^  abxx  +  ^*  —  ^  — •  ^'^  =  o,  the  firft  term  will  be  aa-^ab  X  xx  ;  the 
fecond  is  wanting,  and  the  known  term  is  a^  —  ^*  — i  a^b.     In  the  equation 

4X*  +  ^x'  —  aaxx  —  ^*  iz  o,  the  firft  ferm  will  be  a  +  3  X  x',  the  fecond 
^— tfV,  the  third  is  wanting,  and  the  fourth  or  known  term  is  —'a\  And 
thus  it  is  to  be  underftood  in  all  other  equations.  Here  it  may  be  obfcrved, 
that -a  term  fych  as  jaaxx  ^  bbxx^  (which  is  likewife  to  be  underftooJ  of  any 
other  compouiid  term,  having  contrary  figns,)  may  be  either  a  pofitive  or  nega- 
tive quantity;  it  will  be  pplicive.if  a  be  greater  than  b^  but  negative  if  the 
contrary.  So  that  when  it  Qiall  be  ordered  hereafter  to  make  fuch  a  term  of.  an 
equation  pofitive,  we  muft  have  regard  to  this  explanation. 

» 

H  72.  This 


so 
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firft  fimpk 


72.  This  being  Aippofed,  in  order  to  refolve  an  equation ;  firftj  if  it  hmvS^ 
fraidion,  in  the  denominator  of  which  the  unknown  quantity  is  found,  it  muft 
be  reduced  to  a  common  denomuiator.  Secondly,  the  term  of  the  highcft 
power  of  the  unknown  quantity  muft  be  made  pofitive,  and  all  the  terms  coa« 
taining  the  unknown  quantity  muft  be  wrote  in  order  on  one  (ide  of  the  equA« 
tion,  and  the  known  terms  on  the  other  fide.  And  thirdly,  if  the  firft  term, 
or  that  which  contains  the  higheft  power  of  the  unknown  quaniicy,  fliouid  have 
a  denominator,  it  muft  be  freed  from  it's  fra6lion  by  what  is  faid,  §  68.  Laftly, 
if  it  have  a  co-efficient,  or  be  multiplied  into  any  given  quantity,  it  muft  be. 
freed  from  this,  by  what  has  been  taught,  §  69. 

Hence  it  is  cafy  to  perceive,  that  by  proceeding  after  this  manner^  if  the 
equation  (hall  be  (imple,  or  have  an  unknown  quantity  of  one  dimenfion  ooly^. 
it  will  be  now  intircly  refolved,  and  that  unknown  quantity  will  be  found  equal- 
to  known  quantities  only,  which  was  the  thing  propofed  to  be  done.     As  if  the 

equation  were  aa  -^/f  =.      *  ""  ^^^  ,  and  aa  were  greater  than  H..    Then,  to 

make  that  term  pofitive  which  contains  the  unknown  quantity,  write  it  thus,. 

"^  " — ^  zz/f-^aa;  and  freeing  it  from  the  denominator,,  it  will  be  aax  —  Ux 

zz  ^mff-^  imaa-,  and  then  firom  the  co-efiicienr,  it  will  he  x  zz  '       3!  zT^*  » 
in  which  the  value  of  x  is  now  intirely  known.     If  aa  were  lefs  than  i^^  we 

_^  2maa  *-  2niff 


might  then  write  it  thus,  ;:  =      ., 

any  occaiion  of  tranfpofition. 


,  which  comes  to  the  fame  without 


powers.. 


Xquations  73.  When  the  unknown  quantity  is  raifcd  to  any  power,  which  power  is  the 
refolved,  fame  in  all  the  terms  in  which  it  is  found ;  or,  which  is  the  fame  things  if  all 
^^^^^""P^thofe  terms  are  conceived  to  make  but  one  term  j  then  the  equation  is  to  be 
refolved  by  the  third  axiom  before,  and  we  (hall  have  the  unknown  quantity 
equal  to  known  quantities  only,  by  extracting  fuch  a  root  out  of  both  members 
of  the  equation,  as  is  denoted  by  the  index  of  that  pow^r.     Let  the  equation 

be  it  zz  aa  '^  — —  •.    Now^  to  make  the  term  pofitive  in  which  x  is 


2C 


found,  write 


axx  +  hxx         ^■ 

—  ~  aa 


2C 


bb ;  and  to  free  it  from  it's  fraAion  and 


efficient,  write  it  xx  zz 


zc  X  aa  ^  bb 


11  +  3 


or  by  divifion^  xx  zz  ic  X  a  ^-^b  1  and 


laftly,  by  extrafting  the  fquare-root,  x  =  ±  \/%ac  -  zbc.     Here  I  put  the  fign 
of  the  root  ambiguous,  becaufe  of  what  is  faid  at  §  i5#     For  the  fame  reafon^ . 
if  it  were  x^  zz  a^  +  b\  we  Ihould  have  x  zz  {/a^  +  i'j  and  fo  of  all  others- 
in  general* 

74.  But- 
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74,  But  if  the  equation  contain  the  unknown  quantity  raifed  to  it's  fquare,  Affeaed 
together  with  the  reftangle  or  produd  of  the  fame  into  known  quantities,  which  quadraticks 
is  called  the  fecond  term  (and  fuch  an  equation  is  called  an  AffeSied ^adratick^^^^^^^ 
as  it  is  called  a  Simple  ^adratick  when  this  fecond  term  is  wanting) ;  this  being 
prepared  as  is  aforefaid,  to  both  members  of  the  equation  muft  be  added  the 
Iquare  of  half  the  co-efficient  of  the  fecond  term,  (that  is  to  fay,  the  fquare  of 
half  that  quantity,  whether  integer  or  fradion,  by  which  the  unknown  quantity^ 
is  multiplied,)  and  then  it  is  plain  that  the  firfl  member  will  always  be  a  fquare, 
the  root  of  which  will  be  the  aggregate  of  .the  unknown  quantity,  and  of  the 
half  co-efficient  with  it's  proper  fign.     And  then  extrading  the  root,  this  ag- 
gregate (hall  be  equal  to  the  fquare-root  of  the  other  member  of  the  equation  ; 
and  tranfpofing  the  half  co-efficient  as  a  known  quantity,  we  fhall  finally  have 
the  unknown  quantity  equal  to  the  fum  or  difference  (according  to  the  nature 
of  the  figns)  of  the  radical  and  the  faid  half  co-efficient.     Thus  let  the  equa- 
tion be  XX  +  zax  zz  bb  \  if  we  add  to  each  member  the  fquare  of  half  the 
co-efficient  of  the  fecond  term,  that  is  aa^  the  equation  will  be  xx  +  *iax  +  aa 
:=:  aa  +  bb^  and  extrading  the  fquare-root,  it  will  be  a:  +  ^^  =  ±  \/ aa  ^  bb^ 
and  by  tranfpofing,  it  is  ;?  =  ±  \/ aa  +  hh  —  a. 

Let  the  equation  be  bbx  —  aax  —  mxx  -| zzo.  Making  the  greatefl  term 

pofitive,  and  ordering  the  equation,  it  will  be  watat -h  tf^;:  —  ^/-^f  z:  ^^,  and  dividing 
by  i»,  and  adding  on  both  fides  the  fquare  of  half  the  co-efficient  of  the  fecond 

.       .,1  ,  ^    aa  ^  hh       ,    a^'-zaahh-\'h^         a4^2aahh  +  h^    ,     a*b*      ^    j  ^« 

term,  it  will  be  xjc  + x  + = r-j  and  €x- 


t rafting  the  fquare-root,  it  is  a:  +    =  ±     / 1 +  — i-» 

and  reducing  the  radical  to  a  common  denominator,  and  tranfpofing  the  known 

aa  '^  hh     '       .,,  ,  hh  '^  aa  jo^  +  2^*3*  +  b*  w   -.   -t.  -      r 

term ,  it  will  be  x  =  -f-  \/ — r— ^^ — .     But  the  root  of 

this  radical  may  be  aftually  extradled,  and  is  either  +  ^2 ^  or  —  ^2 , 

becaufe  of  the  ambiguous  fign  ±.     Therefor^  there  will  be  two  values  of  Xy 

hh  -^  aa    ^    aa  +  hh  hh  ,     t  i  hb  '^  aa         aa  ^  hh 

one  is  *  = 1-  — ^ —  zz  — ,  and  the  other  is  x  =  — : — — 

aa 


m 


75.  Therefore  the  ambiguity  of  the  fign,  which  the  extraftion  of  the  fquare-  Tlic  ufc  of 
root  always  brings  with  it,  fupplies  two  values  of  the  unknown  quantity,  which  the  ambi- 
may  be  both  pofitivc,  or  both  negative,  or  one  pofitive  and  the  other  negative  j^"^"'^^* 
and  fometimes  both  imaginary,  according  to  the  known  quantities  of  which  they 
are  compofed.     For  example,  in  the  final  equation  at  =:  ±  y/  aa  +  hb  —  a,  one 
value  or  y/aa  -^  hb  ^  a  will  be  pofitive,  becaufe,  as  \/aa  +  U  is  greater  than  a^ 

H  2  the 
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the  difference  will  be  pofuive.  The  other  value  — s/gg  +  hb  —  «  will  be 
negative,  as  is  evident.  In  the  equation  jf  =:  ^  ±  \/ aa  -  hh  (fuppofing  b  to 
be  iefs  than  ^,)  both  the  values  will  be  pofitive,  becaufe  \/ aa  —  hh  is  Icfs  than  a. 
And  for  the  fame  reafon,  in  the  equation  x  =  ±  \/aa  —  ^^  —  tfi  both  the 
roots  will  be  negative.  Now,  if  b  were  greater  than  j,  both  would  be  ima- 
ginary, as  I  have  already  obfcrved  at  §  15,  becaufe  then  %/ ga  —  bb  would  be 
the  fquare-root  of  a  negative  quantity.     In  the  equation  x*  =  «*  —  b^^  which 

requires  twice  the  extraftion  of  the  fquarc-root,  that  is,  xit  =:  ±  ^t^  ^  ^ 
and  thence  a?  =  ±  v^  ±  v'o*  -  ^4,  there  arc  four  values  of  xi  two  real  oneSt 
of  which  one  is  pofitive  and  the  other  negative,  that  is,  x  =  ±  \/  +  v^'«4.f4y 
fuppofing  b  to  be  Icfs  than  a ;   the  other  two  are  imaginary,  that  is,  x  = 

±  v/'—  ^a^  —  ^*  5  *ind  when  ^  is  greater  than  tf,  all  the  four  roots  will  be 
imaginary  :  and  thcfe  obfcrvations  may  eafily  be  applied  to  all  other  equations* 
Thefe  negative  values  or  roots,  which  by  fome  authors  are  called  falfc  ones^  arc 
not  Iefs  real  than  the  pofitive,  and  have  only  this  difference,  that  if,  in  the  fo- 
lution  of  a  .problem,  the  pofitive  be  taken  from  a  fixed  point,  or  beginning  of 
the  unknown  quantity  towards  one  part,  the  negative  are  taken  from  the  lame 

point  cowards  the  contrary  part.  Let  A  be  the 
/Tg.^  10.  beginning  of  the  unknown  quantity  *•  in  a  certain 

■  problem,  and  let  the  final  equation  (for  example): 

C  A  B      be  ^  z:  ±  tf.     If  we  take  AB  =  tf,  and   it   be 

determined  that  the  pofitive  values  fliall  proceied 
from  A  towards  B;  then  (hall  AB  =:  ^  be  the  pofitive  value  of  x.  And  con« 
fequenriy,  taking  AC  zr  AB,  but  on  the  contrary  part  from  the  point  A,  we 
fhall  have  AC  r:  —  tf,  or  the  negative  value  of  x.  And  the  problem  (hall 
have  two  folutions,  one  at  the  point  B,  and  the  other  at  the  point  C.  But  the 
praflice  of  all  this  will  be  belt  undcrflood  by  the  folution  of  the  problems 
which  are  here  to  follow. 

ITfc  of  ima-  76.  Therefore,  whenever  the  equation  to  which  we  are  led  by  the  conditions 
ginary  quan-  of  the  problem  (hall  fupply  us  with  none  but  imaginary  values,  this  plainly 
^•^^^**  declares,  that  the  problem  as  now  propofed  does  not  admit  of  a  real  folution,. 

but  is  abfoluiely  impoffible.  The  fame  thing  is  to  be  concluded,  when  the 
final  equation  brings  us  to  an  abfurdity,  fuch  as  if  it  (hould  give  us  a  finite 
quantity  equal  to  nothing,  or  the  whole  equal  to  the  part,  or  luch  like.  "VlTe- 
r,.  Ihould  come  to  an  abfurdity  of  this  kind^  if  in  the 

^^'  ^*  right  line  AB  =:  a,  it  were  propofed  to  find  fuch. 

A  C  B      a  point  C,  as  that  the  fquare  of  the  whole  line 

(hould  be  equal  to  the  two  fquares  of  the  two  fcg« 

ments.  For,  making  AC  =  x,  it  would  be  aa  zz  xx  +  a  --^*  =  xx  - 
—  2ax  +  xxy  that  is  xrx  =  2aXf  ot  x  zz  a  ;  which  is  as  much  as  to  fay, 
the  part  is  equal  to  the  whole.    We  (hould  likewife  fall  into  an  incon(i(lency,  if^. 

affuming 
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DM=  —a. 

2 


alfuming  a  right  line,  as  AB,  and  raifing  an 
indefinite  perpendicular  upon  it  BH,  we 
fhould  feek  for  a  point  in  this,  as  C,  from 
whence  we  might  draw  the  right  line  CA  to 
the  given  point  A,  fo  as  that  the  two  lines 
CB,  CA,   may  be  parallel.    For»  making 

BA  =:  J,  BC  =  X,  and  taking  BD  z=  — x^ 

and  drawing  DM  parallel  to  BA;  becaufe 
of  fimilar  triangles  CBA,  CDM,  it  would  be 

But  if  CA  and  CB  arc  parallel,  it  ought  to  be  DM  =  BA, 


and  therefore  —azza^  which  is  an  impoffible  equation. 

Now  if  it  (hould  be  pretended,  that  the  firft  of  the  two  foregoing  equations,, 
or  2XX  —  2ax  =  o,  is  no  otherwife  abfurd,  but  that  it  fupplies  us  with  two 
values  of  x^  which,  though  ufelefs,  are  however  real  and  confident ;  relying 
upon  this  argument,  that  if  we  divide  the  equation  by  2x  —  2^,  there  will  refulc 
X  zr  o,  a  real  value  which  folves  the  problem.  For  taking  x  zz  o,  or  dividing 
the  line  AB  in  the  point  A,  one  part  of  it  will  be  o,  and  the  other  will  be  a. 
Therefore  the  fquare  of  the  whole  line  will  be  equal  to  the  fquares  of  the  two 
fegments;  that  is^  « j  :=:  o  +  aa.  Now  dividing  the  fame  equation  by  2x^ 
there  will  refult  x  zz  a,  which  is  a  real  value,  and  refolvcs  the  problem,  by 
dividing  the  line  in  the  point  B.  Whoever  ftiould  argue  thus,  as  I  faid  before, 
I  (hould  not  venture  to  oppofe  him ;  but  whatever  is  the  true  notion  of  this 
and  fuch  like  equations,  it  is  however  certain,  that  they  only  make  us  know 
what  we  knew  before. 

For  an  example  of  an  equation  which  brings  us  to  an  abfurd  conclufion,  I 
have  taken  one  which  gives  us  a  finite  quantity  equal  to  nothing,  or  the  whole 
equal  to  the  part.  Yet  this  mud  be  underftood  only  when  the  unknown  quan-^ 
tity  cannot  be  of  an  infinite  magnitude,  and  the  problem  is  no  more  than  a 
determinate  problem  ^  for  otherwife  fuch  equations  may  be  very  true,  as  will  be 
feen  hereafter^. 


77.  Sometimes  we  may  meet  with  equations  which  contain  the  fame  quantities  what  we 
on  both  fides  the  mark  of  equality,  and  therefore  when  reduced  l>ring  us  finally  learn  from 
to   this  conclufion,  that  0  =  0.     Such  equations  as  thcfe  (which  are  called  i<icDtical 
Identical  Equations)  inform  us  only^  that  the  value  of  the  quantity  required  *^*" 
may  be  what  we  pleale,  as  it  vaniflies  out  of  the  equation  ;  and  that  the  propo- 
fition  is  rather  J  A  theorem  than  a  problem..    Here  follows  an  cxaixiplc  of  this. 

la. 
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Fig.  12,  In  the  given  rctflangle  ACDR,  froai  a  given  peine 

B  in  the  fide  AC  is  drawn  BF  parallel  to  the  fide 
AE;  in  BF  is  required  I'uch  a  point  H,  chat 
drawing  the  lines  HA,  HC,  HD,  HE,  lo  the  fe- 
veral  oppofitc  angles,  the  ium  of  the  fquares  of 
HA,  HD,  (hall  be  equal  to  the  fum  of  the  fquares 
of  HE,  HC.  Make  AB  =  ^ ,  BC  =  ^,  CD  =  c  i 
and  fuppoling  H  to  be  the  point  required,  lee 
JBH  =  Xf  and  therefore  HP  =:  c  —  x.  Now  the 
fquare  of  HA  =  aa  +  xx,  that  of  HC  zz  ii  +  xx^ 
that  of  HD  zz  llf  +  cc  ^  2cx  +  xxj  and  that  of  HE  zn  aa  -{-  cc  —  2cx  +  xx. 
And  hence  the  equation  aa  +  xx  +  ilf  +  cc  —  zcx  +  xx  zz  It  +  xx  +  aa 
+  cc  —  2CX  +  XX.  Now  as  it  is  an  identical  equation,  the  fame  as  o  =  o, 
which  is  as  much  as  to  fay,  that  in  the  right  line  BF,  wherever  we  take  the 
point  H  it  will  always  agree  to  the  property  required. 


Equations  78.  Equations  which  reduced  contain  the  unknown  quantity  of  one  dimenHon 

and  Prpl>l«m8  only,  arc  called  Simple  Eauations^  or  of  the  firji  Jegrce.  Thofe  which  contain 
ivi  c  •  jj^^  unknown  quantity  railed  to  the  fquare,  whether  they  are  quadraiicks  iicnple 
or  affefted,  are  faid  to  be  oi  ihc  Jecond  degree.  Thofe  which  contain  the  un- 
known quantity  raifed  to  the  cube,  however  the  other  terms  may  be,  are  faid 
Xo  be  of  the  third  degree.  And  fo  accordingly  are  thofe  of  the  fourth^  fif^^% 
and  higher  degrees.  Moreover,  thofe  problems  which  arc  exprefled  by  Ample 
equations,  as  alfo  thofe  of  the  fecond  degree,  are  called  Plane  Problems^  be- 
caufe  they  may  be  conftruded  by  the  common  Geometry  of  Euclid^  or  by  rules 
and  compafies  only.  All  the  othei-s  are  called  Solid  Prcblems^  becaufe  for  their 
conftruftion  is  required  the  defcription  of  certain  curve?,  which  therefore  are 
called  Sclid  Places.  I  fliall  fay  nothing  here  of  the  Refolution  and  Con(lru<5lioa 
of  Solid  Problems,  intending  to  treat  of  them  exprefsly  in  Seft.  IV. 

Equations  79.  There  are  many  equations,  which  at  firft  fight  feem  to  be  of  that  degree 

may  fomc-  which  is  intimated  by  the  index  of  the  greateft  power  of  the  unknown  quantit}', 
Drcffcd  to^*'  which,  however,  when  duly  managed  may  be  brought  down  to  an  inferiour 
lower  degree,  ^^g'*^^-     ^^  ^^^^  ^i"^  ^re  all  thofe  in  which,  befides  the  firll  term,  which  is 

that  of  the  higheft  power  of  the  unknown  quantity,  and  the  term  which  is 
entirely  known,  one  other  term  is  contained,  in  which  the  unknown  quantity 
afcends  to  a  power  which  is  the  fquare-root  of  the  power  of  the  firft  term.  A% 
if  the  equation  were  this,  x^  —  zaaxx  =  ^*;  which  being  managed  by  the  Rule 
of  AfFedted  Q^adraticks,  is  reduced  to  this,  xx  zz  aa  '±,  %/ a^  +  ^  \  and  there* 

fore   AT  =  ±  y/aa  ±  ^^4  +  ^.      After  the    fame    manner,   this    equation 

^  +  iiV  —  ^*  =  o,  being  reduced,  becomes  x^  =   ""  ^  ""^ ^  9  rad 

therefore 
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therefore  x  '^jX — ^  ;  and  infinite  others  of  a  like  nature.    There 

are  others  of  the  fame  kind,  which  by  means  of  the  extraction  of  a  root  may 
be  brought  down  to  an  inferiour  degree.  Thus  x^  —  xax^  +  aaxx  —  thbxx 
+  %ahhx  +  ^*  iz  aabb  +  ^%  having  it's  firft  member  a  fquare,  the  root  of 
which  is  XX  —  ax  ^^  bh^  may  be  reduced  to  a  lower  equation,  xx  -^  ax  —  bb 
=  ±  b\/aa  +  W.  Thus,  in  the  equation  x^  +  '^axx  +  ^aax  =  b^,  if  we  add 
a*  on  both  fides,  it  will  be  x^  +  ^axx  +  ^aifx  -i^  a^  =  a^  +  b^,  of  which  the  firft 
member  is  a  cube,  whofe  root  is  x  +  a.  Therefore  the  equation  reduced  lower 
will  be  X  +  a  zi  ^a^  +  b^.  But  it  is  not  always  thus  eafy,  to  know  what 
quantity  may  be  added  or  fubtraded  to  or  from  the  firft  member  of  the  equa- 
tion, fo  that  it  may  become  a  perfeft  power,  nor  can  any  method  be  affigned 
for  it;  fo  that  the  induftry  and  praftice  of  the  analyft  can. only  be  of  fervice  in. 
thefe  cafes. 

8o»  But,  if  the  propofed  problem  (hould  be  of  fuch  a  nature,  that  one  un*  Problems  will 
known  quantity  being  aflumed,  would  hardly  or  not  at  all  be  fufficient  to  have  ^^^^^  require 
all  the  denominations  that  are  neceffary  for  finding  the  equation;  in  this  cafe |^^^^" ^j^j^^ 
maybe  taken  one,  two,  three,,  or  as  many  more  unknown  quantities  as  are  tlties  than . 
needful.     And  if  the  problem  be  determinate  in  it's  own  nature,  it  will  always  one. 
fupply  conditions  for  as  many  equations  as  are  the  unknown  quantities  alTumed. 
Then,  by  means  of  each  of  thefe  equations,  one  of  the  unknown  quantities 
will  be  eliminated,  or  it's  value  may  be  found  by  the  remaining  and  the  given 
quantities ;  fo  that  finally  we  (hall  arrive  at  the  laft  equation,  which  will  contain 
one  unknown  quantity  only.     The  manner  of  performing  thefe  operations  will 
be  beft  underftood  by  the  examples. 

Firft,  let  there  be  two  fimpte  equations,  or  of  the  firft  degree ;  as,  fuppofe- 
for  example  a  +  x  zz  b  +  y^  and  2X  -{•  y  zi  ^b;  and  let  us  eliminate  ^,  and 
retain  x..  Now,  by  means  of  which  we  pleafe  of  the  two  equations,  fuppofe  of 
the  firft,  by  the  help  of  proper  tranfpofitions  of  the  terms,  we  may  find  the 
value  of  jr,  which  will  h^  y  zz,  a  +  x  ^  b.  This  value  may  be  fubftituted 
ihftead  of  ^  in  the  fecond,  and  we  fhall  have  a  new  equation  2x  +tf  +;c  —  bzi  3^, 

that  is  ^  =   ±LlLf  .    And  this  value  being  fubftituted  inftead  of  ^in  cither  of 

the  two  propofed  equations,  we  (hall  have  the  value  o{y  =.  ^ — - .  This  may 

alfo  be  obtained  by  deriving  two  values  o(  y  from  the  two  equations,  and  com- 
paring them  together.  For  from  the  firft  equation  we  (hall  have  y  zz  a  +  x 
—  bi  and  from  the  fecond,  y  =  ^b—^  2x^  wherefore  it  will  be,  by  comparifon, , 

«.  +  ^  —  ^  =  3*  —  2;p,  and  thence  x  =  ■   ""^i  as  before. 

3  r 

81.  After 
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Howtbeyare      8 1.  After  tbc  fame  manner  we  muft  proceed,  when  the  equations  contain  the 

tobeclimi-    unknown  quantity,  which  is  to  be  eliminated,  raifed  to  ilie  fecond  ditnenfion  ; 

"*'^  *  if  by  means  of  one  of  the  two  given  equations,  or  by  the  tranfpofuion  of  the 

terms  alone^  or  by  the  rule  for  (imple  or  affedled  quadraticks,  we  can   have  a 

value  to  be  fubflituted  in  the  other  equation.      Let   the  two  equations    be 

XX  +  ^ax  zz  3jjy,  and  axy  —  ^xx  =  /^aa.     Now  if  we  would  eliminate  j,  the 

fecond  equation  will  give  y  —  IffjtJff  ^  and  therefore  yy  z=  ■  ^*'*^    ^     . 

This  value  being  fubftituted  in  the  firft  equation,  it  will  be  xx  +  gax  := 

' ' '~i  which,  by  reduftion,  will  be  z^xi^  *— loasc^  +  yzaaxx 

+  48^*  =:  o.     But  if  we  would  eliminate  x,  finding  it's  value  by  cither  of  the 

two  equations,  for  example  by  the  fecond,  we  fliould  have  x  =  —  ±  — ^■"■' 


3  3 

This  being  fubftituted  in  the  firft  equation,  it  will  become 


2  y  V  —  1 2  /1.1  d:  2j»  ^yy^izaa 
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-J.   if? — —;^ — !^  n  2yy.  This  being  freed  from  radicals,  and  fet  in  order, 

after  a  long  calculation  will  come  out    69jf*  —  goay^   +   jiaayy  +  4oa*j 
+  316^  =:  o. 

Qiiantitles  to  82.  Often  by  two  equations,  in  which  the  unknown  quantity  to  be  eliminated 
be  eliminated  js  raifcd  in  both  to  the  fame  degree,  may  be  found  by  means  of  either  of  them 
by  compa-  ^^^  value  of  the  higheft  power  of  the  unknown  quantity ;  and  that  is  by  putting 
that  higheft  power  alone  on  one  fide  of  the  equation,  and  all  the  other  terms 
on  the  other  fide  :  then  thefe  two  values  being  compared  to  each  other,  will 
give  an  equation  of  a  lower  degree.  The  fame  operation  may  be  repeated 
again,  and  io  on,  till  we  have  an  equation  truly  fimple  in  refpeift  of  the  un* 
known  quantities,  and  confequently  it's  value  exprefl'ed  by  the  other  unknown 
quantity,  and  by  fuch  as  arc  known.  Then  this  value  being  fubftituted  .in 
one  of  the  given  equations  inftead  of  the  unknown  quantity  and  it's  powers, 
we  ftiall  have  an  equation  expreiied  by  the  other  unknown  quantity  only^  and 
fuch  as  are  known. 

Let  the  two  equations  be  y^  +  any  n  hx,  and  y  —  Ixx  =  aax^  out  of 
which  y  is  to  be  eliminated.  Therefore  by  the  firft  it  will  be  y^  =  i?xx  —  aay^ 
and  by  the  fecond,  y^  zz  aax  +  bxx.  Then  by  comparifon,  bxx  — •  aay  = 
aax  +  bxx^  or  y  =1  —  »v.  Then  making  a  due  fubftitution  in  either  of  the 
two  equations,  we  ftiall  have  —  x'  —  aax  =  bxx,  or  x*  -{-  bx  =  ^^  aa.  Again» 
let  the  two  equations  be  xx  +  ^ax  =  3;^,  and  oxy  —  ^xx  =  ^aa,  from  which 
we  are  to  eliminate  .v.     It  will  be  by  the  firft  xx  zi  ^y  —  ^ax,  and  by  the 

fecond,  XX  zz  ^^  "  ^-  .    Therefore  the  equation  will  be  ^yy  —  s^^  =  ^^""^^  • 

From 
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From  hence  we  (hall  have  x  =  22ZjL±!1;  and  this  value  being  fubftituted  in 

one  of  the  propofed  equations,  in  the  firft  for  inftance,  it  will  be  as  is  found 
above. 

But  if  in  the  two  equations  the  unknown  quantity  to  be  eliminated  do  not 
afcend  to  the  fame  power  in  the  higheft  terms,  the  equation  of  the  lower  degree 
is  to  be  muhiplied  by  fuch  a  power  of  the  fame  quantity,  that  it  mav  be  of  the 
fame  degree  as  the  other;  and  then  you  are  to  proceed  as  before.  Thus,  if  we 
have  y^  zz  xyy  +  T^aaXj  and  yy  zil  xx  —  xy  —  7,aa^  and  we  are  to  expunge  y ; 
multiply  the  fecond  equation  by  y^  and  it  will  be  y  =  xxy  —  xyy  —  ^aay. 
Therefore  xyj  +  ^aax  rii  xxy  —  xyy  —  '^aay^  which,  being  compared  with  the 
value  of  yy  given  by  the  fecond  propofed  equation  yy  zz  xx  —  xy  —  3^^,  will 

give  — i 1— < 2 —  zz  XX  —  xy  —  ^aa^  or  ^xxy  —  '^aay  +  3^zJA:   =   zx^^ 

and  therefore  y  zz  ^  -"^3^^^ .  ^ifjch  being  fubftituted  in  one  of  the  propofed 

equations,  fuppofe  in  the  fecond,  will  be         TJ^b'' ,  ^V^    =    ^*    —  ^aa 

—  ^    —  ^aaxx     Qj.  reducing  to  the  fame  denominator,  x^  +  iS^iV  — 45^V 
+  27^*  =:  o. 

In  particular  cafes  particular  expedients  may  often  be  ufed,  and  there  may  be 
more  expedite  methods  of  coming  to  a  conclufion;  but  thefe  do  not  fall  under  any 

rule.     An  example  may  be  feen  of  this  in  thefe  two  equations,  .v  +  v  +  -^ 
=  2oi,  and  ;pr  +  jjy  +  —  zz    140W.     If  we  would  eliminate  x  we  muft 


XX 


tranfpofe  y  in  the  firft  equation,  which  will  then  be  x  +  -^  =  20^  —  y  ;  and 
fquaring  both  parts,  it  will  be  xx  +  2yy  '■\^  -^  zz  400^^  —  40^  +  jiy,  that  is 
XX  +  yj  +  -^  =,  400W  —  40^_y.  But  the  firft  member  of  this  equation  is 
the  fame  as  that  of  the  fecond  propofed  equation,  and  therefore  it  will  be 
400^^  —  ^oby  zz  ij^obbj  or  y  z:  —  • 

83.  By  a  calculation  more  laborious  and  long,  but  performed  after  the  fame  When  there 
manner,  if  there  be  three,  four,  or  more  equations,  and  as  many  unknown  arc  fcvcral 
quantities,  we  may  reduce  them  to  one  only.     For  by  means  of  one  equation  ^'**^'^"'* 
we  may  exterminate  one  unknown  quantity,  the  value  of  which,  exprefled  by 
the  others  and  known  quantities,  may  be  fubftituted  in  every  one  of  the  remain- 
ing equations.    Then  by  means  of  another  equation  we  may  eliminate  another 

I  unknown 
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unknown  quantityi  and  iCs  value  may  be  fubftituted  in  chofe  that  remain  ;  and 
fo  on  to  the  end.  Let  there  be  three  equations  st+y^c  +  z^z  +  xz^za  +J9 
z  +  y  =  Jf  +  X,  and  we  would  have  only  one  equation  including  z.  From 
the  firft  equation  take  the  value  of  jr,  that  is  y  zz  c  +  z  -—  x^  and  fubftituce 
•  this  value  in  the  other  two,  which  are  then  z  +  x  =  a  +  c  +  z  —  x^  and 
z  +  c  +  z^xzzt  +  Xj  or  rather  2x  zi  a  +  c^  and  22  =:  ^  —  r  +  a**, 
which  will  then  be  in  the  place  of  the  fecond  and  third.  In  this  lad,  inftead 
of  2x  lubftitute  it's  value  from  the  other,  and  then  it  will  be  is  =  ^  —  c 

+  a  +  Cy  that  is  2  =  ^ •      Alfo,    the  fame  may  be  done  after  another 

manner,  thus.  From  each  of  the  three  equations  given  take  the  value  of  y,  for 
example,  that  h  y  ss  c  +  z  —  Xy  y  =  z  +  x  —  a,  y  ^  i  +  x  —  z.  By 
the  comparifon  of  two  and  two  of  thefe  equations,  which  you  pleaie,  you  will 
form  two  equations  which  have  no  v.  From  one  of  which  equations  you  mzj 
take  the  value  of  one  of  the  unknown  quantities,  and  fubftitute  it  in  the  other. 
Thus,  if  you  make  the  two  equations  c  +  z  —  x  =  z  +  x  —  a,  and  c  +  z 

—  .V  n  i  +  ^  —  z,   from  the  firft  take  the  value  of  at,  or  x  =  2Jt-f  and 

a 

fubftitute  it  in  the  fecond  ;  then  c  +  z  —  ^         zz  i  +  ^         —  z  5    that   is^ 

z  =  ^ ,  as  above.     In  the  fame  manner  we  muft  proceed   if  the   given 

equations  be  more  in  number,  and  more  compounded.  The  ufe  of  the  rules 
here  taught  will  be  feen  in  the  folution  of  the  problems. 

Sometimes         84.  Whenever  the  conditions,  or  the  data  of  the  problem,  do  nor  fupply  us 
the  number    ^,^j^  ^^  many  equations  as  are  the  unknown  quantirics  aifumcd,  but  that  two  of 
may^brin-*   them  will  at  laft  remain  ;  the  problem  will  always   be  indtterminate,  and  we 
fufficicnt,       cannot  find  the  value  of  one  of  the  unknown  quantities  but  on  fuppofing  and 
determining  the  value  of  the  other ;  in  which  cafe  every  indeterminate  problem 
becomes  determinate.     To  give  fome  idea  of  thd'e  indeterminate   problems, 
though  by  way  of  anticipation  ;  let  it  be  propofed  to  feek  tN*o  numbers,   the 
fum  of  which  is  equal  to  30.     I  call  the  firll  number  x,  the  fecond  will    be 
30  —  X  by  the  condition  of  the  problem,  nor  Ihall  I  then  have  any  means   of 
forming  another  equation.     Then  I  will  call  the  fecond  yy  and  by  the  condition 
of  the  problem  it  will  be  ;f  +  ^  =  30.     Now  bccaufe  it  is  not  poflible  to  find 
matter  for  another  equation,  by  which  to  eliminate  one  of  the  two  unknown 
numbers,  the  problem  of  it's  own  nature  will  be  indeterminate.     But  if  I  aflign 
a  determinate  value  to  one  of  the  unknown  quantities,  and  fuppofe,  for  ex- 
ample, that  y  =  9,  then  it  will  be  x  =  30  — y  zi  22.     But  becaufe  we  may 
affign  infinite  values  to  y  fucceffively,  the  values  of  x  will  alfo  be  infinite,  and 
coniequently  the  problem  is  capable  of  an  infinite  number  of  folutions.     I  will 
take  another  example  of  this  from  Geometry.     Let  it  be  propofed  to  find  a 

redlafigle 
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reftangle  equal  to  a  given  fquare.  Let  y  be  the  bafe  of  the  reftanglc  required, 
it's  height  .v,  and  aa  the  given  fquare.  Then  I  (hall  have  the  equation  aa-zixy; 
and  not  iiaving  matter  for  another  equation,  the  problem  remains  indeterminate; 
there  being  in  fadk  infinite  redangles  equal  to  the  given  fquare,  the  bafe  may  be 
varied  infinitely,  and  the  height  alfo  relatively  to  it.    But  if  I  add  this  condition 

to  it,  that  the  bafe,  for  example,  fliall  be  equal  to  half  the  height,  or  —  x, 

then  it  will  be  j^  n  —  at,  and  the  equation  will  be  —  xx  =  aa.     And  thus 

one  of  the  unknown  quantities  may  be  varied  an  infinite  variety  of  ways,  and 
likewife  the  other,  fo  that  the  problem  may  have  an  infinite  number  of  fo- 

lutions. 

85.  On  the  contrary,  if  the  conditions  of  the  problem,  which  are  to  beMorecqua- 
fulfilled,  (hall  fupply  us  with  more  equations  than  there  are  unknown  quan-'*?"*  ™*y  *^ 
titles,  the  problem  will  be  more  than  determinate,  and  by  that  means  tnay  ^"j^^^ j*']^^^ 
become  impo(rible.     For,  in  order  to  be  poflible,  the  values  of  the  given  quan-thc  problem 
lities  muft  be  rcftrained  to  a  given  law,  which  will  often  afford  innumerable  become  im- 
cafes  in  which  the  problem  will  become  poflible.     In  the  foregoing  example, P^"*°'^* 

of  finding  two  numbers  the  fum  of  which  fliall  be  30,  when  nothing  more  is 
required,  it  will  be  an  indeterminate  problem  ;  but  if  the  condition  be  added, 
chat  befides  the  difference  of  the  fquares  of  thofe  numbers  fliall  be  given, 
fuppofe  for  example  60,  the  problem  will  then  be  determinate,  we  having  in 
this  cafe  two  equations,  that  is,  x  +  y  zz  30,  and  xx — yy  =  60;  fo  that, 
taking  from  the  firfi;  the  value  of  ^',  and  fubfl:ituting  ic*s  fquare  in  the  fccond, 

it  will  be  ;if  =:  ^,  or  x  =  16,  and  confequently  y  =  14.     But  befides,  if  wc 

fliould  annex  a  third  condition,  that  the  fum  of  the  fquares  of  ihefe  numbers 
ihould  be  equal  to  a  given  number,  the  problem  is  more  than  determinate,  and 
therefore  poflible  in  one  cafe  only,  in  which  the  number  given  for  the  fum  of 
the  fquares  is  juft  the  fame  as  thofe  fquares,  that  is  452.  Thus,  in  the  other 
example  of  a  redangle  equal  to  a  given  fquare,  if  we  require  that  the  re<5langlc 
ihould  be  upon  a  given  bafe,  the  problem  will  be  determinate  5  but  more  than 
determinate  if  we  (hould  alfo  require,  that  it's  fides  fliould  have  a  given  ratio 
to  each  other.  It  will  be  poflible  only  in  one  cafe,  wherein  this  ratio  is  exadlly 
the  fame  as  refults  from  the  other  condition  of  the  given  bafe,  and  from  the 
equality  to  the  given  fquare, 

86.  The  equations  being  refolved,  and  the  values  of  the  unknown  quantities  How  fimple 
being  found  in  geometrical  problems,  it  remains  to  give  the  conftrudions  of  *4"*^"^' 
thefe  values ;  that  is,  from  the  given  lines  of  the  problem  we  muft  find  fuch,  ftroa^^wH 
that  may  exaftly  reprefent  the  imknown  quantities,  which  were  propofed  to  be  metrically, 
found.     In  the  firft  place^  let  the  value  of  the  unknown  quantity  be  a  fimple 

I  2  rational 


Co 
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Boor  I. 


rational  fradloDy  fucb  as  ;i^  =: 


ai 


If  we  convert  this  into  an  analogy,  ic  will 


ht  c  .  i  i:  a  .  x;  {o  that  the  fourth  proportional  required  is 


ab 


Therefore, 


Fi^.  13 


upon  the  indefinite  right  line  AC  taking  AB 
=  ^,  and  at  any  angle  drawing  BD  =  ^,  and 
through  the  points  A,  D,  drawing  the  inde- 
finite line  AE ;  if  we  make  AC  =  a^  and 
draw  CE  parallel  to  BD,  it  will  be  C£  =:z 

~  =  X.    Or  clfe  in  any  angle  EAC  draw« 

ing  the  indefinite  right  lines  AE,  AC,  if  we 
take  AB  =  r,  AD  —  i,  AC  :=  a^  and 
from  the  point  B  to  the  point  D  draw  the 
right  line  BD ;  from  the  point  C  draw  CE 

parallel  to  BD,  it  will  be  AE  =  —  .    Therefore  by  ihefe  or  other  theorems  or 

problems  of  Geometry  may  be  found  a  fourth  proportional  to  the  three  given 
quantities,  or  a  third  if  only  two  be  given  ;  and  we  (hall  have  the  value  of  the 

unknown  quantity  expreffed  by  lines.  If  it  be  at  =  -^-^ ,  the  firft  analogy  is 
had  by  taking  any  one  of  the  letters  of  the  denominator^  and  two  of  the-  nu- 
merator j  for  example,  m  .  i  ::  a  .  —  j  which  is  therefore  the  fourth.     Then 


-     /r 


The 


let  this  be  found  as  before,  and  call  it  /;  therefore  it  will  be  x  = 

fccond  analogy  then  will  be  thus,  n  .f\\  c  .x  —  ^-^  which  will  be  the  fourth 


ahc 


mn 


Taking  therefore  (Fig.  13.)  AB  =  w,  AC  =  a,  BD  =  *,  it  will 

m 


be  CE  =  —  =/;  whence  producing  CE  indefinitely,  take  CH  =  »,  CK=r, 
and  draw  HE ;  if  from  the  point  K  the  right  line  KI  be  drawn  parallel  to  HE, 


it  will  be  CH  .  CE  ::  CK  .  CI ;  that  is,  n  . 


ah 


m 


ah 


•  • 


—  =  CI  =  X. 


mn 


Orifthqr 
confift  of  fe« 
Tcxal  terms. 


If  the  dimenfions   in  the  numerator  and  denominator  (hall  be  more  in 
number,  the  analogies  muft  alfo  be  more,  but  always  in  the  fame  order. 

87.  Whence  if  the  value  of  the  unknown  quantity  fhall  be  compounded  of 
feveral  fimple  fraftions,  or  of  integers  and  fraftions ;  find  the  lines  which  are 
equal  to  each  term,  and  adding  or  fubtrafting  them  according  to  their  figns^ 
they  will  give  the  line  which  cxpreffes  the  value  of  the  unknown  quantity* 


88.  From 
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88.  From  this  rule  we  may  derive  a  method  of  transforming  any  plane  into  How  the 
anoiher  with  a  given  fide ;  a  folid  into  another  with  one  or  two  given  fides,  ^^•»^^^?|o,^"a 
that  is,  any  term  of  two,  three,  or  more  dimenfions,  into  another  which  fl^allij^^j^^^f^^^ 
include  any  given  letter,  if  it  be  of  two  dimenfions;  or  one  or  two  given  letters, cdatplcafurc^ 
if  it  be  of  three  dimenfions.     Thus  let  the  term  be  ^^  which  we  defire  to  tranf-»"d  ^  fitted 
form  into  another,  wliich  fliall  include  the  letter  a.     By  this  letter  a  let  W  be^?J^^°  ™^* 

divided,  and  it  will  be  — •  By  the  given  rule  (Fig,  13.)  a  line  may  be 
found  equal  to  — ,  which  call  m.     Then  is  —  =  w,  and  therefore  bb'^am. 

^  a    '  a 

Let  fjfc  be  fo  transformed  as  that  it  may  include  ai.  A  line  may  be  found  equal 
to  ^ ,  which  call  n.     Then  it  will  be  —  =  w,   or  f/c  =  ain.    If  it  had 

fc 

been  required  that  it  fliould  only  include  j,  we  Ihould  have  made  ■:^  =  », 

and  therefore  "^  =:  fn^  or  Jfc  =  afn.  This  is  manifeft,  and  needs  no  other 
examples* 

89.  This  being  fuppofed,  let  the  value  of  the  unknown  quantity  be  a  com- How  com- 
plicate fradion,  or  more  than  one,  that  is,  let  the  denominator  have  feveral  P^*^*^' ^*^J 

terms;  as  .v  =  j^rj  •     One  of  the  terms,  fuppofe  cc,  is  to  be  transformed ^'^'^'^* 

into  another,  which  (hall  include  the  letter  i,  and  let  it  be  im.     Then  we  (hall 

have  jfzj^i  which  is  refolved  into  thefe  two  analogies,  t  .  a  ::  a  »  -y-  ,  the 

fourth,  and  i  +  m  .-y  ::  a  .  ^      ,  the  other  fourth.     And  making  as  ufual 

the  conftruftion  by  the  help  of  fimilar  triangles,  we  fliall  have  the  line  which 
is  the  value  of  the  unknown  quantity  :$.  We  might  as  well  have  left  the  term- 
cc  in  the  denominator,  and  have  transformed  ii  into  another,  which  fliould  have 
included  the  letter  ^,    for  example  cn^   then  the  fradlion  would  have  been 

,  which  is  refolved  into  thefe  analogies,  c  ^a  ::  a  .  — ,  and  c  +  n  •  -^ 


£C  +  en 


«'  T    -     1      /-    «^-  •  I  i^c 


..  -  •  -—7—  •  Let  the  fraftion  given  htxzz  ^  ,  .. ;  ia  the  denominator  the 
term  b^  may  be  transformed  into  aany  and  the  quantity  to  be  conftrudled  will  be 
— -^.    This  may  be  refolved  into  three  analogies,   a.b  i\  b  .  — ,   and 

^  •*::—-•  -7-*  ^™  a^+  »  .  r  ::  -—-  .    ,  ,    ,  .  If  thedenommatorlhould 

Bavc  three  terms,  then  perhaps  two  of  them  muft  be  transformed  ;.  if  it  fliould* 

have. 
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have  four,  then  three  are  to  be  transformed,  &c.  •  Thus,  if  there  were  given 
9c  zz  ,  x^i  _'^f'  9  ^^^^^  having  made  b^  =  aan^  and  hcc  =  aapj  then  it  would 
be  *  =  — - — -^ r-  •    This,  in  the  fame  manner,  is  refoived  into  three  ana* 

logics,  a  .  b  ::  b  .  —  ^  a  .b  :\  — .  —r-,  and  //+«—;>.  r  ::  -r- .  -r—r r 

_  ^3r    

""     <l*  +  ^5  —  ^cc  * 

It  can  make  no  difficulty  if  the  numerator  of  the  fradion  (hould  be  com* 
plicate,  or  have  feveral  terms;  becaufe  the  fraftion  will  be  equivalent  to  fo 

many  fraftions  as  are  the  terms  of  the  numerator.     Thus  ^^^  ^  ^   is  the  fame  as 

3  _  ,  ±  "TZ^  '     Therefore  each  being  refoived  in  the  manner  here  explained, 

the  fum  or  difference  of  the  lines  fo  found,  according  as  their  figns  may  re- 
quire, will  give  the  line  which  is  the  value  of  the  unknown  quantity  required. 

Oiher  frac-        90.  But  without  multiplying  operations,  by  reducing  a  fra<5lion  with  a  com- 

^^"a^^°"      P'i^^^c  numerator  to  feveral  fraftions,  it  will  be  enough  to  make  ufc  of  a  con- 

"*  ^^        venient  transformation  of  the  terms  of  the  numerator  and  denominator,  after 

the  fame  manner  as  has  already  been  feen  for  the  denominator.     Thus  let  it  be 

.V  =  ^  .  /;  transform  the  term  be  into  am^  and  the  fraftion  will  be  ^  ,   /^; 
tf+^  tf+6 

whence  it  is  <j  +  ^  .  ^  +  w  ::  ^  .  ?f-i4^.    Let  it  be  ^^^.  7 \tl i  make  hfzz 

a  •\^  b  acf  4-  off  ^ 

am,  and  the  fraaion  will  be  — 7- 7-,  that  is  — 7- — 7- :    then  f.  a  ::  c  . 

ac  J       ,  - .    ^^         dcc  —  acm 

-T-,  and  r  +  w.^— w  ::  -7-  .  -? 7-  . 


But  If  the  numerator  and  denominator  of  the  fradion  be  fifch,  that  without    . 
transforming  any  term  they  may  be  refoived  into  their  linear  components;  then 
no  ufe  is  to  be  made  of  transformation,  which  would  only  multiply  operations 

unncceffarily.     Such  will  be  the  fraftions  — ^^ —  ,  ^  "  ^    •   and  fuch  others*. 

'  aa  -^  cc        ae  '\'  cc 

The  firft  of  thefe  may  be  refoived  into  thefe  two  analogies,  a  -{•  c  .  a  :i  a  •  —^ 
and  a  —  c  .b  ::  -^  .  — ff — .     And  the  fecond  into  thefe  two,   c  .  a  :i 

^  +  b  .  ""^  ^  ^   9  and.  a  +  c  .  a  -^  6  ::  ^f^^     ,  ?  "/'    .  Thus  very  often, 

without 
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without  transforming  the  terms,  it  will  be  more  convenient  to  make  ufc  of  the 
Extradtion  of  Roots,  for  refolving  a  fradlion  into  analogies.     Thus  the  fraftion 

y  may  be  refolved  into  this  analogy,  a  .  y/ aa  +  be  ::  \/aa  +  be  •  — — ; 

though  more  fimply  thus,  a  •{ — ^ .     The  fraftion  - — r —    *s    refolved  into 


aa  '^  bh 


thefe  two   analogies,     \/aa   +   ce  .    \/aa  -^  bb    \\    s/ aa  +  bb   •    ■  .  9 


and 


^ aa  -\-  le  •  ^    •  • 


tfa  ■{■  bb         tf'  +  ^^^ 


V'fla  +  f^r  fldf  +  ff 


.    Yet  fomctimes  it  may  be  neceflary  to 


transform  a  term  i  as  in  the  fradtion  ^-^ — 7^,  which  cannot  be  refolved  even 


aa  —  ee 


by  radicals,  unlcfs  one  of  the  terms  of  the  numerator  be  transformed,  fuppofe 


Uc  into  acm,  {o  that  it  may  be 


a^  4-  ^^^ 


aa  —  cc 


For  then  it  may  be  ^  +  r  .  ^  :: 


/  aw  d^  H-  cm  -  y  a\  aa  -{'  cm       tf'  +  tf^'" 

\/ rtfl  +  f«  .  .         ;  ana  ^  —  r  .  v  ^a  4-  c/n  II  .  •  ■   :x 

'  tf  +  r  '  tf+ff  aa  ^  ce 

-^ —  .     The  fame  obtains  in  fraftions  more  compounded. 


4M  ^^e 


Fig.  14. 


Among  the  variety  of  ways  here  produced,  it  cannot  eafHy  be  determined 
which  will  be  bed  in  particular  cafes ;  perhaps  more  than  one  (hould  be  tried, 
that  we  may  pitch  upon  that  which  will  furnifh  out  the  fimpleft  conllrudtion  of 
the  propofed  problem, 

91,  As  to  what  concerns  tlie  finding  fuch  lines  as  are  cxprefled  by  radicals ;  Radicals  how 
in  the  third  place,  let  the  value  of  the  unknown  quantity  be  an  integer  quadra- co»^*''"^^* 
tick  radical,  fuppofe  x  =  \/ai»     That  is,  a:  is  a  mean  proportional  between 

a  and  ^.  Take  AB  ~  a,  and  dircftly  to  it 
BC  =  ty  and  bifeding  the  compofed  line  AC 
in  H,  with  radius  HC  defcribc  the  femicirclc 
ADC,  and  from  the  point  B  raife  the  perpen- 
dicular  BD  terminated  at  the  circumference. 
The  reftangle  of  AB  into  BC  will  be  equal  to 
the  fquare  of  BDj  that  is,  ab  =  BDy,  and 
therefore  \/ab  zz  BD  zz  x.  Let  it  be  jf  =: 
Vzaa;  taking  AB  =  2^  and  BC  r:  a^  it  will 
be  BD  -  y/iaa,  &c. 

And  if  the  radical  confided  of  complex  quantities,  as  ;f  =:  \/^a  ±  ub,  or 
dfe  X  zz  \/^aa  ±4Lb  ±  lae  \  in  the  firft  cafe,  making  AB  =  4^  ±  b;  and  in 
the  fecond,  AB  =  3^  ±  ^  ±  2r,  and  taking  BC  ^  a-,  if  a  femicircle  ADC  be 
defcribed  upon  the  diaimeter  AC,  and  a  perpcftdrc^lar  BD  be  raifcd,  that  per- 

pendicular 

e 
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pendicular  in  the  firft  cafe  will  be  equal  to  x/^aa  ±  a^  =  x,  and  in  the  fecond, 

V^  3^12  ±  ai  ±,  2a:  —  Af. 

And,  in  general,  let  the  terms  under  the  vinculum  be  as  many  as  you  pleafc, 
and  combined  with  their  fi^ns  in  any  manner,  it's  value  may  always  be  con- 
flrufted  by  means  of  a  femicircle,  when  every  term  is  multiplied  into  the  fame 
letter;  making,  for  example,  one  of  the  fegmenis  CB  equal  to  that  letter,  and 
the  other  fegment  BA  equal  to  the  fum  or  difference  of  all  the  terms  divided  by 
that  letter,  and  raifing  the  perpendicular  BD.  It  is  eafy  to  perceive,  that  if 
the  combination  of  the  figns  fliould  make  the  fegment  BA  a  negative  quantity, 
that  then  the  quantity  under  the  vinculum  would  be  negative,  and  therefore  that 
the  value  of  the  unknown  quantity  would  be  imaginary.     Such   would   be 

9c  =  \^  ah  ^  Gc,  fuppofing  c  to  be  greater  than  i. 


Uow  radicals  92,  ^ow  if  every  term  be  not  multiplied  by  the  fame  letter,  they  may  become 
transformed  ^"^^  ^V  transforming  tho(e  that  are  not  lb.  Thus,  if  a:  =:  \^aa  ±  bh^  make 
ifl  order  to     lb  —  am^  and  it  will  ht  x  zz  \^ aa  ±  am.     Then  taking  AB  =  ^  Hb  ^1  that  is 

ronllrudtion*  ,. 

AB  =  ^  ±  — ,  and  BC  ir  a^  and  defcribing  the  femicircle,  it  will  be  BD  = 

t^ aa  ±  bb  =  X.  In  like  manner,  having  given  x  =  'Z aa  +  bb  -^  cct  make 
ii  =:  am,  cc  =  an^  and  it  will  be  \/ aa  +  am  -^  an  =  x ;  and  taking  AB  =: 
tf  +  ;;z  —  n,  and  BC  =  a,  it  will  be  BD  =:  \/aa  -{-  bb  ^  cc  =  x. 


Quadraticks 

condnidled 

writhout 

transforma- 

iion. 


Fig.  15. 


93.  But  however  the  terms  may  be,  without  making  any  alteration,  qua- 
dratick  radicals  may  always  be  conftruded,  either  by  a  right-angled  triangie 

alone,  or  by  that  and  a  circle  together.     Let  it  be  ;f  =  \/aa  +  bb »  and  take 

AB  =  a,  and  BC  n  ^  perpendicular  to  AB, 

It  will  be  AC  =  ^/aa  +  bb  =x.  If  a:  =  ^aaa, 
make  AB  t=  a^  and  BC  =  a,  and  it  will  be 
AC  =  i/  %aa.  \i  X  -=•  ^Z  %aa^  make,  as  at 
firft,  AB  =  BC  =  <x,  and  upon  the  right  line 
AC  raifing  the  perpendicular  CD  =  tf,  it  will 
be  AD  =  \/3tf^.  \i  X  :=L  V  s<^a^  make  AB 
t=:  2a,  BC  =  tf ,  then  AC  =  V  saa.    If  «•  = 

\/aa  +  bb  -k-  ccy  make  AB  =  tf,  BC  =  b  and 
perpendicular  to  AB,  and  upon  AC  raife  the 
perpendicular  CD  =  c  ;  then  the  hypothenufe 

AD  will  be  =  ;if  =  V  aa  +  W  +  ^c  *  and  fo  on 
to  quantities  more  compounded.    If  a;  =  VITTTc,  though  the  term  be  be  not 

transformed^ 
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Fig^  16.  j^  transformed,  in  the  manner  fliown  abdve, 

taking  AB  =  tf,  BC  rz  ^,  BD  =  r,  upon 
the  diameter  CD  dcfcribe  the  femicircle 
CED,  then  tlic  ordinate  BE  will  he  =  ^bc\ 
and  drawing  the  hypothenufe  AE,  it  will  be 

upon  AE  draw  tlie  perpendicular  EM  zi  ^, 

and  it  will  be  AM  zz  »v  z:  ^ aa  +  ^r  +  et* 

Let  X  zz  \/aa  +  tc  -{-  ccy  taking  BC  r:  ^  +  f, 

BD  =:  f,  it  will  be  BE  iz   Vhc  +  ro  and 

AE  =  \^aa  +  he  +  cc.     If  there  (hould  be  more  terms,  the  operations  might 

increafe,  but  not  the  difficulty.  Let  x  zz  ^aa^bb; 
on  the  diameter  AB  zitf,  let  the  femicircle  ACB 
be  dcfcribed,  in  which  infcribe  the  chord  AC 
zz  b ;  then,  becaufe  of  the  right  angle  ACB,  it 

will  be  BC  n   »J aa^hh.      li  X  —  S/aa-^bb+bb, 

produce  AC  to  M,  fo  that  it  may  be  CM  zz  b ; 
and  drawing  BM,  it  will  be  =  a'  z:  ^aa-^bb-i-bb^ 
If  X  =  Vaa  -^  bb  ^  bhy  in  the  femicircle  ACB 
infcribe  the  chord  AC  iz  V  bb  +  bb  ;  then  BC 

=  ^/da'^^^^^^^^Tb.      If  AT  zz   \^aa  —  bcy  OT  X  ZZ  y/ aa  ^  be  —  ce\  taking  AB  z:  b 

in  the  firft.cafe,  and  zz  ^  +  ^  in  the  fecond, 
add  diredlJy  AD  =:  r,  AH  =  a^  if  with  the 
diameters  BD,  AH,  be  defcribed  tlie  two 
femicircles  BCD,  AEH ;  the  ordinate  AC  in 
the  firft  cafe  will  be  zz  y/bcy  and  in  the  fe- 
cond zz  ^  be  +  ro  and  therefore,  taking  AE 
zz  AC,  and  drawing  the  chord  EH,  it  will  be 

y/aa  —  be   in  the  firft  cafe,  and  zz:  ^/ aa  —  be^ce 

in  the  fecond.  If  it  were  x  zz  \/aa  —  ^c  —  ce^ 
make  AB  zz:  ^,  AD  z:  r,  and  bcfides,  taking 
CF  zz  tf  perpendicular  to  AC,  it  will  be  AF 

=  Vbc  +  ce.     Wherefore,  making  AI  =  AF, 

it  will  be  IH  n  *  =  v/oa  -  ^^^  —  ee* 


If  ^  =  y/a^  +  *♦,  that  is  y  =  V^y'a^  +  b^y  transform  the  fecond  term  b^ 
lata  aamm^  and  it  will  be  x  =  v/y^*  +  a^i  and  taking  the  fquare  aa  out  of 
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the  fecond  radical,  it  will  be  x^^ a^^^ 
Make  AB  =  a^  and  the  normal  BC  =:  m, 


mm» 


Produce  CA 


a. 


it  will   be   AC  =   \/^aa  -^  mm. 

to  H,  fo  that  it  may  be  AH  =  AB 
Upon  the  diameter  HC  dcfcribe  the  femi- 
circle  HDC,  and  from  the  point  A  draw  AD 
perpendicular  to  the  diameter ;  it  will  be  AD 

=:  \r  a^aa  +  mm  =  \/€^ 


+  b^  zz  X. 


Cafes  more  compounded  are  eafily  reducible  to  ihefe  here  fpecified*    I  (hail 
add  nothing  about  fractions  compounded  with  rational  quantities  or  radicals, 
becaufe  they  require  nothing  more  than  applying,  or  perhaps  extending,  the 
.  rules  already  given. 

Affected  94.  As  to  the  conftruftion  of  afFeded  quadratick  equations,  which  are  the 

quadraticks  higheft  I  intend  to  treat  of  in  this  Seftion,  I  thought  their  refolution  to  be 
ftruacd"'m-  "^^effary,  and  have  given  rules  by  which  to  obtain  the  values  of  the  unknown 
dependent  of  quanticy,  and  fo  to  conftrudl  them  in  the  manner  jufl:  now  taught.  Yet  this 
their  folutioo.  previous  refohuion  is  not  abfolutely  neceflary,  and  without  this  they  may  be 
conftruded  after  the  following  manner. 

All  the  infinite  number  of  affe6ted  quadratick  equations  may  be  compre- 
hended and  expreflfed  by  this  formula,  xx  ±  ax  ±:  bb  zz  o,  that  is^  by  thefe 
four,  which  arife  from  the  four  different  combinations  of  their  figns. 


I. 

3- 
4- 


XX  +  ax  —  bb 
ATAT  —  tf ;if  —  bb 
XX  '\-  ax  '^  bb 
XX  —  ax  ^  bb 


o. 
o. 
o. 

o. 


Fig.  ao. 


It  is  to  be  underftoody  that  the  letter  a  reprefents  the  whole  quantity 
which  forms  the  co-efEcient  of  the  fecond  term ;  and  b  is  the  fquare-root  of 
the  aggregate  of  all  the  known  terms.     Now  to  contra<5t  the  two  firft,  take 

CA  zr  t^,  AB  at  right  angles  to  it,  and  equal 
to  b.  With  radius  CA  let  a  circle  A  ED  be  de- 
fcribed,  and  from  the  point  B  let  the  right  line  BD 
be  drawn,  terminating  in  the  periphery  at  D,  and 
paffing  through  the  centre  C  Then  will  BE  be  the 
pofitive  vahie  of  the  unknown  quantity,  in  the  equa* 
tion  XX  +  ax-^bb  :zi  o,  and  BDit's  negative  value: 
as  on  the  contrary,  in  the  equation  xx  —  ax^  bb  rr  o, 
BD  will  be  the  pofitive  value,  and  BE  the  negative 
value.  And  in  effcd,  by  refoiving  the  two  equations, 

they 
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they  are  Af  =  —  f ^  ±  4/|«7+^,  and  *  =  1^  ±  ^^\aaT^.  And  by  the 
conftruftion,  it  being  CA  =  CD  ::=  CE  zz  '\a^  and  AB  =  b^  it  will  be  CB  = 

\/itfj  +  hbi  and  therefore  BE  =  \/-\aa  +  ib  —  t^j  which  is  the  pofitivc  value 
of  the  unknown  quantity  in  the  firft  equation  ;    and  BD  taken  negatively^ 

=  —  ftf  —  ^^aa  +  bby  will  be  the  negative  value.     Thus  BD,  taken  pofi- 

tively,  zn  ^a  +  ^\aa  +  bb,  is  the  pofitive  value  of  the  unknown  quantity  in 
the  fecond  equation  ;  and  becaufe  of  CB  greater  than  CE,  EB  will  be  negative, 

=:  t^  —  V^aa  +  bbi  which  is  the  negative  value. 

The  third  and  fourth  formulas  are  thus  conftrufted.  Taking 
CA  =:  fa,  and  AB  at  right  angles  equal  to  ^,  as  in  the  fore- 
going con(lru(^ion  ;  and  with  radius  CA  defcribing  a  femicircle 
ADH  ;  draw  BD  parallel  to  AC.  The  two  right  lines  BE, 
BD,  will  be  the  two  values,  or  the  two  negative  roots  of  the 
equation  xx  +  ax  -+  bb  ':^o  \  and  the  two  pofitive  values  in 
the  equation  xx  —  ax  +  bb  zz  o*     Now  refolving  the  equa* 

lions,  the  third  will  give  us  a?  =  —  f^  ±  ^^aa  —  bb,  and  the 

fourth  X  =  f  tf  i±:  ^^aa  —  bb*   Therefore,  drawing  the  right  lines 
CD,  CE,  and  CI  perpendicular  to  BD,  it  will  be  ID  =  IE  = 

V^aa  —  bb^  and  therefore  BE  negative  =:  —  j^a  +  ^\aa  —  bb^ 
the  negative  value  of  the  unknown  quantity  in  the  third  equa- 
tion, becaufe  BI  is  greater  than  IE.     And  BD  taken  negative  will  be  =  —  -^^ 

—  V^^jtf  —  bbi  the  other  negative  value  in  the  fame  third  equation.  On  the 
contrary,  BD  will  be  pofitive,  =  f ^  +  ^^aa  -  bb^   and  BE  pofitive,   =  -Ja 

—  ^Xaa  -  bb^  both  being  the  pofitive  values  of  the  unknown  quantity  in  the 
fourth  equation. 

Therefore,  to  conftruft  any  affefted  quadratick  equation,  it  will  fuffice  to 
afllime  the  radius  CA  equal  to  half  the  co-efficient  of  the  fecond  term,  and  the 
tangent  AB  equal  to  the  fquare-root  of  the  lad  term  ;  and  the  reft  as  in  one  or 
the  other  of  the  two  figures,  according  as  the  laft  term  (hall  be  pofitive  or 
negative.    Thus,  for  example,  to  conitruft  the  equation  xx  +  ax  —  bx  —  aa 

+  cc  2z  o,  make  AC  ==  ^  ""'■'  ,  and  AB  n  ^aa  -  cc  in  the  firft  of  the  two 

figures,  if  a  be  greater  than  c ;  and  AB  r=  \/cc  —  aa ,  in  the  fecond,  if  a  be 
lefs  than  c.  By  this  example  it  may  be  feen  how  we  are  to  proceed  in  all  other 
cafes. 

A  cafe  may  happen,  that,  in  the  conftruflion  of  Fig.  21,  the  right  line  BD 
fliall  not  cut,  but  touch  the  circle  ADH  ;  or  that  it  may  neither  cut  nor  touch 
it.  It  will  touch  it  when  it  is  AC  =  AB,  that  is,  ^a  =  b,  and  the  two  values 
of  the  unknown  quantity  of  the  equation,  BE^  BD,  (hall  be  equals  one  pofitive 

K.  2  and 
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and  the  other  negative.  It  will  neither  touch  it  nor  cut  it  when  B A  is  greater  than 
AC,  that  is,  b  greater  than  \a  \  and  the  unknown  quantities  will  not  have  any 
value  at  all,  but  will  be  impoflible  or  imaginary.  And  this  agrees  perfeftly 
with  the  analytical  refolution,  becaufe  when  it  is  \a  zz  b^  it  will  be  ^aa  —  bb^o^ 

and  therefore  the  two  values  x  z:  — ■  t^  +  V^^aa  —  kby  and  x  zi^a  +  ^x^a  —  hit 
will  be  Af  =  —  ftf,  and  x  -=:  ^a.     And  when  \a  is  lefs  than  ^,  then  \/\aa  —  bb 

will  be  an  imaginary  quantity,  and  therefore  the  two  values  of  tlie  unknown 

quantity  will  be  imaginary. 


Orotherwifc      95.  In  thefe  conftruAions  it  is  neceflary  to  find  the  fquare-root  of  the  laft 
thus  con-       term  of  ihc  equation,  which  is  to  fupply  us  with  ilie  tangent  AB  of  the  circle. 
If  therefore  this  lalt  term  is  equal  to  a  reiftangle,  or  if  we  have  a  mind  to  make 
it  fo,  which  thing  is  in  our  own  power,  the  four  formulas  aforegoing  may  be 
thus  condruded,  after  another  manner. 


ftrudcd. 


1.  XX  +  ax  —  be 

2.  XX  --^  ax  ^^  be 

3.  XX  +  ax  +  be 

4.  XX  —  ax  +  be 


o. 

o. 
o. 

o. 


Fig.  22.  Let  the  circle  BAD  be  defcribed  with  any  dia- 

meter, provided  it  be  not  lefs  than  either  a  or  ^  — r; 
where  I  fuppofe  b  greater  than  c,  or  that  b  is  the 
greater  fide  of  the  reftangle  given,  and  c  the  leffer 
fide.  Now,  from  any  point  A  in  the  periphery  let 
the  two  chords  AB  =  a  and  AD  :=i  b  ^  c  bt  in- 
fcribed  in  the  circle,  and  let  this  laft  be  produced 
to  F,  fo  as  that  DF  =:  c.  With  centre  C  of  the 
firft  circle,  and  with  radius  CF,  let  a  fecond  circle 
FGH  be  defcribed,  which  may  cut  the  chords  AD, 
AB  produced,  in  the  points  F,  E,  G,  H.  This 
being  done,  AG  will  be  the  pofitive  value  or  root, 
and  AH  the  negative,  in   the  equation  xx  +  ax 

—  ^tf  zz  o.     And  on  the  contrary,  AG  will  be  the  negative  root,  and  AH  the 

pofitive,  in  the  equation  xx  ^^  ax  —  be  =  o. 

Now,  to  apprehend  the  reafon  of  this,  it  is  neceflary  to  have  recourfe  to  two 
proper! ies  of  the  circle,  which  are  demonftrated  by  geometricians;  which  are, 
that  the  right  lines  EA,  DF,  are  equal  to  each  other,  as  alfo  the  two  GA,  BH, 
are  equal,  and  that  the  reftangles  t  A  X  AF,  and  GA  x  AH  are  alfo  equal. 
Thefe  two  theorems  being  fuppofed,  the  line  BA  is  to  be  bifetled  in  M.  Then, 
by  EueliJ^  ii.  6,  the  fquare  of  MG  will  be  equal  to  the  Iquare  of  MA,  together 
with  the  redtangle  BG  x  GA,  that  is  HA  X  AG,  that  is  FA  x  A£.     But 

the 
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the  fquare  of  MA,  by  the  conftrudlion,  is  equal  to  ^aa,  and  the  rcdangle 

FA  X  AE  is  equal  to  ic.     Therefore  it  will  be  MG  =  4/  ^aa  +  be,  and  thence 

AG  =  —  ia  +  V^aa  -f  bcy  the  pofitive  value.     But  AH  zz^a  +  ^ \aa  +  hc^ 

whence  AH  negative  =:  —  \a  —  v/^ja  +  he  the  other  value  whixrh  is  negative ; 
both  cxadly  as  they  arife  from  the  refoKuion  of  the'  firft  equation.     For  the 

fame  reafon,  AG  negative  will  be  =  fa  —  y/\aa  +  bcy  and  AH  pofitive  =  \a 

+  *y  \aa  +  bc^  which  are  the  values  of  the  unknown  quantity  in  the  fecond 
equation. 

Fig.  23.  As  to  the  third  and  fourth  equation,  let  any  circle  RAD 

be  defcribed  with  a  diameter  not  lefs  than  a,  or  ^  +  r. 
From  any  point  of  the  periphery  A  let  two  chords  be 
infcribed  in  it,  that  is  AK  r=  a^  and  AD  zz  b  ^  c  \  and 
making  DF  =  r,  with  centre  C  of  the  firft  circle,  aqd 
with  radius  CF,  let  another  circle  GHF  be  defcribed, 
which  (hall  cut  the  two  chords  AR,  AD,  in  the  points 
G,  H,  F,  E.  This  being  done,  AG,  AH,  fhall  be  the 
two  negative  values  in  the  third  equation,  and  the  two 
pofitive  in  the  fourth.  For,  bifeding  RA  in  M,  it  will 
be,  by  Euclid^  ii.  6,  the  fquare  of  MA  equal  to  the 
rcftangle  HA  X  AG,  that  is  RG  x  GA,  that  is  DE  x  EA,  together  with 
the  fquare  of  MG.     Therefore   it  will  be  \aa  zz  be  +  MGj,    or    MG  = 

V^jiw  -  be.    And  therefore   —  MA  +  MG,  that  is  GA  negative,  will  be 

=  —  f tf  +  \/Atffl  -  be.    And  —  MG  —  MR,  that  is  GR  negative,  will  be 

=  —  t^  —  V  iaa  -  be,  both  the  negative  values  of  the  unknown  quantity  in 

the  third  equation.     In  like  manner,  MG  +  MR,  that  is  fa  +  i^ ^aa  —  be, 

will  be  GR  pofitive ;  and  MA  —  MG,  that  is  ia  —  V^j^n  -  be,  will  be  AG 
pofitive,  both  the  pofitive  values  of  the  unknown  quantity  in  the  fourth  equation. 

It  is  plain,  both  by  the  conftruftion  of  Fig.  23,  and  by  the  refolution  of  the 
third  and  fourth  equations,  that  when  it  is  be  =  ^aa,  the  circle  HGEF  will 
touch  the  right  line  RA,  and  the  two  values  will  be  equal.  And  if  be  (hall  be 
greater  than  -^aay  it  will  neither  touch  it  nor  cut  it,  and  then  the  two  values 
will  become  imaginary. 

-  Having  thus  laid  down  the  principal  rules,  I  (hall  proceed  to  (how  their  ufc 
in  ihe  folution  of  fome  particular  Problems. 
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PROBLEM    I. 


An  arithmc      96,  Let  there  be  a  certain  fum  of  (hillings,  which  is  to  be  diflributed  among 

lical problem. fome  poor  people;  the  number  of  which  (hillings  is  fuch,  that  if  3  were  given 

to  each,  there  would  be  8  wanting  for  that  purpofe ;  and  if  2  were  given,  there 

would  be  an  overplus  of  3  (hillings.     It  is  required  to  know,  what  was  the 

number  of  the  poor  people,  and  how  many  (hillings  there  were  in  all* 

Let  us  fuppofe  the  number  of  poor  to  be  x ;  then,  becaufe  the  number  of 
(hillings  was  fuch,  that,  giving  to  each  3,  there  would  be  8  wanting ;  the 
number  of  (hillings  was  therefore  3^  —  8.  But,  giving  them  2  (hillings  a- piece, 
there  would  be  an  overplus  of  3  ;  therefore  again  the  number  of  (hillings  was 
IX  +  3.  Now,  making  thefe  two  values  equal,  we  (hall  have  the  equation 
3*  —  8  =  2;.  +  3,  and  therefore  a;  =  11  was  the  number  of  the  poor.  And 
becaufe  ^x  —  8,  or  2x  +  3,  was  the  number  of  the  (hillings,  if  we  fubftitute 
II  inftead  of  x,  the  number  of  (hillings  will  be  25, 


PROBLEM    n. 


A  problem 
of  equable 
motion. 


97*  The  velocities  of  two  bodies  being  given»  their  diftance,  and  the  differ- 
ence of  time  in  which  they  begin  to  move  in  a  right  line  5  the  point  in  that  line, 
and  the  time  is  required,  in  which  the  bodies  will  meet* 


Fig.  24. 
A 


M 


B 


D 


Let  the  (irft  body  be  at  A,  the  velocity 
of  which  is  fuch,  that  it  would  defcribc  the 
_  fpace  €  in  the  time  /.  Let  B  be  the  fecond 
body,  with  fuch  a  velocity,  that  it  would 
dcfcribe  the  fpace  d  in  the  time  g.  Let  the  difference  of  time  in  which  they 
begin  to  move  be  h,  and  let  their  diftance  AB  be  e.  Firft,  let  them  move  the 
fame  way,  and  let  them  come  together  at  the  point  D.  Make  AD  zi  x,  then 
BD  7Z  X  —  e.  To  obtain  an  equation  it  muft  be  confidered,  that,  having 
given  the  difference  of  time  from  the  beginning  of  the  motion  of  the  body  A,- 
and  of  the  body  B,  the  time  muft  be  found  employed  by  the  body  A,  and  aUb 
by  the  body  B,  and  to  the  leffer  of  thefe  times,  or  to  that  of  the  body  which 
moves  laft,  muft  be  added  the  given  difference,  and  then  thefe  two  portions  of 
time  ought  to  be  made  equal.  Therefore,  by  the  rule  of  proportion,  we  muft 
fay,  if  the  body  A  defcribc  the  fpace  c  in  the  time  /,  in  what  time  will  it 

5  dcfcribe 
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defcribe  the  fpace  x }  That  is,  r  ./;:  a:  .  ^^ ,  which  is  therefore  the  fourth 
term.  Likewife,  if  the  body  B  defcribe  the  fpace  d  in  the  time  g,  in  what 
tinie  will  it  defcribe  the  fpace  a?  —  ef  That  is,  ^  .  ^  ::  ^c  —  e  .  ^^LllIL^  which 

fx 

is  the  fourth  term.     Therefore  the  time  of  the  body  A  is  •=^,  and  the  time  of 

the  body  B  is  ^^  T  "^  ,  and  their  difference  is  b.    And  if  the  body  A  began 

to  move  after  the  body  B,  it  will  be  —  +  A  =  ^—j^  I  and  reducing  to  a 
common  denominator,  it  will  be  fdx  +  cdb  =  cgx  —  cge^  that  is,  cgx  '-^fdx 
=  cdb  +  cegi  and,  dividing  by  cg—fd^  it  is  ^' — i^  =  a?. 

If  the  body  A  move  before  the  body  B,  it  will  be  ~  =r  /&  +  ^^  "T  ^^- ; 
and  reducing  to  a  common  denominator,  it  is  dfx  =  cdb  +  cgx  —  ceg^  that  is, 
cgx  '^  dfx  -=::  ceg  —  cdb.  And,  dividing  by  eg  —  ^,  it  is  ;if  =  "^^~"S"* 
Now,  if  inftead  of  x  we  fubftitute  it's  value  now  found,  in  the  expreflion  of 
the  whole  time  -  +  i&  in  the  firft  cafe,  and  in  ^-^  in  the  fecond,  we  (hall 
have  the  time  required. 

I  (hall  apply  the  formula  to  fome  examples.  Let  the  body  A  have  fuch  a 
velocity,  as  to  move  9  miles  in  i  hour,  and  the  body  B  to  move  15  miles  in 
2  hours;  and  let  them  be  dillant  from  each  other  18  miles,  and  let  B  begin  to 
move   I  hour  before  A.     Then  it  will  be   i>=:i,/=i,  ^  =  9,  ^1=2, 

rf=  ic,  ^=  18;  and  therefore  x  =:  ^^1      '^^  =:  \tx.    Subftitute  this  value 
^'  18  —  15  ^•' 

inftead  of  of,  and  alfo  the  others,  in  the  expreffion  of  the  time  ^^  +  A,  and  it 

will  be  =  18.  Therefore  the  two  moving  bodies  will  be  together  at  the 
diftance  from  the  point  A  of  153  miles,  after  18  hours  from  the  beginning  of 
the  motion. 

Let  the  body  A  have  fuch  a  velocity  as  to  move  4  miles  in  i  hour,  and  the 
body  B  to  move  5  miles  in  i  hour,  and  let  them  be  diflant  6  anl  -s,  and  A 
begin  to  move  2  hours  before  B.  1  herefore  it  will  bei?r:2,  /=  1,  c  "=:  ^^y 
^=  I,  ^zi  5,  ^  =  6.     Taking  the  formula  of  the  fecond  cafe,  it  will  be 

K  —  V"  ^  ^^  zz  16.     And  fubftituting  this  value  of  x  with  the  others  in  the 

expreffion 
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cxprcffion  of  the  time  ^^,  it  will  be  n  4.     Therefore  the  two  bodies  A  and  B 

will  be  together  at  the  diftance  of  16  miles  from  the  point  A,  after  4  hours 
from  the  beginning  of  the  motion. 

But  if  the  two  bodies  move  contrary  ways,  or  towards  each  other,  let  them 
meet,  for  example,  in  the  point  M  j  then  calling  AM  =  ,r,  and  retaining  the 
fame  denominations  as  above,  BM  only  will  be  changed,  which  will  now  be 
=  ^  —  * ;  and  confequcntly  the  time  of  the  body  B  to  defcribe  the  fpace  BM 

will  be  ^^  "  ^^  .     Wherefore,  if  A  begin  it's  motion  after  the  body  B,  it  will 


/-• 


fi^    _ 


be  ^  +  i&  =  iLZH  .  and  if  it  begin  it's  motion  firft,  it  will  be  —  r:  i 
+  ^^"^^i  of  which  equations  the  firft  is  fdic  +  cdb  =  cge  —  cgx^  that  is  x  = 
^^^  7  ^^  >  and  the  fecond  is  fdx  zz  cdb  +  cze  —  cgx.  or  *  =  ^^[.  ,       . 

Let  the  body  A  have  fuch  a  velocity,  as  to  defcribe  7  miles  in  two  hourSf 
and  the  body  B  8  miles  in  3  hours,  and  let  them  be  diftant  59  miles^  and  A 
begin  to  move  i  hour  before  B.     Therefore  it  will  be  b  =.  i,  /=  2,  r  =  7, 

|[  =:  3,  J  =  8,  ^  =  59  ;  and  therefore,  taking  the  fecond  formula  x  =  ^^^TS"» 

and  fiibftiiuting  thefe  values,  it  will  be  x  =  '^^^     J  ,  that  is ;?  =  35.   There- 
fore the  two  bodies  will  meet  each  other  at  the  diftance  of  35  miles  from  the 
.  point  A,  after  10  hours  from  the  beginning  of  motion ;  as  will  be  feen  by 

fx  •         •  •  ■ 

fubftituting  thefe  values  in  the  expreffion  ^^,  which  is  the  whole  time  of 
motion  • 
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Ev^xo,  a  98.  Having  given  the  mafs  of  the  crown  of  King  Hiero,  made  up  of  a 
famous  pro-  mixture  of  gold  and  filver,  and  the  fpecifick  gravity  of  gold,  of  filver,  and  of 
^]^m^  ^^  ^^^  crown ;  it  is  required  to  find  the  quantity  of  each  metal  in  the  crown. 

Let  the  mafs  of  the  crown  be  reprefented  by  i»,  the  fpecifick  gravity  of  gold 
10  filver  be  as  19  to  lof,  and  to  the  fpecifick  gravity  of  the  crown  as  19  to  i-y. 
Make  x  the  quantity  of  gold  in  the  crown,  and  therefore  m  —  x  will  be  the 
quantity  of  the  filver.    The  mafs  of  a  body  divided  by  it*s  denfity  or  fpecifick 

gravity 
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gravity  is  equal  to  it's  volume  ;  therefore  the  volume  of  the  crown  will  be 

-^,  that  of  the  cold  — ,  and  that  of  the  filver  ^5-^'.      But  the  volume  of 
17  *  ^         19  '  ijj- 

the  crown  is  equal  to  both  the  volumes  of  the  gold  and  filver  together  which 


compofc  it.     Therefore  we  flull  have  the  equation  —  =  —  +  — j-- ,  that  is, 
by  reducing  it  to  order,  - 


ig  —  10}-      __   17  —  10/ 


9  X  io\  17  X 


—  ^jlA_1? 


— ; ;;;,  and  therefore  x  =  -rr 


X  i; 


100 


or  ;c  =  -^-m.     Hence,  fuppofing,  for  example,  the  mafs  of  the  crown  to  be 

5  pounds,  the  quantity  of  the  gold  in  it  will  be  4 rVr  pounds,  and  of  the  filver 
•i-TT  parts  of  a  pound. 


PROBLEM     IV. 


99.  Let  there  be  two  weights  fo  related,  that  if  we  take  from  the  firfl;  i  pound,  An  arithmc- 
the  remainder  fliall  be  equal  to  the  fecond  weight  increafed  by  i  pound.     i^nd,^ical problem, 
adding  1  pound  to  the  firft,  and  taking  i  pound  from  the  fecond,  the  fum  fliail 
be  double  to  the  remainder.     The  quantity  of  each  weight  is  required. 

Let  us  call  the  firft  weight  .v,  and  the  fecond  y.     Then  it  will  be  ;i:  —  i  = 

V  "4-   I 

^'  +  I  by  the  firfl:  condition,  and  * ir  ^  —  i  by  the  fecond.    By  the  firfl: 

we  obtain  this  value  jr  z=  a:  —  2,  which,  fubfl.ituted  in  the  fecond,  will  give 
^  ■ '  =  .V  —  3,  and  therefore  x  +  i  zz  ix  —  6  j  that  is,  ;c  =  7,  and  con- 
fcqucntly  y  :=:  S* 


PROBLEM    V. 


Pig.  25. 


100.  In  a  given  circle  DCM,  a  line  AB  being  given,  ;^  acomctu. 
which  is  intercepted  between  the  centre  and  the  iinccarpr^^^""'-" 
MB,  drawn  from  the  extremity  of  the  diameter  DM 
perpendicular  to  AC  :  it  is  required  to  find  a  point  O 
in  the  tangent  MO,  from  whence  the  reAangle  of 
OM  into  MB  may  be  equal  to  the  rc6tangl«  of  DM 
into  AB. 

Make  AB  =  ^,  AM  =  a,  MO  =:  .v;  it  will  be 
MB  zr  \/aa  —  bb ,  and  by  the  condition  of  the  pro- 
blem. .V  \^  aa  -  hb  =  Q>ah,  tha:  \%,  x  z:. 


y  tiH  —  bb 


I. 


rroni 
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From  the  point  D  let  there  be  drawn  DO  parallel  to  BM  i  then  the  triangles 
MBA,  DMO,  will  be  fimilar,  and  therefore  it  will  be  MB  .  BA  ;;  DM  .  MO, 

that  is  \/aa  -  bb  .h  :\  la  .  MO  =     .  ^"^    ,,  =  x. 

Yaa  —  bb 


PROBLEM    VL 


Aoother. 


10 1.  A  redtangle  being  given^  a  paral- 
lelogram is  required,  the  fides  of  which  arc 
multiples  in  a  given  ratio  of  the  fides  of  the 
redtangle,  and  it's  area  fubmultiple. 

IT  Let  ABCD  be  the  given  re&angle, 

AB  zz  a,  BC  =  ^,  and  therefore  the  area 
=  abn  Let  the  parallelogram  required  be 
BFHG,  whofe  fide  BF  fliould  be  to  AB  as 

# 

»  to  ^ ;  and  therefore  BF  =  — •  The  fide 

BG  fliould  be  to  BC  as  «i  to  ^ ;  and  therefore  GB  =  —  •     Laftly,  the  arc*. 
BFHG  fliould  be  to  the  given  reSangle  aby  as  e  to  r.    Make  BL  =:  x,  and 


aann 


XX. 


therefore,  drawing  FL  perpendicular  to  BG,  it  will  be  FL  r:    /■ 

Wherefore  the  parallelogram  BFHG,  that  is  FL  X  BG,  will  he  — Vf^-x^v 
Afid,   fince  this  ftiouKl   be  to   the  reftangle  ABCD   as  ^  to   r,   we  (hall 

have  the  analogy  ^u  ^~  —  xx  .  ab  11  e  .  r;    whence    the    equation 
^  aofin  ^  ^^  _  ^^ .    ^j^j  taking  away  the  radical,  it  will  be  ^^  —  **  = 


Imr 

fttttlTT 


a^e^ 


,  that  is  XX  =  —    — j-^ ;   and  extrafting  the  Iquare-root,   x  — 


■  /  aann 


aae^ 
tuffttr 


In  the  fide  BA  take  BI  =:  — ,  and  IM  =  — ;  and  with  centre  I,  radius 


an 

€ 


IM,  defcribe  the  femicircle  MLP.     The  ordinate  will  be  BL  =  ^ 


aattn      tuu^ 


ee 


zz  X.   Then  from  the  point  L  raifing  the  perpendicular  LF  =  BI,  and  drawing 

9  BF. 


«ECT«  n. 


ANALYTICAL      INSTITUTIONS. 


75 


BF,  take  BG  =  — ,  and  compleating  the  parallelogram  BHFG,  it  will  be  = 

BG  X  FL  =:  —  ;  that  is,  it  will  be  to  the  redangic  BADC  r:  ab,  as  e  to  r. 

And  the  fide  BF  will  be  equal  to  v/dl^  +  L?q  =  —  :  which  was  to  be  con- 
ftrufted. 

The  extradlion  of  the  fquare-root  has  introduced  an  ambiguiry  of  flgns,  and 
therefore  two  values  of  the  unknown  quantity,  and  confequently  two  loiurions 
of  the  problem.  But  it  is  eal'y  to  perceive,  that  thefe  two  values  arc  the  fame, 
and  differ  from  each  other  only  in  this,  that  the  fame  conftruftion  may  be  made 
on  the  fide  of  B  towards  C. 


PROBLEM     VII. 


I02,  To  infcribe  a  cube  in  a  given  fphere. 


Fig.  27. 


Let  KQE?  be  a  great  circle  of  the  fphere,  A  geometri- 
A  it*s  centre,  AT  =  a  it*s  radius,  AR  half  of cal  problem, 
the  height,  or  of  the  fide  of  the  cube  to  be  in* 
fcribed,  and  therefore  make  AR  =  x.  Through 
the  point  R  let  there  be  conceived  to  pafs  a  plane 
perpendicular  to  AT,  the  common  fedlion  of 
which,  with  the  fphere,  (hall  be  the  circle 
QNSKFO,  and  the  fquare  infcribed  in  this 
circle  (hall  be  one  face,  or  one  plane  of  the  pa- 
rallelopipcd  infcribed  in  the  fphere.  But,  be- 
caufe  this  parallelopiped  ought  to  be  a  cube,  it 
will  therefore  follow,  that  GR  =  SN  =  NO, 
or  AR  =  RI  =  10  ;  and  befides,  that  the 
planes  which  indofe  it  (hould  be  at  right  angles.  In  the  circle  KPEQ*.  the  or- 
dinate will  be  KR  zz  QR  =  V  aa  -  xx ;  and  taking  RI  zz  RA  zi  x,  it  will 
be  KI  =  \^aa  ^  XV  -r  ^,  and  1Q^=  \/aa  -  XX  —  .V.  And  in  the  circle 
NKOQ^,  the  ordinate  lO  =  v/ri  x  IQ  =  \/aa  —  2xx<     Therefore  the  equation 

will  be  4/ tf fl  -  zxx  =  Xy  and  thence  aa  =  3,v.v,  or  x  zz  ±:  V \aa.  Now,  taking 
AU  equal  to  a  third  part  of  the  radius  AB,  upon  the  diameter  CU  defcribe  the 
femicircle  CRU  ;  the  point  R  in  which  it  cuts  the  radius  AT  (hall  be  the  point 
required.  And  it  will  be  AR  =  \f  \aa^  half  the  fide  of  the  cube,  taking  it's 
pofitive  value  on  the  fide  of  T,  and  the  negative  towards  Z.  Whence  taking 
AG  =  AR,  and  through  the  points  R,  G,  the  fphere  being  cut  by  two  planes 

L  2  perpendicular 
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perpendicular. to  RG  ;  and  raking  RH  =  RI  rr  RA,  and  through  the  points 
J,  H,  the  fphere  being  cvi  by  two  other  planes  perpendicular  to  HI,  and  by 
two  others  throup^h  SN,  FO,  perpendicular  to  NO,  the  cube  will  be  infcribed.. 
For,  bccaut'e,  by  the  conftruction,  as  it  plainly  appears,  the  planes  are  perpen- 
dicular to  one  another,  and  it  being  AR  zz  RI  —  x^^^aay  it  will  be,  by  the 
property  of  the  circle  KQEP,  the  ordinate  RQ^zr  ^/^aa^  and  therefore  IQ^ 
=  V^*^<?  —  v'^^/z/?,  and  lO  =  \/KI  x  IQ^=  V^t^^  i  ^^^^  confequently  all  the 
fides  arc  equal,  as  was  to  be  dcmonftrated. 

From  the  conftruftion  of  this  problem  arifes  a  pretty  fimple  fynthetical  de* 
monftraiion.  Since  AU  is  a  third  part  of  the  radius  AC,  the  rectangle  CAU, 
that  is  the  fquare  of  AR,  will  be  a  third  part  of  the  fquare  of  the  radius,  and 
therefore  AR  zr  RI.  If  from  the  centre  A  of  the  fphere  be  drawn  a  right  line 
AI  to  the  point  I,  the  fquare  of  Al  will  be  double  the  fquare  of  AR,  that  is,  two- 
ihird  parrs  of  the  fquare  of  the  radius.  And  if  from  thafaid  centre  A  a  radius 
AO  be  fuppofed  to  be  drawn,  the  fquare  of  lO  will  be  equal  to  the  fquare  of 
AO,  lelVened  by  the  fquare  of  AI ;  that  is,  equal  to  the  Iquare  of  the  radius, 
Iclfened  by  two  third  parts  of  the  fame  fquare,  and  therefore  equal  to  one  third 
part  of  the  fquare  of  the  radius,  and  confcquently  lO  is  equal  to  AR,  &c. 


PROBLEM    Vlir. 


Another, 
producing 
an  identical 
L^'uation, 


Fig.  28. 


EJl    0 


103.  Two  concentric  circles  ACO,  BDH,  being;^ 
given,  from  the  point  O  to  draw  a  chord  in  fuclv 
manner,  that  it  may  be  OM  zz  DC. 

Let  OC  be  the  chord  required,,  and  let  F  be  the 
centre.  Make  FH  zz  a,  FO  zz  ^,  and  letting 
fall  the  perpendicular  ME  to  AO,  let  FE  z=  x^ 

Then  EM   zz   \/;nrir77,    EO  =:  *  —  *,   and 

therefore  OM  zz   \/aa  —  2lfx  T^-     From  the  point  C  draw  CA  to  the  cxr 
iremity  of  the  radius  FA.    1  hen  the  two  triangles  OEM,  OCA,  will  be  fimilar, 

and  therefore  OiM  .  OE  ::  OA  .  OC.     That  is,  \/aa  -  ibx  +  b&  .  6  ^  x  :: 

But,   by  Euclid,  iii.  36,    it  is   DO  X  OM   = 

a  4>3  X  i  — g 


2^  .  OC  zz 


ih^'  —  zhx 


^aa  —  2^.1;  -f  lb 


BOX  OH  y  and  therefore  DO  .  BO  ::  OH  .  OM  j  that  is  DO  zz 


And  confequendy  CD  =  CO 


r\r\  lb  -^  ihx  +  aa  s  

DU  _  -—-  =     V  bb  '-  %bx  +  aa* 

'^ aa  '"ibx  -k-lb 


Bur,  by  the  condition  of  the  problem,  it  ought  to  be  OM  zz  CD.     Therefore. 

it 
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it  will  be  y/bh  —  i/a-  -f  aa  zz  s/ aa  —  zbx  +  hb^  which  IS  an  identical  eqaarion. 
Whence  we  gither,  thnt,  however  we  may  draw  the  chord  OC  ^rom  the  p  )int  O, 
it  will  always  be  OM  iz  CD.  And  this  may  alfo  be  kno>vn,  by  dra-vin^^  tVom 
the  centre  F  the  pcrpcnilicular  FL  to  any  chord  whatever  OC.  For  F  being 
the  centre  of  botli  the  circles,  the  right  line  FL  will  bife^fl  both  DM  and  CO ; 
and  therefore,  if  from  the  equals  LC,  LO,  wc  take  the  equals  LD,  LM,  there: 
will  remain  equals  CD,  MO. 


PROBLEM    IX. 


Fig.  ag. 


or  XX 

each 

will 


104.  The  indefinite  right  line  NZ  being  A  ;:comcirr- 
propofed,  and  three  points  N,  A,  K,  being  "|»"^  ^?*^^'|^'' 
given  in  it,  a  fourth  point  M  is  required,  fucb  p"otlTn""  *' 
that  NM  may  be  a  third  proportional  to  NK, 
AM. 

Becaufe  the  three  points  N,  A,  K,  are 
given,  make  N A  zz  tf,  NK  =  l^^  AM  =:  x^ 
and  therefore  MN  ^  a  +  x.     Then,    by 
the  condition  of  the  problem,  we  Ihall  have 
i  .  X  ::  X  »  a  +  X  i  and,  reducing  this  ana- 
logy to  an  equation,  it  will  be  xx  ir  ai^  +  ix, 
bx  =  ab^  which  is  an  affecled  quadrat ick.     Wherefore,  if  we  add  to- 
ich  fide  the  fquare  of  half  the  co-efficient  of  the  fecond  term,  that  is  \lbj  it 
ill  be  XX  —  bx  +  ^bb  zz  ab  +  ^bh  ;  and  extracting  the  fquare-root,  it  is 

, ,  .       ^ ,        .  /'  ±  ^^ib  +  bh 

X  '^  -^b  zz   ±  \/ab  +  Hb ,  that  IS  X  =    ^ . 

On  the  right  line  NZ  produced  both  ways  indefinitely,,  take  AR,AQ»_  equal 
to  each  other,  and  each  equal  to  NK  zi  b^  and  RF  four  times  NA,  or  RF=:  4«, 
Then  it  will  be  AF  rz  4^  +  ^.     With  the  diameter  FQ^let  a  femicircle  FHQ_ 

be  defcribed ;  at  the  point  A  the  ordinate  will  be  AH  =  \/ a^a''  +  bb.     Then 
adding  dircftly  AO  =  NK  =  b,  and   biicfting  OH  in  S,  it  will  be  OS  — 

h  +  ^^ab  +  bb  _  ^^     ^^^^  ^^^      ^j^  _  Qg^  ^j^g  p^ij^^  required  will  be  M, 
as  to  the  pofitive  root.     For,  defcribing  the  reftang^es  SN,  AU,  MO,  and. 

drawing  the  diagonals  AI,  AE  s  becaufe  it  is  OS  =:  ^ ,  it  will  be 

AS  =     4^i^  ^Jb  ^  b  ^  ^^^  ^^^  reaangle  OS  X  SA  will  be  equal  to  ab,  tliac  is, 
equal  to  the  reftanglc  OA  x  AN.    Therefore  the  fides,  of  ihefe  rewlangles  will. 
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be  to  one  another  in  a  reciprocal  ratio,  that  is,  OA  .  OS  ::  SA  .  AN,  or 
EM  .  MA  ::  IN  .  N  A.  Wherefore  the  two  lines  I  A,  AE,  will  be  dircdly  to 
each  other,  and  confequently  the  triangles  lUE,  AOE,  will  be  limilar,  and 
therefore  it  wiil  be  AO  .  OE  ::  lU  .  UE;  but  AO  =  NK,  OE  =  AM,  lU 
=  OS  =  AM,  UE  =  NM.     Wherefore  NK  .  AM  : :  AM  .  NM. 

The  foregoing  conttriiftion  belongs  only  to  the  pofitive  value  of  the  unknown 
quantity,  that  radical  being  taken  which  is  affedted  by  the  affirmative  fign.  But, 
in  a  like  manner,  that  will  be  conftrudted  in  which  the  llgn  is  negacive.  For 
the  other  femicircle  F^Q^being  defcribed,  and  drawing  the  ordinate  Al\  k  will 

be  OA  zz  ^  —  \/^ab  +  If&y  a  negative  quantity  j  and  bifcfling  Ob  in  S,  it  will 

be  Oi  =  -^ — — ^  =  X.     So  that  jc  is  a  negative  quantity,  and  therefore, 

taking  Am  zz  Os  from  A  towards  F,  m  will  be  the  other  point  which  folves  the 

problem.     For,  becaufe  it  is  As  zz  Ab  -^  sh  zz  ^ — ^ — '^- 1  it  is  there- 

fore  Os  X  sA  zz  at  =  OA  X  AN  ;  fo  that,  making  the  refVangle  N/,  and 
drawing  the  diagonal  A/,  becaufe  As  X  sO  zz  OA  x  A>J,  and  AN  =  si,  ic 
will  be  As  .  si  : :  AO  .  Oe,  and  therefore  Os  zz  Oe.  But  Os  =  Aw,  therefore 
\Je  =  Nw.  But,  by  the  fimilar  triangles  AO^,  iLJ^,  we  (ball  have  AO  .  O^  :: 
iU  .  U^,  and  it  is  AO  =  NK,  lU  =  Oj  =  O^  zz  A;;;.  Therefore  it  will  be 
NK  .  Am  r.  Am  .  wN. 


Without  refolving  the  equation  xv  -^  bx  —  ab  zz  Oy  the  problem  may  be 
conftrudlcd  independently,  by  the  help  of  §  94,    in  the  following  manner. 

Take  RO  zz  NK  =  b,  and  direftly  to  it  OD  = 
N  A  =  tf.  Then  with  the  diameter  RD  let  the 
femicircle  RMD  be  defcribed  ;  the  ordinate  will 
be  OM  =  ^i/ab.  Wiih  t'ne  diameter  OR  let 
another  circle  ARPO  be  defcribed,  and  from 
the  point  M  through  the  centre  H  let  the  right 
line  MN  be  drawn.  And  taking  AN  =  a^ 
NK  =  b^  AM  will  be  the  pofitive  value  of  the 
unknown  quantity.  And  taking  the  part  Asn 
=  P/»  from  A  towards  N,  Am  will  be  the  nega- 
tive value,  I  omit  the  conftruction  of  the  tame 
equation  by  means  of  §  95,  becaufe  it  is  evident 
enough  of  itfelf. 


PRO- 
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PROBLEM    X. 


Fk*  3»* 


105.  The  diameter  AE  of  the  circle  AFE  being  A  gcometri- 
given,  and  the  two  portions  CB,  CD,  from  the  "^  P^^^^^*"* 
centre  C,  and  raifing  the  perpendiculars  DF,  BH  ; 
in  BH  produced,  fuch  a  point  G  is  required,  that, 
drawing  the  right  line  GF  to  the  point  F,  the 
rectangle  GF  x  FD  may  be  equal  to  the  redtangle 
AC  X  BD. 


Draw  FH  parallel  to  AE,  and  make  the  radius 
CA  =  r,  CB  =  ^,   CD  =  ^;    it  will  be  DF  = 

\/rr  -  bb  =  BH,  and  make  HG  =  .v.     Therefore 

HF  =  CB  +  CD  =  ^  +  ^,  and  GF  =  y/aa  +  lab  +  bb  +  xx.    Then,  by  the 

condition  of  the  problem,  we  (hall  have  V aa  +  lab  •{•  bb  +  xx  X  \/rr  —  bb  = 

ar  +  br^  and,  to  take  away  the  afymmetry,  it  will  be  /iV*  +  ^abr^  +  ^V  = 
nV*  +  zabr*  +  ^V*  +  rV  —  a^b*  —  2ab^  —  b^  —  ^V,  and,  by  reducing, 

rV  —  ^V  —  a^b'  -  2ab'  —  **  =  o.     That  is,  x^  =   ''^'  ,t  'fl  "^  ^  i  and, 

extrafting  the  fquare-root,  it  is  ^  =  ±  ^ , .     Therefore  at,  the  quantity 

fought,  is  a  fourth  proportional  to  FD,  DC,  and  FH.  Now,  becaufe  the 
angles  in  D  and  H  are  right,  if  we  make  the  angles  GFH,  ^FH,  each  equal  to 
the  angle  CFD,  the  triangles  GFH,  ^FH,  CFD,  will  be  fimilar,  and  the 
points  G,  g^  (that  is  G  in  refpeft  to  the  pofitive  value,  and  g  in  refpe^S  of  the 
negative  value,)  will  fatisfy  the  queftion.  For  it  will  be  FG  (or  F^)  .  FH  : : 
FC  •  FD.  But  FH  =  BD,  FC  =  AC  ;  fo  that  it  will  be  GF  (^F)  .  BD 
AC  .  FD.    And  therefore  GF  (^F)  X  FD  =  BD  x  AC. 


•  • 


It  is  eafy  to  perceive,  that,  in  refpeft  of  the  pofitive  value,  it  is  enough  to 
draw  the  tangent  FG  at  the  point  F,  becaufe  the  angles  GFC,  HFD,  are  righc 
angles.  And  taking  away  the  common  HFC^  the  angles  GFH  and  CFD  will 
be  equaU 
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Ageometri.  Fig.  32, 
■cal  problem. 


106.  From  the  extremities  of  the  given 
line  AB,  10  draw  two  right  lines  AC,  BC, 
■  in  fuch  a  manner,  that  they  may  mate  the 
angle  ACB  equal  to  ihe  given  angle  GDP; 
and  that  tiiefumof  thefquaresof  AC  and 
BC  may  be  to  the  triangle  ABC,  in  the 
given  ratio  of  ^d  to  a. 

Let  AB  be  bifeiflcd  In  E,  and  letting 
fall  the  perpendicular  CH,  rnake  £H  =  ;r, 
HC  =  y>  Now,  becaufe  the  problem  is 
determinate,  and  here  arc  taken  two  un* 
known  quantities,  it  will  be  ncceflary  to 
find  two  equations.  Make  EA  =  a,  then  it  will  be  AH  —  a  —  x,  HB  = 
a  +  x;  therefore  the  fqiiare  of  AC  will  be  aa  —  aax  +  xx  +  yy,  and  the 
fquarc  of  CB  will  be  aa  +  zax  +  xx  +  yyt  and  the  triangle  ACB  =  «?  j  but, 
by  the  fecond  condition  of  the  problem,  the  fum  of  thefc  fquares  (hould  be  to 
the  triangle  ABC  in  the  given  ratio  of  41/  to  a ;  therefore  we  fhall  have 
itaa  +  ixx  +  2j|y  .  <»)f : :  ^d  .  a,  and  thence  the  equation  aa  +  xx  +xy~  ^4'* 
Befides,  the  angle  ACB  ought  to  be  equal  to  the  given  angle  GDP,  and  there- 
fore, PD  being  produced,  if  the  angle  GDP  be  obiufe,  and  taking  GD  at 
pleafurc,  draw  GF  perpendicular  to  PF  ;  then  the  angle  GDF  will  be  known, 
the  angle  GDP  being  given.  And,  becaufe  dfo  DG  is  known,  which  was 
taken  at  pleafure,  the  two  lines  will  be  given,  DF  which  make  =  ^,  and  GF, 
which  make  =  c.  Then,  from  the  point  A  draw  AI  perpendicular  to  BC  pro- 
duced, the  two  triangles  GDF,  ACl,  will  be  fimilar.    Now,  becaufe  of  the 

fimilar  triangles  BCH,  BAI,  we  Ihall  have  AI  = 

zaa  +  mx 


»/aa  +  zax  +  «*  -f  ^ji 


,  and  therefore  CI  = 


*/aa  +  zax  +  **  +jy 


•^  BI  = 

And  now,  be- 


caufe it  muft  be  CI .  AI  ::  DF .  FG,  we  (hall  have 


Vaa  4-  a«*  +  «*  +  jiy 

—  exx  —  cyy. 


vaa  +  sow  +  **  +  jy 
and  thence  the  fecond  equation    iaby  =  aac 


To  eliminate  one  of  the  two  unknown  quantities;  from  the  two  equations 

<by  §  82.)  may  be  deduced  the  value  of  xx^  that  is,  from  the  firft  xx  =  ady 

8  — .Xy 
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—  yy  —  aa^  and  from  the  fccond,  a-.v  r^  aa  — yy  —  — -.    Whence  the  e^/.ia- 

tion  2ay  — jy  -^  aa  ^  aa  — yy =-  .      lliat  \s^  dj^-^^  aa -,  or  {nw.:^^ 

ing—  =/)  J^  =  -r—rf  which  is  a  vahic  o{ y  cxprcflcd  by  kn^wi:  (['umiiiics 
only.  This  fubfticuted  inftcadof>  in  the  equation  .vAr.=  2:Iy  —  \y  —  ^r?,  wc 
Inall  have  at  lalt  xx  =  rrrr  —  -. —  %  ""  ^^^  ^^  -^-^  =  — — =r; >  and  thence 

jtf  =  ±  J"^^^7 9  ^  value  cxprenea  by  given  quantities  only. 

Draw  AK  indefinitely,  making  the  angle  KAB  equal  to  the  given  an^Ic 
GDP;  and  from  the  point  K  let  Hill  the  indefinite  perpendicular  EM,  and  from 
the  point  A  the  right  line  AL  perpendicular  to  AK.  Then  making  DR  per- 
pendicular to  PD,  the  angle  RDG  will  be  equal  to  the  angle  DGK.  In  like 
manner,  the  angle  LAE  will  be  equal  to  the  fame  DGF,  and  bcfides,  the 
angles  at  E  and  F  arc  right  ones.     Therefore  the  triangles  LAE,  GDF,  will  be 

fimilar,  and  thence  EL  =  —  =/,  and  AL  =  \/aa  -^  ff.     In  EL  produced 

take  LM  =  d^  and  with  centre  L,  radius  LM,  let  a  circle  be  defcribed,  which 
fliali  cut  AK  in  K,     And,  becaufe  the  angle  KAL  is  a  right  one,  the  ordinate 

will  be  AK  =  \/dd  --ff  ^T^.  Whence,  making  E»  =  AK,  and  drawing  MA, 
and  »H  parallel  to  it  from  the  point  »,  it  will  be  ME  .  EA  : :  «E  .  EH ; 

that  is,  d+f  .a\\  s/dd^ff^aa  .  d^^^lS^  =   EH  =  x.      This 

being  done,  with  centre  L,  and  radius  LA,  let  a  circle  OCQ^be  defcribed,  and 
at  the  point  H  raifing  the  perpendicular  CH,  draw  CA,  CB,  and  ACB  fliali  be 
'^e  triangle  required*  For,  by  Euclid^  iii.  32,  the  angle  ACB  is  equal  to  the 
igle  KAE,  that  is,  by  the  conftruftion,  to  the  angle  GDP  \  and,  by  the  pro- 
perty of  the  circle,  PC  =  v/oPxTq  =  ^  .  v.  ^^ ;  and  diercforc  HC  = 
•7— ->•  And,  by  making  the  calculation,  we  fl^-all  find,  that  the  fum  of  the 
fquares  of  AC  and  CB  is  to  the  triangle  ACB  precifely  in  the  ratio  of  4^  to  a. 

The  ambiguous  fign  of  the  final  equation  gives  us  two  equal  values  of  x^ 
one  pofitive,  and  the  other  negative.  If,  therefore,  EH  taken  towards  A  be 
confidered  as  pofitive,  then  E/&  taken  towards  B,  and  equal  to  EH,  will  be  the 
negative  value;  which  will  require  the  fame  conftruilion. 

It  is  evident,  that  the  problem  will  be  impofiiblc  as  often  as  dd  is  Icfs  than 
ff'^-aa,  that  is,  LM  lefs  than  LA;  for  then  the  radical  will  become  impofiible, 
or  only  imaginary. 

M  PRO. 


the 
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PROBLEM    XII. 


Another.       Fig.  33. 


107,  The  femicircle  BED  being  givea» 
and  a  point  A  being  given  in  the  diameter 
produced  ;  from  that  point  to  draw  a  fe- 
cant  AE  in  fuch  manner,  that  the  inter* 
ceptcd  part  GE  may  be  equal  to  the 
radius  CB« 

Make  CB  =  r,  AB  =  h,  AD  =  a,  and 
AG  =  *".  Therefore,  by  the  condition  of 
the  problem,  it  will  be  AE  =  r  +  **• 
Now,  by  Euclid,  iii.  36,  the  redlangle  EAG  is  equal  to  the  redlangle  DAB« 
and  therefore  we  fliall  have  the  analogy  AE  .  AD  :  I  AB  .  AG.  That  is» 
c  +  X  .  a  ::  if .  X.  Whence  the  equation  xx  +  ex  =  ab;  which  is  an  afFefted 
quadratick,  and,  being  rcfolved  as  ufual,  will  give  us  x  =  ±  */i^c  +  «*  —  t^. 

On  the  right  line  DA  produced,  taking  AR  =  AB  =  ^,  let  the  femicircle 
ROD  be  defcribcd  on  the  diameter  RD  ;  and  drawing  the  ordinate  AO,  it  will 
be  ==  A/ab.     Draw  OM    rzf  r  perpendicular  10  AO,  and  it  will  be  AM  = 

\/^c  +  ab.    Then  with  centre  M,  and  radius  MO,  let  a  femicircle  QOP  be 

defcribed,  and  it  will  be  AQ^=  s/^c^  +  ah  —  fr,  the  pofitive  value  of*;  and 

AP  =  s/\cc  +  ab  +  fr.  Wherefore  AP,  taken  negatively,  will  be  the  nega- 
tive  value.  Ihen,  if  with  centre  A,  and  radius  A(^  an  arch  were  defcribed, 
it  would  cut  the  femicircle  BED  in  G  the  point  required.  And  if,  on  the  other 
fide,  the  femicircle  RGH  be  defcribed  on  the  diameter  RH  =  BD,  an  arch  on 
the  fame  centre,  defcribed  with  radius  AP,  will  cut  it  in  the  point  required  g^ 
which  belongs  to  the  negative  value.     For  it  being  EA  x  AG  =  DA  X  AB, 

ah 


that  is  EA  x  \/icc  +  ah  —  ic  =  ab^  it  will  be  EA  zz 


V^f  f  4-  ab  -^  itf 


And 


therefore  EG  zz 


common  denominator,  EG  m 


cc 


Viu  +  ah  -ff  * 

^^^c  +  ah  -  \c 


^T^  +  \c ;    that  is,    reducing  to  a 


And  adlually  making  the 


divifion,  it  will  be  at  laft  EG  =:  r,  as  it  ought  to  be. 

The  fame  calculus  will  ferve  for  the  conftrudion  of  the  negative  value,  only 
making  ufc  of  the  reftangle  HAR  inftead  of  DAB. 

Alfo> 
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Alfo,  the  folution  of  the  problem  may  thus  be  demonftnrcd  fynthetically. 

Becaufe  it  is  OAq  =  RAD,  and  EAG  iz:  DAB,  and,  by  conftrufnon, 
AR  =  AB,  ACLn  AG,  QP  =  BC,  MO  =  MQ,  it  will  be  AO^  ^-  OIvl^ 
=  AMq  =  KAG  +  QMy;  that  is,  by  Etw/id,  li.  4,  AQq  -t  2AQ\1  + 
QMq  zz  EAG  +  QMy.  And,  taking  away  the  common  Oyiq^  ic  will  be 
AQy  +  2AQM  =  EAG;  and,  by  the  third  of  the  fame  book,  AQq  +  2AQ\l 
=  EGA  +  GAq.  But  AG  =  AQ^;  the.ctbre  it  will  be  zAC^I  =:  EGA, 
that  is,  AQ^,  AG  ::  EG  .  2QM.     And  therefore  EG  =  2Q^^  z:  BC\ 

Qi   E.    T). 


PROBLEM    XIII. 


108.  Two  ardies  of  a  circle  being  given,  and  their  tangents,  to  find  theAtn^ono- 

tangent  of  the  fum  of  thofe  arches.  metrical  pro- 

blem, with 
Let  the  two  given  arches  be  AH,  HD,  and  the  a  general 
tangents  AI  zi  ^z,  HK  =  i,  the  radius  CA  =z  r,  fofutioD. 
the  tangent  of  the  fum  of  the  given  arches  ABzr  .v. 

It  will  be  CB  =  A/rr  +  xx,   CI  =  \^rr-^  aa,  CK 

=  Vrr  +  bb.  And,  letting  fall  DE  perpendicular 
to  CA,  and  DF  perpendicular  to  CH  ;  becaufe  of 
fimilar  triangles  CBA,  CDE,  it  will  be  CE  =: 


rr 


rx 


=,  DE  =  -  ;  and  alfo,  becaufe  the 

"^rr + XX  ^rr  +  xx 

triangles  CAI,  CEO,  DFO,  are  fimilar,  we  fliall 


have  EO  =: 


ar 


Cr\          f'Vrr  +  aa 
3   ^^  —  ■  / r  , 


_    hVrr'{' 


V  rr4-;c.v 


and  DO 


aa 


IS. 


^rri^bb 
ar 


=  + 


"^rr+xx 

Wherefore  we  fliall  have  the  equation  ED  ir  EO  +  OD,  that 

ivrr-i-aa  _ 


rx 


'^rr^xx  ^rr'\'bh  '^rr-^-xx^ 


or 


rx  —  ar     h'^rr'\-aa 


■1. 1   and,    fquaring 


^rr+xx  "^rr-^-bb   '    ""    '     '^^       '"^ 

this  to  free  it  from  the  radicals,  it  will  be  '^''''^  ""  ^^^^"  +  ^^^  -  hbrrj^aM 

rr  4-  XX  rr  +  bb 

Then,  reducing  to  a  common  denominator,  and  taking  away  fuch  terms  as 
dcftroy  one  another,  it  will  be  r\xx  -  2ar^x  —  2al^irrx  +  aar^  =  aabbxx  +iir^; 

ihat  U     vv  ^^'^^  +  2abbrr       _    bbr^  —  aar^  1  •  i     •  m  r^     . 

ihatis,  XX ^nrZbT-''  =   TTZr^M^  ^^'^'^l^  »s  an  affeded  quadratick. 

Therefore,  adding  to  each  member  the  fquare  of  half  the  co-efficient  of  the 

M  2  Iccond 
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fecond  term,  that  is  the  fquare  of  — t-^Ait-j  it  will  become  xx  —  if— iifL^.;^ 

H : rrr^ =  -z rr  + ^, ., ;   tnen  extraft- 

ing  the  root,  and  reducing  the  homogemum  comfarationis  to  a  common  denomi- 

nator,  it  will  be  a:  —   ^4  ,  ^>^>    =  ±  \/ TTT^IJxV^ •    ^"^  ^'^^  ^"*"- 

tity  under  the  vinculum  is  a  fquare,  and  it's  root  is^  _  ^f . ^^  ,  or  otherwife 
*~    _4  ]_'  ^a ^r  *     Therefore,  in  the  firft  place,  taking  the  pofitive  roor,  it  will 

be  AT  =  -;— — T7 ;   and,   taking  the  negative  root,    it  will  be 

.V  zz  ^ fl   /-   -  ^^  ^  z, —  .     Now,  in  the  firft  cafe,  both  the  numerator  and 

the  denominator  are  divifible  by  rr  +  ah^  and  the  quotient  is  ^^T  ^^ .  ^nd^ 
in  the  fecond  cafe,  the  numerator  and  the  denominator  are  divifible  by  rr  —  ab^ 
and  the  quotient  is  — r^*     Therefore  the  two  values  of  the  unknown  quan- 


tity  are  x  = 7— ,  and  .v  = tt^t—  .     The  firft  of  thefc  will  ferve 

'  rr  -^  ab  rr  -^  ab 

for  the  tangent  of  the  fum  of  the  given  arches,  and  the  fecond  for  the  tangent 
of  their  difference,  as  will  eafily  be  feen  by  folving  the  problem  in  this  cafe. 
This  value  will  he  pofitive  or  neguive,  according  as  the  arch,  or  it's  tangent  4, 
will  be  greater  or  lefs  than  the  tangent  b. 

This  foundation  being  laid,  it  will  not  be  difficult  to  go  on  to  the  general 
folution  of  the  problem  ;  that  is,  as  many  fucceflive  arches  as  you  pleafe,  with 
their  tangents  being  given,  to  find  the  cangcnt  of  the  fum  of  all  thofe  arches; 
which  may  be  done  in  the  following  manner. 

Fird,  Itt  there  be  three  arches  given,  and  let  their  tangents  be  a,  hy  c.     By 

the  foregoing  folution, ZT^  ^^''  ^^  ^^^  tangent  of  the  fum  of  two  of 

thofe  arches,  the  tangents  of  which  are  «,  t.     Let  this  tangent  be  called  2,  and 

therefore  it  will  be  z  n:  ^^  ^-"    .  - .      But,   by  the  fame  folution,    it  will  be 

rr  ^-^  ab  '       ^ 


rr  X   '^  *4~  c 

"£- —  ,  the  tangent  of  the  fum  of  the  two  arches,  whofe  tangents  are  z,  ^; 


rr 


and  2  is  the  tangent  of  the  fum  of  the  two  arches,  whofe  tangents  arc  a,  h. 

7  Therefore 
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Therefore will  be  ihc  tangent  of  the  fum  of  the  three  arches,  whofc 

tangents  are  a^  b^  c.     And  in  this  cxprcffion,  inflead  of  z  fubflitviting  it's  value 

,     ,  wc  fliall  have  the  tangent  of  the  fum  of  the  three  arches  expreflcd 


by  the  given  tangents  only  a^  /',  Cy  which  will  be  ^-^ — IT^'L    .^_  /  ^  *     ^^  ^^*^ 

fame  way  of  arguing,  wc  fl^all  have  the  tangent  of  the  fum  of  four  arches, 
their  given  tangents  being  ^,  b^  r,  /,  which  will  be 

rr  into  nrr  •{■  hrr  +  ^r  -{-  frr  —  nhc  —  ahf  —  acf  -^  hcf 


i^^^—^"^i^^^^^— »-*'—■  ■    'ii-i-    "'-^ 


Alfo,  the  tangent  of  the  fum 


IT  X  rr  ^ah  --  a^  -^  af  ^  be  +  bf  --  cf  -^  ahcf 

of  five,  their  given  tangents  !')eina.  a^  b^  r,  /,  g^  will  be  found  to  be 


rr  X  rvab - fl:  - aj'-^ j ;  - /».  - bf^b'^ ZI^^'JI^TZJ.  +  a bcf-\r  " /'^?  +  ^^Ifs  +  *^:/V  "i"  ^''.4' 

And  thus  for  as  many  more  arches  as  vou  pleafe.  From  hence  may  be 
derived  a  general  rule,  to  form  the  fraction  which  fhail  cxpreis  the  tangent  of 
the  fum  of  as  many  given  arches  as  you  pleafe  ;  which  will  be  this. 

To  form  the  numerator  of  the  fraftion  there  muft  be  taken  the  fum  of  all 
the  poffible  produdls  of  an  odd  number  of  fadors,  which  can  be  made  with  all 
the  given  tangents.  For  example,  if  the  number  of  tangents  be  Icvcn,  take 
the  fum  of  all  thefe  tangents ;  then  the  fum  of  all  the  tlirees  that  can  be  made, 
then  the  fum  of  all  the  fives,  and  laflly,  the  producl  of  all  the  fevcn.  Thefe 
fums  are  10  be  multiplied  by  fuch  a  power  of  the  radius,  as  each  has  occafio;i 
for,  that  they  may  be  of  a  dimenfion  greater,  by  unity,  than  the  number  of  the 
given  tangents.  And  to  thcfc  fums  muft  be  prefixed  the  ligns  +  and  —  alter- 
nately ;  that  is,  to  the  fum  of  all,  the  fign  +  ;  to  the  fum  of  all  the  threes, 
the  fign  — ,  and  lb  onj  and  thus  tiiC  numerator  will  be  completed. 

To  form  the  denominator  muft  be  taken  the  fquare  of  the  radius,  tr.en  t'^e 
fum  of  all  the  produds  of  an  even  number  of  factors,  which  can  be  mr.de  by 
the  given  tangents,  that  is  of  p.lt  the  t-.vc?,  of  all  the  fours,  &c.  This  !.;•.. .ire  nf 
the  radius,  and  the  fum  of  all  the  twos,  of  all  the  fours,  of  all  the  ficcs,  ^Lvc. 
muft  be  multiplied  into  fuch  a  power  of  the  radius,  as  each  has  occiflon  tor, 
that  they  may  be  of  a  dimenlion  equal  to  the  number  of  the  given  ra:i;^eri:f. 
To  the  fquare  of  the  radius  is  to  be  prcfiAcd  the  fign  +,  t  )  all  the  t.vjs  the 
fi^n  — ,  to  the  fours  the  fign  +\  and  lb  on  altcrnaicly.  A:;d  ihus  tne  deno- 
minator will  be  completed. 

Now  the  rule  for  knowing  w^ut  muft  be  the  number  of  all  the  t.vos  poflible, 
of  all  the  threes,  &c.  in  a  given  number  of  quantifies,  Vvill  be  thii-  folb^.ving. 

W:l:e 
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Write  down  the  number  of  quantities  given,  and  ihence  continue  the  de- 
creaiing  feries  of  natural  numbers.  Under  thefe  numbers  write  down  in  order 
an  increafing  feries  of  natural  numbers,  beginning  from  unity.  Afterwards  find 
the  produd  of  fo  many  terms  of  the  upper  feries,  as  is  the  index  of  the  combi* 
naiion  that  is  to  be  made,  Alfo,  there  muft  be  made  the  product  of  as  many 
terms  of  the  feries  below ;  and  one  produdt  being  divided  by  the  other,  the 
quotient  will  be  the  number  required.  So  to  know  how  many  twos,  threeSj  &c* 
can  be  made  of  5  quantities,  for  example,  write  down  the  numbers  thus  : 

5>     4>     3>     ^»     ^> 
i>     2.     3>     4j     5- 

The  produd  of  the  two  firft  numbers  of  the  upper  feries  is  20,  whichj 
divided  by  the  produd  of  the  two  firll  numbers  of  the  lower  feries,  will  give  10 
for  the  quotient.  And  therefore  the  twos  will  be  10.  The  produd  of  the 
three  firlt  is  60,  which,  divided  by  6,  the  produd  of  the  three  firft  of  the  lower 
feries,  will  give  the  quotient  10  s  and  therefore  the  threes  will  be  10,  &c. 

From  the  folution  of  this  problem  we  obtain,  by  way  of  corollary,  the  fo« 
lution  of  another  which  is  more  fimple;  and  that  is,  the  tangent  of  an  arch 
being  given,  to  find  the  tangent  of  any  multiple  of  that  arch.  For,  in  this 
cafe,  it  will  be  fufficient  to  make  all  the  given  tangents  equal  to  one  another, 
and  equal  to  the  tangent  of  the  given  arch.  For  example,  make  the  tangent 
of  the  given  arch  =  a,  and  let  it  be  required  to  find  the  tangent  of  the  double 
arch,  the  triple,  &c.  In  the  formula  which  we  have  already  found  for  the 
tangent  of  the  fum  of  two  given  arches,  inftead  of  the  letter  ^  we  muft  every 
where  put  tf,  and  we  (hall  have  a  formula  or  expreffion  for  the  double  arch 

— ^;; — •  In  the  formula  for  the  tangent  of  the  fum  of  three  given  arches, 
jnftead  of  i  and  c  we  muft  put  a,  and  we  (hall  have  the  expre(Eon  of  the 
triple  arch  3^^^— a  ^     |^  jjj^^  manner,  that  for  the  quadruple  arch  will  be 

-T — riTz  r  ^  *  That  for  the  quintuple  arch  will  be  ^^  ""  ^^- — ^  .  And 
fo  of  all  others  fucceflively. 

Whence  we  may  form  the  following  progreflion,  or  general  canon,  for  the 
tangent  of  any  multiple  arch,  according  to  any  whole  number  whatever  denoted 
by  »• 


nr        a r      ''j5+- ^r      '^a'^ —  t        tf^ 

I.    2.        3  I.    2.       3.       4.       5.  I.    2.        3.       4.        5.        o.        7 


&C 


r      -^  tf»  4. , £  r       ^  tf*  — 2 1 — ^  ^       '  a* 

!•      2.  I.      2.        3.        4.  It     a.        3.        4.        5.        6 

The 
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The  tangent  being  found  of  any  multiple  arch,  the  inverfe  problem  will  be 
cafily  refolved.  That  is,  the  tangent  of  an  arch  being  given,  to  find  the  tangent 
of  any  fubmuhiple  arch,  according  to  any  whole  number  whatever.  That  is 
to  fay,  to  divide  an  arch  or  angle  into  as  many  equal  parts  as  we  plcafe. 
Wherefore  let  the  tangent  of  the  given  arch  be  b^  and  n  the  number  according 
to  which  we  would  have  the  fubmuhiple  arch  ;  wc  mull  take  the  tangent  found 
for  the  multiple  arch  by  the  number  »,  inftead  of  a  we  muft  put  x,  and  thus  .v 
will  reprefent  the  tangent  of  ihe  fubmuhiple  arch.  This  tangent  of  the  muhiple 
arch  is  therefore  equal  to  the  given  tangent  b^  whence  wc  ihall  have  an  equation 
to  determine  the  unknown  quantity  x. 

Therefore  the  tangent  b  being  given,  and  the  radius  r,  the  equation  for  the 
tangent  of  the  fubtriple  arch  will  be  a;*  —  ^bxx  —  ^rrx  +  brr  zz  o.  That 
for  the  fubquintuple  arch  will  be  x^  —  ^bx"^  —  iorr;c'  +  lobrrxx  +  gr^x 
—  ^r*  =:  o.     And  fo  of  the  reil. 


PROBLEM    XIV. 


-R?-  34- 


i.  11 


C  R    Q 


109.  To  find  a  triangle  ALO,  the  fides  ofAgeomctrl. 
which  AO,  LO,  AL,  and  the  perpendicular  LI, cal  problem, 
are  in  continued  geometrical  proportion. 

Take  one  fide  at  pleafure,  or  AL  =  a,  and 
make  OL  zz  x.     It  will  be,  by  the  conditions  of 

of  the  problem,  AO  =r  — ,  and  LI  zi  —  . 


y^ 


Therefore  AI  —  j^aa  ^  —^  and  10  zz  \/xx  — 


XX 


XX 


Therefore  AI  4-  lO 


y^ 


=  AO,  that  is,  */aa  — 


XX 


+    V  XX  —  " —  zz 


XX 

—  — ,  that  is 

XX 


XX 

2  XX 


XX 

a 


Or  —  V  XX 

a  XX 


i  and,  by  fquaring,  -^  -  ^-^ 


a' 


XX  — h  .V* 

XX 


XX 


zz  aa 


it  will  be 


A 


+ 


aa 

2X^ 

aa 


4-  XX 


2XX      , 

aa  zr  —  v  xx 

a 


fl* 


XX 


.    Now,  by  fquaring  again> 


2.V 


.4 


"laaxx  +  ^j*  zz 


-  4^* 


ad 


^aaxx.    And  laftly. 


by  reducing  to  a  common  denominator,  and  ordering  the  equation,  it  will  be 
9^  —  2/7'.\*  —  a^x^  +  2/jV  +  ^'  :zz  o.      1  his  equation  has  the  appearance  of 


one  of  the  eighth  degree,  but  it  may  be  obfervcd  to  be  a  fquare,  and  theref 
cxtracling  it's  root,  it  will  be  found  to  be  ^v*  —  aaxx  —  a*  zz  o.     This  is 


ppcarance 

therefore, 

an 

affected 
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affefled  quadratick  ;  therefore,  tranfporing  —  a^,  and  adding  -Ja*  to  both  fides, 
and  extrafling  the  root  by  the  common  rule  for  affeded  quadraticks,  it  will 
be  XX  —  iaa  =  ±  t  Vf^**  that  is,  xx  zi  j^aa  ±  t^5^%  ^^^  finally,  x  = 

±    V ^— • 

2 

Therefore  the  unknown  quantity  will  have  four  values ;  but  it  may  be  ob- 
ferved,  that  the  quantity  x/^a^  is  greater  than  aa^  and  therefore,  if  wc  take  the 
radical  \^  s^^  negative,  that  is  —  1/5^*,  then  the  quantity  under  the  common 
radical  vinculum  will  be  negative  ;  whence  the  value  of  ^  will  be  imaginary,  and 

therefore  two  values  will  be  imaginary,  that  is  a:  =z  ±  \/ff-Z — Sf-.    And  two 

will  be  real,  that  is  a?  =  ±  \/ff-i-xii.  ^  both  equal,  but  one  pofitive  and 
the  other  negative. 

On   the  indefinite  line  AQ^take  AL  =  a,    LC  —  a^S,    and  CB  z=  j;a. 
Then  on  the  diameter  AB  defcribe  the  femicircle  AFB,  and  eredl  the  perpen* 

dicular  CF.    By  the  property  of  the  circle,  it  will  be  CF  zi  y^^ —        ^  =x. 

Bifeft  AC  in  H,  and  with  centre  A,  radius  AH  =z  —   = a,  defcribe 

,  the  arch  HO.     From  the  point  L  draw  LO  =  CF,  and  terminated  at  the 
arch  HO.    And  if  AO  be  drawn,  and  the  perpendicular  LI,  then  ALO  will  be 

the  triangle  required.  For,  becaufe  it  is  AL  =  a,  LO  =  x  =  Y/ffI!l2f£i^ 
AO  =  AH  =  —  =:  i-±-i^^j;  it  will  be  AO  .  LO  ::  LO  .  LA.    But  the 

a  2 

two  fquares  of  AL  and  LO  taken  together,  that  is  aa  +  ^ — fflli,  are  equal 

to  the  fquare  of  AO,  that  is    ^^  +  ^^^S^^  ^     Wherefore  the  angle  ALO  is  a 

4 

right  angle,  and  thence  it  will  be  AO  .  LO  : :  AL  .  LL  But,  becaufe  it  is 
alfo  AO  .  LO  ::  LO  .  LA,  it  will  be  likewife  LO  .  LA  ::  LA  .  LL  The 
other  negative  value,  which  is  equal  to  the  pofitive,  would  ferve  for  the 
conftrudtion  that  may  be  made  under  the  line  AB. 


PRO- 
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PROBLEM    XV. 


lio.  To  divide  a  given  angle  into  three  equal  parts. 

The  Problem  propofed  contains  three  cafes  ;  one  is  when  the  given  angle  is  Tlic  tn- 

a  right  angle  ;  another  when  it  is  obtufe  ;  and  the  third  when  it  is  acute.  fedllon  of 

an  angle. 

In  the  firft,  let  the  given  angle  MAB  be  a  right 
angle,  which  is  fuppol'ed  to  be  divided  into  three 
equal  parts  by  the  right  lines  AC,  AD.  Make 
AB  =:  tf,  and  at  B  raife  the  perpendicular  BC, 
which  produced  fliall  meet  the  line  AD  in  D  j 
and  from  the  point  D  let  DM  be  drawn  parallel 
to  AB.     Then  making  BC  =  x^  it  will  be  AC  r: 

%/aa  +  xx>  But,  becaufe  the  angle  CAD  muft 
be  equal  to  the  angle  DAM,  and  becaufe  of  the 
parallels  AM,  BD,  the  angle  DAM  is  equal  to 
the  angle  ADC  ;  the  angles  CDA,  CAD,  will  be 

equal.      Wherefore  CD   :=.   CA   r:    y/aa  +  .v^r, 

whence  BD  zr  ^  +  y/aa  +  xx*  But  bcfides,  the 
two  angles  BAC,  CAD,  or  CDA,  ought  alfo  to  be  equal,  and  tuercfore  in  the 
two  triangles  BDA,  CAB,  the  angle  CAB  will  be  equal  to  the  angle  BDA. 
and  the  right  angle  at  B  is  common.  Therefore  alfo  the  third  BCA  zi  BAD, 
and  confequently  the  triangles  are  fimilar.     Whence  we  ihall  have  AB  .  BC  :; 

BD  •  AB  i    that  is,    a  .  x  \\  x  +   y/aa  +  xx  .  a\    and   thence   the   equation 

aa  ::z  XX  +  x\/aa  +  xx ',  and  tranfpofing  the  term  xxj  and  fquaring,  it  will  be 
aaxx  +  ;:*=:  tf*  —  laaxx  +  »v*,  and  finally,  ;^aaxx  =  a^,  or  x  zi  ±:  \^]aa. 

Produce  AB  to  S,  fo  that  it  may  be  BS  =  -j-AB  =:  4^.  On  the  diameter 
AS  let  the  femicircle  ACS  be  defcribed;  the  ordinate  BC  will  be  =  v^iaa  zz  x. 
Then  draw  AC  to  the  point  C,  and  take  CD  =  AC,  di awing  AD.  The 
given  angle  will  be  then  divided  into  three  equal  parts.     For,  whereas  it  is 

BC  =  x/^aa^  it  will  be  AC  =  \/^,aa  =  CD,    and  AD  =  VABg  +  hDg  = 


vaa 


+  jr^a 


Aaa 


+  2a\^^==-  =  2a.     Therefore  AD  .  AB 


•  • 


2a 


. . 


2  •  I,   and 


DC  .  CB  ::  ^/^aa  .  \/^aa  ::  2  .  i ;  that  is,  in  the  very  fame  ratio  as  AD  to 
AB.  Wherefore,  hy  Euclid ,  vi.  3,  the  angle  BAC  =  CAD;  and,  becaufe  of 
CD  =  CA,  it  will  be  alfo  the  angle  CAD  =  CDA  =  DAM.  1  he  negative 
value,  which  is  equal  to  the  pofitive,  would  fcrve  for  the  divifion  of  the  angle 
mAB. 

N  Let 
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Let  the  angle  BAM  be  obtufe,  and  draw  BD 
parallel  to  AM,  and  making  ihe  rcfl  as  above, 
draw  AR  perpendicular  lo  BD.  Since  the  angle 
ABD  is  known,  as  being  the  fupplement  of  the 
given  angle  MAB,  and  the  angle  R  is  right,  and 
the  line  AB  is  given  ;  the  liae  BR  will  alfo  be 
known,   which    make    =:    b.      Whence   AR    = 

\/aa  -  bh ,     CR     =     .V   —    *,     AC     =     CD     = 

i^tffl  -  2bx  +  A*,  and  BD  =  .v  +  'J aa^-zhx  +**• 
Then,  becaiile  of  fimilar  triangles  ABC,  ABD, 
it  will   be   AB  .  BC  : :  BD  .  BA  \    that  is»   a  .x 

+  v/tf.i  -  aTr  +  XX  .a;    ox   aa  zi  xx   + 


X   +  V  tf.j  —  ^bx  +  sx  .  a;    OX 

x\/ aa  —  %bx  +  xx-  Then  taking  away  the  afymmetry,  it  is  ibx^  —  yiaxx 
+  rt*  =1  o,  which  is  a  folid  equation,  or  of  the  tliird  degree,  which  at  prcfent 
1  (liall  leave  unrefolved. 


^f^-  37- 


.■••■  / 


.'C 


77  n  Laftly,  let  the  anole  BAM  be  acute ;  the  perpen- 
dicular from  the  poii.t  A  to  DB  produced  will  fall 
under  the  point    B    in    R,    and    therefore    it  will   be 

RC  =:  ^  +  A',  and  AC  =  \/ aa  +  ibx  +  xx.  Where- 
fore, repeating  the  fame  argumentation  as  in  the  fore- 
going cale,  we  fliall  have  the  equation  ihx^  +  ^aaxx 
—  tf4  =:  o,  which  differs  from  the  foregoing  only  in 
the  figns. 


A/-™— - 


Jj> 


•  •■  R 


SECT.      III. 

7be  ConJlruSlicn  cf  Loci,  or  C  come  tried  Places^  not  exceeding  the  Jecond  Degree. 


What  arc 
variable 
quantities ; 
and  what  is 
the  law  by 
which  they 
var)-. 


III.  What  arc  Indeterminate  Problems,  and  how  they  require  two  unknown 
quantities,  has  been  already  explained  at  §  84.  Now,  becaufe  the  value  of  one 
of  the  unknown  quantities  may  be  vaiicd  an  infinite  number  of  ways,  fo,  in  like 
manner,  the  value  of  the  other  may  he  as  often  varied;  whence  ihey  are  called 
the  Purwble  i^umitities  of  the  equation  or  problem,  and  their  relation,  or  law 
which  they  obUrve  in  their  variations,  is  expreffed  by  an  equation.     Thus  the 

equation 
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equation  tx  =  ay  informs  us,  that,  varying  x  as  you  pleafe,  y  mud  alfo  be 
varied,  but  with  this  condition,  that  x  mufl  always  have  to  y  the  conftant  ratio 
of  a  to  ^.  Thus  the  equation  ai  :z:  xy  exprcfles  fuch  a  law,  that  the  produft 
of  the  two  unknown  quantities  mud  always  be  conftant,  and  equal  to  the  pro- 
duft  of  a  into  i.  The  equation  ax  :=z  yy  implies,  that  the  fquare  of  ^  muft 
always  be  equal  to  the  reftangle  of  x  into  a  con.tant  line  a  ;  and  fo  of  all  other 
equations, 

112.  One  of  the  two  unknown  quantities,  fuppofe  x  for  example,  muft  have  General  prc- 
h's  origin  from  a  fixed  point,  and  muft  be  taken  upon  an  indfrfinire  right  line.  "Pj^  ^*^.^^® 
Then,  if  a  determinate  value  be  afligned  to  this,  from  the  extremity  is  to  be^p^^^-  ^j^j^ 
raifed  another  right  line  in  the  given  angle  of  the  problem,  which  line  is  to  be  fomc  ex- 
taken  of  fuch  a  length  as  the  other  unknown  line  y  ought  to  have,   by  the  na-  amples. 
turc  of  the  equation,  relatively  to  the  affigned   or  alfumed  value  of  x.     And 
this  ought  to  be  repeited  for  every  different  value  that  x  can  afl'ume.     The  hne 
which  (hall  pafs  through  the  extremities  of  all  the  fs  is  called  the  Ijocus  of  the 
equation.     The  unknown  line,  which  is  taken  from  the  fixed  point  on  the 
indefinite  right  line,  is  called  the  Abjcifs ;  and  the  other,  at  the  given  angle  to 
it,  is  called  the  Ordinate:  and  both  indifferently  are  called  the  Coordinates  di 
the  equation. 

Fig.%%.  Jf.  New,    for   example,    as    to    the   equation 

bx  "n  ay  \  upon  the  indefinite  line  AM  take 
AB  =  ^,  and  in  any  angle  draw  BC  =i  b. 
Here,  if  we  take  x  =:  AD,  the  fourth  pro- 
portional will  be  parallel  to  BC,  that  is  DE=:jf, 
And  taking  x  =  AF,  then  it  will  be  FG  zzy^ 
Alfo,  taking  x  =  AK,  it  will  be  KH  =7. 
And  thus  for  infinite  others.  And  the  line  in 
which  all  thefe  infinite  points  are  found,  C,  E, 

G,  H,  &c.   which  are  determined   in  this  manner,  will  be  the  locus  of  the 

equation  bx  1=  ay^  and  which  will  be  a  right  line. 

//gr,  29.  ^^  ^"   ^^  fame  manner,    as  to   the  equation 

ax  zz  yy^  if  we  take  x  iz  AB,  and  BC  =  |/^.v, 
that  is,  a  mean  proportional  between  AB  and 
the  given  line  tf,  it  will  be  BC  1=  y.  And 
taking  x  =  AD,  and  DE  a  mean  proportional 
between  AD  and  /i,  it  will  be  DE  =2  y.  Tak- 
ing X  =  AG,  and  GF  a  mean  proportional 
between  AG  and  a^  it  will  be  GF  =  y.  And 
fo  of  all  others.  Now  the  points  C,  E,  F,  and 
infinite  others  determined  in  the  lame  manner, 

i¥ill  form  the  line  ACEF,  which  is  the  locus  of  the  equation  ax  =  yy.    And 

the  fame  is  to  be  underftood  of  all  other  equations. 

N  2  113.  From 
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fercnt  loci, 
auo  vice 


117.  From  the  feveral  different  laws  exprefled  by  the  given  equations,  or 
from  the  different  relations  that  the  two  variables  or  unknown  quantities  may 
have  to  each  other,  other  loci  or  lines  will  arife,  which  will  differ  both  in  kind 
and  in  degree.  So  it  is  eafy  to  perceive,  that  the  locus  of  the  equation  bx  =  ay 
will  be  a  right  line,  as  obfcrved  before ;  for  y  to  x  having  a  conftant  ratio. 


^.v 


becaufe  it  is  7  rr  — ;  any  line  ED  (Fig.  38.)  will  be  to  AD,  as  any  other  FG 

to  AF;  therefore  the  triangles  AED,  AGF,  will  be  fimilar.  This  maybe 
verified  alfo  by  any  other  point  H,  &c.  So  that  it  mu(l  neceifarily  follow,  that 
thefe  points  will  all  be  in  the  fame  right  line.  But  the  equation  ax  'zz  yy  re- 
quires, not  ihat  the  lines  BC,  DE,  &c.  (Fio;.  39,)  bur  that  their  fquares,  may 
have  a  conftant  ratio  to  the  correfponding  lines  AB,  AD,  &c.  Whence  it  is, 
that  the  points  C,  E,  F,  &c-  will  not  be  in  one  right  line,  but  in  a  certain 
curve  line,  called  a  Parabola.  Thus  a  curve  of  a  ditfcrent  kind  from  this 
would  be  the  locus  of  the  equation  Ary  =  ^ ^ ;  and  a  curve  of  a  different  kind 
and  degiee  would  be  the  locus  of  this  other  equation  ^ '  —  x'  1=  y^.  And  the 
like  of  infinite  others. 

WTienthe  114,  As  oftcn  as  the  equation  fhali  not  contain,  in  any  term,. cither  the 

/j.tfjwillbe    fquare,  or  fome  higher  power,  of  one  of  the  unknown  quantities,  or  the  pro- 
a  right  me.  ^^^  ^^  ^j^^  fame,  the  locus  will  always  be  a  right  line. 


When  the  1 15.  And  when,  in  the  equation,  there  is  found  the  fquare  of  one,  or  of  the 

^WA-^^""  ^^^^^^  or  of  boih  the  variable  quantities,  or  their  redangle,  either  this  or  that 
as  it  may  happen ;  and  no  term  fhall  include  a  greater  povver  than  the  fquare  of 
thofe  variable  quantities,  or  a  produft  above  the  redangle  ;  that  is,  in  no  term 
the  variable  quantities,  either  alone  or  multiplieil  together,  exceed  the  fecond 
dimenfion  ;  the  Iccus  will  always  be  one  ot  the  Conic  Sedtions  oi  jlpolloniuSm 
Thefe  alTertions  cannot  be  better  demonllrated  than  by  adually  conftrudling  all 
the  feveral  equations  of  this  nature. 

Lcaorcwrvc^  n6.  Equations  which  include  the  unknown  quantities  of  one  dimenfion 
diftinguiflicd  only,  that  is,  the  loci  to  a  right  line,  are  called  Loci  or  Lines  of  the  Firfl  Order. 
mtoordcrrs.  fj^^^fg  vvhich,  either  alone  or  multiplied  together,  include  them  of  two  dimen- 
fions,  that  is,  loci  to  the  conic  fed  ions,  arc  called  Loci  or  Lines  of  the  Second 
Order,  and  therefore  Curves  of  the  Firft  Kuid.  Thofe  equations  in  which  the 
variables  afcend  to  three  dimenfions,  are  called  Loci  or  Lines  of  the  Third 
Order,  and  therefore  Curves  of  the  Second  Kmd.     And  fo  on  fucceffively. 


Thc/^«td         117.  Now,  as  to  the /(?ri  to  a  right  line,  they  are  all  comprehended  under 

a  right  line 

conftruacd,   ^j^^fg  fl^  equations  following  •^=-y-»^=  —  "X'^-^'^'T"    '^  ^^  y   — 
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ax 


ax 


■T-  —  r,  ^  =  -^  —  r,  and  y  =  ~  —  4-  r.    For,  by  multiplication  and 

divifion^  we  may  always  reduce  y  to  be  free  from  fradtions  and  co-efficients. 

'  By  -7-  is  to  be  underflood  the  aggregate  of  all  the  known  quantities  which 

multiply  .V,  and  by  c  the  aggregate  of  all  the  quantities  which  form  the  given 
or  conflant  term. 


Ftg.^o 


To  conftruft  the  two  firft,  upon  AD 
produced  both  ways  indefinitely,  take  AB 
zi  AF  z=  ^  on  each  fide,  and  draw  BC  =:  ^, 
making  the  angle  ABC  fuch  as  the  two 
variables  of  the  problem  ought  to  make. 
Through  the  points  A,  C,  draw  an  indefi- 
nite right  line  HE  ^  this  will  be  the  locus  of 


ax 


And  taking  AF  n 


the  two  equations  y  =  -^,  and  jz:  —  -j 
For,  taking  any  line  AD  =  x^  and  drawing 
DE  parallel  to  BC,  it  will  be  DE=  -y-  =y. 
.V,  and  drawing  FH  parallel  to  BC,  it  will  be  FH  = 


ax 


=  y* 


The  third  and  fourth  are  thus  conftrufted.     Take  AN  =  AM  =  r,  and 
parallel  to  BC  ;  and  draw  NK,  MG,  indefinitely,  and  parallel  to  HE.    NK  will 

be  the  locus  of  the  equation  y  zz  -^ — h  c  •,  and  MG  the  locus  of  the  equation 
y  =  —  — -  —  r.     For,  taking  AD  =  x,  it  will  be  DE  :=  —.     But  it  is 

EK  =z  AN  =  c,  making  DK  parallel  to  BC.     Then  DK  =   ^  +  c  =  y. 
And  taking  AF  =  —  a:,  and  drawing  FG  parallel  to  BC,  it  will  be  FG  rr 


ax 


-F5!f*4i 


As  to  the  fifth,  conftruft  the  fame  triangle 
ABC,  and  produce  the  lines  AE^  AD,  inde^ 
finitely  ;  draw  AM  =  c,  and  parallel  to  BC. 
Then  from  the  point  M  draw  the  indefinite 
line  MK  parallel  to  AE,  which  will  meet  the 
right  line  AD  in  Q^    Then  will  QK  be  the 

locus  of  the  equation  y  =  -^  —  c.     For, 


taking  any  line  AD  =  x,  and  drawing  DE 

parallel 
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parallel  to  BC,  it  will  be  DE  = 


ax 


But  KE  =  AM  =  c ;  therefore  DK  = 


ax 
T 


c  zz  y.     The  portion  QNI  will  ferve  when 

hi 


ax 


.      is  lefs  than   r,    that   is, 
when  X  is  taken  lefs  than  AQi^  or  lefs  than  —  ;    for,    in  this   cafe,  y  will    be 


a 

negative,  and  therefore  ought  to  be  taken  below  AD,  that  is,  the  contrary  way 
from  DK. 


For  the  laft  formula,  make  AB  zr  ^, 
BC  =  a^  and  the  angle  ABC  equal  to  the 
fupplement  of  the  angle  of  the  variables. 
Make  AM  =  r,  parallel  to  BC,  and  draw 
MQK  parallel  to  AC,  cutting  AB  produced 
in  Q.    Then  will  MQK  be  the  locus  of  the 

ax 


equation  y  'iz  c  —  -7-  .      For,   taking   any 
how  AD  =  »v,  and  drawing  DE  parallel  to 


BC,  it  will  be  DE  = 


ax 


But,  producing 


ED  to  K,  it  will  be  EK  =:  AM  =  r,  and  therefore  DK  =  c 


ax 
T" 


Now,  \i  X  be  taken  greater  ilian  AQ»^  for  inftance  =  AI,  it  will  be  IT  = 


ax 


ax 


and  therefore  c r-  is  a  negative  quantity  =  jp  =  IP  ;  taken  diredlly  con- 
trary to  DK,  and  the  indefinite  line  MR  is  the  locus  of  the  propofcd  equation 
in  both  cafes. 


The  locus  118.  It  may  fometimes  happen,  that,  in  the  folution  of  a  problem  the  locus 

when  one  of  of  which  is  a  right  line,  either  one  or  the  other  of  the  two  variables  wilh  difap- 
the  wiablcs   pear,  and  will  not  enter  into  the  equation.     In  fuch  cafes,  the  locus  will  be  to 

the  perpendicular,  or  to  a  parallel  to  the  given  right  line  upon  which  the  ab- 
fcilles  are  taken,  according  as  either  the  ordinate  or  abfcifs  vanifliies.  Here  is 
an  example  or  two  of  this. 


F/^.43-  >-I 


The  right  line  AB  being  given,  let  it  be  propofed  to 
find  the  locus  of  the  points  M  out  of  this,  fuch  that« 
drawing  the  right  lines  MA,  MB,  to  the  extremities  of 
AB,  it  may  always  be  MA  =:  MB.  Taking  any  line 
AH  =  Xj  draw  HM  =  j,  and  make  AB  z:  a.     It  will 

be  HB  =  ^1  —  x,   AM  =   y/lcxTTy»   ^^'^  ^M  = 

\/aa  ^  2ax  +  XX  +jy  J  and  thcnce  the  equation  y/xx-k-jy 
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=  \/aa  -  2tfx  +  XT  +  yyi  and  fquaring,  xx  +  yy  ^  aa  —  2ax  +  xx  -{*  yy^ 
thac  is,  X  "zi  \a\  where  y  difappears,  and  .v  remains  determined.  This  (hows 
us,  that,  taking  a;  =  AH,  which  is  half  AB,  and  from  the  point  H  raifing 
an  indefinite  perpendicular,  every  one  of  it's  points  will  fatisfy  the  queilion, 
and  therefore  this  will  be  the  locus  required. 

Let  the  parallels  CG,  AP,  be  given  in  po- 
rtion, and  between  them  let  it  be  required  to 
find  the  locus  of  all  the  points  M  fuch,  that, 
drawing  MP  perpendicular  to  AP,  and  MG 
making  the  angle  MGC  equal  to  a  given  angle 
AEC ;  it  may  always  be  MP  to  MG  in  the 
conftant  ratio  of  a  to  b.  Make  the  diftance 
AC  —  f ,  AP  =  X,  PM  rz:  _y,  and  producing 
PM  to  F,  it  will  be  FM  =  c  — y.  Now, 
becaufe  the  angle  AEC  is  given,  and  ACE  is 
a  right  angle,  and  the  fide  AC  is  given,  the  fide  AE  will  alfo  be  known,  which 
may  be  called  /.     Now,  becaufe  of  the  fimilar  triangles  ACE,  FMG,  it  will  be 

AC  .  AE  ::  MF  .  MG  ;  that  is,  ^  .  /  ::  c  —y  .  MG  =  'LuA^  But  befides, 

it  ought  to  be  PM  .  MG  W  a  .  b.    Then  it  will  be  y  .  ^LzA  ::  a  .  b,    and 

therefore  bey  =  acf  —  a/yy  or  y  zz  ,  ^f^  .  So  that  here  is  an  equation,  in 
which  the  unknown  quantity  x  does  not  enter  at  all.  Therefore,  taking  x  as 
you  pleafe,  y  will  always  be  conftant,  and  equal  to  ,  ^^  ;  and  therefore, 
drawing  the  indefinite  line  BM  parallel  to  AP,  and  as  far  diftant  from  it  as 
the  quantity  .  ^^  v.,  this  line  will  be  the  locus  required. 

119.  Having  thus  explained  the  conftrudlion  of  the  Loci  to  a  Right  Line,  1 1.V  hd  to  a 
come  now  to  the  conftrudion  of  Equations  of  the  Second  Degree,  or  of  ^  ^'^"^^.5°"" 
Loci  to  the  Conic  Sedions.  And  here  1  muft  fuppofe  the  learner  to  be  fo  well 
inflrufted  in  the  chief  geometrical  properties  of  thefc  fcdions  of  the  cone,  as 
to  form  from  thence  the  firft  and  more  fiinple  equations  of  ihefe  curves  ;  to 
which  fimple  equations  ihe  more  compounded  ones  may  be  reduced  and  re- 
ferred, by  the  methods  now  to  be  explained. 

And,  in  the  firft  place,  it  muft  be  known,  that  in  the  circle  any  ordinate  is 
a  mean  proportional  between  the  legments  of  the  diameter;  that  is,  it*s  fquarc 
is  equal  to  the  reftanglc  of  the  faid  fegments.    Therefore,  in  the  circle  MKCN, 

if 
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HG  = 

MH  X 


Fig.  45,  ^yy^'^'^:       ^^  if  you  make  the  radius  AC  =  tf ,  and  from  the 

centre  A  any  abfcifs  whatever  AB  zi  x^  and  the 
perpendicular  ordinate  BD  =:  y^  it  will  be  MB 
zz.  a  +  Xy  EC  r:  ^  —  X,  and  ihereiore  MB  X 
BC  :=.aa'~  xx\  then  it  will  ht  yymaa  —  xx^  an 
equation  to  the  circle^  in  refpeft  of  the  quadrant 
KC.  But,  becaufe  the  fame  propeny  may  be 
verified  alfo,  taking  BE  for  the  ordinate^  that 
is  the  negative  ordinate  <—  jy  and  as  well  the 
fquarc  of  --•  ^  as  of  jr  is  jj'  3  therefore  the 
fame  equation  belongs  alfo  to  the  quadrant 
CN.  And  now,  if  we  take  the  abfcifTes  nega- 
tive, as  AH  =1  —  ;c,  and  the  ordinates  HF=jr, 
— ^,  their  fquare  yy  will,  in  both  cafes,  be  equal  to  the  reftangle 
HC.  But  when  it  is  AH  =  —  x^  it  will  be  CH  =  CA  +  AH  = 
and  MH  =  AM  —  AH  :s:  a  +  x  by  the  rules  of  Addition  and  Sub- 

traftion.     And  therefore  the  reftangle  MH  x  HC  will  be  ftill  aa  —  xx.     So 

that  yy  zz  aa  ^^  xx  is  the  mod  fimple  equation  that  belongs  to  the  whole  circle 

with  radius  a^  taking  the  abfcifles  from  the  centre. 

If  the  abfcifles  (hould  be  taken,  not  from  the  centre  A,  but  from  M  the 
extremity  of  the  diameter,  making  any  one  of  them  MH  or  MB  equal  to  x^ 
it  will  be  HC  or  BC  zr  2a  —  ;c,  and  the  reftangle  of  the  fegmcnts  will  be 
equal  to  aax  —  xx.  But  the  fquare  of  the  ordinate,  as  well  pofitive  as  negative^ 
is  yy,  fo  that  it  will  be  yy  =  ^ax  —  xx ;  the  moft  fimple  equation  of  the  fame 
circle,  taking  the  abfcilfes  not  from  the  centre,  but  from  the  extremity  of  the 
diameter. 

By  the  quantity  or  magnitude  a,  which  denotes  the  radius,  is  meant  any 
given  quantity  whatever,  whether  fimple  or  compound,  integer  or  frac^on,  ra- 
tional or  furd  j  fo  that  yy  zz.  aa  —bb  —  xx  will   be  a  circle  with  radius  = 

\/aa  —  bb ;  jjr  =  ^^ XX  will  be  a  circle  with  radius  s  -/  — ;  yy  =  a^/ab 

—  KX  will  be  a  circle  with  radius  =  y/aVab.     Thus  yy  =  lax  —  ^x  —  jf* 


will  be  a  circle  with  diameter  =  2a— ^  b^   or  with  radius  = 


2a  — 


I  Xf  = 


amx  -k-a  X  ^_  ^^  ^jjj  ^^  ^  circle  with  diameter  n  ^^-r —  ;  yy  zs  x\^ab 


h  " b 

will  be  a  circle  with  diameter  =  \/ab.    And  fo  of  others. 


XX 


Here  it  is  plain,  that,  in  the  equation  yy  "zi  aa  —  bb  ^-^  xx,  and  in  all  others 
like  it,  if  the  quantity  b  (hould  be  greater  than  a ;  then  aa  —  bb  being  a 
negative  quantityj  the  circle  would  become  imaginary.    For  then  the  ordinate 

5  y  = 


8ECT.  Ill* 
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Fig.  46. 


y  r:  \/aa  -^  U  ^  xx  being  equal  to  the  fquare-root  of  a  negative  quantity,  it 
would  be  therefore  imaginary. 

For  the  fame  reafon,  in  the  equation  yy  zz  inx  —  xx^  the  abfcifs  at  cannot  be 
taken  negative;  for,  taking  x  negative,  the  term  24.v  would  be  negative,  and 

therefore  the  equation  jjy  =  —  zax  —  xx,  that  is  y  zn  \/ .  zax  -  xx,  would 
be  ao  imaginary  quantity. 

120.  The  primary  property  of  the  Apollonian  Parabola  is  this,  that  the  fquare  Thefimpleft 
of  any  ordinate  whatever  is  equal  to  the  reftangle  of  the  parameter  into  the  ^^^^  to  the 
abfcifs  s  taken  on  the  axis  if  the  angle  of  the  co-ordinates  be  a  right  angle,  or  ^^^^^^j*  ^^' 

on  a  diameter  if  that  angle  be  oblique.  Then, 
n:iaking  the  parameter  =  a,  any  abfcifs  AB  =  at, 
the  correfponding  pofitive  ordinate  BC  =jr,  and 
the  negative  BD  ==  —  ^ ;  then  yy  will  be  the 
fquare  as  well  of  BC  as  of  BD,  and  ax  will  be 
the  reftangle  of  the  parameter  into  AB.  Where- 
fore yy  =  ax  is  the  moft  fimple  equation  which 
belongs  to  the  parabola  with  the  parameter  a. 
And  here  it  is  plain,  that  the  abfcifs  x  cannot  be 
taken  negative,  becaufe  of  the  avoiding  imagi- 
nary quantities.^  And  here  alfo,  by  the  quan- 
tity tf,  which  exprefles  the  parameter^  is  to  be 
underilood  any  given  quantity,  into  which  the 

abfcifs  X  is  multiplied  ;  fo  that  ffL± — f  z=i  yy 

will  be  a  parabola,  the  parameter  of  which  is  z=  2f .    ^nd   x^at  =  yy  . 

will  be  a  parabola^  the  parameter  of  which  is  ^/a^.    And  the  like  of  all 
others. 


T. 


^S*  47' 


If  the  parabola  (hould  be  dilfferently 
placed,  as  in  Fig.  47^  and  on  the  fame  line 
AB,  from  the  given  point  A,  we  fhould 
take  the  abfcifles,  or  x  5  the  equation  would 
be  XX  =  tfy,  in  which  we  may  take  the 
abfcifs  either  pofitive  Or  negative^  but  the 
ordinates  muft  always  be  pofitive. 


O 


121.  Let 
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2oct  to  the  ^    ^ 

hyperbola 
conftruAcd. 


li 


..\ 


121.  Let  the  oppofitc  hyperbolas  be  re- 
ferred to  their  axis,  or  to  a  diameter,  ac- 
cording as  the  angle  of  the  co-ordinates  is 
either  right  or  oblique ;  and  let  CB  be  the 
axis,  or  the  tranfverfe  diameter,  and  HE  the 
conjugate.  By  the  known  property  of  the 
hyperbola,  taking  D  any  point  whatever, 
and  drawing  DM  parallel  to  HE,  the  reft- 
angle  CD  X  DB  muft  be  to  the  fquare  of 
DM,  as  the  fquare  of  CB  is  to  the  fquare  of 
HE.  Then,  making  CB  =  la,  HE  =  2^, 
and  from  the  centre  A  taking  any  line  AD  =  x,  DM  pofitivc  z=  y^  DM  ne- 
gative =  —  j^,  it  will  be  CD  =  tf  +  X,  BD  zz  x  —  a^  and  therefore,  by  the 


H 


j^aa  .  4^hy  that  is,  xx 


''^  -   IT 


And, 


faid  property,  xx  —  aa  .yy 

taking  Kd  negative  r=  —  jr,  and  the  ordlnatcs  as  before,  it  will  be  &/  = 

—  X  +  tf,    C^  iz   —  X  —  tf,    and  the  reftangle   R/   x  dC  -=.  xx  —  aa. 

Whence,  in  the  fame  manner,  we  fliall  have   ^^  zz  xx  ^  aa\  the  moft  fimple 

equation  expreflSng  the  two  entire  oppofite  hyperbolas  referred  to  their  axes  or 
diameters,  taking  the  abfcifles  from  the  centre.  And,  if  we  (hall  take  the 
abfciiTes  from  the  vertex  C,  we  (hall  have  the  analogy  (by  the  faid  property) 

X  X  X  -  la  .  yy  ::  4aa  .  ^i ;  that  is,  the  equation  —  lax  +  xx  :=:  -^^  * 

And  lallly,  taking  the  abfci(res  from  the  vertex  B,  we  (ball  have  x  X  aa  +  «  » 

yy  : :  ^aa  .  4^^ ;  and  therefore  the  equation  lax  +  xx  zz:  ^j^ . 

It  is  alfo  a  primary  property  of  the  oppofitc  hyperbolas,  that  the  fame  rect- 
angle CD  X  DB,  taking  the  abfci(res  pofitive,  and  B^/  x  ^,  taking  the 
abfcilTes  negative,  is  to  the  fquare  of  the  ordinate,  whether  pofitive  or  negative, 
as  the  axis  or  tranfverfe  diameter  is  to  the  parameter.  Making,  therefore,  the 
parameter  r:  />,  and  other  things  as  before,  it  will  be  xx  —  aa  .yy  \l  %a  .  pi 

that  is,  -^  zz  XX  —  aa  %  the  moft  fimple  equation  expreflSng  the  two  oppofite 

hyperbolas  as  referred  to  a  parameter,  and  taking  the  abfciflfes  from  the  centre. 

Now,  taking  the  abfcifs  from  the  vertex  C,  the  equation  will  be  -^^  =  XK 

—  !iax ;  and  laftly,  taking  the  abfcifs  from  the  vertex  B,  the  equation  will  be 
zax  '{'  XX  zz  2221 . 


If 
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If  the  hyperbolas  be  equilateral,  bccaufe,  in  this  cafe,  the  two  axes  or  dia- 
meters are  equal  to  each  other,  and  equal  to  the  parameter,  each  equation  will 
become  jy  iz  ;? ^  —  aa,  taking  the  ablcifs  from  the  centre  ;  or  ^^  =  2nx  +  aw, 
taking  the  abfcifs  from  the  vertex  B  j  or  jjr  =  —  zax  +  xx,  taking  the  abfcifs 
from  the  vertex  C.  By  the  quantity  aa  is  to  be  underftood  any  plane  ho.vcvcr 
complicated,  as  alfo  by  the  quantity  it.  And  by  la^  as  alfo  by  pj  is  under- 
ftood any  line  whatever.     So  that,  in  the  equation        bJb^^  =:  ^at  —  aa^ff^ 

wc  fhall  have  \/ aa^-ff  for  the  femiaxis,  or  tranfverfe  fcmidiameter,  and  is/ aa-^-jf 
will  be  the  whole  axis  or  diameter.     As  alfo,  s/VJab  is  the  femiaxis  or  femi- 

diameter  conjugate,  and  z\/h^ah  is  the  whole.     In  the  equation  -^—^  =  xx 
—  — ,  it  will  be  ^  — ,  the  femiaxis  or  tranfverfe  femidiameter,  and  b  the 


conjugate.    In  the  equation  xx  ^^  hx  -=.     ^  ■ 


it  will  be  b  the  femiaxis  or 


tranfverfe  femidiameter,  and  e  +  m  the  parameter.   In  the  equation 


iff*/aa—hh 


XX  — aa  +  bbf   it  will  be  2\^aa  —  bb  the  axis  or  tranfverfe  diameter,   and 
tf  —  ^  the  parameter.     And  fo  on. 


Fig.  49. 
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If  the  oppofite  hyperbolas  (hall  be  differ- 
ently fituated,  as  in  Fig.  49,  and  upon  the 
fame  diameter  CB  equal  to  2/1,  produced,  if 
you  would  have  the  x^s  pofitive,  and  negative 
from  the  centre  A,  (it  being  HE  =  2^,)  the 

equation  would  be  jjy  —  ^^  = 


aa 


Fig.  SO 


121.   In  the    hyperbola    between   the  The  fimp!cl 
afymptotes,  the  redangle  of  any  line  -^^t^^^^J^ 
taken  on  the  afymptote  ^B,  into  the  ordi- i^^^Pj^^^^^  j^.^ 
nate  BC  parallel  to  the  afymptote  MN,  or  afymptotes 
Ad  X  dC,  is  always  conftant,  that  is,  equal  conftmaed, 
to  a  known  redtangle.     Therefore,  making 
AB  =  *,  BC  IT  jff  and  the  known  reft* 
angle  zz  ab^    it  will  be   xy  =  ab ;    and, 
taking  Ad  negative  zz  -^  x,  and  dC  ne- 
gative =  —  jr,  the  redtanglc  Ad  x  dC  (hall 
O  2  be 


xoo 
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be  alfo  xy ;  and  therefore  xy  =  ^  is  the  mod  flmple  equation  belonging  to 
the  oppofite  hyperbolas  between  the  afymptotes.  It  is  plain^  that  the  equation 
— .  A7  =  tf^,  or  xy  zs:  —  ah^  will  fcrve  for  the  oppofite  hyperbolas  in  the  angles 
BAM,  MN,  one  of  the  co-ordinates  being  always  poiitivej  and  the  other  ne« 
gative,  and  therefore  the  produdl  is  negative. 


The  fimplcft  Fig.  5 1 
loci  to  the 


cUipfis  con- 
ftruacd. 


123.  In  the  ellipCs  CEBH,  taking  from 
the  centre  A  any  line  AD  upon  the  axis  or 
tranfverfe  diameter  CB,  and  drawing  DM 
parallel  to  the  axis  or  conjugate  diameter 
EH ;  by  the  known  property  of  the  ellipfis, 
the  redangle  CD  x  DB  mud  be  to  the 
fquare  of  DM,  as  the  fquare  of  the  axis  or 
tranfverfe  diameter  CB  is  to  the  fquaie  of 
the  conjugate  HE.  Therefore,  making  CB 
=:  lay  HE  =  2tfy  and  from  the  centre  A 
taking  any  line  AD  =  .y,  and  making  DM  poficive  =  y,  DM  negative  =z  ^yi 
it  will  be  CD  =  a  +  x^  DB  =  tf  —  ^,  and  therefore  aa  —  atx  .  vy  :;  4JJ  ,  4*^; 


that  is,  -^  zz  aa  —  xx.     And  taking  AJ  negative  =  — -  x,  and  the  ordinates 

as  before,  it  will  he  BJ  =  BA  +  Ad  =  a -^  x^  dC  =  AC  ^  Ad  =  a  +  x, 
and  therefore  the  redtangle  B^  X  ^C  (hall  be  alfo  zz  aa  —  xx.     Wheaoe,  in 

the  fame  manner,  we  (hall  have  aa-^  xx  :s:  ^^ ,  the  mod  fimplc  equation  to 

the  ellipfis,  taking  the  abfcifles  from  the  centre.     And  if  we  (hould  take  the 
abfcifles  from  the  vertex  C,   we  fliould  have  the  analogy  aax  ^  xx  .jy  :: 

4aa  .  4i*;  and  therefore  the  equation  ^~  zz  2W—  xx. 

It  is  alfo  a  known  property  of  the  ellipfis,  that  the  fame  rectangles  are  to  the 
fquares  of  the  correfpondent  ordinates,  as  the  axis  or  tranfverfe  diameter  is  to 
the  parameter.  Therefore,  calling  this  parameter  p,  and  every  thing  conti- 
nuing as  before,  it  will  he  aa  —  xx  .jy  ::  la  .p.     Therefore  it  is  -^^Z.  :=  aa 

—  XX y  the  fnoft  fimple  equation  of  the  ellipfis  referred  to  it's  parameter,  taking 
the  abfciffes  firom  the  centre.     And,  taking  the  abfcifles  froni  the  vertex  C,  the 

equation  of  the  ellipfis  referred  to  it's  parameter  will  be  ^^  zz  2ax  — -  xx. 

If  the  two  axes  (hall  be  equal  to  each  other,  in  which  cafe  they  are  alfo  equal 
to  the  parameter,  both  of  the  equations  will  become  yy  ^=z  aa  —  xx,  taking  the 
abfciffes  from  the  centre ;  and  (tax  ^-^  xx  zz  yy^  taking  the  abfcifles  from  the 
point  Q.  But,  if  we  confine  k  \o  an  axis  in  which  the  angle  of  the  co-ordi- 
nates is  a  right  angle,  the  cUi|>fia  wtU  ^cgeaerate  into  a  circle  with  radius  :ft  a. 

7  The 
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The  obfervation  made  in  the  hyperbola,  concerning  the  given  quantities  aa^ 
bby  la,  pj  in  refpeft  to  the  diameters  and  parameter,  is  to  be  underftood  equally 
of  the  ellipfis,  to  fave  needlefs  repetitions. 

X24.  Now,  in  equations  belonging  to  the  hyperbola  and  the  ellipfis,  as  re- in  thcfe  At^ 
ferrcd  to  the  axis  or  diameters,  taking  the  abfcifs  from  the  centre  ;  as  the  diameters 

may  be  found, 

the  fquarc-root  of  the  conftant  term,  or  of  aa,  will  always  be  the  tranfverfe 
femiaxis  or  femidiameter.  And  if  the  co-efficient  of  the  fquare  of  the  ordinate 
be  the  fame  conftant  term  divided  by  any  given  quantity,  the  root  of  this  divifor 
is  always  the  conjugate  femiaxis  or  femidiameter,  that  is,  the  root  of  b/^.  But 
if  this  co-efficient  he  not  fuch,  or  do  not  contain  the  conftant  term  after  this 
manner,  then  the  femiaxis  or  conjugate  femidiameter  will  be  different.     Thus, 

for  example,  in  the  equation  <^  =  xx  —  aa,  the  femiaxis,  or  half  the  tranf- 

vcrfe  diameter,  is  indeed  always  a^  but  b  is  not  the  conjugate.  To  find  this  we 
■  muft  make  an  analogy  :  As  the  numerator  of  the  co-efficient  of  the  fquare  of  the 
ordinate  is  to  it's  denominator,*  fo  is  the  conftant  term  to  a  fourth,  the  root  of 
which  will  be  the  femiaxis  or  femidiameter  required.  Then,  in  equations  to 
the  cUipfis  or  hyperbola  referred  to  the  axis  or  diameter,  taking  the  abfcifs 

from  the  vertex,  as  in  —-  =  2ax  —  xx^  ^^  =  xif  —  2ax,  —-  =xx  +  2ax, 

the  tranfverfe  femiaxis  or  femidiameter  (hall  be  half  of  that  quantity,  which 
multiplies  the  unknown  quantity  in  it's  firft  dimenfion,  and  the  conjugate  as 
before.  Obferving,  that  when  the  co-efficient  of  the  fquare  of  the  ordinate  is 
not  the  fquare  of  the  axis  or  tranfverfe  diameter  thus  found,  the  analogy  for  the 
femiaxis  or  conjugate  femidiameter  will  be  thus:  As  the  numerator  of  the  co-ef- 
ficient of  the  fquare  of  the  ordinate  is  to  the  denominator,  fo  the  fquare  of  half 
tlie  quantity  that  multiplies  the  unknown  quantity  of  the  firft  dimenfion,  is  to  a 
fiourth ;  and  the  fquare-root  of  this  fourth  proportional  (hall  be  the  conjugate 
iemiaxis  or  femidiameter^ 


Therefore,  in  the  equation  to  the  hyperbola  •—■  zz  xx  —  i»x,-«the  tranfverfe 

femiaxis  or  femidiameter  will  be  =  j,  and  the  conjugate  =  -rr-  •    Ajid  fmce^ 

by  the  property  of  the  curve,  it  ought  to  be  :  As  the  reftangle  of  the  fum  into 
the  difference,  (of  the  tranfverfe  femiaxis  or  femidiameter  and  the  abfcifs,)  is 
to  the  fquare  of  the  ordinate,  fo  is  the  fquare  of  the  axis  or  tranfverfe  diameter 

to  the  fquare  of  the  conjugate;   it  will  be  .v^  ^-^aa  .yy  ::  ^a  .  ^^?- »  or 

^^  X  ff^  XX  '-^  aa^  that  is,  "^  =;?;?  —  aa^  which  is  the  propofcd  equation. 

Thus, 
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Thus,  in  the  equation  2-^  =  xx  —  aa,  the  tranfverfe  femiaxis  or  femi- 
diameter  z:  a^  and  the  conjugate  =  V'^.  In  the  equation  xx  —  zax  =:  -^, 
the  tranfverfe  femiaxis  or  femidiametcr  z;  a^  and  the  conjugate  =  -r-^cm.  In 
the  equation  '^^—^ —  yy  =  xx  —  ^^,  the  tranfverfe  femiaxis  or  femidiametcr 
will  be  zz  b^  and  the  conjugate  zz  y/ — zTTk^  ^^* 

To  find  the         125.  If  the  equations  be  referred  to  parameters,  as  ?^  z=z  aa  — xx,  or 

loci  when  re-  ^ 

ferred  to  a     ^W  _  ^^  —  ^^    taking  the  abfciflcs  from  the  centre ;  or  ^^  =  2ax  —  xx.  or 

parameter.        /  f 

^^^  =  lax  +  XX ^  or  ^^  zz  xx  —  2ax,  taking  the  abfciffes  from  the  vertex  i 

in  the  firft,  the  tranfverfe  femiaxis  or  femidiametcr  will  always  be  the  root  of  the 
conftant  term  ;  and  in  the  fecond,  the  half  of  the  co-efficient  of  the  imknown 
quantity  of  the  firft  dimenfion  ;  and  the  parameter  will  always  be  the  quantity 
of  the  denominator  of  the  co-efficient  of  the  fquare  of  the  ordinate,  when  the 
numeratoi  of  the  fame  co-efficient  in  the  firft  is  double  to  the  root  of  the  con- 
ftant term;  and  in  the  fecond,  is  equal  to  the  quantity  which  multiplies  the 
unknown  quantity  of  the  firft  dimenfion.  But  when  the  faid  denominator  has 
not  the  afore-mentioned  conditions,  the  parameter  fhall  be  the  fourth  propor- 
tional to  the  numerator,  the  denominator,  and  the  axis  or  tranfverfe  diameter. 

Therefore,  in  the  equation  to  the  ellipfis  aa  —  xx  zz  —  ,  the  axis  or  tranf- 
verfe diameter  fhall  be  z:  2^,  and  the  parameter  =  -^ .     And,  fincc  it  ought 

to  be,  by  the  property  of  the  ellipfis,  as  the  reftangle  of  the  fum  into  the  dif- 
ference of  the  femiaxis  or  tranfverfe  femidiametcr  and  the  abfcifs,  is  to  the 
fquare  of  the  ordinate,  fo  the  axis  or  tranfverfe  diameter  is  to  the  parameter  1 

it  will  be  aa  —  xx  .yy  ::  la  .  —^  that  is,  —  z:  aa  '—  xXy  which  is  the 
equation  propofed.  In  the  equation  xx  --^  aa  zz  — ,  which  is  to  the  hyper- 
bola,  the  axis  or  tranfverfe  diameter  =  2j,  the  parameter  =:  —  •  In  the 
equation  to  the  hyperbola  2ax  +  xx  zz  .^Ulyy^  the  axis  or  tranfverfe  diameter 
will  be  la^  and  the  parameter  r^«    la  the  equation  to  the  ellipfis  aa^^lb 


S£CT«  III.  ANALYTlCAt       INSTITUTIONS,  lOj 


XX 


—  -21.,  the  axis  or  tranfverfe  diameter  will  be  =  2\/aa  —  6lry  and  the 

c 


parameter  =        V' —  ;  fuppofing  a  to  be  greater  than  /',  for  oiberwlfe  the 
curve  would  be  imaginar)\ 

126,  Thefe  things  being  premifed,  and  well  iinderftood,  the  conftruftion  of  The  A?^  to 
more  complicate  equations,  or  of  all  other  Loci  to  the  conic  fcvlflions,  will  be  ^^^  conic 
very  eafy ;  and  that  by  reducing  fuch  complicate  equations  to  the  fimple  primary  [r^*^*" ^  jn^^ 
equations  here  exhibited.    So  that,  the  delcription  of  fuch  a  conic  feftion  being  three  fpcdcs* 
fuppofed,  we  may  proceed  to  the  conftruftion  of  the  propofed  equation. 

Now,  to  proceed  with  the  greater  perfpicuity,  I  fliall  diftribute  all  equations 
to  the  conic  feftions  into  three  fpecies  or  clafles,  I  mean  all  complicate  ones. 
Thofe  of  the  firft  clafs  (liall  be  all  fuch  as  contain  the  fquare  of  only  one  of  the 
unknown  quantities,  and  the  rcdangle  of  the  other  unknown  quantity  into  a 
conftant  quawtity.  As,  for  example,  ax  ±:  ab  =  yy.  And  moreover,  all  thofc 
fhall  be  faid  to  be  of  the  firft  fpecies,  which  contain  rectangles  of  the  unknown 
quantities  one  among  another,  and  with  conftant  quantities,  but  have  not  the 
Iquare  of  either  of  the  unknown  quantities.  As  xy  -^  ax  -=•  aa  —  ay  ;  the 
ligns  being  of  any  kind,  which  is  alio  to  be  undcrftood  of  the  figns  of  the  other 
two  fpecies. 

Of  the  fecond  fpecies  I  call  thofe,  in  which  there  are  the  fquares  of  one.  or 
both  the  unknown  quantities,  and  alfo  their  reftanglcs  into  conftant  quantities, 
but  not  their  reclangle  into  each  other ;  as  iVAf  +  zax  =:  ay  +  by^  or  xx  —  zbx 
zzyy  +  ay  —  ax^ 

Thofe  are  of  the  third  fpecies,  in  which  are  contained  reftangles  of  the  two 
unknown  quantities  into  each  other,  and  other  terms  of  what  kind  focvcr ;  fuch 
z:^  XX  +  2xy  +  2yy  =zaa  -^  xx  +  hx. 

127.  To  diftinguifti  and  conftrudl  equations  of  the  firft  fpecies,  there  is  z^^  of  the 
occafion  to  make  ufe  of  one  fubftitution,  which  is,  to  put  the  unknown  quantity  finl  fpeclca 


that  the  locus  of  the  laid  equation  may  be  eafily  known  and  conftrufted  ;  as 
may  be  fcen  in  the  following  Examples.. 


EX- 
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EXAMPLE    I. 


Let  the  equation  he  ax  +  ah  zz  yy,  and  let  the  angle  be  given,  which  the 
co-ordinates  make  with  each  other.  Becaufe  ax  +  ab  is  the  fame  as  a  X  T+l, 
make  x  +  ^  =  z ;  then,  by  fubditudon,  it  Hill  be  az  ^yy,  which  is  the 
jipellonian  parabola. 


Pig.  Sa 


On  the  indefinite  line  AB  as  a  diameter, 
with  a  parameter  =  a,  let  the  parabola  CAC 
be  defcribed,  whofe  co-ordinates  AB,  BC, 
contain  the  given  angle ;  then  let  AD  =  b. 
Taking  any  line  AB  =  z,  it  will  be  BC  =  j. 
But,  becaufe>  by  the  fubftitution,  we  hare 
X  -rz  z  —  b:,  DB  will  be  x.  Therefore  the 
origin  of  the  abfcifs  x  will  be  the  point  D, 
taking  the  pofuiTe  towards  M,  the  negative 
towards  A,  and  the  corrcfponding  pofitive 
and  negative  ordinates  will  be  y. 


If  the  propofed  equation  had  been  put  ax  —  ab  ^  yy,  we  fhould  hare  made 
the  fubftitution  x  —  ^  =:  z,  and  therefore  x  =  z  +  ^.  In  which  cafe,  taking 
AE  =  ^  in  the  diameter  pix>duced,  and  doing  the  reft  as  before,  the  point  £ 
would  then  bare  been  the  origin  of  the  abfcifs  «. 


EXAMPLE    n. 


Let  the  equation  be  rj  ■\-  ax  •=. aa  —  ay.  Make  y  +  o=z,  and,  inftead 
of^,  fubftituting  this  value  z  —  a,  we  Ihall  have  zx  +  az=:2aai  and 
making  another  fubftitution  o{  x  +  a  ss  f,  it  will  be  ^  ss  2aa,  the  JpeJioma 
hyperbola  between  the  afymptotes. 


P'g-  SZ' 


Let  the  indeBnite  ri^t  lines  MM,  FF, 
comprehend  the  given  angle  of  the  co-or- 
dinates, and  between  the  afymptotes  MM, 
FF,  let  the  two  oppofue  hyperbolas  be  de- 
fcribed, belonging  to  the  conftant  redangle 
a.aa.  Taking  any  line  AC  =  /,  and  the 
ordinate  CE  parallel  to  AM,  it  will  be  s  z. 
But,  by  the  fubftitution,  it  is  *  =  ^  —  « ; 
therefore,  making  AB=(i,  it  will  be  BC=:x. 
And, 
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And,  becaufe  we  have  alfo,  by  the  otlier  fubftitution,  y  =  2;  —  /?,  making 
AN  = /7,  and  drawing  Nil  parallel  to  FF,  it  will  be  Dli=y.  Thcrt^forc;, 
drawing  BQ^ parallel  to  AN,  Q^will  be  the  beginning  of  the  abfcifs  v.  Thii:., 
to  any  abfcifs  QD  =  x  will  correfpond  the  ordinue  DE  =  y,  pofr.ivc  bcrvvccn 
the  points  Q^and  P,  and  negative  beyond  the  point  P,  as  HI.  Bur,  \v!il:i  p 
is  taken  lefs  than  ^,  that  is,  AC  lefs  than  AB,  then,  as  it  is  x  ^=:p  —  /?,  x  wiil 
be  negative,  that  is,  towards  N  ;  and  to  it  will  correfpond  the  poftive  ordl- 
nates  y.  Now,  if  wc  take  p  negative,  and  equal  to  AU  for  example,  x  will 
be  negative,  and  equal  to  QO,  and  y  negative  =  OE.  If  liic  equation  were 
xy  +  ax  zz  aa  +  ay^  or  clfc,  xy  +  ax  =  —  ^^j  —  ay^  or  this,  xy  —  ax  =:  aa 
—  ay^  or  this,  >.y  ^^  ax  zz  — aa  H-  ay;  the  two  firfl:  would  be  divifible  by 
y  -f-  ^j  and  we  lliould  have  x  zz  -±^  a.  The  two  others  would  be  divifible  by 
y  "^  a^  and  we  Ihould  have  x  zz  ±:  a.  Therefore  they  would  not  be  locij  but 
equations  of  determinate  problems.  But  if  it  were  xy  —  ax  zz  aa  +  ay,  the 
firfl:  fubftitution  would  be  ^  —  ^  =  z,  whence  the  equation  zx  —  az  zz  zaa ; 
and  confequently  the  fecond  fubfl:itution  would  be  x  -^  a  zz  p  ;  whence  finally 
t-hc  equation  zp  zz  laa ;  and  therefore,  in  this  cafe,  to  the  co-ordinates  /),  r^ 
muft  be  added  the  quantity  a,  in  order  to  have  ;i;  and  y.  And  therefore, 
taking  from  A  towards  U  the  line  AR  zz  a^  and  drawing  RG  parallel  to 
MN  and  equal  to  ^,  then,  through  the  point  G  drawing  GT  parallel  to 
FF,  G  ftiall  be  the  origin  of  the  abfciffes  x^  and  the  correfponding  ordinates 
Ihall  be  y. 

If  the  equation  were   xy  +  ax  zz  -^  aa  +  ay,   the  fubftitutions  would  be 
^  +  a  zz  Zy  and  .v  —  a  "z:  p,  which  would  give  us  the  equation  pz  z=.  —  2aa. 

LjCI  the  fame  hyperbolas  be  defcribed,  but  in  the  other  two  angles,  becaufe 
the  conftant  reftangle  laa  is  negative  ;  and  let  them  be  /V,  ie.  Producing  GR 
to  L,  this  will  be  the  origin  of  x  both  affirmative  and  negative.  And  upon 
the  right  line  LQj^  produced  both  ways,  the  ordinates  y  will  infill,  that  is, 
negative  from  N  towards  H,  and  pofitive  from  N  to  the  point  / ;  and  again 
negative  beyond  the  point  /. 

If  it  were  sy  ^  ax  zz  ^  aa  -^  ay,  the  fubftitutions  wouW  be  ^  —  a  zz  z, 
and  X  +  a  zz  p.     Therefore,  the  fame  hyperbolas  ie  being  defcribed,  and  QB 
being  produced  to  q,  this  will  be  the  origin  of  the  abfcilfcs  x,  and  the  ordinaits 
J  will  inlift  upon  TT. 

If,  in  the  equations,  the  term  xy  (l^.ould  be  negative,  it  may  be  made  pofitive 
by  tranfpofing  the  terms. 

The  diverfity  of  fubfl:itutions,  and  of  the  pofuicn  of  the  co-ordinates,  which 
arifes  from  the  different  combinations  of  the  figns  in  the  propofed  equations, 
and  whatever  elfe  has  been  ccnfidcred  here,  is  to  be  fupplied  in  what  follows, 
where^  for  brevity-fake,  1  (hall  omit  it. 

Hitherto  I  have  fuppofed,  that  the  conftant  quantities  of  the  equation  are 
fiich,  as  may  make  room  for  the  aforcfaid  fubftitutions.     If  they  (hould  no^  be 

J?  iuch. 
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fuch,  as,  for  example,  if  the  equation  were  ^a  —  ^.v  zz  yy,  we  mull  make 
aa  ^  h,  and  then  we  (hall  have  ic  —  l/x  zz  yy,  and  the  fubftitiition  to  be 
made  would  be  that  ofc-^x  equal  to  a  new  unknown  quantity.     Thus,  if  it 

were h  ex  =:  yy^  we  mud  make  i/if  zz  cf,  whence  the  equation  —  +  ex 

=:  yy.     And  then  we  muft  put  -^ — I-  x  equal  to  fome  new  unknown  quantity. 

It  It  were  —: iz:    yy,    we   miRht   make    aa  —  bb  zz  cc^    and 

!»'  zz  ccf,  and  then  it  would  be  — -^-=^  =:  yy.     And  the  like  of  ^others. 

Xcjiof  the  128.  To  reduce  and  conftruft  equations  of  the  fccond  fpecies;  let  all  the 
^cc^J^  |p^^'»«s  terms  which  contain  the  fame  unknown  quantity  be  put  in  order  on  one  fide  of 
coni  ru  cd.  ^h^.f^gQ  Qf  equality,  and  on  the  other  fide  all  the  other  terms  in  order  likewife  ; 
and  in  the  firft  member  of  the  equation  let  the  fquare  of  the  unknown  quantity 
be  pofitive,  and  free  from  co- efficients  and  fractions.  To  the  fame  firft  mem* 
ber,  (and  to  the  fecond  alfo,  to  preferve  the  equality,)  muft  be  added  the  fquare 
of  half  the  co-efficient  of  the  fccond  term,  it  it  be  neceflary,  fo  as  the  firft 
member  may  be  a  fquare.  Then  put  the  root  of  that  fquare  equal  to  a  new 
unknown  quantity ;  which  operation  muft  be  performed  in  the  fccond  member 
alfo,  if  it  require  it.  This  will  give  us  an  equation  reduced  to  the  fimpleft 
terms,  or  to  an  equation  of  the  firft  fpecies. 


EXAMPLE     III. 


Let  the  equation  be  xx  +  lax  zz  ay  +  iy.  Add  the  fquare  aa  on  each  fide, 
and  it  will  be  xx  +  2ax  +  aa  zz  aa  +  ay  +  by.  And  now,  making  ^^  +  tf 
zz  2,  we  fnall  have  zz  zz  aa  +  ay  +  by^  which  is  now  reduced  to  the  firft 
fpecies.  Then,  making  a  +  b  =^  c,  and  aa  =  cf,  it  will  he  cf  +  iy  zz:  zz^ 
and  putting  f  +  y  zz  p^  it  will  he  zz  zz  cp,  an  equation  to  the  Apollonian 
parabola. 

pig^  ^A  ^^.^-^-^  With  parameter  r  =:  ^  +  ^,  on  the  di- 

-"     """^'^  ameter  AB,  and  with  the  co-ordinates  in  a 

given  angle,  let  the  parabola  CAC  be  de* 
fcribed.  Then,  taking  any  abfcifs  AB  zzp^ 
and  BC  fiiall  be  z,  either  pofitive  or  nega- 

live.    And,  becaufe  y^p-^fzzp^  — -  , 

taking  AD  =  —^ ,   it  will  be  DB  =  y. 

And,  becaufe  of  the  fubftitution  x+azzz^ 

from 
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from  the  point  D  draw  DH  zr  a  parallel  to  BC,  which  will  be  terminated  by 
the  parabola  in  H,  (as  will  eafily  be  leen  by  fubftituting,  inftead  of  p  in  the 

reduced  equation  zz  =  cpj  the  value  of  AD  zz  -^  =  ~ ;  for  it  will  become 

z&  =  aa,  and  therefore  DH  zz  z  =  a,)  and  drawing  through  the  point  H  the 


*  ■• 


aa 


line  OE  parallel  to  the  diameter,  it  will  be  HE  =z  DB  zz  p -—,    =  j,   and 

confequently  EC  =  z  —  «  =  a:  pofitive,  and  negative  alfo  when  the  abfcifles 
are  pofitive.     And  to  the  negative  abfciffes,   that  is,  taking  them  from  H 
,  towards  O^  both  the  negative  ordinates  will  correfpond. 


EXAMPLE    IV. 


Let  the  equation  be  xx  +  lix  ^zjy  --^  ay.  Let  there  be  added  the  fquare 
of  half  the  co-efficient  of  the  fecond  term,  that  is  it;  then- it  will  be  xx  +  2kv 
-{-  bb  zz  yy  —  ay  +  bb.  And  making  x  +  b  -=.  Zj  we  Ihall  have  zz  =  yy 
^''^ay  +  bbj  that  is,  zz  —  bb  zz  yy  —  ay.  And  adding  the  fquare  of  ia,  it 
will  be  zz  —  bb  +  ^aa  zi  yy  —  ay  +  ^^aa.  Then  make  y  —  -^a  =  p,  and 
it  will  be  zz  —  bb  +  \aa  zz  pp.  And  fuppofing  bb  greater  than  -^aaj  and 
making  bb  —  ^aa  ss  mm,  it  will  be  zz  —  mm  zz  pp^  an  equilateral  hyperbola 
with  the  fcmidiameters  zz  iw,  and  taking  the  abfcilles  from  the  centre. 

^^g*  55-  In  the  indefinite  line  BD  I  tate  BG 

zz  im  zz  2\/bb  -^  iaat  and  divide  it 
equally  in  A.  With  centre  A,  the  tranf- 
verfe  diameter  s=:  2 AG,  equal  to  the 
conjugate,  and  with  the  co-ordinates  in  a 
given  angle,  defcribe  the  two  oppofite 
and  equilateral  hyperbolas.  Taking  any 
abfcifs  pofitive  and  negative  AD  =  z, 
the  correfponding  ordinates  DH  will  be  p^ 
pofitive  and  negative.  And  becaufe,  by 
the  fubftitution,  it  is  x  zz  z  —  b,  taking 
AE  z:  b,  it  will  be  ED  z:  .v.  But,  by 
the  other  fubftitution,  it  being jy zip  ^f^'j 
from  the  point  E  drawing  EO  zz  f^?,  parallel  to  the  ordinate,  which  will 
terminate  at  the  curve  in  the  point  O ;  and  through  that  point  O  draw  the 
indefinite  line  KK  parallel  to  the  diameter  BG,  it  will  be  KH  =  />  +  t^  =  ?• 
Therefore  the  point  O  will  be  the  origin  of  the  abfcifs  x  on  the  right  line  KK, 
to  which,  taken  pofitively,  will  correfpond  the  two  ordinates  y,  one  pofitive  and 
the  other  negative.     And  taking  it  negative,  but  not  greater  than  EG,  two 

p  2  pofitive 
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pofuive  ordlaatcs  wrll  correfpond  to  it  ;  but  taking  it  negative  and  greater 
than  EG,  bur  Ids  than  EB,  the  ordinates  v  will  be  imao;inar;/  ;  and  taking 
it  ncgaiivc  greater  ihan  EB,  and  Icfs  than  El,  making  RI  zz  GE,  the  two 
ordinates  will  be  poliiive  ;  and  laftly,  one  of  the  ordinarcs  will  be  pofitive, 
and  the  other  negative,  when  the  abfciflcs,  being  negative,  (hall  be  greater 
than  El. 

Here  it  (hould  be  obfefved,  that  the  root  of  the  fquare  yy  — »  ay  +  ^aa  is 
not  only  ^ — la,  but  alfo  -^a — y,  and  therefore  the  fubftitutions  fhould  be 
two,  thnt  is,  both  y  —  ^a  rr  />,  and  -ia  — y  rz  p.  Yet,  notwithftanding,  in 
the  prefent  example,  and  in  others  that  follow,  1  only  make  ufe  of  the  firft. 
For,  confidcring,  in  thefe  conftruclions,  the  new  unknown  quantity  />  is  to  be 
iindci flood  both  as  pofuive  and  negative,  herein  will  be  comprehended  thole 
determinations  alfo,  which  the  other  fubllitulion  would  fupply,  and  which 
therefore  would  be  luperfluous  here. 

If  the  quantity  ^^,  which  I  have  fuppofed  greater  than  -J/^^,  (liould,  on  the 
contrary,  be  lefs,  the  locus  would  be  to  the  fame  hyperbolas,  only  by  changing 
the  places  of  the  co-ordinates  and  of  the  conftant  quantities-  That  is,  the 
final  equation  would  be  zz  =z  pp  —  mm,  the  conftrudlion  of  which  is  here 
omitted,  becaufe  it  is  not  different  from  the  foregoing,  only  that  the  femidia-^ 

meters  here  are  each  equal  to  \/*^aa  —  bb  =  w.     Now,  if  it  were  tt  =  ^aa,, 
the  locus  would  degenerate  into  a  right  line,  as  is  plain, 

Ztftfiof  the  129.  To  diftinguifh  and  conflruft  equations  of  the  third  fpecies^  it  is  ne» 
^^"^^  ^ A^!f'  c^ff^rji  that,  putting  the  fquare  of  one  of  the  unknown  quantities  made  pofitive^ 
•  °  "  '  and  free  from  fractions  and  co-eiBcients,  together  with  the  redangle  of  the  fatnCj 
on  one  fide  of  the  mark  of  equality,  and  on  the  other  fide  all  the  remaining 
terms;  adding  to  the  firft  member  (and  confequently  to  the  fecond  alfo)  fuch  a 
fradion  of  the  other  unknown  quantity,  that  the  firft  member  may  be  a  fquare; 
then  putting  it's  root  equal  to  a  new  unknown  quantity,  and  making  the  fub- 
flitution ;  by  means  ot  which  an  equation  may  be  had,  reduced  to  a  moro- 
fimple  expreffion^  or  to  one  of  the  two  fpecies  before- mentioned. 

Thus,  in  this  equation,  for  example,  zz  —  -^-^  =  ay,  adding  — ^  to  both 
members,  the  firft  member  will  be  a  fquare,  the  root  of  which  is  a  —  -2-, 
which  is  to  be  put  equal  to  a  new  unknown  quantity  p  -,   and,  making  the 

fobftitution,  the  equation  will  be  pp  zz  -^  +  ^,   which  is  now  reduced  to. 
the  fecond  fpecies.. 

;3o.  But* 
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130.  But  it  may  be  obferved,  that  fonietimes  the  new  unknown  quariiitj^  to  Complicate 
*     be  introduced  fliould  be  affefted  by  fomc  conftant  co-efficient,  othcrwife  the ^^*-'^  V^ ^"^ 
conftrudtions  would    be   much  incumbered.      For  example,   in   the  equation  ^^c^^xq' 

KX  ±  ^-^  H — —  =  ±fy  ±:  hx,   the  firft  member  of  which,   without  any  futftitution- 

-  with  ex« 

addition,  is  already  a  fquare,  wLofe  root  is  x  ±  ~ }  if  the  term  hx  were  not^^^P^'^'- 

there,  or  being  there,  if  we  would  eliminate  x  out  of  the  equation,  we  might 
do  it,  by  putting,  inftead  of  Xj  it's  value  obtained  by  the  fubflitution,  fo  that 
ic  maybe  exprcffed  by  the  new  unknown  quantity,  and  by  j^  with  conftant. 

quantities ;  therefore  the  fubftitution  of  x  ±  —  =  z  (hould  be  made. 

But  if  the  term  fy  were  not  there,  or  being  there,  if  we  would  eliminate  j> 
wc  mud  make  a  fubftitution  of  x  ±  —  =  —  •    And  thus,  refpedivcly,  if  the 

cquatioa  were  yy  ±  ^-^  H —  zz  ±:fy±ix,  the  term  fy  not  being  there. 


or  elfc  to  be  eliminated,  a  fubftitution  muft  be  made  of  y  ±  —  r:.  z;  or  the 
term  bx  not  being  there,  or  being  to  be  eliminated,  a  fubftitution  of  y  ±  -^- 
.r=  —  is  to  be  made* 

a 

In  general,  the  redlangle  of  conftant  quantities  into  that  unknown  quantity^ 
hj  which  the  equation  is  ordered,  not  being  in  the  equation ;  or  being  there,? 
sf  we  would  eliminate  that  unknown  quantity,  we  muft  put  the  root  of  the  firft: 
member  equal  to  a  new  unknown  quantity.  But  if  the  reftangle  of  conftant 
quantities  into  the  other  unknown  quantity,  by  which  the  equation  is  not 
Ofdered,  be  not  in  the  equation,  or  if,  being  there,  we  would  eliminate  that 
unknown  quantity,  we  muft  put  the  root  of  the  firft  member  equal  to  a  new 
unknown  quantity,  multiplied  into  half  the  conftant  co-eiEcient  of  the  fecond. 
fcrm  of  the  firft  member. 


EXAMPLE    V. 


Let  the  equation  ht  yy  +  ^^  +  —  =  ex.     Make  y  +  —  =  «,  and  the 

equation  will  be  zz  =  cXj  which  is  to  the  Apollonian  parabola.     If  the  angle  of 
the  co-ordinates  x^  y^  of  the  propofed  equation  be  not  given,  but  left  at  pleafnre, 

8  ^^^ 


no 
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the  conftiudtion  of  the  locus  would  be  mani- 
feft.  For,  on  the  indefinite  right  line  AB 
defcribing  the  ifofceles  triangle  ACD,  with 
the  bafe  CD  =  ^,  and  the  fides  AC  =  AD 
=  a  ;  and  on  the  diameter  AB,  with  a  pa-* 
rameter  n.  f,  and  with  ordinaies  parallel  to 
DC  defcribing  ihe  parabola  of  the  reduced 
equation  zz  3=  ex ;  taking  any  abfcifs  ac 
pleafure  AB  =  x*,  it  would  be  BM  =  s. 
But,  by  the  fimilar  triangles  ADC»  ABE, 

we  fliall  have  EB  =  — ,  and,  by  the  fub- 


ftitution,  it  is  J  =  2 


>x 


—   EM,   and 


alfo  AE  n  AB  z:  x.  Therefore,  upon  the  indefinite  line  AE  taking  any 
abfcifs  AE  =  *',  the  correfponding  ordinate  EM,  pofitive  or  negative,  will  be 
the  j^  of  the  propofcd  equation*  But,  becaufe  the  angle  of  the  co-ordinates 
X  and  y  is  fuppofed  to  be  given,  the  conflruftion  aforegoing  will  not  obtain, 
but  we  may  proceed  thus.  On  the  indefinite  line  AB  let  a  triangle  ACP  be 
defcribed,  having  the  angle  ACP  equal  to  the  fupplement  of  the  given  angle, 
which  the  co-ordinates  of  the  propofed  equation  ought  to  make;  and  let  AC=;tf, 
CP  =  ^.     Produce  AC  indefinitely,  and,  taking  any  line  AE  =:  a:,  make  KK 

parallel  to  PC,  and  it  will  be  EH  =  ~.  Whence,  if  HK  =  z,  it  wiU  be  EK=jrj 

and  then  AE,  EK,  are  the  co-ordinates  of  the  propofed  equation,  and  in  the  angle 
given.  But  HK  cannot  be  yet  the  z  of  the  reduced  equation  ex  =  zz,  fincc  the 
abfciffes  AH  are  not  yet  equal  to  the  .v*s,  nor  yet  the  lines  AE.    Obferve,  there- 

fore,  that  AH  will  be  — ,  that  is,  n  -^ ,  (making  AP  =  /,  becaufe, 

in  the  triangle  ACP,  having  given  the  fides  AC,  CP,  and  the  angle  ACP,  the 
line  AP  will  alfo  be  given ;)  whence  the  curve  thus  defcribed,  calling  AE  =  x, 

cfx 

and  HK  =  z,  will  give  us  the  equation  -=^  =  zz,  which  would  be  exaiftly 
our  equation  reduced,  if,  inftead  of  the  parameter  f,  we  had  defcribed  the 


curve  with  the  parameter 


ac 
1 


Therefore,  to  conftruA  the  propofed  locus^  on 


(he  indefinite  line  AB  defcribe  the  triangle  ACP,  the  fides  of  which  are  AC=tf, 
CP  =  ^,  and  the  angle  ACP  equal  to  the  fupplement  of  that  angle  which  the 
co-ordinates  of  the  propofed  equation  ought  to  make.    Then  with  diameter  AB, 


ac 


parameter  as  — ,  equal  to  the  fourth  proportional  of  AP,  of  AC,. and  of  the 

parameter  of  the  reduced  equation,  (which  is  general,  whenever  the  locus  is  to 

9 


the 
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the  parabola,)  and  with  ordinates  parallel  to  PC,  the  Apollonian  parabola  mud  be 
defcribed.  Then  taking,  on  the  indefinite  line  AE,  any  abfcifs  AE  =:  x,  EK 
pofltive  and  negative  will  be  zz  y,  and  the  curve  will  be  the  locus  of  the 
equation  propoleci.     For  it  will  be  HKj  equal  to  the  redlangle  of  the  parameter 

into  AH,  or  yy  H ^  H =  — --  =  ex. 

'         ''^  a  aa  of 

•  The  fame  artifice  may  be  made  ufe  of  in  other  equations,  to  the  hyperbola 
and  to  the  ellipfis,  in  regard  to  their  diameters  and  parameters,  with  this  differ- 
ence only,  that  in  thefc  the  tranfverfc  diameter,  or  conjug:ite,  according  as  this 
or  that  ought  to  be  changed,  (and  it  will  always  be  that  t)  which  t'le  triangle 
ACP  belongs,^  will  be  the  fourth  proportional  of  AC,  AP,  and  the  tranfverfe 
or  conjugate  diameter  of  the  equation  reduced.  Bjt  as  to  the  parameter,  when 
the  equation  is  given  by  that,  the  tranfverfe  diameter  heing  varicid  in  the 
manner  aforegtnng,  it  will  be  the  fourth  proportional  of  AP,  AC,  and  the  pa. 
ramcter  of  the  reduced  equation.  But  if  the  triangle  ACP  do  not  belong  to 
the  tranfverfe  diameter,  but  to  the  conjugate,  (the  equation  being  given  by  the 
parameter,)  it  will  be  the  third  proportional  of  the  parameter  of  the  reduced 
equation,  and  of  AP;  as  will  eafily  be  known  by  the  examples. 


EXAMPLE    VL 


Let  the  equation  given  be  ;;y  +  i-^  H — —  ^  bx  —  rr  —  2cy.    Making  a 


bx 

fubftitution  of  v  +  —  =:  z,  it  will  be  zz  =  h:  —  cc 

a 


,      2lcx      ^1     ^  • 

2CZ  -{ ,  that  IS 

a 


ZZ  +   2CZ  +  CC  =  Ix   + 


2hcx 


And  makjng  again   another  fubftitution  of 


z  +  ^  =  J,  it  will  be  finally  qq  —  x^    an  equation  to  the  Jpollonian 


PiS^  57- 


parabola.  Now,  to  conftruft  it  relatively  to 
our  co-ordinates  x^y;  on  the  indefinite  right 
line  BH  let  the  triangle  BCD  be  conftrudled 
with  it's  fides  BD  =  tf,  DC  =  ^,  and  with 
an  angle  BDC  equal  to  the  fupplement  of- 
that  angle,  which  ought  to  be  made  by  the 
co-ordinates  x,  y,  of  the  equation  propofed. 
Then  let  BD,  BC,  be  produced  indefinitely, 
and  from  the  point  B  draw  BA  parallel  to 
DC,  and  equal  to  c.  Then  from  vertex  A 
to  the  diameter  AE  parallel  to  BC,  and  with 
the  ordinates  EP  parallel  to  CD,  let  the 

paraboU 
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parabola  PAP  be  defcrlbed,  with  the  parameter  =  ^ — 7~»  (meaning 
by  /  the  known  line  EC,)  and  on  the  indefinite  line  BF  taking  any  abfcifs 
BF  =  Xj  it  will  be  BH  =  AE  =  ^^^ ,  and  EP  =  y,  and  therefore  HP  =  j 

—  c  =  Zj  and  FH  =  —  .     Then  FP  =:  z ^  =  J^j   pofitive  and  nega«> 

tive  when  x  is  greater  than  BO ;  and  both  ordinatcs  negative,  when  it  is  x  lefs 
than  BO. 

In  the  equation  propofed,  if  the  reftangle  2cy  (hall  be  affefted  by  the  affirmative 
fign,  then  the  fecond  fubftituiion  fliould  be  z  —  ^  =  ?»  and  the  parameter  of  the 

parabola  equal  to  2— — ii.    Then   doing   the 

fame  things  as  before,  inflead  of  drawing  BHE 
above  the  diameter  AEyitfhoiild  bedrawn  below 
it,  and  the  triangle  BDC  Ihould  be  made  above 
it,  as  is  fliown  by  Fig.58.  Moreover,  if  theterm 

2-^  be  negative,  the  firft  fubftituiion  fliould 


^S'S^'  ^ 

^^^ 

p 

A 

f       ^ 

t^ 

^^■^"""""^ 

5^ 

E      ■ 

X: 

u 

h: 

1 

^^ ;*• 

/ 

••... 

bej^ 


—  =  2,   and  thence  y  =  2  4 


Therefore,  in  this  fuppo(ition,  as  well  in  regard 

to  Fig.  57  as  Fig.  58,  the  triangle  BDC  fliould 

be   conltrudled  below  BH,  fuppofe  as  BdC. 

Wherefore,  taking  any  line  Bf  =  x  above  Bd 

produced,  it  will  be  /P  =  ^ ;   obferving  that,   in  this  cafe,   the  angle  IRdC 

fhould  not  be  made  equal  to  the  fupplement,  but  to  the  angle  itfelf,  which  is 

£0  be  made  by  the  co-ordinates  of  the  equation. 


EXAMPLE    VII. 


Let  the  equation  be  xx  +  ^-^  +  -^ 

^  a  aa 


=  cx   +  cb.    Making  the  fubfti- 


tation  of  *  +  -^  =  — ,  it  will  be  — ^  =z  cx  +  cb;  and  making  x  +  b  s:p, 

it  will  be  zz  =  -^  ^  an  equation  to  the  ytpollonian  parabola.    On  the  inde- 
finite 


«S€T,2II* 
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finite  line  AC  dcrcribe  the  triangle  APQ^ 
with  the  fides  AP  =  b^  PQ^=  a,  and  the 
angle  APQ^  equal  to  the  fiipplement  of  the 
angle  which  fliould  be  made  by  the  co-ordi- 
nates  of  the  propofed  equation ;  and  call  the 
known  line  AQ^=  /,  as  ufual.  Let  AT, 
AQj^be  produced  indefinitely,  take  AH  —  h^ 
and  draw  the  line  HB  parallel  to  PQ^  From 
the  point  B  let  the  indefinite  line  BD  be 
drawn  parallel  to  AP ;  and  with  vertex  A, 
to  the  diameter  AC,  with  the  parameter  -=, 


aac 


-rr-^  and  with  the  ordinate  CM  parallel  to 
PQ#^  let  the  parabola  MAM  be  defcribed.  Taking  any  line  AE  =  p,  it  will 
be  CM  =:  zx  then  HE  or  BD  =  at,  and  DC  i=  -^,    becaufe  of  the  fimilir 

triangles  APQ»^BDC.     Then  is  DM  zi  z  —  -^  =:  J   pofitivc  and  negitive, 
And  the  lines  BD,  DM,  are  the  co-ordinates  of  the  propofed  equation. 

If  the  equation  had  been  given  xx  +  ^-^  +  — ^  z=i  ex  —  ch^  making  the 


hbz% 


=  Cx 


fame  fiift  fubfiitution  as  in  the  foregoing  equation,  we  (liould  have 

—  ri ;  and,  putting  x  —  h  =  />,  it  is  zz  =  ^^ ,  which  is  the  fame  as  the 

firft,  nor  is  there  any  other  difference,  but  only  in  the  firfl:  cafe  there  is  ^  :r 
/  -r-  A,  and  here  his  x  zz  p  +  b.  That  is,  in  the  prefent  cafe  th,:  vertex  of 
the  parabola  muft  be  at  B,  and  the  origin  of  the  abfcifs  x  muft  be  in  ihe  point 
A,  taken  on  the  indefinite  line  AE. 


EXAMPLE     VJir, 


Let  the  equation  be  a.v  +  -     -  -j — -^  —  cb 


CA.     Make  th'j  ii''rliui:i\,ri 


of  *  +  -=^  r=  — ,  and  the  equation  will  be  -'-^  zz   cb  —  u  i    and 
b  —  X  -^  Pi  It  will  be  ii  =  -jI^-  ,  an  equation  to  the  p.naboLi, 


pucu'iji; 


O 


Oa 
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On  the  indefinite  line  AH  let  the  triangle 
APQ^be  defcribed  towards  H,  with  the  fides 
AP  =:  by  PQ^z:  ^,  and  the  angle  APQ^equal 
to  the  fupplement  of  the  angle  which  the  co- 
ordinates of  the  propofed  equation  ought  to 
contain.  Make  the  known  line  AQ^  =:  f. 
Produce  AP,  and  take  AE  zz  i,  and  draw  EH 
parallel  to  ?Q^  With  vertex  H,  on  the  dia- 
meter HA,  with  the  ordi nates  CD  parallel  to 


aac 


PQ»^  and  with  the  parameter  =  -jj- ,  let  there 

be  defcribed  the  Apollonian  parabola.   Taking 
any  line  EB  =  p^  it  will  be  AB  =  A  — -p  =  x. 


ax 


BC  =  -^- ,  CD  =  2.     Then  is  BD  =  2  —  -^  =  ;^  pofitive  and  negative, 

taking  x  between  the  points  A  and  O;  and  both  the  ordinates  y  negative,  taking 
X  beyond  the  point  O.  The  right  line  AE  being  produced  indefinitely  on  the 
oppofite  fide  to  the  point  E,  and  taking  any  line  l£.b  =  p  pofitive  and  greater 
than  AE,  it  will  be  A^  zi  i&  —  ^  =s  a:,  a  negative  quantity ;  whence  in  this  cafe 
the  negative  x\  will  be  from  A  towards  e^  and  the  pofitive  from  A  towards  E  ; 
and  to  the  fame  negative  x  will  correfpond  two  ordinate^  ^D,  ^D,  equal  to  y^ 
one  pofitive  and  the  other  negative. 

If  in  thefe  two  lad  examples,  as  in  the  others  which  will  follow,  the  redangle 
of  the  two  ordinates  be  affedled  by  the  fign  — ,  it  is  done  upon  the  fame  confi* 
deration  as  is  mentioned  at  the  end  of  the  6th  Example ;  which  it  may  fufficc 
to  have  mentioned  once  for  all. 


EXAMPLE    IX. 


Let  the  equation  be  yy 

hx 


2lxy 


bhxx 
aa 


=  XX  —  aa.    Make  the  fubftitution 


S  z,  and  the  equation  will  be  zz  =  xx  —  aa,  which  is  to  the 


hyperbola.  On  the  indefinite  line  EE 
defcribe  the  triangle  ACH,  and  make 
AC  =  tf,  CH  =  ^,  and  the  angle  ACH 
equal  to  the  given  angle  of  the  co-ordi- 
nates of  the  equation  propofed.  Let 
AC  be  produced  indefinitely  both  ways 
from  the  point  A.  With  centre  A,  and 
tranfverfe  femidiameter  AH  =/,  with 
the  conjugate  =  a,  let  there  be  defcribed 
the  oppofite  hyperbolas  with  the  ordi* 

pates 


.  • 
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nates  parallel  to  CH.    Taking  any  line  AB  =  x  politive,  ic  will  be  BE  = 
But  ED  s  —    —  _        .    ix 


"5 

a 


B  z:    Then  is  BD  =  z  +  —  =  ^  pofitive.     And  taking  in  the 

hyperbola  the  ordinate  z  negative,  that  is  iz  EM,  then  will  y  be  equal  to  the 
difference  between  EB  and  EM,  that  is,  equal  to  BM  ;  and  thei'efore  negative 
when  X  is  greater  than  AO.  Then  to  any  pofitive  abfcifs  greater  than  AO  will 
correfpond  two  ordinates,  one  pofitive  and  the  other  negative;  and  both  the  ordi- 
nates  will  be  pofitive  when  x  is  lefs  than  AO.  But  when  x  is  taken  negative,  that 
is  on  the  fide  of  the  point  Qj^then  it  rauft  be  obferved  that  QE  will  be  negative; 

for  the  analogy  will  be,  AC  (a)  .  CH  (^)   ::  AQ^(-  a:)  .  QE  =  —   — . 

Therefore,  if  QE  = ^ ,  taking  z  pofitive  =  ED,  it  will  be  2;  +  —  =s 

op  =  y  pofitive ;  and  taking  z  negative,  it  will  be  —  2 ^  =  QNI  =:  y 

negative.  ^ 


EXAMPLE    X. 


Blxx 


Let  the  equation  he  yy  —  ^  +  4f:i  =  bb.    Adding  ^,  it  will  be  yy  - 


a 
gxx        Ihxx 


;  and  making  the  fubftitution  of  y  ^-^ 
it  will  be  zz  =  -^  —  iHl^bb.    And  putting  ii  —  ag  zi  mniy  it  will  be 


aa 

2a  =  -— -  +  bb^  that  15,  zz 

Map 


ntmxx 


Fig.  6a. 


bb  = ,  an  equation  to  the  hyperbola. 

On  the  indefinite  right  line  DD  let  the 
triangle  ABC  be  defcribed,  with  the  fides 
AB  =  a,  BC  =  b,  and  the  angle  ABC 
equal  to  that  which  is  to  be  contained  by 
the  co-ordinates  of  the  propofed  equation; 
and  make  the  known  line  zz/.  Through 
the  point  A  draw  the  indefinite  line  PP 
parallel  to  BC,  and  with  centre  A,  trant 
verfe  diameter  QQ^=  2b,  conjugate  = 

-^  taken  in  the  right  line  EE,  at  the  ver- 

tices  Qj^  Qj^  let  there  be  defcribed  the  two 

oppofite  hyperbolas  HQH.    Then  taking 

Qj,  any 


ri6 
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any  line  AD  =  a-,  and  drawing  DII  parallel  to  BC,  it  will  be  EH  =  2  =  AP, 
and  DE  =  — .    Then  DH  =  z  +  ~  =  y,  and  the  lines  AD,  DH,  (hall 

be  the  co-orduiates  of  the  propofcd  equation. 


EXAMPLE    XI. 


i.ct  L.e  enuaiion  be  \y  -\ ^ zz 

*  a  aa 


iZ 


+  l/K     Making  the  fubftU 


hx 


t:i  ion  o(  J  +  --^  =:  z,  the  equation  will  be  zz  =:  —''-  +  bby  that  is>  zz 

zhxx 


bb  ZZ  ^ — —  ,  which  is  to  the  hyperbola. 


Fig.  63. 


CD  =  FA  =  z.    Then  BC  =z 


2 


On  the  indefinite  line  AD  let  the  triangle 
AEP  be  defcribed,  and  make  AE  =  a^.. 
EP  n  by  and  the  angle  AEP  the  fupple- 
ment  of  the  angle^  which  is  to  be  con- 
tained by  the  co-ordinates  of  the  pro- 
pofcd equation.  The  right  line  AE 
being  produced  indefinitely  both  ways^ 
and  calling,  as  ufual,  the  known  line 
AP  =/;  with  centre  A,  tranfverfe  fcmi- 
diameter  AI  =:  ^   parallel  to  PE,   and. 

with  parameter  =:  ^ ,  defcribc  the  op- 

pofite  hyperbolas  IC,  ic  \  then  taking  any 

line  AB  =  x,  it  will  be  BD  =  -y-,  and 

=  y.     Taking  z  negative  =  DG, 


hx 


it  will  be  BG  =  —  2  +  ~  =  — y^  and  therefore  to  the  fame  pofitive  ^  will 

belong  two  ordinates  y^  one  pofitive,  the  other  negative,  taking  x  between  the 
points  A,  H.  Then  taking  .v  between  the  points  H,  L,  both  the  ordinates  y 
will  be  negative :  and  again,  one  pofitive,  the  other  negative,  taking  ^  greater 
than  AL. 


Thea 
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Then-taking  Ab  =  —  x,  it  will  be  {id)  = 


hx 


,  and  as  it  is  {JgJ  zi  z. 


Sc  will  be  (ig)  —  z 

.      bx 

=  —  «  +  — 


hx 


rz  y ;  and  taking  z  negative  =  {dc),  it  will  be  (/'^) 


=r  — '^'.     Therefore  to  the  fame  A^  zz  x  negative  will  corre- 

fpond  two  ordinates  y^  one  of  which  is  pofitive,  the  other  negative,  taking  .v 
Icfs  than  Ah;  both  the  ordinates  will  be  pofitive  between  the  points  h  and  /; 
and  again,  one  ordinate  will  be  pofitive,  "and  the  other  negative,  taking  .v  greater 
than  A/.  And  therefore  the  hyperbolas  thus  defcribed  will  be  the  locus  of  the 
propofed  equation. 


EXAMPLE     XII, 


II: 


XX 


^j^^^  _  ^^  —  .v;c  +  ihx  —  bb.     Makinor 
it  will  be  zz  zz  cc  --^  xx  +  zbx  —  hb.     And 


Fil*  64. 


Let  the  equation  be  yy  —  i-^ 
the  fubftitution  of  y ^  zz  z, 

making  another,  fubftitution  of  a:  —  A  =  ^,  it  will  be  finally  2:5  =  r^  —  />/>, 
which  is  an  equation  to  an  ellipfis,  and  not  to  a  circle,  though  it  may  have  the 
appearance  of  fuch.  The  reafon  of  which  is,  becaufe  the  co-ordinates  /),  2,  do 
not  F6rm'a  right  angle,  yet  however  are  in  an  angle  to  each  other,  one  of  them 

being  AC,  the  other  BT,  as  may  be  feen  in . 
the  following  conftfuftion.  On  the  indefi- 
finite  line  EB  let  a  triangle  EDF  be  de- 
fcribed, with  the  fides  ED  zz  a^  DF  =  ^, 
and  the  angle  EDF  equal  to  the  angle  which 
is  made  by  the  co-ordinates  of  the  propofed 
equation  ;  and  making  the  known  line 
EF  =  /.  Produce  indefinitely  the  lines 
ED,  EF,  and  taking  EP  =  A,  draw  the 
indefinite  line  PA  parallel  to  DF,  and  from 
the  point  A  the  line  AG   parallel  to  EP, 

With  centre  A,  tranfverfe  diameter  MN  z:  — ,  with  conjugate  diameter  RR. 

equal  to  2C  and  parallel  to  DF,  let  the  ellipfis  MRNR  be  defcribed;  then 

taking  any  line  AC  =;>,  it  will  be  EO  zz  x^  and  therefore  BO  =  ~.     But 

BT  =  z;  then  QJ  =  z  +  — 
of  the  locus  required; 


^yi  then  will  EQj^QT,  be  the  co-ordinates 


EX^ 
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EXAMPLE    XIII. 


Let  the  equation  be  yy  H — ^  -^  xx  ^  ty  +  Ix  ^  ag  zz  o.    Adding  oa 

hbx*     •.      Ml  1  .  hxv  bbxx         bhxx 


both  fides  the  fquare  ^^,  it  will  be  yy  H — ^  + 


XX 


Ix 


bx 

iy  +  ag^     And  making  the  fubftitution  of  jr  H =  Zy  it  will  be  sz  =: 


aa 


Ihxx  —  ±aaxx     ,    bcx  —  2alx  , 

^        H 7^ cz  +  ag. 


^a 


2a 


Let  4aa  be  greater  than  ^^,  and  make 


bb  -•  4<0ii  _^ 


then  adding  -^cc  on  each  fide,  it  will  he  zz  +  cz  +  j^cc  =z  mm \^  bx  +  ag 

+  -^cc.    And  making  the  fubftitution  of  z   +  ic  zz  p,  it  will  be  /y  = 


nnhh 


and  laflly,  adding  ^^  to  both  fides^  and  making  the  fubftitution  of  x 
zz  J,  and  of  ^cc  H-  ^^  X  —  + =  ee^  we  Ihail  have  -221  —  ^^ 


4/vm 


aliT 


which  is  an  equation  to  the  ellipfis. 
Fig*  65. 


Upon  the  indefinite  right  line  AC  d&- 
fcribe  the  triangle  ASF,  and  make  AS  = 
2tf,  SF  =  by  and  the  angle  ASF  equal  to 
the  fupplement  of  the  angle  made  by  the 
co-ordinates  of  the  given  equation^  and 
let  the  known  line  AF  be  called  /.  On 
AS  indefinitely  produced  take  AR   = 

bn 

~,  and  draw  the  indefinite  line  RQ^pa- 

rallel  to  FS,  and  from  the  point  Q^draw 
the  indefinite  line  QO  parallel  to  AS,  and 
make  QM  =:  ^^, 

Then  through  the  point  M  draw  HV  parallel  to  AQi,  and  with  centre  M^ 
tranfverfc  diameter  HV  =  — ,  and  parameter  =  ^^,  let  the  ellipfis  HNVK 

be 
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be  defcribed.  And  taking  any  line  RD  =  q,  it  will  be  PN  =  p»  and  there- 
fore AD  =  AT,  DC  =  — ,  CN  =  z ;  then  DN  =  z  -  4r  =  J'- 

Here  it  is  to  be  obfcrved,  that  if  the  angle  of  the  co-ordinates  (hould  be 
fuch,  as  that  the  angle  AFS  becomes  a  right  angle,  and  confequendy  the  angle 

MPN  is  fo  too ;  then  it  would  be  4aa  —  hbr=,ff^  whence  —  =  — ~ —  = 

^  ,  and  therefore  the  parameter  would  be  ^—  =  — »  that  is,  equal  lo  the 
tranfverfe  diameter.  Then  the  angle  MPN  being  alfo  right,  the  ellipfis  would 
degenerate  into  a  circle  with  the  diameter  =  — ; 

131.  As  to  equations  of  the  hyperbola  between  the  afymptotes,  which  may  9^°1"^^?" 
be  required  to  be  conftrufted,  they  may  all  be  underftood  to  be  comprehended  fh^/^to^the 
10  the  four  examples  following.  hyperbola 

between  it's 
/    %         i*»    X  _      t    .  .  afymptotes  i 

(i.)       V-  +  xy  =  M  i:  wc  ±  nj.  with  ex- 

amples* 

(2.)  — ^  +  ^  =  ab  +  mx  ±  fiy. 
(3.)  ^  —  ^  —  ^b  +  mx  ±,  ny. 
(4.)  —  ^  —  Ay  =  ab  ±mx  ±ny. 

EXAMPLE    XIV. 


Firft,  let  the  equation  be  ^  +  xy  =:  ab  +  mx  +  ny^  in  which  I  take  all 
the  terms  pofitive  of  the  bomogeneum  comparationis.  Making  a  fubftitution  of 
iE.  +  jf  =  2,  we  (hall  have  zx  zz.  mx  +  nz  '^^  +  abi  and,  making  an* 

other  fubftitution  of  z  —  w  -(-  -^  =  p,  it  will  be/;c  =  np  +  mn  +  ab  —  ^. 
Again,  make  a  third  fubftitution  of  ;p  «-  »  z:  ;,  and,  finally,  it  will  be  pq  = 
gi  ^  nm  ^m,^.    Suppofing  now  that  a^  +  »wi  —  2^  is  a  pofitive  quantity; 
9  en 


li       ' 

f 

■ 

V' 

K 

s .y 

-.^^ 

N 

>•■ T 

9 

fZ 

"*'  r^ 

.F<r.  67, 
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F*ff.  66.  on  the  indefinite  line  NN,  at  the  point 

.A  taken  at  plcafure,  defcribc  the  tri- 
angle ABC,  the  lides  of  which  are 
AB  =  i>,  BC  =  g,  and  the  angle  ABC 
equal  to  the  fupplemenc  of  the  an^Ie 
which  the  co-ordinates  of  the  equatioa 
.propofed  ought  to  make,  and  make 
the  known  line  AC  =  /,  At  the  point 
A  raife  AD  parallel  to  EC,  and  equal 

to  /n  —  -^  ,    as   in   Fig.  66,    when 

.01  —  -^  is  a  poliiive  quantity;  and 

let  &1I  AD,   as   in    Fig.  67,    when 

«  ^  ■?■   is  a  negative  quantity,  be- 

caufe  of  the  fubfUtution  made  of  « •—  m 

+  -^  =  f.    Tlirough  D  draw  the 

indefinite  line  FP  parallel  to  AC,  and 
on  AB  produced  take  AE  =:  »,  and 
through  F,  draw  TT  parallel  to  BC. 
Between  the  afympiotes  PP,  TT,  de- 
fcribe  the  two  oppofite  hyperbolas  RK.  dl 

the  conflant  rectangle  ■=.ah-^mn  —  ^ 
X  -^  >  that  is,  a  fourth  proportional  to  AB,  AC,  and  the  conftant  reftangle 
of  the  equation  reduced.  Taking  any  line  EQ_=  y,  it  will  be  PM  s  ^t 
and  PQ_=  p,  and  therefore  ACi_=  y  +  »  =  *.  But  PN  =  AD  =  w  —  ^y 
therefore  NR  ~  p  +  m  —  -^-  =  2 ;  and  becaufe  QN  =  ^,  it  will  be, 
laftly,  QR  =  z  —  ^  ■=  y,  and  ihe  two  lines  AQ^  QR,  will  be  the  co-or- 
dinates of  the  propofed  equation.  Taking  *  pofilive,  when  it  is  lefs  than  AE, 
V  will  be  negative:  when  it  is  greater  than  AE,  and  lefs  than  AO,  y  will  be 
pofilive,  and  when  it  is  greater  than  AO,  y  will  be  negative.  Taking*  nega- 
tive, then  it  will  be  QN  =  —  "T"'  *  negative  quantity ;  then  j"  =  z  —  ^^ 

will  be  =  NR  -|-  NQj  and  therefore,  when  *  negative  is  lefs  than  AO,  y  will 
be  negative  ;  and  when  it  is  greater  than  AO,  y  will  be  pofiiive. 

S  But 


iBCT,  xn. 
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But  if  the  fccond  term  of  the  homogeneum  comparaiionis  (liould  be  negative, 
that  is,  if  the  equation  were  —^  +  xy  zz.  ab  —  m>:  +  ly ;  tlicn  the  fccond  fub- 

ftitiuion  would  be  2  =  ^  —  m  —  ~^  and  the  equation  reduced  pq  =  ab 


mn  — 


^ .     Suppofing  then  that  ab  —  mn  —  ^  were  a  pofitive  quantity, 
defcribe,  as  in  Fig,  67,  the  hyperbolas  RR,  but  with  the  conllanc  redangle 


/ 


ab  '^  mn  —  —-  X  -4-  9  and  taking  AD  =  ;;;  +  -^  j  this  wpuld.  be  in  the 
(ame  manner  ;lie  hens  of  the  propofed  equation. 


Fig.  68. 


f?^.  ^9 


If  the  equation  propofed  had  the  lad 
term  afFcfted  by  the  negative  fign,  that 

is,  if  it  were  -^-  +  xy  =  ab  ±  mx  —ny, 

the  third  fubftitution  to  be  made  would 
be  *  +  «  =  7i  whereas  before  it  was 
*  —  »  ^  J,  and  therefore  the  pofition  of 
the  point  A,  the  origin  of  Xj  would  be 
changed.  Then,  in  Fig.  68,  if  the  va- 
lue  ot  AD  be  pofitive,  and  in  Fig.  6^^  if 
it  be  negative,  the  fide  BA  of  the  ufual 
triangle  being  produced  to  E,  fo  that 
AE  =  » i  between  the  afymptotes  TT^ 
PP,  let  the  hyperbolas  be  defcribed  of 
the  conftant  redangle  belonging  to  them, 
that  is,  when  in  the  equation  the  term  mx 
is  affedted  by  the  pofitive  fign,  then  the 


conftant  reftangle  =  ab  —  tnn 


nmg 


-=f- ,  and  when,  on  the  contrary,  it  is 
,. — "   if".       affefted  by  the  negative  fign,  the  conftant 


redanglc  will  he  —  ab  +  mn '^  ^ 
and  taking,  in  the  firft  cafe,  AD  =  m  + 
-^ ,  and  in  the  fecond,  AD  z:  -~-  —  w, 

the  locus  of  the  propofed  equation  will  be  after  the  fame  manner. 

Hitherto  I  have  fuppofed,  that  the  conftant  reftangle  of  the  reduced  equation 

is  a  pofitive  quantity ;  but  when  it  happens  to  be  negative,  the  conftruftion 

'    ^  R  would 
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would  not  be  different,  only  obfervc  to  defcribe  the  hyperbolas  in  the  other  two 
angles,  relatively  to  the  condant  rectangle,  which  the  reduced  equation  wul 
fupply ;  taking  the  line  AD  pofuive  or  negative,  according  to  it's  value  which 
the  fame  equation  will  give,  and  the  point  A  eitlier  to  the  right  or  left  of  the 
afymptote  TT,  according  as  the  laft  term  of  the  homogeneum  Ihall  be  pofitive  or 
negative,  as  is  clear  by  Fig.  66,  67,  68,  69. 

The  conftant  term  ab  has  hitherto  been  taken  for  pofitive,  but  if  it  were 
negative  it  could  make  no  other  alteration,  but  to  make  negative  the  conftant 
rertangle  of  the  reduced  equations,  which  cafe  has  already  been  conftruded. 
Wherefore  the  firft  of  the  four  equations  propofed  has  now  been  conftrufted  iix 
general. 

As  to  the  fecond  equation  of  thofe  exhibited  above,  which  is  —  ^  +  9ff 
=  ab  ±  mx  ±  ny  j  the  firft  fubftitution  to  be  made  is  j^  —  ^   =   z,    that  is, 
J  =  2   +  ^9  and  let  all  the  reft  be  done  as  before. 

Therefore,  to  obtain  the  ordinate  y,  it  will  be  neceffary  to  join  -^  to  2;, 

whence  in  each  cafe  of  Fig.  66,  67,  68,  69,  the  triangle  ABC  muft  be  dc- 
fcribed  under  the  line  NN,  as  is  feen  at  A^C,  with  the  fides  Ab  =  i&,  iC  =  g^ 
and  with  the  angle  A^C  equal  to  the  angle  which  ought  to  be  contained  by  the 
co-ordinates  of  the  equation  propofed  ;  whence,  Ab  being  produced  both  ways, 
and  taking  any  line  Aj  zz  Xj  the  correfponding  line  ^R  will  be  the  ordinate 
y  required. 

The  two  laft  equations  of  the  four  were  thefe,  but  with  their  figns  changed. 


gxx 

h 

gxx 

b 


+  ^3^  =  —  tf^  =F  WAT  -t-  ny, 
^xy=:—'ab^^mx^fty. 


But  this  has  been  already  conftmfted  in  the  conftrudtion  of  the  firft,  and  the 
other  is  already  conftrufted  in  the  conftruftion  of  the  fecond  ;  fo  that  the  four 
equations  at  firft  propofed  are  now  conftrudted  in  general,  as  was  required  to  be 
done. 


•  I 


FRO- 
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PROBLEM    I. 


132.  The  indefinite  right  line  AB  is  given  a  gcomctn. 
in  pofition,  and  the  point  F  is  given  out  of  cal  problem, 
it ;  it  is  required  to  find  the  locus  of  all  the^^"^^''"'^*^^ 
points  M,  fuch  that,  drawing  from  each  of  b^i^I"*"  P'^'"'' 
ihem  two  right  lines,  one  perpendicular  to 

AB,  the  other  to  the  point  F,  thefe  two 

lines  may  always  be  equal  to  each  other. 

Let  M  be  one  of  the  points  required, 
and  let  the  right  lines  be  drawn,  MF  to  the 
given  point  F,  and  MN  perpendicular  to 
BA.  Thefe  therefore  ought  to  be  equal  to 
each  other  by  the  condition  of  the  Problem  ; 
and  therefore,  drawing  FG  perpendicular  to  AB,  and  calling  ir  zr  a,  let  MP 
be  drawn  perpendicular  to  it,  and  make  GP  =  x,  PM  n  ^,  it  will  be  PF  zz 

*  —  if,  and  therefore  FM  =  \/aa  -  2ax  -i-  »x  +  yy.     But  FM  =  MN  =  GP| 

then  X  =:  \/ aa  ^zax  +  XX  +  yy,  that  is,  XX  z:  xx  —  2ax  +  aa  +  yy,  or 
2M  —  aa  =^yy.  And  making  the  fubftitution  of  ;r  —  ^a  zz  z,  it  will  be 
2az  =  jpr,  an  equation  to  the  common  parabola. 

Take  GL  equal  to  half  GF,  and  with  vertex  L,  and  parameter  =:  2a,  de- 
fcribe  the  parabola  LM.  This  fhall  be  the  locus  required,  in  which  taking  any 
line  LP  =  2,  it  will  be  PM  :zy.  But  GL  =s  ia ;  therefore  GP  =:  z  +  -j^ 
=  X,  and  therefore  GP,  PM,  will  be  the  co-ordinates  of  the  equation  propofed. 

It  is  known  from  the  property  of  the  parabola,  that  AB  is  the  direJlrix,  and 
F  the  focus  of  the  curve. 


PROBLEM     IL 


Fig.  71 


133.   The  indefinite  right  line  PAP  Another, 
being  given  in  pofition,  and  two  fixed  ^onftruawl 
points  A,  D,  one  in  the  fame  line,  and^J^^^Jl^" 
the  other  out  of  it ;  the  locus  is  required  fwecn^the' 
of  all  the  points  M,  fuch  that,  drawing  afymptotet. 
the  lines  MA  to  the  given  point  A,  and 
DME  froii)  the  given  point  D  tlirough 
the  point  M,  it  may  always  be  AM  equal 
to  the  portion  ME,   comprehended  be- 
tween the  point  M,  and  the  point  E,  in 
which  the  fame  line   DME  meets  the 
given  line  PAP. 

R  z  From 
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From  the  given  point  D,  and  from  the  point  M,  which  is  fuppofed  to  be 
one  of  thofe  required,  draw  the  lines  DB,  MP,  perpendicular  to  the  giveti  line 
PAP.  Then  the  lines  AB,  BD,  will  be  known,  and  therefore  make  AB  ^  2a, 
Bt)  =  zb,  AP  =  *,  PM  =  y.  Let  the  right  lines  AM,  DME,  be  drawn. 
Now,  by  the  condition  of  the  Problem,  AM  =  ME,  and  it  will  be  alfo  PE  = 
AP  =  *.  And  becaofe  of  fimilar  triangles  EBD,  EPM,  it  will  be  EB  .  BD  :: 
'  £P  .  PM.  And,  fubftituting  the  analytical  values,  zx  —  la  .  zb  ;'.  x . y. 
Whence  the  equation  xy  —  ay  zz  bx.  Make  the  fubftituiion  of  *  —  a  =  z, 
it  will  be  aj»  =  *2  +  aJ,  or  ig*  —  ^2  :=  ab.  Make  another  fubftitution .  of 
y—~b  =  p,  and  it  will  be  at  I:Ul  ;>z  =  ah^  an  equation  to  the  hyperbola  be- 
tween the  afymptotes. 

On  the  line  PAP  given  In  pofition,  from  the  given  point  A  take  AL  =:  a, 
and  raife  LC  =:  b  perpendicular  to  it.  Then  through  the  point  C  drawing 
the  right  line  RF  parallel  to  PP,  between  the  afymptotes  RF,  HG,  draw  the 
two  oppofite  hyperbolas  DM,  AM,  with  the  redangle  ab,  which  fhall  pafs 
through  the  points  D,  A.  Taking  any  line  CK  =  z,  it  wilt  be  KM  =p^ 
But  AL  =:  tf,  LC  =  b ;  therefore  AP  =  a  +  z  =  «,  and  PM  z=.  p  ^  b  =>, 
fliall  be  the  co-ordinates  of  the  Problem,  and  the  hyperbolas  Aiall  be  the  lotu* 
required. 


PROBLEM    III. 


Fig.  72, 


134.  Two  circles  EGF,  BNO,  being 
given,  and  alfo  their  centres  C,  A ;  if,  from 
any  point  G  of  the  periphery  of  the  circle 
EGF,  be  drawn  a  tangentGNO,  which  meets 
the  other  circle  BNO  in  the  points  N,  Oj 
and  from  thefe  two  points,  if  we  draw  two 
tangents  NM,  OM,  the  locus  of  all  the 
points  M  is  required,  in  which  the  Dud 
tangents  meet  one  another. 

From  the  point  M,  which  is  one  of  thofe  to  be  found,  let  be  drawn  MP 
perpendicular  to  CA,  and  from  the  centre  A  draw  the  right  line  AM.  Becauft 
the  triangles  ANM,  AOM,  are  equal,  for  the  angles  at  N,  O,  are  right  ones, 
and  the  fides  AN,  NM,  are  equal  to  the  fides  AO,  OM,  it  will  be  alfo  the 
angle  NMA  ==  OMA  j  whence  in  the  triangles  NMQ^OMQ^becaufe  the  fide 
MQ_is  common,  and  MO  =  MN,  it  will  be  QN  =  QO,  and  AM  perpen- 
dicular to  NO.  From  the  centre  C  to  the  point  of  comadt  draw  the  right  line 
CG,  which  will  be  parallel  to  AM,  it  being  alfo  perpendicular  to  NO.  Make 
AB  =  tf,  CE  =  by  CA  =  e,  AP  =  *,  PM  =  ;',  and  therefore  AM  =  /Im^- 
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la  the  fimilar  triangles  AOM,  AQO,  it  will  be  AM  .  OA  ::  OA  .  AQj  and 

fubftituting  the  analytical  values,  we  (hall  find  AO   n    ^^ .    Draw  CH 

perpendicular  to  MA,  produced  if  need  be ;  it  will  be  HQ^=  CG,  and  there- 
fore  HA  =  ^ ^^      .     But  the  triangles  CAH,  AMP,  will  be  fimilar ; 

therefore  PA  .  AM  ::  AH  .  AC  j  that  is,  x  .  \/xx  +  yy  ::  3  —  -j^^=z  .  ci 

'^  XX  +>y 

knd  multiplying  extremes  and  means,  ex  =  t\/xx  +  yy  —  aa,  or  ex  +  aa  :=, 
hy/xx^yyn    Then  fquaring,   eexx  +  'laajex  +  /j*  =  bhxx  +  bbyy^  that  is> 

In  this  equation  there  are  three  cafes  that  ought  to  be  diftinguiflied  ;  that  is^ 
when  i  =  e,  when  i  is  greater  than  r,  and  when  e  is  greater  than  b. 

Flrft,  let  3  =  r,  then  the  equation  will  be  ^ ^ ^  z:  o,  or  jy  = 


2«*jr 


+  -jg- .     And  finding  a  rcftangle  2lf  =  aa,  put  it  inftead  of  aa  in  the 
Uft  term  of  the  fecond  member,  and  it  will  be  yy  =  22^-if2: .  and  making 

the  fubftitution  of  x  +f=  z,  .it  will  be  at  laft  yy  =  ^^ ,  an  equation  to  the 
Fig.  73.  M  Jpollontan  parabola.      On  the  right  line  CA, 

V       ■    towards  C  take  AI  =  -^  =  /,  and  with  vertex 

•v^     I,  axis  IL,  parameter  ^ ,  let  the  parabola  IM 

— Jl    be  defcribed.     This  will  be  the  locus  required  j 

/       in  which,  taking  any  line  IP  z=  z,  it  will  be 

/        PM  =  y  i  but  AI  =/,  then  AP  =  z  — /=  x, 

and  the  lines  AP,  PM,  will  be  the  co-ordinates 

of  the  Problem* 


Secondly,  let  b  be  greater  than  r,  which  will  make  the  term  7.^^  xx  to  be 
pofitive.  If  we  write  the  equation  thus,  ^-^-^xx  —  2^  =J^  ^yy.^  or 
thus,  XX  —  -^  s  ^-^  -  ^- ,  and  adding  to  both  members  the 
fquare  -^,  h  will  be  **  -  ,-|^f2L  +  =^  =  .=^ «. ^;  and 

making 


X26- 
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making  the  fubflitution  of  a?  —  TTZT'  ~  ^>  *^  ^^''  ^^  finally  jj-^ 


cc 


^bh 


bb 


=:rj  —  zz^  which  is  an  equation  to  the  ellipfis. 


Fig*  74' 


G^IST   INt 


From  the  point  A  towards  Y  take  the 
portion  Al  =  j^^ ,  and  with  centre  I, 


%aab 


tranfverie  axis  ZY  =  jf^rTc '  *"^  conju- 


^     gate  RT  = 


2aa 


aac 


-  ;  therefore  AP  r:  2  + 


aac 


will  be  the  co-ordinates  of  the  Problem. 


^ ,  let  the  ellipfis  RZT  Y 

be  defcribed,  which  will  be  the  Idcus  re- 
quired. In  this,  taking  any  line  IP  = 
—  2,  (that  is,  on  the  negative  fide,) 
and    it  will  be   PM  =  y.    But  Al  = 

=  *,  and  therefore  the  lines  AP,  PM, 


hh  ^ce 


Laftly,  let  c  be  greater  than  by  then  the  quantity      ^     xx  will  be  negative, 
and  therefore  the  equation  is 


ce  '^Ib  ,     laacx  _  ^^ 

■  XX  +  -TT-  —  yy 


U 


a^                          imacx 
•jT-  ,  or  XX  H 77 


a^cc 


=   ^^^  ".f .    Add  the  fquare     "^^^    on  bodi  fides,  and  the  equation  will  be 

'^  +  -^Zir  +  l^rk  =  A  +  rS>  •     A^^  '^^^'''^  '^"^  fubftitution 

of  z  =  X  +  ~rjj:>  ^^  ^'^^  ^^  ^^  laft  z2  —  ^— --^^  ;  =  j^jf  an  equation  to 
an  hyperbola,  when  referred  to  it's  axis. 


^(r-  75- 


On  the  right  line  CA,  towards  the  point 
C  take  the  portion  Al  =      ^^  ^  ,  and  with 


zaab 


centre  I,  tranfverfe  axis  ZY  =  -  -^  .■  ,  and 

cc  ^bb  ' 


2aa 


conjugate  rz    ^^ m,  defcribe  the  oppofire 

vcc  —  bb 

hyperbolas  YM,  ZK  ;  thefe  fhall  be  the  Iccus 
required.     In  which,  taking  any  line  IP  =  2^ 

it  will  be  PM  =:>    But  Al  =:  ""ZTR*  ^^"^ 
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aac 


=  X.    And  therefore  the  lines  AP,  PM,  will  be  the  co- 


AP  =  2 ^ 

€C  —  b9 

ordinates  of  the  Problem. 

In  this  Problem  it  is  always  fuppofed,  that  the  circle  EFG  is  greater  than  the 
circle BNO,  or  that  i  is  greater  than  a;  but  if  it  fhould  be  either  bzz  a^or  bLa^ 
the  locus  of  the  points  required  in  the  firft  cafe  would  always  be  a  parabola, 
in  the  fecond  an  cllipfis,  and  in  the  third  two  oppofite  hyperbolas ;  fo  that 
it  would  be  necdlefs  to  diltinguilh  thefe  cafes,  which  make  no  variation  in 
the  loci. 


PROBLEM     IV. 


i>.  76. 


Fig.  77. 


135.  Two  right  lines  AC,  CB,    {V\g.  A,  locus  iq 
76,  77.)  are  given  in  pofition  on  the  right  ^^^9°"'^ 
line  AB,  which  cut  one  another  in  C ;  ^l^c^^^^jj^^^^j^ 
locus  is  required  of  all  the  points  M,  fuch 
that,  drawing  through  them  a  perpendi- 
cular PMN  to  AB,  which  cuts  the  line  AC 
in  the  point  (^  and  the  line  BC  in  the 
point  N,  the  fquare  of  PM  may  be  equal 
to  the  rcftangle  PQ^X  PN. 

Let  the  right  line  CD  be  drawn  pa- 
rallel to  PM ;  this  will  fall  either  between 
the  points  A,  B,  as  in  Fig,  76,  or  on  one 
fide  of  them,  as  in  Fig.  77. 

Firft,  let  it  fall  between  the  points  A,  B, 
and  make  AB  =  tf,  AP  =  «,  P9^=  x^ 
PM  =  j^,  PN  =  z.  By  the  condition  of 
the  Problem,  it  will  be  zx  =yy.  But  the 
ratio  of  AP  to  PQ^is  given,  which  there- 
fore may  be  put  as  m  to  n.  Aifo^  the  ratio 
of  BP  to  PN  is  given^  which  may  be  as  b 


ac  ^  uc 


Thefe  va- 


to  c.     Then  it  will  be  PQ^z=  ;tf  =  ~,  and  PN  =  2.  = 
lues  therefore  being  fubftituted  in  the  equation  zx  —yy^  it  will  ht  yy  — 

—  uu^  an  equation  to  an  ellipfis  with  tranfverfe 


^t  ^  ue  «^    un 


,  or  — =^  =  au 


axis  AB  =  tf,  conjugate  a\/—.     Such  an  ellipfis  AMB  being  defcribed, 

the  upper  half  AMCB  will  be  the  hcus  required. 

Now 


Xl$ 


AtfALTTICAb      IN9TITVTI01I«. 


Now  let  the  point  D  (Fig.  77.)  fall  on  one  fide  of  the  points  A,  B,  and 
make,  as  above,  AB  =sa,  AP  =  «,  PM  =:;-,  PQ_=  .v,  PN  =  z;  it  will  be 

BP  =  «  —  a,  and  therefore  PN  =  — j — .     But,   by  the  condition  of  the 

Problem,  zx  =  xf)  ^^^  *  =  — ,  as  before.    Therefore,  making  a  fubftitu- 

tion  of  the  values  of  2  and  «,  it  will  be  jy  =  ~-Z  ■"   X  — ,  or  —^  ~  tm 

—  au,  an  equation  to  the  hyperbola. 

At  the  vertex  B,  with  the  tranfverfe  axis  =  a,  and  the  conjugate  axis  =3 

&s/^ »  defcribe  the  hyperbola  BCM ;  this  will  be  the  letm  required. 

Ftg,  78.  If  the  right  line  AC  (hould  not-fell  upon 

AB,  but  (hould  be  parallel  to  it,  as  ic  would 
be  in  the  pofition  dC,  AB,  the  right  line  P<^ 
would  be  given  ;  therefore,  making  PQ  =  «r, 
AB  =  J,  BP  =  a,  PN  =:  a,  PM  =  ^,  and 
fuppoiing  BP  .  PN  ::  m  .  0,  the  equadoa 
*z  =  yy  would  become  yy  TZ  mu  Wbcre- 
fbre,  with  vertex  B,  axis  AB,  parameter  =  «, 
defcribe  the  jfyoUontaa  parabola  BMC,  and 
this  would  be  the  locus  required  in  this  cafe. 


-^ 

C               ( 

1 

a 

^^ 

'^ 

3 

:^ 

PROBLEM    V. 


Ftg-  79' 


1 36.  Let  there  be  a  curve  AM,  the  equa- 
tion of  which  is  given,  and  let  it's  axis  be  the 
right  line  AT,  out  of  which  let  there  be  a 
fixed  point  F,  from  whence  let  be  drawn  the 
right  line  FM,  which  cuts  the  curve  in  the 
point  M,  and  the  axis  in  the  point  P,  Now 
the  right  line  FM,  moving  about  the  poiat  F, 
caufes  the  whole  plane  AMP  to  move  panttd 
to  itfelf  upon  the  Unc  ET,  the  point  P  being 
fixed  in  rcfpedt  of  the  point  A ,  out  moveable 
upon  the  axis  TA,  that  is,  AF  being  a  J^vcn 
line.  In  the  mean  while,  the  point  Mwill 
defcribe  a  curve  GMD.  It  it  required  10 
know  what  l(.iad  of  curve  this  J9. . 

Let 
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Let  the  curve  be  now  arrived  at  the  point  a  of  the  right  line  ET ;  it  will  be, 
by  the  conftruftion  of  the  Problem,  P^  =  A^,  and  therefore  AP  =  af.    Make 
AP  =  a,  FT  =  b ;  and  from  the  point  M  letting  fall  the  perpendicular  MQ^ 
to  ET,  make  TO  ==  ^,  QM  ss  jr,  AQ^=  /•     Becaufe  of  the  fimilar  triangles 
FOM,  PMQl  it  will  be  FO  .  OM  ::  QM .  P(^  that  is,  *  +  jf  .  a-  ::  j^ .  PQ^ 

=  j^  •    But  PQ^=  if  —  / ;  therefore  y^  =  ^  —  /,  or  xy  zz  at  —  il  + 

«T  -  (y- 

Now,  in  this  canonical  equation,  if  we  fubftitute  the  value  of  /  given  by  y, 
and  by  the  known  quantities  of  the  equation  of  the  curve  AM,  we  (hall  have 
the  required  equation  of  the  curve  CMD. 

Fig.  80.  Firft,  let  AM  be  a  right  line.    The  ratio 

of  /  to  j^  will  be  given,  which  let  be  that 

of  w  to  ff  ;  then  /  r:  —  •    And,  fubftitut- 

ing  this  value  of  /  in  the  canonical  equation, 

^  xy ^  +  ay;  ^ 

locus  to  the  hyperbola  between  the  afym- 
ptotes. 

To  conftruA  it  in  the  given  figure,  on  FO 
take  any  portion  TH,  and  in  a  right  angle 
draw  HG  fuch,  that  it  may  be  FH  .  HG  :: 
n  .mi  draw  TG,  and  upon  TA  taking  the 

,  from  the  point  V  draw  VS  parallel  to  TG ;  and  be- 
tween the  afymptotes  VS,  VE,  defcribe  the  hyperbola  CMD  with  the  conftant 
redangle  =:  ~ ;  (making  the  known  line  t'G  =:  g.)  Then  taking  any  ab- 
fcifs  TQ^=  ;r,  the  correfponding  ordinate  will  be  QM  =:  y^  and  the  hyperbola 
vrill  be  the  l^cus  of  the  equation  ^zi  tf^  —  ;fy— .-S^  +  ^y. 


it  will  be  —  r:  tf3 

n 


portion  TV  = 


<ni  ^  btti 


Fig.  8i< 


In  the  fecond  place,  let  AM  be  a  circle 
defcribed  with  centre  P,  radius  AP  zi  a. 
By  the  property  of  the  circle,  it  will  be 

AQ^=:  /  =:  tf  —  y/aa  ^  yy  \  and  inftead 
of  /  fubftituting  this  value  in  the  general 

equation,  it  will  be  ;cy  =  mTx  ^  ^^—yy> 
an  equation  to  the  conchoid  of  Nicomedes. 
And  the  curve  CMD,  which  is  defcribed 
by  the  interfedion  M  of  the  rif^ht  line 
FM  with  the  f^  -^h  of  the  circle 

AM,  wiU  Id,  ET 

S  will 


'M»ti«w%*f*' 
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will  be  the  afymptote,  F  the  pole.  And  the  curve  which  is  generated  by  the 
interfedion  N  of  the  right  line  FM  with  the  circle  under  ET,  will  be  the  lower 
conchoid.  This  appears  evidently  from  the  nature  of  the  conchoid,  and  from 
the  condition  of  the  Problem.  For  the  two  lines  PM,  PN,  intercepted  between 
the  afymptote  and  the  curve^  will  always  be  equal  to  the  radius  of  the  circle  AP. 


Fig.  82. 


feftion  with  the  inferior  part, 
afymptote  of  the  curve* 


In  the  third  place>  let  the  curve  AM  be  an 
jfpollonian  parabola,  with  a  parameter  AP  =  tf • 

On  this  hypothefis,  it  will  be  /  1=  *>^i  and  this 

value  of  /  being  fubflituted  in  the  canonical 

equation,  it  will  be  xy  —  ay  +  -^  r:  ii3  — 

— ,  that  is,  >'  +  mxy  +  iJjrjr  —  amj^  -^^aim 

rz  o.  This  is  an  equation  to  two  parabolical 
conchoids,  one  of  which  is  defcribed  by  the 
interfedion  of  the  line  FM  with  the  fuperior 
part  of  the  parabola ;  the  other  by  the  inter- 
And  the  right  line  £T  will  in  this  cafib  be  the 


PROBLEM    VL 


Another.       Fig.  83. 


137.  Two  equal  circles  being  given,. 
cutting  each  other  in  two  points  A,  N> 
and  their  centres  D,  B,  being  given  i  it 
is  required  to  find  the  hcus  of  all  the 
points  M  fuch»  that  their  diftances  from 
the  faid  circles  may  always  be  equal  to 
one  another. 

Let  M  be  one  of  the  points  required  ; 
then  drawing  from  the  centres  D,  B^ 
through  this  point  the  right  lines  DM^ 
BO,  then  MS,  MO,  will  be  the  diftances 
from  the  given  circles,  which  ought  to  be 
equal  by  the  condition  of  the  Probkm.. 
Therefore  make  DS  =  BO  =s  a^  DB  =  3,  and  the  perpendicular  MP  being 
let  fell  upon  DB  produced,  make  DP  =  *,  PM  =  ^^ ;  it  will  be  DM  = 

X^xx  +  jy,  and  SM  =  s/T^TT^  —  a.    But  BP  =  ;v  —  ^,  therefore  BM  = 

\/wjr-  zhx  +  Ih  -Vyj^  and  thence  OM  =  0  —  v^m  -^  %hK  +  M  +  //•    But  it 

ought 
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ought  to  be  SM  =  MO  ;  whence  we  (hall  have  the  equation  y/xx  +  yy  —  a 
=  tf  —  %/ XX  -  ihx  +  ^3  +  j^»     By  the  methods  already  taught  this  will  be 

reduced  to  xx'--^  ix  +  \bb  ^  aa—'  7^^^  i  and  making  the  fubftitution  of 

4aayy 


or 


=r  aa 


zz,  which  is 


Af  —  t^  =  2,  it  will  ht  zz  zi  aa  " 
an  equation  to  an  ellipfis. 

Let  the  right  line  DB  be  bifefted  in  the  point  C,  and  with  centre  C,  tranf- 

verfe  axis  FE  =  2^,  and  conjugate  AN  =  \/^a  -  Hf  let  the  ellipfis  FAEN 
be  defcribed,  which  will  be  the  locus  required.  For,  taking  any  line  CP  =:  z^ 
it  will  be  PM  =  y;  but  CD  =  t^,  therefore  DP  =  2  +  f  3  rz  x,  and  there- 
fore the  lines  DP^  PM^  are  the  co-ordinates  of  the  Problem  propofed. 

It  would  be  needlefs  to  diftinguifti  the  cafes,  in  which  a  is  greater,  equal  to, 
or  lefs  than  b,  becaufe  the  Problem  will  ftill  be  of  the  fame  nature,  b  being 
always  lefs  than  la,  as  plainly  appears. 

It  follows  from  this  conftruftion,  that  the  points  D,  B,  will  be  the  foci  of  the 
ellipfis,  and  that  it's  conjugate  axis  will  be  terminated  at  the  points,  in  which 
the  two  circles  cut  each  other.  And  firft,  becaufe  DS  =  BO,  and  SM  =  MO, 
it  will  be  DS  +  SM  +  MB,  that  is,  DM  +  MB  =  2DS ;  but  2DS  =  FE, 
therefore,  by  the  known  property  of  the  ellipfis,  the  points  D,  Bj  will  be  it*s 
/bcL  This  fuppofed,  by  another  property  of  the  ellipfis  relating  to  the  foci, 
conceiving  the  lines  BA,  BN,  to  be  drawn,  it  will  be  BN  =:  BA  =  CE,  But 
this  is  verified  in  the  points,  in  which  the  two  given  circles  will  cut  each  other ; 
for  D,  B,  are  their  centres,  and  CE,  by  conftruclion,  is  equal  to  the  femidia- 
meter  of  the  fame  circles.  Therefore  the  ellipfis  will  pafs  through  the  faid 
points  of  interfection  of  the  given  circles.  q^  e.  d. 


PROBLEM    VIL 
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138.  The  right  line  AB  being  given,  to  Another, 
find  the  locus  of  fuch  points  D,  that,  in  the 
produced  line  DA,  taking  AC  half  of  AD, 
and  drawing  to  the  point  B  the  right  line 
CB,  this  may  be  equal  to  CD. 

Let  D  be  one  of  the  points  required,  from 
whence  let  fall  DP  perpendicular  to  AB. 
Make  AB  =  j ,  AP  =  .v,  PD  =  ^ ;  it  will 

be  AD  rz  \/xx  +  yy^  and,  by  the  condition 

of  the  Problem,  AC  =  ^\/xx+yy:  where- 

S  2  fore 


IJ«  AKAtTTICAL     INSTXTUTlOlfft.  BOOK  IW 

fore  CD  =  CB  =  \'s/xx  +jjy.  'From  the  j^oint  C  draw  CO  pcrpcndiciiltp 
to  BA  produced.  Now,  becaufe  of  the  fimilar  triangles  AQC,  APD,  and 
AD  =  2 AC,  it  will  be  AP  =  aAQ»^  and  PD  =  2<^  j  whence  CQ^=  ty^ 
and  AQ^=:  fx.    Therefore  BQ^=  a  +  ^x.    Now  CBj  =  CQj'  +  BQf  =  «# 

+  jx  +  ^xx  +  i7j^.  But  CBj  =  CDf  =  5.  X  M+J7  5  whence  we  fhall  have 
the  equation  ^xx  +  lyy  -=,  aa  +  ax  +  \xx  +  ^yy^  wluch  is  reduced  to 
XX  —  t^^if  =  ^aa  —  ^j^.  Now,  adding  to  both  members  the  fquare  -^aa^  and 
making  the  fubllitution  of  x  —  ^a  =  z^  it  will  be  finally  zz  zz  -^^aa  —  jgr^  an 
equation  to  the  circle. 


1' 


Therefore,  taking  BM  =r  ^a,  and  with  centre  M,  and  radius  BM,  defcribe 
the  circle  NDB,  this  will  be  the  locus  required;  in  which,  taking  any  line 
MP  =  z,  it  will  be  PD  =  jr ;  but  AM  =  -Ja,  therefore  A?  —  z  +  ^  zi  Xp 
and  the  lines  AP,  PD,  will  be  the  co-ordinates  of  the  propofed  Problem. 

If  we  would  have  alfo  the  locus  of  the  points  C,  this  would  be  another  Pro* 
blem  of  a  like  nature,  which  might  be  refolved  in  the  following  manner. 

Make  AQj=  p>  QC  =  f ,  which  is  perpendicular  to  BN ;  it  will  be 
AP  =  2/>,  PD  =  ay;  but  AM  =:  ^j,  and  MB  =  ia.  Then  NA  =  -f*^ 
and  therefore  NP  x  PB  =  iaa  +  ap  —  4pp.  But,  by  the  property  of  the 
circle,  NP  x  PB  =  PDj^  and  =  ^qq.  Then  it  will  be  4qq  =  ias  +  1^ 
—  4pp.  Whence  j^aa  -^  qq  =  pp  ^^  -J^p*  Add  to  both  fides  the  fquare  -^as^ 
and  making  the  fubllitution  of  ^  — 1«  =z  /,  it  will  be  ;g  ==  -^^  —  //• 
Whence^  with  diameter  MN  =  ^a  defcribing  the  femicircle  NCM,  this  will 
be  the  locus  of  all  the  points  C  ;  in  which,  taking  from  the  centre  S  any  line 
SQ^z:  /,  it  will  be  QC  =z  j.  But  AS  =  ia  by  the  conftruftion.  Then  AQ= 
S  +  ia  :=:  p,  and  the  lines  AQ^QC,  will  be  the  co-ordinates  of  the  Problem. 

Thefe  two  Problems  may  be  demonflrated  conjundly  in  form  of  a  tlieorem>« 
after  the  following  manner. 

In  the  given  line  AB  is  taken  MB  equal  to  ^  of  AB,  and  with  centre  M^ 
radius  MB,  a  circle  NDB  is  defcribed  ;  and  alfo  with  diameter  MN  the  circle- 
NCM  ;  through  the  point  A  drawing  any  how  the  right  line  CD  terminated  at 
the  periphery  of  each  circle,  and  from  the  point  C  the  right  line  CB  to  the 
extremity  of  the  diameter,  it  will  always  be  DA  the  double  of  AC,  and  CD- 
equal  to  CB. 

Let  S  be  the  centreof  the  circle  NCM,  and  let  the  right  lines  SC,  DI.,  be 
drawn  through  the  centres  S,  M.  Becaufe  SM  is  half  of  MB,  then  will  SM 
be  4  of  AB.  But  AM  is  -}  of  it ;  therefore  SA  will  be  t  of  AB,  and  therefore 
t  of  AM.  But  SC  is  alfo  half  of  DM,  and  the  angle  SAC  is  equal  to  the 
angle  DAM  ;  therefore  it  is  eafy  to  perceive,  that  the  triangle  SAC  is  fimilar 
to  the  triangle  DAM,  and  that  therefore  AC  is  half  of  AD^  which  was  the 
firfl  thing. 

But 
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But  if  the  triangles  iSAC,  ADM,  be  fimilar,  then  the  angle  SCA  will  be 
equal  to  the  angle  ADM  ;  whence  the  right  lines  SC,  DL,  will  be  parallel,  and 
confequently  the  triangles  BLM,  BCS,  are  fimilar,  and  therefore  ML  will  be 
the  fourth  proportional  to  BS,  SC,  and  MB.  But  BS  ■=:  |.AB,  SC  =  iAB, 
MB  =  iAB.  Therefore  ML  =  ^AB  =:  AM.  But  MD  =  MB,  and  the 
angle  AMD  =  LMB.  Therefore  the  triangles  AMD,  BML,  are  equal,  and 
the  angle  ADM  =  MBL.  But  alfo  the  angle  MDB  =:  MBD,  fo  that  the  angle 
CDB  =  GBD^  and  therefore  the  fide  CB  =  CD  i  which  was  the  iecond  thing. 


PROBLEM    VIIL 


J%-85 


139.  The  two  fides  AC,  CB,  of  the  Another* 
norma  ACB  being  given,  the  locus  is 
required  of  all  the  points,  through  which 
the  extremity  B  of  the  fide  CB  will  pafs, 
whilft  the  norma  moves  in  fuch  manner, 
that  it's  point  A  (hall  always  be  upon  the 
line  DM,  and  the  point  C  upon  the  line 
DP,  which  is  fuppofed  perpendicular  to 
DM. 

From  the  point  B  let  fall  BP  pcrpcn* 
dicular  to  DP,  and  make  DP  =  ;r, 
PB  =zy,  AC  =a,  CB  =  t ;  it  will  be 

CP  =   \/JfZJyi    DC  =  X  VbTZJy. 

But  the  angles  DCA,  BCP^  taken  together,  are  equal  to  a  right  angle,  as  alfo 
the  angles  BCP,  CBP  ^  and  therefore  the  angles  DCA,  CBP,  will  be  equal  to 
each  other.    Then  the  triangles  ADC,  BCP,  will  be  fimilar,,  and  it  will  be 

AC  .  CD  ::  BC  •  BP,  that  is,  a  .x  —  y/W^Jy  ::  i  -7,  and  thence  ay  -zihx 
—  h^W^y  %  and>  by  fquaring  and  ordering,  the  equation  will  be  ;?*  — 

T^  +  -^  ^hb  —  yy.  Make  the  fubftitution  of  *  —  -^  =  2,  and  wc 
fliall  have  the  equation  zz  =  ^^  —  jgr>  which  is  to  the  ellipfis. 

On  the  indefinite  line  DM  defcribe  the  triangle  DEH  with  it's  fides  DE  =  ^, 
EH  =:  a^  and  with  the  right  angle  DEH,  becaufe  the  co-ordinates  of  the 
Problem  make  a  right  angle  ^  and  let  the  known  line  DH  =  f^  With  tranf- 
vcrfe  femidiameter  DH  =/,  and  with  the  conjugate  femidiameter  DQ^n  b 
and  parallel  to  EH,  defcribe  the  ellipfis  HBQj  it  (hall  be  the  locus  required.. 

there- 
fore 


For,  taking  any  line  DF  =  PB  =^,  it  will  be  GB  =  2,  FG 


b 
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fore  FB  =  2  +  -j-  =  ^  =  DP.    And  therefore  the  lines  DP,  PB,  arc  the 
CO  ordinates  of  the  Problem. 


PROBLEM    IX. 
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c  >: 


140.  The  angle  BAP  being  given,  and  the 
point  P  being  alfo  given ;  it  is  required  to  find  the 
locus  of  all  luch  points  D,  that,  drawing  the  two 
right  lines,  BD  parallel  to  AP,  and  DP  to  the 
given  point  P,  the  lines  BD^  DP,  may  always  be 
to  each  other  in  the  given  ratio  of  d  to  e. 

Drawing  DC  parallel  to  AB,  make  AP  =  a, 
AC  =r  a:,  CD  =  j^,  CP  =  «  —  *■.  Becaufe  the 
angle  BAP  or  DCE  is  given,  drawing  DE  per- 
pendicular to  AP,  the  ratio  of  CD  to  CE  is 
given,  which  may  be  CD  .  CE  ::  d .i;  then 

CE  =  ^,  AE  =  *  +    ^^ 


EP 


a 


rzDPg 


d  ' •      d  ' 

^        ^, "^  .    Then  it  will  be  CDj  —  CE? 

PEy,  that  IS,  yy  zz  —^ aa  —  xx  +  zax  +   -— j^ ,  or 


^,  or  clfe  =  ;c  +  ^  -  a,  PD  = 


ihxy 


hhxx 


hhxx   _.  ee  +  hb  --  dd 


XX  +  tax  '^  aa  + 


lahy 


,  by  adding  the 


dd  dd        '""   '    " "   ■      d 

fquare  ^^^  on  both  fides.     But  here  it  may  be  obferved,  that  the  quantity 


dd 
ee  +  bb  —  dd  may  either  be  equal  to,  greater,  or  lefs  than,  nothing ;  and,  firft, 

let  it  be  equal  to  nothing,  in  which  cafe  the  equation  will  become  yy  +  ^-j^  + 
"^  =  2^  +  2ax  —  aa.  And  making  the  fubftituiion  of  jr  H — ^  z:%,  it  will  be 
zz  —  — —  =  2ax  —  -^;^  —  aa.    Then  addmg  — jj-  on  both  fides,  it  will 

ftitution  of  2 ^  zz  pf  it  will  be  pp  = 

=  ^  —  tfl  X -11 ;   and  making  * 

J>p  =  ^ y,  an  equation  to  the  Apolloman  parabola. 


dd 
s  2ax 


dd 

2ahbx    ,    .aabb  —  aadd       ^^  «  .       ^1      r  1 

+ -j^i .    Now,  making  the  fub- 


dd 


dd 

ladJx  —  labbx  +  aabb  —  aadd  ^.^ 

_ ,  or  pp 

-  f a  =  ;,  it  will  become  at  laft 


Let 
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Let  BAP  be  the  given  angle;  the  given 
line,  AP  =  a.  On  AP,  produced  indefi- 
nitely, let  there  be  defcribed  the  triangle 
AMN  with  the  angle  AMN  =:  BAP; 
and  let  AM  .  MN  ::  d  .  t.    Produce  AN 

indefinitely,  and  in  AB  take  AH  =  A-> 

and  draw  HE  indefinitely^  and  parallel  to 
AN.     Bifeft  AP  in  O,  and  draw  OCL 
parallel   to    AB.     With   vertex  Q*^  on 
the  diameter    QE,    with   parameter    zr 

— ,    (making  /  z=  AN,)    and 


with  the  ordinates  parallel  to  AB,  defcribe  the  parabola  QD.     Take  any  line 
QE  =  Xf  it  will  be  ED  =:  y^  and  this  parabola  will  be  the  locus  required. 

In  the  fecond  place,  let  ee  -{-  bb  —  dd  be  greater  than  nothing,  or  a  pofitive 
quantity.     AfTuming  therefore  the  equation,  and  making  ee  -{^  bb  —  dd  -=1  bb^ 


it  will  be  jjy  +  —^  + 


bhxx 


hk 


'XX 


dd 


aa  +  %ax  + 


Ix 


lame  fubftitution  ol  y  +  -y  =  2,  it  will  be  zz 


zahy 
"7" 
2ah» 
1 


And  making  the 


bhxx 
IT 


aa  +  2ax 


-^ ;  and  adding  -^ ,  and  making  the  fubftitution  of  2;  —  ~ 


^   It 


will  be  ddpp  =  bbxx  +   ^addx   —   aabbx  —  aadd  +  aabb  ^  that  is,  xx  + 
lb 


tad*x  —  2ab*s   _  ddpp     ,    aadd  —  aabb  1       add  »  abb  , 

+  rr ;  make  — n zz  «f,  then  xx  +  2mx  = 


d^ 

hb 


bh 


fnm  =  ^^ ,  an  equation  to  an  hyperbola. 


M     '  bb        '  bb 

+  am  \  and  adding  mm  to  each  fide,  it  will  be  xx  +  xmx  +  ««i  =  ^^ 

ah 

+  am  +  mm,  and  making  x  +  m  zz  q^  it  will  be  finally  qq  =  ^  +  am  i^ 
«!»,  that  is,  y^  —  tfa  —  •"•"  —  ^^ 

•^^i?«  88,  Let  BAP  be  a  given  angle;  the  given 

line,  AP=:  a.  Upon  AP,  produced  inde- 
finitely, let  the  triangle  AMN  be  de- 
fcribed with  the  angle  AMN  equal  to 
BAP  ;  and  let  it  be  AM  .  MN  : :  d  .  b. 
Produce  AN  indefinitely,   and  in  AB 

take  AH  =:  ~,  and  through  the- point 

H  draw  the  indefinite  line  OE  parallel 
to  AN.  Then  make  AK  =  w,  and 
draw  KO  parallel  to  AH.     With  centre 
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O,  (ranfvcrfe  femidumeter  0Q^=  •^— ^ 


-,  and  conjugate  femidiameter  = 
^— ,  parallel  to  AH,  (by  /  is  denoted  the  ktiown  line  AN,)  let  the 


hyperbola  QD  be  defcribed.      Then  taking  any  line  AV  =:  x,   it  will  be 
VD  =  qt  luid  this  hyperbola  will  be  the  leeus  required. 

Laftly,  let  ee  +  ii  —  ^i  be  lefs  than  nothing,  that  is  negative.     Make 

then  u  +  iif  —  ^  ~  —  bb,  and  making  y  +  -^  =  z,  the  equation  will  be 

zz Y"  — jd tfa  +  »««  —  —^  ;  and  adding  -^j-on  both  fides, 

itw.llbezz--j-  +  ^=--^+ 


making  the  fubftttution  of  z  • 


ai  _ 


pf  it  will  be  6 


—  iahix  +  askb  —  aaddt  that  b,  «ir  +  ■ 


adding  mm  on  both  fides,  nt  ^  amx  +  mm 
lag  the  fubftitution  of  a:  - 
to  an  ellipliE. 


I  =  —  bbxK  +  %Bddx 

aabb-amdd  jjpp 

•        U  W' 

and 

:  jjwi  —  <»w  —  ^-;  laftly,  tnak- 

;,  it  is  -^  lb  fw»  —  ?;  ^  am^  an  equation 


Fig,  89. 


Let  BAP  be  the  given  angle,  and 
the  given  line  AP  =  a.  On  AP,  in- 
definitely produced,  dcfcribe  the  tri- 
angle AMN  with  the  angle  AMN  equal 
to  BAP.  Make  AM  .  MN  ::  d .  *, 
and  produce  AN  indeBnitely>  and  in 

AB  take  AH  =  -^,  and  throi^  the 

point  H  draw  the  indefinite  line  HE 
parallel  to  AN.  On  AP  produced  take 
AK  =  fft,  which  in  this  cafe  is  always 
greater  than  AP=ra,  and  draw  KO  pa- 
rallel to  AB.    With  centre  O,  iranlverfe 

femidiameter  OCi.=  /    *J"''*(mak. 

ing  AN  =  /,)  with  conjugate  femidiameter  «=  — ItHLZ—^  and  parallel  to  AH, 

defcribe  the  ellipfis  QD.     Then  taking  any  line  AV  =  *,  it  will  be  VD  =s  3  \ 
and  this  fiiall  be  the  nxus  required. 

5  i4>«  I 


6ECT.  III. 


ANALYTICAL     IKSTZTUTIONS. 


U7 


141.  I  faid  above  that  AK  =  m  was  greater  than  AP  rr  ^ ;  in  relation  to  A  method  to 
which  I  think  it  neceflary  to  explain  how  we  may  know  which  of  two  com- ^'^'^^^^"'^   , 

-.  ...,''  i  I  1  J     I  I  •/'       majority  and 

plicate  quantities  is  the  greater.    Let  there  be  made  between  them  a  companion  minority  ,a 
of  majority  or  minority,  as  you  pleafe,  and  then  proceed  as  in  an  equation,  bycomplicdtc 
tranfpofing,  dividing,  &c.  and  making  other  operations,  till  you  arrive  at  aa^^ntitics. 
known  confequcnce ;  which,  if  it  be  true  cither  abfolutely  or  hypothetically, 
the  comparifon  that  was  made  will  be  abfolutely  or  hypothetically  true ;  but  if 
falfe,  this  will  hkewifc  be  falfe.     Sd,  if  we  delire  to  know  whether  w,  that  is, 


add  —  abb 
dd'-bb^te 


,  be  greater  than  a^  or  not,  make  the  comparifon  or  fuppofition 


' — '^^ —  >  a^  and  reducing  to  a  common  denominator,  it  will  be  add  —  abb 

^  hh  '^  te  ^ 


gU  -^  bb  '^  ee 

>  add  ^  abb  —  aee^  and  expunging  the  terms  that  dcftroy  each  other,  it  will 
be  o  >  -^aee;   which  is  very  true,   for  nothing  is  greater  than  a  negative 

quantity.     Therefore  it  was  true  that  fjTf^^  -  was  greater  than  tf. 

Thus,  to  know  if  aa  +  2ai  be  greater  than  bbj  fuppofe  aa  +  lab  >  bb, 
and  add  to  each  fide  the  fquare  bb.  It  will  be  aa  +  aab  +  bb  >  ibb,  and 
extracting  the  root,  it  is  j  +  ^  >  x/abby  or  a  >  s/%bb  —  b.  But,  becaufe 
the  quantities  a^  bj  are  given,  it  may  always  be  known  whether  a  be  greater 
than  \/%bb  —  b^  or  not.  And  if  it  (hould  be  fo,  then  alfo  aa  +  ^ab  would 
be  greater  than  bb.  The  manner  is  the  fame  in  cafes  more  compounded,  and 
therefore  I  (hall  infifl  on  it  no  longer. 


PROBLEM    X. 
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142.  Two  right  lines  VB,  YE,  being  given  A  geometn- 
in  pofition,  and  alfo  the  point  P,  about  which  cal  problem, 
as  a  pole  the  right  line  P£  revolves ;  to  find  the 
locus  of  all  the  points  D,  fuch  that  it  may  always 
be  CD  to  DE  in  a  given  ratio. 

Draw  VP,  and  parallel  to  it  the  right  lines 
AD,  BE,  and  let  the  ratio  of  CD  to  DE,  or 
rather  of  CD  to  EC,  be  z.%  d  \o  e  \  and  the 
angles  EVB,  EBV,  being  given,  let  it  be  EB 
to  BV  as  ^  to  b. 

Make 
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Make  VP  =  j,  VA  =  ;f,  AD  =  ;' ;  it  will  be  EB  =  -2-  ,  and 

VB  =  4-  •    Becaiife  of  the  finiilar  triangles  CVP,  CDA,  it  will  be  DA.! 

a 

::  CA  .  CV  J  and,  by  compounding,  DA  +  PV  .  PV  ::   CA   +  CV  .Cfj 


that  is,  a  ^  y  .aw  X  .  CV,  and  therefore  CV  iz  — —  •  Again,  becaufe 
fimilar  triangles  PVC,  EBC,  it  v/i!l  be  PV  .  VC  ::  EB  .  BC,  that  is,  a.jX 
,  BC ;  whence  BC  zr  ^J^j:  y  and  therefore  the  equation  BC  +  Cf j 
-  l-V,  that  IS,  ^^^^    -  -—  ,  or  ;7 T  ^   h ^^ 


••    d 


ex  e% 


To  conftruft  this,  make  y  —  -^  ==  --^ ,   and,  by  fubftitution,  it  w81  b 
-/-  =  —  tfjf —  +  -i-     that  IS,  zy  +  -^  —  -JZ  =:: ^ 

Again,  make  z  +  —   —  ^ —  z=  p ;  then  it  will  be  />y  :=  — 

—  ^ .    And  making  a  third  fubftitution  of  jr  +  ~  =  g,  it  will  be  /f  s 

22f — !I-f2 —  ^  an  hyperbola  between  the  afymptotes,  the  conftant  re£taiigle:  rf 
which  is  pofitivej  becaufe  e  will  always  be  greater  than  d. 

Let  PV  be  produced  indefinitely,  and  take  VQ^z:  — .    From  the  point  (^ 

draw  the  indefinite  line  QS  parallel  to  VB,  and,  taking  any  point  M  in  ibe 
right  line  PH,  draw  MN  parallel  to  VB.     Then,  becaufe  of  fimilar  triangies 

VMN,  EBV,  it  will  be  VM  .  MN  ::  e  .b.    Make  VI  =  f±Z.ffi,  and 

through  the  point  I  drawing  the  indefinite  right  line  RIK  parallel  to  VE,  be- 
tween the  afymptotes  RS,  RK»  defcribe  the  hyperbola  OVD  with  the  conftaot 

reftangle  =:  2 "^^^^  ,     x  — ,  (making  the  known  line  VN  =/,)  which 

will  neceflSirily  pafs  through  the  point  V,  Taking  any  line  VH  =  y^  it  will  be 
H  D  =  .V,  that  is,  V A  =  x,  AD  z:  y,  and  the  curve  thus  conftru^tcd  is  the 
locus  of  the  points  D. 

A  fpccimen  143.  VVe  may  obferve  here,  that  the  equations  exprefling  the  properties  of 
oftlicde-  the  curves  defcribed  in  thefe  Examples,  or  Problems,  ought  to  be  the  fame 
T^h?^"^**  with  the  equations  propofed  to  be  conftrufted,  when  the  operations  are  truly 
examples,      performed  j  and  therefore  may  ferve  as  a  dcmonftration  of  the  method  itfelf. 

Thia 
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therefore  GV  =  ^  =  IK.  Then  RK  =  ^  +  ^  .  But  HG  =  ^ , 
GK  =  VI  =  ^JLi^  .    Whence  HK  =  '"'  "^  "^  '  '^^ .    But  HD  =  VA 

ee  et 

=  X ;  then  it  will  be  KD  =  ~ — "'  "  ^ — ZJUL  ^  and  therefore,  by  the  pro- 
perty of  the  curve,  the  rcdangle  RK  x  KD  ought  to  be  equal  to  the  conftant 
reftangle,  or  2^1±^  X  ^'y +  '-'•- "^^  - ''"  -  '"^  7  '^^  y^I.,    That  is, 

€xy      -  aJx  .  ,  , 

yy J'  '^  ^y T-  ==  o,  as  It  ought  to  be. 

If  the  fame  care  and  induftry  were  ufed  in  every  Example  and  Problem,  it 
would  fufficientiy  prove  the  mcihod  of  folution  to  be  juft. 


SECT.     IV. 


Of  Solid  Problems  and  their  Equations* 


What  arc  the  144.  Any  one  of  thofe  quantities  is  called  the  Root  of  an  Equation,  whtcb^ 
roots  of  cqua-  being  fubftituted  in  the  equation  inftead  of  that  root  or  letter,  according  to 
*'^°''  which  the  equation  is  ordered,  (or  inftead  of  that  letter  which  reprefents  the 

unknown  quantity,)  (hall  make  all  the  terms  of  the  equation  to  vanifli  or 
become  nothing.  Or,  which  is  the  fame  thing,  the  root  of  an  equation  is  each 
of  the  feveral  values  of  the  unknown  quantity,  or  of  that  letter  which  performs 
the  office  of  an  unknown  quantity  in  the  equation. 

Therefore  the  roots  of  the  equation  xx  ^^  ax  '{>  hx  '^  ah  '=•  o  will  be  two, 
one  of  which  is  a,  the  other  —  ^  j  for  each  of  thefe,  being  fubftituted  inftead 
of  AT,  will  make  the  terms  of  the  equation  to  vanifh  ;  or,  becaufe  either  a  or 
—  b  are  the  values  of  the  letter  x  in  the  propofed  equation.  The  roots  of  the 
equation  •  —  x'  —  19^^*  +  49;^  —  30  =  o  will  be  i,  2,  3,  or  —  5 ;  be- 
caufe any  one  of  thefe  numbers,  being  fubftituted  inftead  of  »r,  will  make  all 
the  terms  to  vanifti,  and  therefore  any  one  of  them  is  the  root,  or  value  of  the 
unknown  quantity  x.    The  roots  of  the  equation  ;tf*  —  bLxx  —  aabb  —  a^  =  0 

will  be  +  \/—  aa,  —  \/—  aa,  -j-  \/aa  +  bb,   —   x/ZT+lb;  and  fo  of 

all  others. 

145-  Again, 
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145.  Again,  in  another  fenfe,  thofe  equations  are  ufed  to  be  taken  for  the  Or  othcrwirc, 
roots  of  an  equation,  which  are  formed  by  fubtrading,  one  by  one,  the  poficive  the  fcveral 
values  from  the  unknown  quantity,  or  by  adding  the  negative  value,   and^^^\^^^^^^ 
making  them  equal  to  nothing.     Therefore,  in  this  fenfe,  the  roots  of  the 
equation  xx  —  ax  -{-  bx  —  ^ ^  =  o  will  be  a:  —  ^  ir  o,  and  ;tf   +  ^  zi  o. 

Thofe  of  the  equation  x*  —  x'  —  i^x^  +  49^  —  30  —  0  will  be  .v  —  i  =  o, 
flf— 2i::o,  a;  —  3:^0,  and  ;p  +  5  =  o.  And  fo  of  others.  And,  in  this 
fenfe,  it  is  faid,  that  every  equation  is  the  produft  of  all  it's  roots,  becaufe, 
being  continually  multiplied  into  one  another,  they  will  exaftly  proJuce  the 
given  equation,  or  that  of  which  they  are  the  roots.  Hence  it  is,  that  the  roots 
of  an  equation  will  be  fo  many,  including  alfo  the  imaginary  roots,  as  is  the 
degree  to  which  the  equation  arifes.  And  therefore  a  quadratick  equation  will 
have  two  roots,  a  cubick  equation  three  roots,  a  biquadratick  four  roots ;  and 
fo  on. 

If  Af  +  tf  =  o  be  multiplied  into  a;  +  i  =  o,  there  will  arife  the  quadratick 

equation  (I.)  xx  +  ax  +  ab  =  o. 

+  bx 

And  if  this  again  be  multiplied  into  ;c  — -  r  =  o,  there  will  arife  the  cubick 

equation  (II.)  x^  +  ax"^  +  abx  —  abc  =  o. 

4-  bx*  —  acx 
—  cx^    —  bcx 

And  if  this  again  be  multiplied  into  x  +  d  :=i  o,  it  will  produce  the  biqua- 
dratick equation  (HI.)  a*  +  ax^  +  abx*  *—  abcx  —  abed  z=z  o. 

+  ^.v'  —  acx*   +  abdx 
—  ^.v'   +  adx*  —  acdx 
+  dx^  —  bcx*   —  bcdx 
+  bdx* 
—  cdx* 

Thus,  if  *  +  ^/ab  :=z  o  ht  multiplied  into  x  —  ^  ab  zn  o^  the  produft 
will  be  *x  —  ab  zz  o\  and  if  this  be  multiplied  into  ji:  +  r  =  o,  it  will  make 
*•  +  ^**  —  abx  —  abc  =  o;  and  again,  if  this  be  multiplied  into  ;tf  -|-  r  =  o, 

it  will  make    *♦  +  ^cx^  —  abx*  —  ^abcx  —  abcc  zz  o. 

+    CCA^ 

If  X  +  \/  ^  ab  zi  o  he  multiplied  into  at  —  \/ —  ab  zz  o,  and  then  into 
X  +  a  —  Of  it  will  produce  the  cubick  equation  x^  +  ax*  +  abx  +  aab  =  o. 

146.  Therefore,  if  we  had  the  means  of  knowing  what  were  the  values  of  Equations 
all,  or  of  any  of  the  unknown  quantities  of  an  equation,  wc  might  always  JJJJ^^J  ^^  ^ 
divide  it  by  fo  many  fimple  equations  as  are  thofe  known  values,  by  adding  the  vlfion,  i/ihcir 
negative  values  to  the  unknown  quantity,  and  fubtradting  the  pofitive.    Whence  roots  were 
Ihc  firft  equation  before  will  be  divifible  by  x  +  a,  and  by  .v  +  b.    The  known. 

fecond^ 


142  ANALYTICAL     XMSTITVTlOKS*  BOOK  I. 

fecond,  by  ^  +  ^,  x  +  b^  and  *  —  f .  The  third,  by  ^  +  41,  a?  +  ^, 
X  —  Cy  X  +  d.  By  this,  compound  equations  will  be  reduced  to  fo  many 
fimple  equations  as  is  the  number  of  the  roots,  if  all  be  known;  or  may  be 
deprtired  by  lo  many  degrees  as  is  the  number  of  the  known  roots,  if  they  be 
nut  all  known.  So  that,  for  inftance,  an  equation  of  the  fifth  degree  may  be 
reduced  to  one  of  the  fourth,  if  one  of  il*s  roots  be  known ;  or  to  the  third, 
if  two  roots  be  known  j  and  fo  on. 

Hence  15  i^y.  From  the  method  by  which  equations  arc  produced,  (which  equations 

natur"  or      ^^^  always  underftood  to  be  reduced  to  nothing,  and  in  which  the  greatcft  term 
formation  of  ^^  rcfpcd  of  the  Unknown  quantity,  or  in  refpeft  of  that  letter  by  which  the 
the  fcveral     terms  are  ordered,  muft  be  pofitive  and  free  from  a  co-efficient,)  it  is  cafy  to 
co-cflicicnts.  perceive  that  the  co-efficient  of  the  unknown  letter,  or  that  by  which  the 
equation  is  ordered,  in  the  fecond  term  is  the  fum  of  all  the  roots  of  the  equa- 
tion affefted  with  contrary  figns ;  the  co-efficient  of  the  third  term  is  the  fum 
of  all  the  produdls  of  all  the  pairs  of  roots  which  can  be  formed  s  the  co-effi- 
cient of  the  fourth  term  is  the  fum  of  all  the  produds  of  all  the  ternaries  or 
threes ;  and  fo  on  to  the  lad  or  conHant  term,  which  is  the  produdt  of  all  the 
roots  multiplied  continually  into  one  another. 

When  the  148.  Hence  it  may  be  inferred,  that  the  fum  of  the  pofitive  roots  mad 

^*^u*il'^™    neccUhrily  be  equal  to  the  fum  of  all  the  negative  roots,  in  all  fuch  equations 

inff.     "^*°  '  ^"  ^^hich  the  fecond  term  is  wanting  :  and  that  the  fum  of  the  pofitive  roots  is 

greater  than  the  fum  of  the  negative,  when  the  fecond  term  is  affeded  with  a 

negative  iign  ;  and  contrarily,  when  it  is  aifedted  with  a  pofitive  fign. 

How  the  ab-       1 49.  When  any  term  is  wanting  in  an  equation,  it  is  ufual  to  fupply  it's 
fence  of  a      place  by  an  afterifm  *  ;  as  in  ;tf*  ♦  +  aaxx  —  b^x  +  d^  =  o,   the  fecond 
dcuotedr  ^^  ^^^"^  ^^  wanting.     In  x^  —  jx'  «  —  b^x  +  a!^y  the  .third  term  is  wanting;  and 
fo  in  others. 

Surd  roots  150.  If  an  equation  have  no  term  affefted  by  an  imaginary  quantity,  either 

and  imagi-  jt's  foois  (liall  be  all  real,  or,  if  it  have  any  imaginary  roots,  they  (hall  always 
always^pro-  ^^  ^^^"  ^"  number,  and  equal  two  by  two  ;  only  with  this  difference,  that  one 
cccd  by  pairs,  i^iuft  be  affirmative  and  the  other  negative.  For,  becaufe  the  fecond  term  is 
the  fum  of  all  the  roots,  if  this  be  prefent  in  the  equation,  when  the  imaginary 
roots  do  not  deftroy  one  another,  two  by  two,  with  contrary  figns,  fome  ima- 
ginary root  muft  neceffarily  be  in  the  co-efficient,  which  is  contrary  to  the 
luppofition.  Now,  if  the  fecond  term  be  wanting,  it  muft  needs  follow,  that 
the  fum  of  the  pofitive  roots  is  equal  to  the  fum  of  the  negative,  and  confe- 
qucntly  the  fum  of  the  pofitive  imaginary  roots  muft  be  equal  to  the  fum  of 
the  negative  imaginary  roots,  oiherwife  they  cannot  deftroy  one  another  in  the 
manner  aforefaid.  Wherefore  equations,  whofe  degree  is  an  odd  number,  will 
nccciiarily  have  one  real  root  at  leaft ;  and  thofe  of  an  even  degree  may  have 

all 
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all  their  roots  imaginary  or  impoffible.  For  the  (ame  rcafon,  we  may  make 
like  conclufions  about  fund  roots.  That  is  to  fay,  if  the  equation  have  no  furcl 
or  irrational  terms  in  ir,  ic*s  roots  will  either  be  all  rational,  or  the  irrational 
roots  will  be  in  even  numbers,  and  will  be  equal  two  by  two,  but  with  con- 
trary figns. 

151.  There  are  equations  which  have  all  tiieir  roots  pofitive,  others  have  all  AflTcclionsof 
their  roots  negative,  others  have  both  pofitive  and  negative.     So  fomc  hav::  all  ^}'a'^^^^^J^^^ 
their  roots  imaginary,  others  have  all  real,  and  laftly,  others  have  both  real  and    *  *"**"^ 
imaginary.     Various  rules  are  given  by  writers  of  Algebra,  to  determine  in  any 
given  equation  the  number  of  pofitive  and  negative  roots,  alfo  of  real  and 
imaginary  roots.     But,  becaufc  thefe  rules  and  their  demonftrations  are  very 
perplexed  and  prolix,  and  of  but  little  ufe,  I  (hall  here  omit  them,  thinking  ic 
fuflicienc  10  take  notice,  firft,  that  if  all  the  roots  be  negative,  all  the  terms  of 
the  equation  will  be  pofitive.     For,  in  this  cafe,  fince  all  the  terms  of  the 
Iimple  equations  are  pofitive,  that  is,  of  all  the  roots  taken  in  the  fecond  fenfe, 
§  145,  from  whence  the  propofed  equation  is  fuppofed  to  be  produced,  all  the 
produAs  will  alfo  be  pofitive.     Secondly,  that  if  all  the  roots  be  pofitive,  the 
terms  of  the  equation  will  be  pofitive  and  negative  alternately.     For  the  firft 
term  will  always  be  pofitive  by  fuppofition.     The  fecond  term  will  be  negative, 
becaufe  it  contains  the  fum  of  all  the  roots,  which  being  pofitive,  will  be  nega« 
tivc  in  the  fimple  equations.     The  third  term,  containing  the  ternaries  or  pro- 
dufts  of  all  the  pairs,  will  be  pofitive.     And  fo  on.    And  therefore  an  equation 
compofed  of  pofitive  and  negative  figns  alternately,  will  have  all  it's  roots 
pofitive. 

Whence,  if  the  terms  of  an  equation  fliall  not  have  all  their  figns  pofitive, 
or  (hall  not  have  them  pofitive  and  negative  alternately,  there  will  be  both 
pofitive  and  negative  roots.  It  (hall  alfo  be  another  fure  proof,  that  the 
equation  contains  both  pofitive  and  negative  roots,  if  there  be  any  term 
wanting ;  for  no  term  can  be  abfent,  but  that  the  produfts  of  which  it  is 
formed  mull  deftroy  one  another  by  contrary  figns;  that  is,  there  muft  be  both 
affirmative' and  negative  roots.  This  obfervation  will  aflTift  us  in  it's  proper 
place,  among  the  many  divifors  of  the  laft  term  of  an  equation,  to  fclefE  thofe 
only  by  which  the  divifion  is  to  be  attempted.  Becaufe,  if  the  equation  ihall 
have  only  pofitive  roots,  it  would  be  of  no  ufe  to  try  the  divifion  by  pofitive 
divifors ;  and  if  it  Ihall  have  only  negative  roots,  it  would  be  needlefs  to  try 
by  negative  divifors.  And  the  trials  muft  be  made  by  each  of  them,  when 
there  are  both  pofitive  and  negative  roots. 

But  all  this  muft  be  underftood  of  fuch  equations  in  which  all  the  roots  are 
real;  for  where  there  are  imaginary  roots  the  rule  does  not  obtain.  For  ex- 
ample, let  the  equation  be  x*  +  Av*  +  aax  +  aab  z:  o,  in  which  all  the 
terms  are  pofitive,  and  yet  the  roots  are  one  pofitive  and  two  negative,  that  is, 
^  =  ^  ^,  a  real  root,  and  a:  =  ±  y/ —  aa,  two  imaginary  or  impoffible 
|X)ots^  one  pofitive,  the  other  negative, 

152.  Equations 
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A(Fc£\ionsof      152.  Equations  of  the  third  and  fourth  degree,  in  which  the  fecond  term  is 

the  roots  of   wanting,  it  the  third  term  be  aflfedled  with  the  pofitive  fign,  will  certainly  have 

the  diird^o^r    imaginary  roots ;  for,  if  all  the  roots  were  real,  the  third  term  could  not  but 

fourth  dc-      be  affefted  with  the  negative  fign  ;  the  reafon  of  which  is,  that  in  cubick  equa* 

&^*^<^'  tions,  when  the  fecond  term  is  wanting,  the  fum  of  the  pofitive  roots  is  equal  to  the 

fum  of  the  negative,  and  therefore  cither  one  pofitive  is  equal  to  two  negative, 

or  two  pofitive  roots  arc  equal  to  the  one  negative.     Let  the  three  roots,  for 

iiulancc,  be  rcprefcnted  by  a^  If,  and  —  f,  or  elfe  by  —  a,  — ^,  and   +  ci 

then  the  co-elficient  of  the  third  term  will  be  ab  —  ac  —  ic.     But,  on  fuppo- 

^      lition  that  the  fecond  term  is  wanting,  it  will  be  a  +  If  ^  c.     Therefore  ac 

will  be  greater  than  aif,  and  confcquently  ab  -^  ac  "^  be  will  be  a  negative 

quantity. 

Now,  in  equations  of  the  fourth  degree,  there  may  be  either  three  pofitive 
roots  and  one  negative,  as  +  //,  +  ^,  +  c,  and  —  d\  or  there  may  be  three 
negatives  and  one  affirmative,  as  —  a,  —  ^,  — f,  and  +  di  or  there  may  be 
two  negatives  and  two  affirmative,  as  — ■  tf,  — -  ^,  +  r,  and  +  d.  In  the  firft 
and  fecond  cafe,  the  co-efficient  of  the  third  term  will  be  ^^  +  ^^  +  ^^  — -*  ^ 
—  bd  —  cd.  But,  by  fuppofition,  it  ought  to  be  ^  +  ^  +  ^  =z  //,  fo  that 
ad  will  be  greater  than  ab^  cd  than  ac,  bd  than  be ;  and  therefore  ad  +  id  +  ci 
will  be  greater  than  ab  +  ac  +  be,  and  confequently  the  third  term  will  be 
negative.  In  the  third  cafe,  ihe  co- efficient  of  the  third  term  will  ht  ab^^ac 
-^  be  —  ad  —  bd  +  cd,  and  it  ought  10  h^  a  +  b  =  c  +  d.    Here,  if  we 

make  w  =  «  +  ^  =  ^  +  //,    it  will  be  mm  =:  a  +  b   X  TlTd  :^  ac  +  ad 

+  be  +  bd,  and  mm  zz  a  +  6*  =z  aa  +  lab  +  bb^  and  alfo  mm  r:  g  ^  d*  = 

cc  +  2cd  +  dd.    Therefore  it  is  ab  =  l^HLzfLU^ ,  and  cd  =  "H^LZlSLzJi^ 
and  ab  +  cd  zz  mm  —  ^ ^-^ .    Therefore  mm  is  greater  than 

mm 

ah  +  cd,  and  ac  +  ad  +  be  +  bd  will  be  greater  than  ab  +  cd.    Whence 
the  co-efficient  of  the  third  term  will  be  negative. 

The  pofitive  ^53*  ^^  ^^  always  in  our  power,  in  any  equation,  to  make  all  the  pofitive 
roots  maybe  roots  to  bccome  negative,  and  the  negative  to  become  pofitive.  Nothing  more 
made  to  be-  \^  required  to  perform  this,  than  to  change  all  the  figns  which  are  in  even 
^•T^  ^^Tvice  P^^c^5>  ^^^^  ^^»  ^"  ^^  fecond,  the  fourth,  the  fixth,  &c. ;  the  reafon  of  which 
verjd.  is,  that  the  fecond  term  being  the  fum  of  all  the  roots,  in  this  therefore  are 

the  negative  with  a  pofitive  fign,  and  the  pofitive  with  a  negative  fign,  as  has 
been  plainly  feen  at  ^  145.  In  forming  equations,  compounded  of  the  produds 
of  fimple  equations,  by  changing  the  figns  they  alfo  will  be  changed.  The 
other  even  terms  in  order  are  formed  from  the  produds  of  an  odd  number  of 
roots,  that  is,  the  fourth  from  three,  the  fixth  from  five,  &c.  Wherefore,  if 
they  have  the  pofitive  fign,  they  will  be  formed  from  the  produd  of  all  the 
negative  roots,  or  from  an  even  number  of  pofitive  roots^  and  an  odd  number 

7  of 
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of  negative  roots.  And  if  they  hive  a  negative  fign,  rhev  w'M  be  formed  from 
the  producl  of  all  the  poficive  roots,  or  an  even  niinibc^r  of  no  vuive  roots,  and 
an  odd  number  of  po(i:ive  roots.  Therefore;,  by  cha'^.^ing;  t'iC  fi^ns  of  all  the 
even  terms,  the  pofitive  roots  will  become  nw'gAtive,  a  kI  on  thi  conirary. 

As  to  the  odd  terms  in  order,  they  being  formed  of  even  pndiiils  of  roots, 
if  they  have  the  pofuive  fign,  they  will  be  form^vl  eir'icr  uf  an  even  niimb^jr 
of  negative  roots  alone,  or  of  an  even  nn-nber  of  pnirivc  roors  abne,  or  of  a,[\ 
even  number  of  politive,  or  an  even  number  of  ncgiiive  t02:^ih::r.  Whcreljre, 
by  changing  thefe  reciprocally,  the  figns  of  the  terms  th:n  elves  will  nJt  l)C 
cnanged.  Now,  if  ih.-y  have  a  negative  fi^jn,  they  will  b^;  form  d  of  the  pro- 
duft  of  an  odd  number  of  pofuive  roots,  into  an  odd  num'.ier  of  negative. 
Wherefore,  by  iheie  alfo  reciprocally,  the  fign  of  the  terms  thciufclves  will  not 
be  changed,  and  therefore  they  muft  be  left  as  they  are. 

The  equation     a'  +  ax*  +  aix  ^^  abc  zz  o   has  three  roots.      Two  arc 

+  bx*  —  acx    • 
—  ex*   —  bcx 

negative,  viz.  —  <?,  —  ^,  or  otherwife,  ;^  +  tf  =  o,  Af  +  ^rro,  and  one  is 
pofitive,  viz.  +  f ,  or  otherwife,  .v  —  ^  =  o.  By  changing  the  figns  of  ihofc 
terms  which  in  the  order  of  the  equation  are  even,  it  will  become 

«*  —  r^:*   +  abx  +  abc  =  o,   and  the  pofitive  roots  will  be  at  —  «  =:  o, 
—  bx*  —  acx 
+  €x^  —  bcx 

jp  —  ^  :r  o,  and  the  negative  root  will  be  x  +  r  =  o.  It  is  of  no  moment 
whether  or  no  any  term  be  wanting,  becaufe  in  this  cafe  the  afterifm  fuppiies 
the  vacancy,  and  ihen  the  fame  rule  obtains.  Thus,  in  the  equation 
«•  •  —  %^x  H-  48  ;z  o,  the  affirmative  roots  of  which  are  a:  —  a  rz  o, 
X  —  4  =  0,  and  the  negative  root  is  ;c  +  6  iz  o.  By  changing  the  figns  of  the 
even  terms  in  order,  it  will  be  x'  «  —  28a:  —  48  zi  o,  the  negative  roots  of 
which  are  ;if  +  2  =:  o,  ;if  +  4  =:  o,  and  the  affirmative  root  is  ;tf  —  6  zr  o. 


which  (hall  be  the  fame  as  thofe  of  the  propofed  equation,  but  increafed  ordiminifhcd 
diminifhed  by  fome  given  quantity.  Let  the  unknown  quantity  of  the  equation  at  pkafurc, 
be  put  equal  to  a  new  unknown  quantity,  adding  or  fubiradting  the  given  quan- 
tity ;  adding,  if  we  would  have  it  increafed,  or  lubtrafting,  if  we  would  have 
it  diminilhed.  Then,  in  the  propofed  equation,  inftead  of  the  unknown 
quantity  and  it's  powers,  their  values  muft  be  fubftituted,  exprcffcd  by  the 
other  unknown  Quantity  and  the  given  conftant  quantity  ;  from  whence  another 
cquarion  will  arile,  the  roots  of  which  will  be  fuch  as  are  required.  Let  the 
equation  be  x*  +  4^*  —  ijx*  —  106;^  —  120  =  o,  the  roots  of  which  we 

U  would 
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would  have  increafcd  by  the  number  3.  Make  x  +  3  =  jr,  whence  *  =  jr  —  3, 
X*  =y*  —  6jf  +  9,  Af*  =  y  —  9/  +  zyy  -—  27,  and  x*  =:  /  —  I2>»  + 
54?*  —  1087  +  81  ;  therefore,  in  the  propofed  equation,  fubftituting  thefc  va- 
lues iiiftead  of  .v  and  it's  powers,  it  will  be  transformed  into  this  other  equationt 

y^  —  12/  4-  54/  —  io8;r  +     81 
+    47'  —  36/  +  1087  —  108 

—  iSi>*  +  ii4y  —  171    ^=0}  that  is,/  —  8/  —  j?*  -f-  8j^  =  o; 
—  loty  +  318 

—  120 

and  dividing  by  y,  it  is  y  —  Sjf*  —  y  +  8  =  o,  in  which  it  is  plain,  that  the 
roots  will  be  greater  than  the  roots  of  the  propofed  equation  by  the  number  3  j 
becaufe  it  was  made  ^  =:  x  +  3,  and  therefore  the  root  y  will  be  equal  to  every 
value  of  X  increafed  by  3.  And  here  it  may  be  obferved,  that,  in  thus  in- 
creafing  the  roots,  the  pofitive  are  increafed  by  fuch  a  quantity,  but  the  negative 
are  diminiflied  by  the  fame  quantity  ;  for,  by  adding  a  pofitive  to  a  negative^ 
if  the  negative  be  greater  than  the  pofitive^  it  will  become  lefs  in  it's  kind  than 
at  firft ;  if  they  be  equal,  it  becomes  nothing,  if  it  be  lefs,  it  makes  it  pofitive. 
Whence,  in  the  propofed  equation  x^  +  4-v^  —  lyx*  —  ^o6;r  —  lao  =  o, 
the  roots  of  which  (though  they  cannot  be  found  by  the  methods  hitherto 
taught,)  are  +5,  —  2,  —  4,  —  3,  that  is,  at  —  5  =  o,  ;f  +  2  =  o^ 
;f  +  4Z=o,  x  +  3r:o;  one  of  which  is  affirmative,  the  other  negative  s  as 
I  defired  to  increafe  them  by  the  number  3,  in  the  transformed  equation 
y  —  8/  — y  +8  =  0,  they  ought  to  be  +8,  +1,  —  i,  that  is,  7  —  9 
zz  Of  y  —  I  =0,  j^+  z  =0,  and  are  really  fuch.  And  that  which  fhould 
correfpond  to  the  fourth  is  zz  o,  becaufe  —  3  +  3  =  0.  And,  for  this 
reafon,  the  reduced  equation  is  only  of  three  dimcnfions,  though  the  propofed 
equation  is  of  four. 

On  the  contrary,  when  the  roots  of  an  equation  are  to  be  diminilhed  by  a 
given  quantity,  for  the  lame  reafon  the  negative  roots  are  increafed  in  their 
kind  by  the  fame  quantity,  but  the  pofitive  may  become  nothing,  if  the  given 
quantity  be  equal  to  .them,  and  negative  if  greater.  In  the  fame  equation 
x^  +  4X*  —  19:^*  —  io6a:  —  120  =  o,  if  I  fhould  defire  to  diminifh  the 
roots  by  the  number  3,  I  muft  make  .^  —  3  =  >',  and  therefore  *•  =:  jr  +  3, 
*•  =:  J*  +  6y  +  9,  X*  =  y^  +  ^*  +  ijy  +  27,  x^  =  y  +  izy*  +5^ 
-{-  id&y  +  81.     And  therefore,  making  the  fubflitutionsj  the  equation  wtli  be 


+    4?*  +  36/  +  io8jr  +  108     I 


^  +  I2y  +  54)f*  +  io8j^  +     8i 

36>*  +  io8jr  4-  108 
19J?*  —  1 147  —  171      ^  n  o.     That  is,  y*  +  i6y*  +  7iJ^ 


io6y  —  318      I 
—  120     J 

—  4jr  —  420  =  o.  And,  becaufe  the  roots  of  the  propofed  equation  are 
+  5*  —  ^>  —  3*  —  4f  that  is,  *  —  5  =  o,  X  +  a  =  o,  x  +  3  =  o, 
X  4-  4  =  o ;  ihofc  of  the  transformed  equation  ought  to  be  +  2j  —  5f  —  6* 

—  7» 
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—  7,  that  is,y^zzzo,y  +  5  =o,  y  +  6:zo,y  +  j  :=:  o,  as  they 
really  are. 

Let  the  equation  be  *'  +  rv*  —  i^x  —  He  3  o,  and  we  defire  to  increafe 
the  roots  by  a  given  quantity  a.  Make  x  +  a  zz  y^  and  therefore  a?  =  _y  —  «, 
X*  zn  y*  —  lay  +  aa,  x^  =,  y  ^-^  ^ay*   +  ^aay  —  tf\     Wherefore,  making 

the  fubftitutions,  the  equation  will  be    y^  —  ^ay*  +  $ay  —  a^ 

+    cy*  —  2acy  +  a*c      ^   ^  ^ 
•^    ^^  +  aib 

bbc 


The  roots  of  this  are  greater  than  thole  of  the  propofed  equation  by  the 
quantity  a.  And,  in  fad,  the  roots  of  the  propolcd  equation  are  x  —  ^  =r  o, 
;r  +  ^  =  o,  Jf  +  ^  =  o;  but  the  roots  of  this  are  ^  —  ^  +  ^  =  o,  j^  +  ^ 
—  ii  =  o,  and  y  +  c  —  a  zz,  o. 

155.  In  like  manner,  if  an  equation  be  given,  we  may  tran&form  it  into  Or  the  rooti 
another,  the  roots  of  which  are  the  fame  as  thofe  of  the  propofed  equation,"?*?  ^  "*"^' 
but  multiplied  or  divided  by  a  given  quantity,  fuppofc  /;  making  a  fubfti-  ^m^cd^at 
tutionof/ir  =j^,  {x  being  the  unknown  quantity  of  the  given  equation,)  ifpicafure. 

we  would  have  it  multiplied ;  or  of  -^  —  y>    *^  ^'^  would  have  it  divided. 

ThuSp  alfo,  we  may  make  ;tf  z=  -^ ,  if  we  defire  that  the  roots  of  the  tranf- 

formed  equation  Ihould  have  to  thofe  of  the  propofed  equation  the  ratio  of  / 
to  g.  And  we  may  make  \/fx  zz  y,  if  we  would  have  them  to  be  mean 
proportionals  between  the  quantity  /^  and  the  roots  of  the  propofed  equation. 

In  like  mannerj  we  may  make  ;c  zr  -i- ,  if  we  defire  they  may  be  recipro- 
calsj  &c. 

156.  The  reafon  of  thefe  rules  is  evident.     For,  affuming  the  firft  cafe,  orThcreafon 
that  of  increafing  the  roots,  if  we  make  the  fubftitution  oi  x  +  a  ziy^  the  of  thcfe  ©pe- 
values  of  j^  extrafted  from  the  transformed  equation  will  be  equal  to  ;r  +  «, '^^•^"•• 

or  equal  to  the  values  of  x  in  the  propofed  equation  increafed  by  the  quan- 
tity  4^    And  by  a  like  analogy  in  the  other  cafes. 

157.  Many  arc  the  ufes  that  may  be  made  of  thefe  fubftitutions ;  one  of  And  their 
which  may  be,  that  not  leaving  as  yet  a  method  of  knowing  what  arc  the  roots  w^*-'** 

of  the  propofed  equation,  by  transforming  it  after  fome  one  of  the  afore- 
mentioned manners,  we  may  difcover  the  roots  of  the  transformed  equation  j 
which  being  increafed,  diminiflied,  multiplied,  divided,  &c.  by  the  conftant 
Quantity,  according  as  the  fubftitution  is  made,  we  (hall  alfo  know  the  roots  of 
the  propofed  equation. 

U  2  158.  Another 
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Equation!     ^     158.  Another  iife  may  be,   to  free  equations,   whenever  we  plcafe,   from 
may  be  freed  fradions,  and  very  often  tVoni  furds.     As  to  fraftions,  we  muft  make  the  un- 

irofnTractiont «  *ri  tr  .  i-ti 

orfurd*,  known  quantity  or  ine  equation  equal  to  lome  new  unknown  quantity,  divided 
by  the  lead  quantity  that  is  divifible  by  every  one  of  the  denominators  of  the 
terms  of  the  equation  ;  ^^hiLh  (hall  be  the  produdt  of  the  fame,  in  cafe  that 
thole  denominators  are  prime  to  each  oiher.  Then  making  the  fubftiiutionsi 
and  reducing  the  terms  to  a  common  denominator,  we  Ihall  have  another 
equation  which  will  be  free  from  fractions,  the  roots  of  which  will  be  thofe  of 
the  propofed  equation,  multiplied  into  the  quantity  by  which  the  new  unknown 
quantity  was  at  firjl  divided.  I-.et  the  equation  be  y^  +  i^>*  —  -^aly  +  aak 
iz  o;  if  we  make  y  zz  -Jz,  y^  rz  -j-^z*,  y^  =  rxs^zS  then,  by  fubilitution,  the 

equation  will  become  — 7  +  2 — 7  —  — -r  +  ^^^  =  o.     And,  reducing  to  a 
^  2 16    '6x36       3x6  '  ^ 

common  denominator,  it  vvill  be  z^  +  az*  —  iiabz   +  2i6aab,z=z  o.     The 
roots  of  this  equation  divided  by  6  will  be  the  roots  of  the  equation  propofed. 

Let  the  equation  be  ^* ^  +  ffi  +  —  :i:  o.     Make  x  zz  -pj ,  and, 

fubftituting  in  the  equation,  it  will  be  transformed  into  this, 


^W»        ^MW» 


aaz  a^ 


.    .  H — -J-   zz  o.     Then   reducing  to   a  common  denominator,    it  will   be 

z'  —  acdz*  +  a*i*cd*z  +  a^^c^d*  zz  o.  Wherefore,  if  the  value  of  z  were 
known,  the  value  of  x  would  be  known  alfo.  In  like  manner,  to  free  equations 
from  furds,  we  may  often  proceed  thus.  Make  the  unknown  quantity  equal  to 
a  new  unknown  quantity  divided   by  the  radical,  and  fubflitute  this  in  the 

.equation.     Let  the  equation  be  x'  —  \/^  x  x*  +  i^ — -=o.   Make 

*  =  -4-  >  and  therefore  **  r=  —  >  ^  =  — 7- ;  and,  making  the  fubftitutions. 
it  will  be  ^  ^  ^  +  j2^  -  ^  =  o.    Now,  multiplying  by  3^3, 

it  will  be  2*  —  3Z*  +  ^z  —  ^  zz  o.  Laftly,  by  freeing  this  from  fraftions 
after  the  foregoing  manner,  that  is,  making  z  zz  fy,  or  rather,  z  zz  -^y,  which 
in  this  cafe  will  be  more  compendious,  the  equation  will  be  ^*  —  c^y*  +  ifff 

— -  24  =  o.     And  becaufe,  by  the  firft  fubftitution,  it  is  ^  =  — ,  and,  bj 

the  fecond,  z  =  ^y^  it  will  be  xzz  -^ ;  or  the  value  of  x  will  be  equal  to  the 
value  of  y  divided  by  3  ^^3. 

Let  the  equation  be  **  —  x^^nn  +  px^^u  —  yJ>f  +  17-  =0.     Make  9C  ±= 

—-,  and,  therefore  xx  zz  -jr-,  ^  =  — >  ^  =  -tt-*   and  making  the  fub- 

ftitutions. 
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ftitutions,  it  will  be  4^  -  '-^^  +  ^  _  ^^  +  ^  =  o.     And  muUi- 

'  «^/«  n  \/nn  \/n         l/n 

plying  by  n4fn^  it  will  be  y^  —  ny^  +  npy^  —  nqy  -I-  r«  rr  o.  If  we  would 
obferve  the  law  of  homogeneity,  equations  may  be  delivered  from  radicals : 
but  then  fradtions  would  thence  arife,  which  mull  be  reduced  as  above. 

159.  Becaufe,  by  taking  away  radicals  by  means  of  the  foregoing  fubfti- Condition! 
tutions,  nothing  clle  is  done  than  mulriplymg  the  roots  of  the  equation  by  thai  fo'' "?'/"«• 
radical,  it  is  eafy  to  perceive,  that  if  the  radical  be  quadrarick,  for  example  v/'/,*"^  radicaU. 
it  is  necelfary,  in  order  to  expunge  it  out  of  the  equation,  that  ihe  fecond  term 
of  the  equation  propolcd  (hull  contiin  \/;/.  For,  as  that  term  is  the  ag(^regate 
of  all  the  roots  of  the  equation,  it  muft  be  multiplied  by  v'».  It  will  be  ne- 
ceffary  that  the  third  term  (hould  not  contain  v'*/,  becaufe,  as  it  is  ih€  aggre- 
gate of  the  pairs  of  the  roots  of  the  equation,  it  muft  be  multiplied  bj  the 
fquare  cf  ^ n.  Thus  it  will  be  nccefl'ary  that  the  fourth  (hould  contain  \//7, 
becaufe,  as  it  is  the  aggregate  of  alt  the  ternaries,  or  produAs  of  n.ree  roots, 
it  mull  tonfequently  be  multiplied  by  n^/ n.  It  will  alfo  be  neceiFary  that  the 
fifth  term  Ihould  not  contain  the  radical ;  and  fo  on  alternately.  For  the  fame 
reafon,  if  the  radical  to  be  taken  away  were  ^n^  it  will  be  necellajy,  that  in  the 
fecond  term  of  the  propoled  equation  there  Ihould  be  found  ^ hn^  in  the  third 
Vn^  in  the  fourth  none  at  all,  in  the  fifth  ^nn,  in  the  fixth  ^;;,  in  the  feventh 
none  at  all,  &c.     And  the  like  is  to  be  concluded  of  other  radicals. 

i6o.  By  means  of  thefe  fubftitutions  we  may  alfo  take  away  the  fecond  term  Thus  the  fc- 
firom  any  equation.     And  that  will  be  done  by  putting  the  unknown  quantity  cond  term  of 
equal  to  a  new  unknown  quantity,  adding  or  fubiradling  the  co  efficient  of  the  *"  ^^"*^'^" 
fecond  term  divided  by  the  index  of  the  degree  of  the  equation  given  :  that  is,  ^^y. 
adding,  if  the  fecond  term  have  the  negative  iign,  and  fubtrading,  if  that  fign 
be  pofitive.     Let  the  equation  be  ;i?*  +  «x  —  bb  zz.  o ;  put  ;i?  =  2  —  \a^ 

and,  by  fubftitution,  it  will  become    2*  —  jz  -I-  \aa     ^ 

-\^  az  —  \aa      >    zz  o.     That  is, 
—^bb} 

22  •  —  \aa  ^  bb  =  Oj  or  zz  =  ^aa  +  bb.  Hence  it  may  be  fecn,  how  all 
afieded  quadratick  equations  may  be  refolved  more  expeditiouily  in  this  man* 
ner,  than  by  that  before  taught  at  §  74.  Then,  only  lubtradting  fa  from  the 
Value  of  z  10  found,  we  (hall  have  the  value  of  x. 

Let  the  equation  be  x*  +  bx*  —  abx  —  «'  =  o.     Make  x  =  z  —  -^b, 

and,  by  fubftitution,  it  will  be    z^  •  —  ^bbz  +  ^V^' 

—    abz  +  ^abb      S.    =:  o. 


Whence^  taking  ^b  from  the  value  of  z,  we  (hall  have  the  value  of  x. 

Let 
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Let  the* equation  be  a;^  .~  2ai(^  +  laaxx  -—  zd^x  -f-  a^  =  o.      Make 

—     €CXX 

M  zz  z  +  —  >  or  y  =  z  +  itf.    Then,  by  fubftitution,  it  will  be 

""-';?=  :!«  ±  i^.    }  =  »•    The.  «ld  i.  .0  th.  v,lue  rf  * 

and  we  (hall  have  the  value  of  x. 

Or  the  third  161.  And  thus  we  may  take  away  the  third  term  from  any  equation^  pro- 
term  may  be  c-ccding  after  the  following  manncn 

taken  away. 

Let  the  equation  be  x*  —  ^ax^  +  ^aax*  —  gah'  —  za*  =  o.  Make 
X  zz  y  ^  b,  where  i&  is  a  general  quantity,  to  be  determined  as  occaiion  may 
require.     Now,  making  the  fubftitutions,  it  will  be 

/  —  4h'  +  6Ai>*  —  4^!y     +    A*      ^ 

+  3aay*  —  6a^by    +' ^o^h^     r  zi  o.     Now,  in  this  equation,  that 

the  third  term  may  be  nothing,  it  is  ncceflary  that  6hby^  +  ^hy^  +  ^af 
=  o,  that  is,  A*  +  ^i>  +  \aa  =r  o ;  and  therefore  A  z:  —  ^tf  ±  -J^i,  Hence 
we  are  informed,  that  the  fubftitution  to  be  made  inftead  of  j^  —  ^,  is  either 
y  +  \^y  ov  y  +  a  'y  for,  indeed,  either  the  one  or  the  other  takes  away  the 
third  term,  making  the  equation  y^  —  ^y'  ♦  —  '-^a^y  —  ^4^  =  O,  or,  &• 
condly,  y^  +  j)'*  •  —  /^a^y  •—  6a*  =:  o. 

By  this  artifice  it  may  be  known,  that,  to  take  away  the  fecond  term,  we 
mud  make  fuch  fubftitutions  as  have  been  (hown  at  §  i6o. 

Orthelaft  .  J^2.  Now  if  an  equation,  in  which  the  fecond  term  is  wanting,  is  to  be 
but  one.  if  transformed  into  another,  in  which  the  lad  term  but  one  (ball  be  abient,  it  will 
the  fecond  be  j^g  fufficient  to  fubflitute  any  given  quantity,  divided  by  a  new  unknown  quan- 
^^  >"S*       ^^y^  inftead  of  the  unknown  quantity  of  the  equation.     Let  the  equation  be 

*♦  •  +  tf^  —  a*x  +  a*  z:  o,  and  make  x  zz  — .    By  fubftitution,  it  will 

be  ^  ♦  J^  ~  •^  —  +  a^  :^  o.    And  reducing  this  to  a  common  denomi* 

nator,  and  dividing  by  a*,  it  will  be  y  —  4;'  +  oity^  •   +  ^  =  o*     In  the 

fubflitution  of  x  =  — ,  inftead  of  the  given  quantity  /?,  if  we  had  taken  any 

other,  we  Ihould  have  arrived  at  the  fame  conclufionj  but  then  the  transformed 
eqiution  would  have  involved  fraftions. 

163*  If, 
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163.  Ifj  in  the  propofcd  equation,  not  the  fecond  term,  but  the  third,  or  Or  any  other 
fourth,  &c.  fliould  be  wanting,  by  the  fame  method  we  might  make  that  term®"  a  certain 
to  vanifhy  which  is  equally  diftant  from  the  laft  term,  as  the  abfent  term  is^°"  * '°"' 
diftant  from  the  firft. 

164.  And  on  the  contrary,  if  one  or  more  terms  be  wanting  in  an  equation,  Or  an  cqua- 
we  may  always  make  it  complcat,  by  taking  a  new  unknown  quantity,  plus  or^*°"  ™y  *^* 
minus  fome  known  quantity,  and  making  it  equal  to  the  unknown  quantity  of  ra^d  higher, 
the  equation,  and  then  the  transformed  equation  will  have  all  it's  terms  com- 

pleat.  Moreover,  if  we  would  have  the  transformed  equation  to  be  of  a  fuperior 
degree,  let  every  term  of  the  propofed  equation  be  multiplied  by  fuch  a  power 
of  the  unknown  quantity,  by  which  we  would  have  the  degree  to  be  increafed, 
and  then  the  fubftitution  may  be  made.  Thus,  the  equation  a:*  —  a^  zz  o 
being  given,  if  we  would  have  it  to  be  changed  into  another  which  is  complear, 
and  of^thc  fixth  degree,  let  it  be  made  x*  —  i?V  n  o,  and  then  making  the 
fubftitution  of  ;c  =  z  ±  j,  (where  by  a  is  underftood  any  known  quantity,) 
and  we  (hall  have  the  equation  required.  The  calculation,  for  brevity,  is 
omitted. 

165.  When  equations  are  reduced  to  fuch  a  form,  as  that  they  have  their  Problems  arc 
greateftterm  pofitive,  and  without  a  co-efficient  except  unity;  that  they  may °^^"/*^"^*^ 
be  free  from  fractions  and  furds,  and  compared  to  nothing,  in  order  to  jtidge  ^^J|.^°^y' 
whether  the  problem  propofed  be  of  that  degree  as  is  (hown  by  the  equation,  divifioiu 

we  muft  examine  whether  it  have  a  divifor  of  one,  of  two,  or  more  dimenfions, 
by  which,  being  divided,  it  may  be  reduced  to  a  lower  degree.  For  the  pro- 
blem is  properly  of  that  degree  to  which  the  equation  may  be  reduced,  and 
not  of  the  degree  of  the  firft  equation.  If  a  cubick  equation  have  a  divifor  of 
one  dimenfion,  by  being  divided  by  that,  it  may  be  reduced  to  two  dimenfions; 
and  the  two  roots  of  this,  (which  will  be  had  by  the  rules  delivered  at  §  73,  74,) 
and  the  divifor,  will  be  the  three  roots  of  the  propofed  equation.  Whence  the 
problem,  which  has  brought  us  to  fuch  an  equation,  is  not  really  cubical  but- 
plane,  and  may  be  conftrufted  by  ruler  and  compafles  only,  that  is,  by  right 
lines  and  circles.  .  If  an  equation  of  the  fourth  degree  have  two  divifors  of  one 
dimenfion,  and  if  it  be  divided  by  them,  it  will  be  reduced  to  two  dimenfions ; 
the  roots  of  which,  together  with  the  two  divifors,  will  be  the  four  roots  of  the 
propofed  equation,  and  therefore  the  problem  will  be  plane.  After  the  fame 
manner,  if  it  have  one  divifor  of  two  dimenfions,  another  of  two  dimenfions 
will  be  the  quotient,  the  roots  of  which,  together  with  the  roots  of  the  divifor, 
will  be  the  four  roots  of  the  propofed  equation,  and  therefore  the  problem  is 
plane.  Further,  if  it  have  one  divifor  only  of  one  dimenfion,  the  reduced 
equation  will  be  of  .three,  and  the  problem  will  be  folid  indeed,  but  of  the 
third  degree  only,  and  not  of  the  fourth  as  it  feemed  to  be.  If  an  equation  of 
the  fifth  degree  Ihall  have  three  divifors  of  one  dimenfion,  or  one  of  one  and 
one  of  two^  (which  is  the  fame  cafe  as  if  it  had  two  of  two  dimenfions,  becaufe 

9  tlien 
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then  it  will  neceflarily  have  one  of  one  dimenfion  alfo,)  it  will  be  reduced  to 
tw:)  (iimenfions,  and  therefore  the  five  roots  may  be  had,  and  the  problem  will 
he  pl.ine.  If  it  have  only  one  of  one  dimenfion,  it  will  he  reduced  lo  the  fourth 
decree,  and  the  problem  will  be  of  the  lame  degree.  If  it  Oiall  have  two  of 
one  dimenlv)n,  or  one  of  two,  it  will  be  rcd'icel  to  the  third  degree,  and  the 
problem  will  be  of  the  fume.  And  the  like  of  others.  The  manner  rf  finding 
divifors  of  one  dimenfion  has  been  taught  befjre,  at  §  56, 

And  fomc-         i66.  Eut  befides,  as  equations  may  have  divifors  of  two  or  more  dimen* 

timtfj  by       fions,    whether  rational    or    irrational,    we  may  operate    with    them    in    like 

dwllors"        nianncr,  and,  by  a  like  way  of  reafbning,  we  mufl  attempt  tiie  divifion  of  the 

propofed  equation  ;  bur,   firft,  having  tried   the  divifion,   by  divifors  of  one 

dimenfion,  which  ought  alwa)s  to  prec^-de,  whatever  the  equation  may  be. 

How  cqua-  167.  The  manner  of  finding  thefe  divifors  for  equations  of  the  fourth  degree 
f^^th'd  »  ^^y  ^^^  ^'^'^  following.  For  tho  e  of  the  t'urd  degree  are  either  irreducible,  or 
may  often  hc^^Y  be  reduced  by  a  rational  and  Imear  divifor,  being  free  from  iadicals,  as  is 
reduced  by    here  fuppofcd, 

two  quadra- 
lick  divifort.       Admitting,  then,  that  the  equation  of  the  fourth  degree  is  not  reducible  by 

a  divifor  of  one  dimenfion  only  ;  let  the  fecond  term  be  taken  away  (^  i^o.)i 

and,  for  example's  fake,  let  there  be  produced  this  equation,  ;f*  ♦   —  ijaax* 

—  zoa^x  —  6^*  zz  o.     Let  this  be  luppoled  equal  to  the  produft  of  thefe  two 

equations  of  the  fecond  degree,  x*   +  yx  +  z  :=.  o,  and  x*  —7*  +  «  =  o^ 

in  which  y,  2,  Uy  are  general  quantities,  which  are  to  be  determined  afterwards 

as  occafion  may  require ;  and  z  and  u  may  have  any  fign.     The  product  of 

thefe  two  equations  will  be     x*  •    +  zx*    — yzx  +  «2  =  o.     Now  let  this 

+  «;c* 
equation  be  compared,  term  by  term,  with  the  equation  propofed,  and,  from 
the  comparifon  of  the  third  terms  in  each,  we  iliall  have  z  =  —  17^*  +y  —  i^. 

From  the  comparifon  of  the  fourth  terms,  it  will  he  u  —  ^ +  z ;  and^ 

infiead  of  z,  putting  it's  value  already  found,  that  we  may  have  u  exprefled 

by  y  only,  and  known  quantiiies,  it  will  be  «  zi  —   —  ^aa   +   fyy. 

And,  putting  this  value  of  u  in  the  equation  2  =  —  lyaa  -i-  yy  —  »,  we  (hall 

have  2:  =  —  ^aa  +  iyy  H •     From  the  comparifon  of  the  laft  terms, 

we  (hall  have  uz  :=:  —  6^^   and,  inftead  of  z  and  1/,  putting  their  values 

expre(red  by  y  only,  and  known  quantities,  it  will  be  ~a^  —  ^-^aayy  —  ■ 
+  ^j^^  z;  —  ta^  I  or,  reducing  to  a  common  denominator^ 
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y  -^  34^^*  +  aSp^y  —  400tf*  =  o.     This  transformed  equation  may  be 

confidered  as  of  the  third  degree,  becaiife  it  involves  neither  y^,  nor  _y',  nor  y. 
In  this  equation,  let  the  divifors  of  the  laft  term  be  found,  and,  becaufe  it  may 
be  confidered  as  of  the  third  degree,  though  it  is  really  of  the  fixth,  try  if  it  be 
divifible  by  yy  ±  thefe  divifors,  among  which  we  are  to  choofe  thofe  only  of 
two  dimenfions,  as  is  plain.  And  it  will  be  found  divifible  hy  yy  —  i6aa  =  o, 
whence  it  will  be  yy  =:  i6aa,  and  j>  =  ±  4^,     This  value  of  ^  being  fubfti- 

luted  in  the  equations  »  = ; —aa  +  \yy,  and  z  n ^aa  + 

iyy»  we  (hall  have  «  =  —  ^aa,  z  =  2aa.  Therefore  the  two  fubfidiary  equa- 
tions X*  +  jx  +  2  =  o,  and  x*  — yx  +  «  =  o,  mufl  be  x*  +  4ax  +  2aa 
zz  Oy  and  x*  +  ^ax  —  ^aa  =  o,  into  which  the  equation  x*  •  —  ly^V 
— -  20a*x  —  6a^  zz  o  may  be  refolved,  by  dividing  by  either  of  them. 

But  the  roots  of  thefe  are  (§  74.)  x  zz  —  2«  ±  \/2aa  for  the  firft,  and 
X  ^:z  za  ±:  \/yaa  for  the  fecond  ;  which  are  therefore  the  roots  of  the  given 
equation,  being  all  four  real,  one  pofitive  and  three  negative. 

If  the  transformed  equation  (hould  not  have  any  divifor,  it  would  be  to  no 
purpofe  to  feek  another  in  this  cafe ,  for  neither  would  the  propofed  equation 
admit  of  any. 

Although  in'  the  value  of  jr  we  have  y  =  ±  4^,  yet  I  have  made  ufe  of  the 
pofitive  fign  only,  becaufe  it  is  indifferent  whether  we  take  the  pofitive  or  the 
negative  root,  the  refult  being  the  fame  in  both  cafes.  For,  if  we  put  y  =: 
—  4a,  it  will  be  «  ~  laUf  z  zi  —  ^aa,  and  the  two  equations  will  be  the 
feme  as  before,  that  is,  x*  — -  ^x  —  ^aa  =  o,  and  x*  +  ^ax  +  ^^^  =^  o- 

Let  the  equation  be  a:^  —  2ax^  +  2tfV  —  2a^x  +  tf *  =  o.    Taking  away 

—  ccx* 

the  fecond  term,  by  the  fubftitution  of  x  =  z  +  ia,  it  will  be  changed  into 

a*  •   4"  ia*z*  —  a^z    +  tV^*  =  Q.     Wherefore^  making  a  comparifon  of 
—    ccz*  —  ac*z  —  -JtfV 

this  with  the  equation  2*  m  +  uz^   —  pyz  +  pu  zz  o^  which  is  the  produd 

— ya*  +  uyz 

+  pz' 
of  the  two  equations  z*  +  yz  +  p  zz  o,  and  z^  —  yz  +11  =  0;  from  the 
comparifon  of  the  third  terms,  as  ufual,  we  (hall  have  pz=:yy  —  u  +  \aa  —  cc. 

From  the  comparifon  of  the  fourth  terms,  we  fliall  have  u  zi  p  ^^ ^  ;  or, 

inftead  of  /,  putting  it's  value,  u  zz  fyy  +  ^aa  —  ^cc  —  ^LlL^.-^  and  there- 


fl'  +  ace 


fore  p  zz  ^yy  +  \aa  —  ^cc  H "^ •     Laftly,  from  the  comparifon  of  the 

X  i 
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laft  terms,  we  (hall  have  fu  =  tV«*  —  \aacc ;  or,  fubftituting  the  values  of  f 
and  a,  it  will  be  j»*  +    «ar*  —  a*y*  —    a*       -^ 

—  aff>*    +  <*;>*    —  2aV      1=0. 

—    «*f*    J 

Now  the  divifors  of  the  laft  term,  meaning  thofe  of  two  dimenfions,  are  aa 
and  aa  +  €Cj  and  the  divifion  will  fucceed  by  jy  —  aa  —  rr  =:  o.     Therefore 

jf'will  be  yy  —  aa  ^r  ccj   and  jr  =   ±  y/aa  +  «•.     Whence  u  zz  :^ca  — 

fl'  -^  <ff*  /i'  -1-  ace 

— /  >  /^  =  T^^  H /  ;  and  the  two  equations  z'  +72+^  =  0, 

and  2*  —  J2  +  »  =:  o,  will  be  22  +  z\/aa  +  «  +  :J^tf  4.    **  "**  '^ 


i^««  4-  rr 


=  O1 


and  zz  —  zVaa  +  f c  +  ^u« "* .  "*"  ^'^    =  o,  or  zz  +  zi/^mj  +  4m 

2Yaa  +  f f 
+  t^\/tffl  +  cc   =  O,  and    2Z  —  Z\/ aa  +  if   +  4^tf  —  ftfVtftf  +  ff   =  o. 

Thefe  two  equations,  being  rcfolved,  will  give  us  four  values  of  z ;  z  = 

—  ^^ aa  +  cc  ±  V  —  \aa  +  \cc  —  ia'/aa  +  cc  from  the  firft  equation,  and 

z  zz  ^^ aa  +  cc  ±  v^—  ^aa  +  \cc  +  -J^ \/i7T7f  from  the  fecond  equation. 
And,  becaufe  thefe  are  the  divifors  of  the  equation 

^    *        *f,^         ^  f         J^f »     >    =  o,  the  fame  roots  (ball  alfo  belong  to 

this  equation.     And  now,  making  the  fubftitution  of  x  :^  ^a  +  z,  we  (hall 

have  X  =  jia  -^  j^^aa  4-  ^^  ±  v/  -  t^^  -f  ^cc  —  ia\^aa  +  «,  and  jf  =  t« 

+  tv^^a  +  cc  ±  v/—  t^tf  +  ^cc  +  t<Ji/ja  +  co  which  are  the  four  roots  or 
values  of  the  propofed  equation. 

Thisrcduc-  168.  But  a  general  formula  or  canon  may  be  formed,  as  well  for  the  tranf- 
tion  may  be  formed  equation  as  for  the  two  fubfidiary  equations,  which  are  affumed  in  order 
performed  by  jQ  obtain  the  divifors ;  to  which  formulas  any  equation  whatever  of  the  fourth 
canon^^  degree,  in  which  the  fecond  term  is  wanting,  or  taken  away,  may  be  uni- 
verfally  applied.  Therefore  let  there  be  this  general  equation  *^  •  ±  px*  ±  qx 
±  r  :r  o  5  and  taking  the  two  fubfidiary  equations,  x*  +  yx  +  z  z:  o,  and 

f^  —  J.V  +  «  zz  o,  and  finding  their  produdV,  a?*  «  +  zx*    —  j^zat  +  irz  :=  o, 

let  it  be  compared,  term  by  term,  with  the  equation  propofed.     Now,  from 
the  comparifon  of  the  third  terms,  we  (hall  have  z  zz  ±  p  +  yy  -^  u.     From 

the  comparifon  of  the  fourth,  «  zz  2:  ±  — ;  and,  inftead  of  2,  it's  value  being 

c  fubftituted. 
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fubftituted,  it  will  he  u  :::  ±  jp  +  i\y  ±  ~~  j  where  it  is  +  p,   if  in  the 

propofcd  equation  the  third  term  be  pofuivc,  and  — />,  if  negative.  And  thus 
alfo  for  y,  if  the  fourth  term  be  pofitivc,  and  —  y,  if  negative.  And  this  being 
put  inflead  of  u  in  the  firll  comparilbn,   we  Ihall  have  z  zz  ±  ^p   +  ^yy 

§ 

q:   -2- ;  that  is,   +  p,  if  the  third  term  of  the  propofed  equation  be  pofiiive, 

and  —  ^,  if  negative.  And,  on  the  contrary,  —  y,  if  the  fourth  term  be 
politive,  and   +  j,  if  negative.     From  the  comparilon  of  the  lall  terms,  we 

(hall  find  2«  =  ±  r,  that  is,  ±  ip  +  i;^'  ±  -^  into  ±  ip   +   fyy   T  -j^ 

=  ±  r;  andy  by  adual  multiplication,  and  reducing  to  a  common  denominator, 

it  will  be  y  ±  ipy^  +  p^y*  —  jj  =  o,  the  transformed  equation,  which  may 

be  called  cubick  ;  in  which  it  will  be  +  i?^,  if  the  third  term  of  the  propofed 
equation  be  pofiiive,  and  —  p,  if  negative.  And  it  will  be  —  4r,  if  the  laft 
term  of  the  propofed  equation  be  pofuive,  but  +  4^,  if  negative.  In  the  two 
fubfidiary  equations,  initead  of  z  and  //,  if  we  put  their  values  found  before, 

they  will  be  xx  +  yx  ±  ip  +  lyy  h=  —  =  o,  and  xx  ^—yx  ±  tP  +  iJV 
zt  "^  =  o.     Wherefore,  if  the  transformed  equation  fliall  be  divifible  by 

yy  ±  ^  divifor  of  two  dimenfions  of  the  laft  term,  we  fliould  have  the  value 
of  y,  which,  being  fubftituted  in  thefe  two  laft  equations,  will  fupply  us  with 
divifors  of  the  propofed  equation.  And  if  the  transformed  equation  be  nut 
divifible,  neither  will  the  propofed  be  fo. 

•  Let  the  given  equation  be  ;;*  *  —  4^'**  —  S^'a:  +  ^^a^  =  o.  Comparing 
this  with  the  canonical  equation,  it  will  be  ^  1=  4^^,  q  =  8^',  r  =  35^* ;  and 

therefore  the  transformed  equatioi^  will  be  y^  —  Sa*y^  +    iGa^y"^  —  64^*  11:  o> 

—  i40^y 

that  is,  y^  —  2a^y^  —  i24,a^y^  —  64/?*  =  o.  And  the  two  fubfidiary  equations 
will  be  x^  +  ^AT  —  laa  +  \yy  +  —  z:   o,    and    x'  —  yx  —  %aa   +  \yy 

—  —  =  o.     Now,  finding  the  divifors  of  the  laft  terra,  becaufe  the  tranf- 

formed  equation  is  divifible  by  yy  —  \(>aa  n  o,  we  fliall  have  yy  =  \^aa^ 
and  thence  y  zn  d^a\  which  values,  being  fubflituced  in  the  two  fubfidiary 
equations,  will  give  a?*  -J-  Jifix  +  *]aa  zz  o,  and  x*  —  ^ax  +  gaa  =  o,  which 
are  the  divifors  of  the  given  equation  ;  the  four  roots  of  which  are  .v  =  —  2^ 
±  V^—  ^aa,  and  x  z=z  2a  ±  \/ —  aa^  all  imaginary. 

X  2  169,  Some- 
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Somttimcs  a      169.  Sometimes  it  will  be  fufficient  only  to  take  away  the  fecond  term  of  the 

mlv'bt'^rc-^  equation,  in  order  to  reduce  it  to  a  plane,  and  fo  to  fparc  any  fuither  operation. 

diiced  to  a     Thus,  for  example,  it  will  be  in  the  equation 

quadraiick.    ^-^  ^  2cx^  —  lacx^  —  zaacx  —  aacc  =  o ;  which,  bccaufc  it  is  not  reducible 

+    ccx^ 
by  any  divifor  of  the  laft  term,  if  we  take  away  the  fecond  term  by  making 
.V  zzy  —  -Jr,  will  be  changed  into  this,  y*  m  —  2a*y*    •  +  ^!yr*     T     

an  affedled  qnadratick  equation,  the  roots  of  which,  being  dimini(hed  by  the 
quantity  -Jr,  by  the  fubftitution  of  x  =  y  —  -Jr,  will  be  the  fame  as  of  the 
propofed  equation. 

Sometimes  170.    This  method  requires,  that  the  fecond  term  fliould  be  taken  away 

higher  equa-  f^Q^^  j^g  equation,  nor  can  it  be  extended   be)ond  equations  of  the  fourth 
rc^olvcS^by^  degree.     But  here  is  another  method,  which  does  not  oblige  us  to  take  away 
this  method.  Any  term,  and  which  may  be  applied,  not  only  to  equations  of  the  fourth 
degree,  but  to  thofe  of  the  6fth  or  fixth,  and  fometimes  to  thofe  of  ftill  higher 

degrees*     Let  the  given  equation  be  x*  +  ^.v'   +  ^V  —  a*ix  ^  tf*^  zi  o ; 

and  let  there  be  taken  two  fubfidiary  equations  of  the  fecond  degree,  **  +  yx 

+  »  zr  o,  and  ^  +  sx  +  z  zz  o,  in  which  the  indeterminates,  jr,  1/,  J,  z, 

«  are  to  be  determined  afterwards  as  occafion  may  require.     The  produdt  of  ihefe 

will  be  x^  +  yx^  +  ux*    +  usx  •+  zu  =  Oy  which  is  to  be  compared,  tcnn 
+  sx^  +  syx"^    +  zyx 

by  term,  with  the  propofed  equation.  From  the  comparifon  of  the  fecond 
terms,  we  fliall  have  s  =  a  —  j ;   from  the  comparifon  of  the  laft  terms, 

z  =  —  —  ;   and  from  the  comparifon  of  the  fourth,  jrz  +  j«  :=  —  a*i : 

and,  inftead  of  s  and  2,  fubftituting  their  values,  that  we  may  have  an  equation 

exprefled  by  y  and  u  only,  and  known  quantities,  it  will  he  y  rz  ^""      ^^    . 

And,  bccaufe  we  have  found  za  zz  —  a^i,  from  the  comparifon  of  the  laft 
terms,  therefore  u  ought  to  be  a  divifor  of  —  a^i.  Whence  let  the  divifors  of 
—  a^^  of  two  dimenfions  be  found,  (for  thofe  of  one  or  three  dimenfions  will 
not  ferve  to  be  fubfidiary  equations  of  the  fecond  degree.)  which  arc  ±  ab^ 
±  aa.  Let  us  begin  by  taking,  inftead  of  «,  one  of  thefe  divifors,  for  ex- 
ample aby  which,  being  fubftituted  in  the  equation  y  =  ^""      ^f,* ,  gives  y  =: 

-^^.     Therefore,  putting  thefe  values  of^  and  u  in  the  fubfidiary  equation 
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**  +y^  +  u  =  o,  it  will  be  x'  -|-  -^^  +  ai  =  o.  Atid  by  this,  if  we  try 
the  diviiion  of  the  propofed  equation,  and  if  it  Ihoiild  fiiccecd,  ciien  ^*  -1 — 7;^ 

+  tf i  =  o  would  be  one  divifor,  and  the  quotient  would  be  the  other.  Bur, 
becaufe  the  divifion  does  not  fucceed,  we  mufl  make  another  trial,  by  taking, 
inftead  of  n,  the  other  divifor  —  at  of  the  laft  term,  and  it  will  be  v  zz  o  ; 
and  therefore  the  fubfidiary  equation  x*  +  yx  +  u  =  o  will  become  x^  —  ^t; 
=  o,  by  which  the  propofed  equation  being  divided,  it  will  fuccecd  by  giving 
the  quotient  x*  +  ax  +  aa  zi  o.  So  that  the  divifors  of  the  propofed  equation 
are  xx  —  tf^  z:  o,  and  xx  +  ax  +  aa  =z  o. 

Alfo,  inftead  of  «,  taking  the  divifor  aa  of  the  laft  term,  by  which  we  (hall 
find  y  zz  a^  and  the  fubfidiary  equation  will  be  xx  +  ax  +  aa  zz  o.  The 
divifion  by  this  will  fucceed,  giving  the  quotient  xx  —  aif  zz  o  ;  that  is,  the 
very  (ame  divifors  as  before. 

When  all  the  divifors  of  the  laft  term  are  put  in  the  place  of  //,  and  if  the 
operation  will  not  fucceed  by  any,  it  may  then  be  concluded,  that  the  equation 
propofed  cannot  be  deprefted,  at  leaft  by  this  method,  and  that  the  Problem 
remains  of  fuch  a  degree  as  the  equation  indicates. 

But,  without  trying  the  divifion,  taking,  inftead  of  «,  every  one  of  the 
divifors  of  two  dimenfions  of  the  laft  term,  and  the  correfpondent  values  of 
jp,  J,  2,  wc  may  fubftitute  them  in  their  ftead  in  the  fubfidiary  formulas, 
XX  +  yx  +  u  ^  O9  and  xx  +  sx  +  z  zz  o.  And  if  the  produft  of  thefe  will 
give  the  propofed  equation,  they  will  be  the  divifors  required.  Thus,  taking, 
inftead  of  «,  the  divifor  —  at^  we  (hall  have  y  zz  o^  and  therefore  s  =  a^ 
z  =  aa,  and  the  two  fubfidiary  equations  will  be  xx  —  ab  zz  o,  and  xx  +  ax 
+  aa  zz  O9  the  produdt  of  which  will  give  us  the  propofed  equation. 

Let  the  equation  x*  —  2ax^  +  laax*  —  la^x  +  a^  be  given,  and  let  it  be 


ccx^ 


compared  with  the  product  of  the  two  fubfidiary  equations 

A*  +  jfx*  +  fo^    j^  sux  -^  zu   zz  o.     From  the  comparifon  of  the  fecond 
+  jx*  +  Jy**  +  zyx 
+  zx" 

terms,  wc  (hall  have  s  zz  ^  %a  — jr.  From  the  comparifon  of  the  laft  terms, 
zzz  — .     We  muft  take  the  comparifon  of  the  third,  and  not  of  the  fourth, 

in  order  to  have  the  value  of  j  expreflfed  by  r,  (which  letter  muft  neceflfarily  be 
in  the  divifor,  which  could  not  be  had  from  the  comparifon  of  the  fourth,)  it 
will  be  thenir  +  iy  -{-  z  =  xaa  —  cc.     And  fubftituting  the  values  of  i  and  z, 

it  will  be  jjy  +  a^j  =  -^ %aa  +  ^^  +  « ;    in  which  fubftituting,  inflead 

of  ir,  one  of  the  divifors  ±  aa  of  the  laft  term,  fuppofe  +  aa^  and  refolving 

the 
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the  equation,  it  will  be  j^  =  —  ^i  ±  v/^7+7r.  And  putting,  in  the  equation 
XX  +  yx  +  «  r:  o,  the  values  of  u  and  }\  {taking  for  the  fign  of  the  radical 
quantity  either  plus  or  minus  as  we  pleafe,  becaufe  it  will  be  all  the  fame  at  laft,) 

vc  fhall  have  xx  —  ax  +  x\/aa  +  cc  +  tf/i  =  o,  by  which  the  divifion 
of  the  propofed   equation    will   (ucceeO,   making   the   quotient  xx  —  m  — 

x\/ aa  +  cc  +  ^<«  =  o }  and  cnnfequencly  the  four  roots  of  the  propofed 
equation  will  be  x  -=.  \a  —  \\/ aa  +fc  ±  \/—  \aa  -+-  \cc  —  itf^flr+^  and 

Let  the  equation  be  .v*  +  %hx^  +  bbx^  —  /i*^  =  o,  and  let  it  be  compared 
wiih  the  produdl  of  the  two  fubfidiary  formulas  as  before.  Froia  the  com- 
pariibn  of  the  fecond  lerms,  we  fhall  have  j  =:  2^  —  j^.     From  the  comparifon 

of  the  laft,  2  =  —  —  .  From  the  comparifon  of  the  fourth^  zjr  +  jiy  =  o ; 
and  fubftituting  the  values  of  s  and  2,  it  will  be  —  ^-^  +   zhu  —  iry  =  o, 

that  is,  y  =    ^ .  '^^     .     But,  taking  every  one  of  the  rational  divifors,  ±  aa^ 

Hh  aly  of  the  lad  term,  and  fubftituting  in  the  place  of  ir,  and  doing  the  reft 
as  ufual,  the  operation  does  not  fucceed,  1  herefore  we  muft  try  by  means  of 
the  irrational  divifors  ±  a>/ ab  of  the  lad  terms  and  therefore  putting,  inftead 
of  «,  the  irrational  divifor  aVab^  it  will  be  j^  =:  ^.  Wherefore  the  fubfidiary 
equation  xx  -{•  yx  +  u  n  o  will  become  xx  '\-  bx  +  as/ab  =:  o,  by  which 
the  propofed  equation  being  divided^  there  will  arife  the  quotient  jior  +  ^x 

—  a'^  ab  =  o. 

Exemplified        171.  As  to  equations  of  the  fifth  degree,  it  is  manifeft,  that  if  they  be  not 

in  equations   divifible  by  a  linear  divifor,  as  already  luppofed,  they  cannot  be  divided  but  by 

of  the  fifth    Qp^  Qf  ij^g  fecond  degree,  and  one  of  the  third.     Therefore  for  fuch  equations 

cgrec.  iiii](i  be  taken  two  fubfidiary  equations,  one  of  the  third  degree,  and  another 

of  the  fecond,  and  the  produ(I:t  of  thefe  muft  be  compared,  term  with  term, 

with  the  propofed  equation,  in  like  manner  as  before. 

Let  this  therefore  be  the  given  equation,  x^  —  ^ax^  +  6aax*  —  8tfV  +  5^** 

—  ^*  =:  o.  And  let  us  take  the  two  fubfidiary  equations  xx  +  yx  +  u  zz  ^ 
and  x^  +  Av*  +  sx  +  z  zz  o.     Of  thefe  the  product  is 

x^  +  yx^  +  ux*    +  fuj^  +  sux  +  zu  zz  O'j  which  is  to  be  compared  with 
'  +  fx^  +  fy^   +  syx*  +  zyx 
+  sx^     +  zx^ 

the  propofed  equation.     Now,  from  the  comparifon  of  the  fecond  termsj  we 
iliall  have  /  =  —  4^  —  >     From  the  comparifon  of  the  laft  terms^  z  z^ 

—  — .     From  the  comparifon  of  the  fifth,  s  =  ^^  ""^ ;  or  the  value  of  z 

being 
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being  fubftituted,  s  z::   —  +  —  .    From  the  comparifon  of  the  third,  we 


(hall  have  finally  u  +  ty  +  s  =  6aa ;  and,  inftead  of  i  and  i,  putting  their 
valuesj  in  order  to  obtain  an  equation  exprefled  by  jr,  u^  and  known  quan- 

tiiics  only,   it  will  be  yy  +  ^ay  —  ^  =  —  6aa  +  «  +  — .     And  be- 


ar* u 

caufe,  from  the  comparifon  of  the  laft  terms,  we  have  z  ==  —  — ,  therefore  u 


will  be  a  divifor  of  — -  a*.  So  that,  finding  all  the  divifors  of  two  dimenfioas 
of  —  tf%  they  arc  to  be  fubftituted,  one  by  one,  in  the  foregoing  equation,  in 
order  to  have  the  value  of  j,  which  is  then  to  be  put  inftead  of  y  in  the  fubfi- 
diary  equation  xx  +  yx  +  u  =z  o,  as  alfo  the  value  of  u.  And  if  the  divifion 
of  the  given  equation  (hall  fucceed  by  this,  we  Ihall  have  our  defire.  Now  the 
divifors  of  two  dimenfions  of  the  laft  term  are  ±  aa.  Let  us  take  4-  aa^ 
which  being  fubftituted  inftead  of  u  in  the  equation  aforegoing,  we  fliall  have 

Tf  +  3^  ""  ^»  ^^^  ^^>  ^  =  Oj  ^n^  .^  —  -"  3^-  If>  i^  ^he  fubfidiary  equation 
XX  -^^  yx  '\'  u  zz  Oy  we  put  the  divifor  +  aa  inftead  of  u^  and  belides,  if  we 
put  o,  which  is  one  of  the  values  found,  inftead  of  j^,  it  will  become  xx  +  aa 
=  o,  by  which  the  divifion  of  the  propofcd  equation  does  not  fucceed. 
Therefore,  inftead  of  jr,  we  may  put  it's  other  value  —  3^,  and  we  ftiall  have 
XX  —  ^ax  +  tftf  =  o,  by  which  the  divifion  fucceeds,  and  gives  x^  —  av* 
+  %aax  —  tf'  =  o  in  the  quotient.  If  the  operation  had  not  fucceeded  by 
means  of  the  divifor  +  aa^  we  muft  have  tried  the  divifor  —  aa ;  and  if 
neither  by  this  we  had  obtained  our  defire,  we  muft  have  concluded  the  equa- 
tion to  be  irreducible,  at  leaft  by  this  method. 

Let  the  equation  be  ;c^  +  /ia;*  *  +  ^U*    —  aabbx  —  d^h  z:  o,  which  is  to 

—  aHx" 

be  compared,  term  by  term,  with  the  produft  of  the  two  ufual  fubfidiary 
equations s  and  from  the  comparifon  of  the  fecond  terms,  we  ftiall  find  tzza  ^y. 

From  the  comparifon  of  the  laft  terms,  2  =:  —  — .    From  the  comparifon  of 

■the  fifth,  j«  +  zy  =  —  aahb.     Now,  inftead  of  2,  fubftituting  it*s  value,  it 

will  be  i  =:  —  ^ h  ^-^  •     From  the  comparifon  of  the  third,   we  Ihall 

have  «  +  /y  +  J  =  o,  in  which,  inftead  of  /  and  /,  putting  their  values,  it 

will  be  yy  ^^  ay  —  ^-^  zi  ^^  *"  ^^     •     The  divifors  of  two  dimenfions  of  a^b 


uu 


are  ±  aa^  and  ±  ab.  We  muft  try  the  operation  by  means  of  the  divifor 
—  ab.  And  therefore,  inftead  of  ir,  putting  it's  value  —  ab  in  the  laft  equa- 
tion, it  will  ht  yy  ^^  ay  —  ^  =  o.     Thence  j  zz  o,  and  y  =  ^—^ — .     In 

ihc  fubfidiary  equation  xx  +  yx  +  u  =  Oy  inftead  of  y  let  ii*s  value  — ^ — 

be 
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be  fubllitr.ted,  and  —  ab  inftcad  of  »,  and  it  will  be  x;ir  +  tfjr  +  -^  .v  —  a^ 

=  o,  by  which  ihe  divifion  does  not  fiiccced.  Therefore  take  the  other  value 
of  y,  which  is  o,  and  the  fiibfidiary  equation  will  be  xx  —  ab  z=,  o,  by  wbicli 
the  divifion  of  the  propofed  equation  will  fucceed,  and  the  quotient  will  be 
.v'  4-  ax'^  +  abx  -h  tf'  =  o. 

We  were  at  liberty  to  make  a  comparifon  between  the  fourth  terms;  but,  for 
gCfater  fimplicity,  1  made  choice  of  ibe  third  terms. 

Eqtinn'onsof  172.  Equations  of  the  fixth  degree,  fuppofed  not  to  be  reducible  by  any 
crce'rcfolvcd  '*^^^^  divifor,  cannot  be  otherwife  reducible  but  either  by  three  divifors  of  two 
'dimenfions,  or  by  one  of  two  di mentions  and  one  of  four,  or  by  two  of  three 
dimenfions*  But  it  will  be  fufEcient  to  examine  the  two  cafes,  in  which  they 
are  reducible  by  two  of  three  dimenfions,  or  by  one  of  two  and  one  of  four- 
For  as  much  as  reducing  ihem  by  one  of  two,  the  reduced  equation  will  be  of 
four  dimenfionsj  which  may  afterwards  be  reduced  by  two  divifors  of  two  di* 
nienfions,  if  the  propofed  equation  be  reducible  by  three  of  two  dimenfions. 

Let  the  equation  given  be  this:  x^  —  i^ax^  +  ^saax^  —  yiaV  +  574*** 
—  \(>a*x  +  2a*  n  o,  which  is  required  to  be  reduced  by  one  of  two  dimen- 
fions,  and  one  of  four.  Let  therefore  be  taken  the  two  fubfidtary  equations 
XX  +  yx   +  «   =   o,  and  x^  +  p\^  +  /ap*   +  jj:   +  2;  =:   o,  of  which  the 

prod  lid  is  x^  +  px^   +  Av*    +  j.v'     +  zx*^    +  ^y^  +  aw  =  o. 

+  yx^   "Y  pyx^  +  tyx^   +  jyx*    +  sux 
+  «A*    +  piix^  +  tux^ 

Now,  from  the  comparifon  of  the  fecond  terms,  we  (hall  have  ^  =  —  13* 


2a^ 


—  y.     From  the  comparifon  of  the  laft  terms,  2  =  —  .     From  the  compa^ 

rifon  of  the  third,  t  '\'  py  +  u  zz  45^/1;  and  by  fubftituting  the  value  off, 
it  will  be  /  =  j^^aa  +  i^ay  +  yy  — u.     From  the  comparifon  of  the  fixth, 

ry  +  jtt  =  —  i6tf* ;  and  putting  here  the  value  of  2,  it  will  be  i  =  —  — ^ 

—  i-1. .  From  the  comparifon  of  the  fifth,  z  +  sy  +  tu  zz  57a*  5  and  fub- 
ftituting the  values  of  z,  J,  and  /,  that  we  may  have  an  equation  exprefled  by 
u  and  y  alone,  and  by  the  known  quantities  of  the  propofed  equation,  it  will 

be  at  laft  —  _  ^*  _  1^  +  45^*^  +  i^ayu  +  «y»  —  «•  =  57^*.     That 

IS,  yy  +  ^ — I i— L — • ii- 1-32 =  o*    And,  becaufe  the 

divifors  of  two  dimenfions  of  the  laft  term  2a^  are  ±  ^^y  ^nd  ±  laa^  we  muft 
make  a  trial,  by  putting  in  this  laft  equation,  inftead  of  ir,  the  divifor  +  aa-^ 
and  it  will  be  ^  +  J^y   +   iitf«  =  o,   which,    being  refolved,  will  give 
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y  =  T"  3^^  a/-  35f^^     Whence  the  fubfidiary  formula  xx  ^  yx  -f  a  =  o 

Urill  be  xx  —  ^fJILl-Iliiff  jt-  +aazzo.  But  by  this,  even  though  we  Ihould  take 

the  alternative  of  the  figns  of  the  radical,  the  propofcd  equation  is  not  divifible; 
nor  will  it  fuccced  if  we  (hould  take  the  divifor  —  an  ;  therefore  we  mull:  take 
+  zaa^  and  we  Qiall  have  yy  +  izay  +  zona  =  o,  that  is,  >  ^  —  6^  ±  4''> 
or  J'  =:  —  lo^,  and  jr  =s  —  la.  Take  j?  —  —  loa^  and  fubftitute  it  in  the 
fubddiary  formula  a:v  +  v;c  +  «  —  o,  and  —  lo^  inftead  of  v,  and  +  zaa 
inftead  of  »,  and  it  will  be  xx  —  io:j»v  +  laa  —  o.  But  by  this  the  divifion 
of  the  propofed  equation  does  not  fuccced.  Therefore  take  the  other  vilue 
of  J',  or  —  atf,  and  the  formula  will  be  xx  —  zax  +  laa  zz  o,  by  which  the 
divifion  fucceeds^   making  in  the  quotient  x^  —  iiax^    +  2iaax^  —  to^x 

+  41*    =    O. 

Here  it  may  not  be  amifs  to  obferve,  that,  inftead  of  the  comparifon  of  the 
fifth  terms,  if  I  had  made  a  comparifon  of  the  fourth,  I  (hoald  have  fallen 
upon  the  cubick  equation  ay'  +  zdaf-  +  Ziaay  +  74^*  —  o.     But  the  com- 

farifon  of  the  fifth  terms  has  brought  me  to  a  quadratick  equation  only. 
Icncc  it  may  be  feen,  that  the  choice  of  the  comparifon  of  fome  terms  rather 
cban  of  others  may  be  of  good  advantage.  Yet,  however,  this  cubick  equation 
might  have  been  of  ufe ;  for,  finding  it's  roots,  which  are  ;r  -f  aa  ==  o,  and 

J  +  —  ±  y/^'jaa  =  o,  one  of  thcfe,  y  zn  ^  ^ay  would  have  given  me  the 

fame  equation  xx  —  ^ax  4-  xaa  r:  o,  by  which  the  propofed  equation  may  be 
divided. 

Let  9?  +  fliwr*  +  4i2Av*  +  (^a^x^  +  So^x^  +  ^a^^x  +  %c^  =  o,  be  the  given 
equation  of  the  fizth  degree,  not  reducible  by  a  divifor  of  two  dimenfions. 
Let  us  therefore  attempt  the  reduflion  by  two  equations  of  three  dimenfions, 
jmd  let  us  take  thefe  two  fubfidiary  equations,  s^  +  yx^  +  ^;:  -{-  if  =  o,  and 
«■  +  /jf*  +  j;c  +  2  =  o,  of  which  this  is  the  produo: ; 

*••   +  yx^   +  fx"^    +  ux^  +  tux^  +  sux  +  2«  =  o. 

+  /.v*   +  tyx^  +  />Av'  +  px^  +  fzx 

+  JA^   •+  yfx^  +  zy9^ 
+  zx^ 

Now,  from  the  comparifon  of  the  fecond  terms,  we  (hall  have  t  ^  ^a  --^  y^ 
Prom  the  comparifon  of  the  laft  terms,  2  =1  — .  From  the  comparifon  of  the 
fixib,  su  ^  pz  zz  3^' ;  and  fubflituting  the  value  of  2,  it  will  be  j  =  —  — 
-—  .    From  the  comparifon  of  the  third,  p  +  /y  +  j  =  /^a  \  and  fubftituting 

the  values  of  /  and  j,  it  will  be  />  =  ^'^  "  ^''*''  "^  'f  -  ^"""^ .    From  the 

comparifon 
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comparlfon  of  the  fourth,  u  +  pf  +  sy  +  z  =  ba^  \  and,  inftcad  of  /,  /,  a, 
lubftituting  their  vahies,  chat  we  may  have  another  value  off,  expreflcd  by  «,  j, 

and  the  known  qnaniiiies  of  the  equation,  it  will  he  p  zz  ^  "*"*  -ga^^y^^a  u 

Now,  between  thefe  two  values  of  p  let  an  equation  be  made,  to  obtain  the 
value  of  y  exprefl'ed  by  u  only,  and  the  given  quantities  of  the  equation.     This 

uu  —  2a*  ^auu  —  uuy  —  2<i^  *  *  * 

ducing  to  a  common  denominator,  and  ordering  the  equation  by  y^  it  will  be 

+     4^' 


,4 


iz  o. 


And,  becanfe  it  is  uz  n  2«*,  we  fhall  have  u  a  divifor  of  2fl*.  But  the  di- 
vifors  of  three  dimenfions  of  a^*  are  ±  ^*,  and  ±  2^'.  Whence,  taking  one 
of  thcfe  inftead  of  »,  fuppofe  +  a?^  and  fubftituting  it  in  the  laft  equation,  wc 
Ihall  have  y  —  ^ay^  +  ^aay  —  2^'  =  o.  From  hence  muft  be  extracted  the 
values  of  j^,  one  of  which  is  y  =  ^a^  which,  being  fubftitutcd  in  one  of  the 
values  of/)  inftead  of  j^,  and  putting  inftead  of  u  the  divifor  ^^  it  will  be 
p  =  aa.  Wherefore,  lubftituting  thefe  values  of  jr,  p^  and  ir,  in  the  fubfidiary 
formula  »?  -f-  ja;*  +  /^  +  «  =::  o,  it  will  become  at*  +  2tfx*  +  aax  +  «'  z:  o, 
by  which  the  propofcd  equation  being  divided,  will  give  the  quotient  ;if*  +  «r* 
+  aax  +  2^'  zz  o.  If  the  divifion  had  not  fucceedcd  by  taking  jr  =  2tf,  I 
iiiuft  have  taken  y  -n  a.  And  if  I  had  not  attained  my  purpofc  by  this,  I  muft 
have  made  trials  with  every  one  of  the  other  divifors,  repeating  the  fame  ope- 
rations. And  if  it  had  fucceeded  by  none  of  thefe,  the  propofcd  equatipn 
could  not  have  been  deprefled,  at  leaft  not  by  this  method,  but  would  have 
remained  of  the  fixth  degree. 

Let  A,*  +  a>^  +  aay^  +  3^'^'  +  ^jV  +  a^x  +  2a*  =  o  be  the  equation, 
which  is  to  be  compared  with  the  produft  of  the  two  fubfidiary  equations,  as 
in  the  foregoing  example.     From  the  comparifon  of  the  fecond  terms,  we  fhall 

liave  /  =  tf  —  y.     From  the  comparifon  of  the  lafl:  terms,  z  =:  — .     From 

the  comparifon  of  the  fixth,  su  +  />z  zz  4*  j  and,  inftead  of  z,  putting  it's 

value,  it  will  be  j  z=  -^ ^  .     From  the  comparifon  of  the  third,  p  +  (y 

4-  J  =  tftf ;  and  putting  the  values  of  /  and  j,  it  is  j>  =  ^^'''^-^^^'^^^f^z^!^^ 

From  the  comparifon  of  the  fourth,  u  +  pt  +  sy  +  z  zz  ^^^-^  and  fubftituting 

the 
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tl\c  values  of  z,  s,  /,  in  order  to  have  another  value  of  p,  expreffed  only  by 
u,  T,  and  known  quantities,  ic  will  he  p  :=: ^ .    Make  an 

"^        .  ^  ^  auu  —  utiy  —  2d^y 

equation  between  thefe  two  values  of  py  that  we  may  have  the  value  of  j^  given 
by  u  only  and  known  quantities  j  and  when  all  the  necdfary  operations  are 
performed^  it  will  be 

—  2a' uj*  —  la^/^uy   +     a^ti* 


u"^ 


+  4^ 


IS 


n  o. 


The  divifors  of  three  dimenfions  of  2a^  are  ±  ^S  ^'^^1  ±  2^\  Inftcad  of //» 
take  the  diyifor  +  /?',  to  be  fubflituted  in  this  lall  equation,  which  then  will  be 
reduced  to  y^  —  -*^y  4-  ^aay  rz  o.     And  dividing  by  y^  it  will  be  ^  1=  o, 

and  y  —  ^ay  +  \aa  ^=.  o -^  that  is,  y  =  ^^  —  ^  ^  ^"^  ^     of  thcfe  three  va- 

lues  of  jf  take  the  firft,  or  jr  n  o,  and  fubftitute  this  inftead  of  y  in  one  of  the 
two  values  of  p^  and  ^'  inftead  of  «,  and  it  will  be  />  z:  o.  Then  the  fubfi- 
diary  equation  .v'  +  yx*  -^  px  +  u  •=.  o  will  become  x^  +  a^  zz  o\  by  which 
the  propofed  equation  being  divided,  will  give  a:'  +  ax-  +  a*x  +  2a^  z=z  o 
for  the  quotient. 

In  fuch  equations  as  thefe,  if  it  were  known  at  firft  that  they  are  divifible  by 
a  divifor,  in  which  fome  term  is  wanting,  much  labour  might  be  fpared,  by 
taking  one  of  the  two  fubfidiary  equations  without  that  term.  But,  becaufc  this 
is  not  known,  we  may  firft  try  the  operation  with  one  of  thofe  fubfidiary  equa- 
tions, which  wants  either  one  or  more  terms.  Neverthelefs,  becaufe  the  labour 
would  be  loft,  if  the  propofed  equation  be  not  reducible  by  this  means,  and  there 
will  be  need  at  laft,  notwiihftanding  this  compendium,  to  have  recourfe  to 
compleat  fubfidiary  equations,  it  will  be  better  at  once  to  ule  this  general 
xnet4iod,  becaufe  it  gives  the  divifors  in  both  cafes.  ■ 

Whhout  repeating  the  operations  at  every  example,  1  might  have  formed  a 

{ general  canon,  to  which  every  particular  equation  might  be  referred,  after  the 
ame  manner  as  that  at  §  168.  But  befides,  as  this  may  create  fome  confufion, 
ic  feems  to  me  that  adtual  operations  made  on  purpofe  afford  more  light,  and 
have  a  better  efFcd  ;  therefore  I  have  rather  chofe  to  confine  myfelf  to  them. 

173.  After  the  fame  analogy,  we  may  apply  this  method  to  equations  of  a  Applied  tn 
funcrior  order,  but  the  calculation  increafes  beyond  meafurc.     For,  if  we  are^'jlicrtqua- 

Y  2  to  ^'°"^- 
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to  reduce  an  equation  of  the  eighth  degree,  for  example,  by  means  of  tvra 
equations  of  the  fourth,  in  which  no  term  is  wanthig,  each  of  the  two  (libfi- 
diary  equations  muft  have  four  indeter  mi  nates,  or  general  co-efficients.  Whence, 
if  we  confider  one  of  thefe  equations,  fuch  as  this,  .v*  +  yx'  +  px*  -^  QX  +  m 
=  o,  and  take  for  u  one  of  the  divifors  of  the  lad  term  of  the  propofed  equa* 
tion,  there  will  remain  three  indeterminates,  ^,  p,  ;,  to  be  determined  by  tbe 
iilual  comparifons,  in  which  there  will  occur  folid  equations,  whofe  roots  are 
to  be  extraded,  in  order  that  the  operation  may  proceed. 


PROBLEM    I. 


Applied  ta         174.  To  find  four  numbers,  which  exceed  one  another  by  unity,  and  their 
ihcfolution   produdis  100. 

of  an  anth-     * 

bkm'^^'^'''       ^^^^  ^^^  ^^^  number  equal  to  x,  the  fecond  will  be  ;^  +  i,  the  third 
"•  X  +  as   and  the  fourth    x  +  $.    Therefore  their  produft  will  be  4^  +  6«* 

+  1 1  A*  +  6x  iz  100,  or  **  +  6x^  +  lix*  +  6x  —  xoo  =  o.  Now,  be* 
caufe  this  equation  is  not  divifible  by  any  divifer  of  tbe  lad  term,  we  muft 
make  the  fecond  term  to  vani(h  by  the  fubftitution  of  *  =:  »  —  -J,  and  thete 
will  arife  the  equation  2*  •  —  \z*  *  —  ^^  =  o,  which  is  an  affeded 
quadratick,    the  roots  of  which  arc  zz  zi  \  ^  4/101,  and  therefore  zs 

±  \/i±  i/iou    Whence  we  (hall  have  *  =  —  i  ±  V^j  ±  ^/lou    Thero* 

fore,  of  the  four  values  of  Xj  two  are  real,  that  is,  »  n  —  4-  it  V^i+^TioH- 
and  the  other  two  are  imaginary.     If  we  take  one  of  the  real  roots,  —  ^  + 

\/i  4-  ss/ioi'i  for  the  firft  number  of  the  four  that  are  required,  then  —  t  + 
\/i  +  ^loi  will  be  the  fecond,  t  +  \/JT7ioi  Will  be  the  third,  and  4  + 
v^i  +  i/ioi  will  be  the  fourth  :  the  produd  of  which  numbers  will  be  found 
to  be  100.     If  we  fliould  take  the  other  real  value  of  x^  that  is,  —  4-  — 

^/i  +  v^ioi,  for  the  firft  number,  then  —  t  —  y/%  +  ^loi  would  be  the 

fecond,  f  —  \/i  +  Vioi  would  be  the  third,  and  ^  —  v^^  +  ^101  would 
be  the  fourth  i  the  product  of  which  numbers  would  alfo  be  found  ta 
be  joo* 


PRO. 


iXCT.  Xr» 


ANALYTICAL     INSTITUTIONS. 


16$ 


PROBLEM    II. 


-^.  9«  - 


175.  In  the  right-angled  triangle  ABCAgcomctrf. 
the  leffer  fide  AB  is  given,  and,  letting  fail^*^  probUm. 
the  perpendicular  BD  to  the  bafe  AC,  the 
difference  of  the  fegments  AD,  DC,  of  the 
fame  bafe  AC  is  given  alfo;  it  is  required 
to  find  FC,  the  diffeience  of  the  fides  AB, 
BC. 

With  centre  B,  diftance  B  A,  let  the  circle 
AEFG  be  defcribed,  and  make  AB  =:  a, 
CE  n:  iy  the  given  difference  of  the  feg-- 
ments  AD,  DC  ;  and  make  FC,  the  dif- 
ference required,  =  x.  Ic  will  be  GC  zz 
2a  +  X,  and,  by  the  property  of  ihe  circle, 
GC  X  CF   =   AC  X  CE,  that  is,  2ax    +  ;fx  =  AC  x  h  and  therefore 

AC  =s  iff+j^  ^    gy^^  becaufe  the  angle  ABC  is  a  right  angle,  we  (hall 
have  the  equation  ifffl — ^iff —  aaa  +  lax  +  xx^  or,  by  reduftion, 

**  +  4^^  +  ^aaxx  —  zabbx  —  zaabh  zz  o.     Now  this  is  not  divifible  by 

—    bbxx 

any  divifor  of  the  lad  term,  and  therefore  we  mud  take  away  the  fecond  term  by 
the  fubfiitution  of  ;ir  =  z  —  a ;  whence  we  (hall  have  the  affedled  quadratick. 


2aazz   +  a^ 
bbzz  —  aabb 


}=c. 


cfae  roots  of  which  are  zz  =   "''  "*•  ^*  ^  \/saaib+i.*-     ^^^  ^^^^^^  ^. 

2  ' 

yioa  +  lb  ±  ^Saaib  +  3*        c^  •!    ..  ,    ^  y  2aa  +  bh  ±  V^sZbbT^ 

±  V^ J •     So  that  X  =  —  a  ±  v ^ — ^= -i—  ^ 

which  arc  the  four  roots,  and  all  real,  when  a  is  greater  than  b.    The  root 

*  =  —  ^  +  ^aa  +  -^bb  +  b  y/ zaa -{■  Ibb^  which  is  pofiiive,  is  adapted  to  the 

propofed  Problem.  The  negative  root  x  ^z  —  a  +  \/aa  +  \bb  -^by^'zaa^^bb 
IS  adapted  to  the  cafe,  when  the  fide  BC  is  lefs  than  the  fide  AB ;  the  uthcr  two 
roots  fcnre  for  the  angle  ABG. 


PRO- 
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PROBLEM    III. 


Another 

geometrical 

problem. 


Fig-  92. 


176.  Having  given  the  fqiiarc  AD,  in 
the  fide  AC  produced^  to  find  fuch  a  point 
E,  that,  drawing  the  right  line  EB  to  the 
angle  B,  the  intercepted  line  £F  may  be 
equal  to  a  given  right  line  r. 

Make  BD  =  ^z,  DF  =  ;^;  it  will  be 
CF  =  a  —  X.  And,  drawing  BFE,  make 
FE  =  c.  Now,  by  fimilar  triangles,  ECF, 
BDF,  it  will  be  CF  (^  —  ;^)  .  FE  (r)  :: 

FD  (x)  .  FE  =  ^^^.    But,  becaufc  of  the 

right  angle  at  D,    it  will  be  alfo    FB  = 

^/aa  +  A-AT ;  whence  we  fliall  have  the  equation  \/aa  +  xx  =  -^^ ;   and,    by 


a—x 


fquaring,  --- 


ccxx 


zz  aa  +  XX ;  and,  reducing  to  a  common  denominator, 

—  2a^x  +  tf*  =  o, 


aa  —  2ax  +  xx 

and  then  ordering  the  equation,  it  is  x^  —  lax^  +  laaxx 

_    ccxx 
the  roots  of  which  may  be  feen,  at  ^  167,  170,  to  be  ;tf  =r  -^a 

±    \/^cc  — 


Yia 


-  W^m  +  ie 


i^\/aa  +  «•,   and    X  zz    ^a    + 

The  two  laft  roots  are  always  real  and  pofitivc ;  the  latter  of  which,  being 
Ids  than  a^  determines  the  point  F,  through  which  the  line  BE  being  drawn, 
EF  will  be  equal  to  the  given  line  r,  and  refolves  the  Problem  propofed..  The 
o:her  of  the  two,  which  is  greater  than  a^  determines  the  point  /,  to  which 
drawing  the  right  line  B/i  gives  us  alfo  ef  equal  to  the  given  line,  and  ferves  as 
•if  the  Problem  had  been  propofed  by  the  angle  AC/. 

The  two  firft  roots  are  imaginary  whenever  cc  is  lefs  than  8^,  and  the 
Problem  will   be  impoffible.     But,  fuppofing  cc  not  lefs  than  %aa^  the  two 

roots  are- real  and  negative.     Taking,  therefore,   DG   =:   ftf  —  \\/ aa  +  « 
+    \/ \cc    -^    \aa   —   ^ax/'^TTTcf    and    D g    zz    ^a    —   ^\/aa  +  €c    '^ 

\/ \u  —  \aa  —  \a>y'aa  +  cc^  and  through  the   point  B  drawing  the  right 
lines  GM,  ^w,  they  will  boih  be  equal  to  the  given  line  r,  and  would  fcrvc 


wijre  the  Problem  propofed  for  the  angle  ACD^ 


177.  Very 
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177.  Very  often,  when  the  Problem  is  not  really  folic],  but  plane,  it  may  ITow  l.fjrlifr 
appear  as  an  equation  of  three  dimenfions,  by  making  uie  of  fome  certain  ''^^^ ''^ll'^^fom^^ 
for  the  unknown  quantity;  but,  by  lifmj  fo-iK-  oihcr   line  for  the   unkn^i.vn  jj^'^.^  i,^. 
quantity,  it  may  put  on  the  form  of  an  equation  ot  t.vo  dimenfions  only.    I  fnall  avoided, 
take  an  example  of  this  in  the  foregoing  Problem,  in  wirich,  miking  DF  ==  x, 
there  has  been  found  an  equation  of  the  fourth  degice,  by  which   means  we 
have  been  obliged  to  take  the  trouble  of  reducing  it.     But,  hippofing  E  to  be 

the  point  required,  draw  EK  perpendicular  to 
BK,  which  may  meet  BU  produced  in  R,  and 
EL  perpendicular  to  BR.   Then  make  DR  =:x, 
and,  as  before,  BD  z::  a,  VE  zz  c,  and  BF  ziy^ 
ano:her  unknown  quantity  to  be  eliminated 
afterwards;  it  will  be  BR  —  ^  +  a:,  BE  ^ 
c  +  y.     Now,  becaufe  of  fimilar  triangles, 
BDF,  ELR,  it  wul  be  ER  zi  jv,  becaul'e  of 
EL  =  CI)  =.  BD.     And,  becaufe  of  fimilar 
triangles,  BRE,  ERL,  it  will  be  BR  .  BE  ::  ER  .  EL.      rherefore  it  will  be 
a  +  X  .  c  +  y  ::  y  .  a  ;  whence  cy   +  yy  =  aa    4-  aw     But,  becaule  of  the 
right  angle  BER,  the  fquare  of  BR  is  equal  to  the  fum  ot  t!ie  fquares  of 
BE  and  ER ;  that  is,  aa  +  2?7.v  +  xx  zz   2vy  +  2cy  +  cc.     Therefore,  in- 
ftead  of  cy  +  yy,  putting  it's  value  aa  -\-  aXj  the  equation  will  be  aa  +  zax 

+  XX  :=z  2aa  +  zax  +  cc,  that  is,  jt  n:  =fc  \^aa  4- 


w 


Again,  after  another  manner.  Bifeft  FE  in  II,  and  making  CD  ^r  a^  let 
the  given  line  be  ic,  to  which  FE  ouoht  to  be  equal.  And  making  BII  zr  .r, 
it  will  be  BF  =  ;tf  —  f,   and  BE  =  x  +  c.     But  BEy  —  ABy   =:   AEy  ; 

therefore  it  will  be  AE  n  \/xx  +  2cx  +  ^ r  —  aa-     Now,  becatife  of  the  fimilar 
triangles,  BDF,  BEA,  it  will  be  BF  (x  —  c)  .  BD  {a)  ::  BE  (jc  4-  r)  .  AE  =: 

\/xx  +  zcx  +  cc  -  aa  •      Whence    ax    +    ac    =    x  ^  c    X    V^x.v  +  2(.x  +  w  —  aa  i 

and,  by  fquaring  and  ordering  the  equation,  it  will  be  finally 

**  —  2daxx  —  laacc     1     _  <r  ci    i  11  .•  c     w  \ 

—  2CCXX    4-     ^  ^    =  o,    an  anecteJ  quadratick   equation,  ot  which 

the  four  roots  are  «  z=  zt:  \/aa  +  cc  :±z  a^aa^'^' 

Fig*  91.  After  the  fame  manner  in  Prob.  11.  §  175, 

if,  inftead  of  making  FC  :=:  x,  I  had  deno- 
minated BC  zz  X  i  by  purfuing  the  fame 
argumentation,    I   (hould   have  found    the 

equation  x^  —  laaxx  +  a^         1     «  ^ 

—    iifxx   —  aaii      j     "^      ' 

an  affefted  quadratick,  of  which  the  roots 

are  x  :=dt y/aa  +  \bb  dt b^ zauTibi>  which 
agree  with  ihofe  before  found. 

Again, 
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Again,  in  a  fimpler  manner.    Make  AE  s  x^  and^  arguing  as  before,  we 

flioLiid  have  the  equation  x)c  +  ^x  zz  laa,  and  therefore  x'Zi  —  t^  =±:  %^24w+|w. 

And,  becaufc  we  (hould  find  the  expreffion  —  tf  +  ^tb  -f  lAv  +  ««  —  m  for  FC, 
indead  of  x  putting  the  value  now  round,  we  (hould  have  what  is  required^  or 
the  laiwe  value  for  FC  as  before. 

Orothcnvife,  178.  Another  artifice  may  be  tried  for  fuch  like  Problems,  when  they  bring. 
by  finding  ,,5  .^q  j^  {q\\^  equation,  and  yet  are  not  fuch  in  their  own  nature.  This  ii, 
thrr^c^^  ®  retaining  the  fame  line  for  the  unknown  quantity,  by  which  the  firft  equation  is 
quantity.  found  4  then,  by  means  of  another  property,  to  find  a  fecond  equation,  and  to 
equal  one  to  the  other.  From  their  comparifon,  a  third  equation  will  arife  of 
an  inferior  degree.    See  an  example  of  this  in  the  following  Probleau 


PROBLEM. 


This  exem» 
plified  in  a 


179.  In  a  given  circle,  to  infcribe  a  regular  heptagon. 


Let  the  given  circle  be  ABFGCDE,  with 
centre  H,  radius  HA  =  r,  and  let  the  fide 
of  the  heptagon  be  AB  =  BF  =  FG,  &c. 
r:  X.  Let  AB  be  bifefted  in  I ;  it  will  be 
AI  =  t*  =  IB.  And  drawing  IC,  which 
will  neceffarily  pafs  through  the  centre  H,  it 

will  be  HI  =:  |/rr  -  t**,  CI  =:  r  +  Vrr-^ixM, 

CB  1=  Vzrr  +  ar^rr  -  ii 


txx» 


Let  there  be 

drawn  CE  and  HD;  the  triangles  CDK, 
HI  A,  will  be  (itnilar,  becaufe  of  the  two  right 
angles  CKD,  HIA,  and  of  the  angles  DCK, 
AHI,  the  iirfl:  of  which,  becaufe  it  infifts  on 
the  arch  DE,  will  be  double  to  the  angle 
ACI,  which  infifts  on  the  half  of  DE,  and  therefore  is  equal  to  the  angle  AHI 
the  double  of  the  fame  angle  ACI.    Hence  we  (hall  have,  by  the  fimihtude  of 

a/ 


thefe  triangles,  CK  =i= 


,  \/  Arrxx  —  *♦ 


ar 


CE  =        ^^**  *"  ** 
*  r  • 


^nd  HK 


=y 


rr 


But  the  triangles  CEN,  CHK, 


4rr*jr  —  *•*  _^  irr  —  xx 

are  alfo  fimilar,  the  two  angles  at  K,  N,  being  right  ones,  and  the  two  angles 
KCH,  CEN,  are  equal,  becaufe  they  infift  on  two  eq^ual  fegmeats*    Therefore 

8  it 
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X   v^rrxv  —  A*  3  r'D   .-*'■'"  ■"•*^  ^   V  ^rrxx  —  .r* 


it  will  be  CN  =  i:i^lJli-i^:i'JL^l^,  and  CB  = , 


irr  —  jTje    X    V4rrjr4:   —  x^ 
7^ 


^nd   thence   tlic   equation    v;r  +  r'/z^r—xx  = 

Therefore,  fquaring,  it  will  be  irr  4-  rs/^^r  -  jc.r  =:  4>"  '"^'^•''  +^    x 


^rrxX'-^K^l 


10 


and  fquaring  again,  and  ordering,  we  (hall  have  ***  —  i6r*;if"   +   lo^r^x 

—  352rV  -f-  66orV  —  e/zr'V  +  336r'y  —  G^r'^  =  o.  But  this  equa- 
tion is  divifible  by  x^  —  3r*  :s  o.  When  the  divifion  is  performed,  we  (hall 
have  *** —  ly^x"^  +  65? V  —  isyrV  +  i89rV  —  io5r'V  +  2ir"z=o, 
which  is  not  divifible  by  any  divifor  of  two  dimcnfions;  wherefore  the  Problem 
feeais  to  be  of  twelve  dinienfions.  Therefore  I  refolve  this  Problcn  in  another 
manner,  retaining  the  fame  unknown  quantity  x  =  AB  =  BF  n:  &c.  Becaufe, 
-in  the  triangles  HCD,  CDL,  the  angle  CDH  is  common,  and  the  angle  at  the 
circumference  DCL,  which  infills  upon  the  arch  CD,  the  half  of  DA,  thefc 

triangles  will  be  fimilar,  and  therefore  we  (hall  have  DL=— ,  and  LH  zz  r  —  ~ . 

But  the  angle  DLC  =  DCH  zz  EDII ;  wherefore  the  angle  HLM,  which  is 
equal  to  the  angle  at  the  vertex  DLC,  will  be  equal  to  the  angle  EDH;  whence 
the  two  right  lines  LM,  DEi  will  be  parallel,  and  the  triangles  HLM,  HDE, 

will  be  fimilar,  and  therefore  it  will  be  LM  =  lUlf-.     But  CL  =:  CD  ==  x^ 

(the  triangle  LDC  being  fimilar  to  the  ifofceles  triangle  HDC,)  and  CLz:  MA, 
f>ecaufe  tbe  angles  HLC,  HMA,  are  equal,  and  therefore  the  triangles  HLC, 

HMA,  are  equal  and  fimilar*  Therefore  CA  zz  ix  +  ^lil— 1.  And,  becaufe 
CA  =  CB,  the  equation  will  be  ^^*  "'  *  =  ^irr  +  fV^rr  -  xx.     And,  by 

fquaring,  grV  —  6rV  +  x^  zi  ir^  +  r*\^4rr  -  xx.  And,  by  fquaring 
again,  and  ordering  the  terms,  the  equation  will  be  x^^  -—  iirrx^  +  54rV. 
r—  iiarV  +  i05rV  —  25^^"^  =  o* 

And  thus  I  am  arrived  at  another  equation,  whkrh,  becaufe  it  is  of  an  inferior 
degree  to  tlie  firft,  muft  be  multiplied  by  fuch  a  power  of  the  unknown  quan- 
tity, as  is  neceffary  to  bring  it  to  the  fame  degree,  fo  that  it  may  be  compared 
•with  that.     Therefore,  multiplying  it  by  xx^  it  will  be  a?"  —  izrV*  +  54^  V 

—  iiarV  +  io5rV  —  35r*V  z=  x'*  —  isrV*'  4-  65rV  —  i75rV  + 
^igr^x^  —  lofr'V  +  2 If".  Now,  fubtrafting  the  firft  from  the  fcconJ,  it 
will  be  x'"  —  iirV  +  ^^s^x""  —  84rV  +  7orV  —  air'"*  z=  o.  Which, 
becaufe  it  is  of  the  tenth  degree,  being  compared  with  the  fecond  equation 

found  above,  and  fubtrafted  from  the  fame,  will  be  x*  —  prV  +   28^^x'• 

—  35r*x*  +  i4r*  =  o,  which  may  be  divided  by  xx  ^^  zrr;  and  making  this 
divifion,  we  (hall  have  at  laft  thb  equation  of  the  fixih  degree*  «^  —  7^V 
-J-  i4r*A:*  —  7r*  =  o. 

Z  I  have 
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I  have  proceeded  in  this  way,  to  (how  the  ufe  of  the  method.  For  otherwifc, 
I  might  have  gone  more  direftly  10  the  fame  equation,  by  comparing  together 
the  two  values  of  the  fquares  of  CA,^  found  in  the  two  different  folutions  of  the 

Problem  ;  that  is, -^ of  the  firft,  and  2 Z_ 

of  ihe  fecond.  For,  making  an  equation  between  ihcfe  two  vaUies,  and  taking 
away  the  terms  that  dcftroy  one  another,  it  will  be  x^  —  yr^x^  +  i4rV 
—  5rV  zz  o.  And,  dividing  by  a?*,  it  will  be  j^  —  7rV  +  i4rV  —  gr^ 
=  o,  as  before.  We  might  alfo,  after  a  more  compendious  manner,  have 
divided  the  equatton  firft  found  by  at*  —  6r*x*  +  9^x*  —  y^  =  o,  and  the 
fecond  by  x^  —  5f*»v*  +  5^*  zz  o  ;  and  in  each  cafe  we  (hould  find  the  equation 

Yet  the  propofed  Problem  is  not  of  the  fixth  degree,  though  it  may  fccm  to  be 
fuch,  notwithftanding  all  this  care  we  take  to  deprefs  it.  To  make  this  appear, 
we  will  retain  the  fame  compofition  of  the  figure,  and  make  HI  =  x.     Then  it 

will  be  AI  =  \/rr  --  XX    =  IB,   CI  =  r  +  X,   CB  =Z  \/rr  +  2rjr  +  **  +  rr  -  ** 

=  x/irr  +  ar*.  Then,  by  purfuing  the  fame  way  of  arguing  as  before,  wc 
fliall  have  CK  =  ff^^lEH.  HK  =  ^'"-4>-**  +  4^  ^  !L=:JfSL^  CE  = 

r  rr  r         ' 

2CK  =  -^  v^-r^,  CN  =  IfUzJf*  X  y/7rrT»  CB  =  zCN  = 
Zrrx  --  i6xg  ^^^  ^  ^^  g^^  ^^  ^^^^  before  found  CB  =  \/%rr  +  zrx.  There. 
fore  the  equation  will  be  \/%rr  +  zrx  = j—  X  \/rr  —  xx^ 

Now  I  (hall  feek  another  equation  after  a  different  manner,  but  (hall  retain 
the  fame  unknown  quantity  HI  zi  x.     By  the  fame  reafoning  as  above,  it  will 

be  DL  =  ^"^^  ,  LH  =  r  -  ^J1^L±^  =  4«l=^,  LM  =  a^— 

X  4**  -  3rr,   CA  =  4\/rr  -  xx   +    av/-  ]^^^  X  4»vr  -  irr  I   that  IS,  bjT  fC- 

duftion,  CA  =  ^^^  -^  ^^\/rr  -  ^r^r  =  CB.    Whence  the  equation  V%rr  +  ar* 
—   8^^  -r  ^^  t/^  ^  xx\  and  laftly,  by  equalling  the  bomogeneum  ccmparatitmis 

rr 
^         ,  .•Ml       firr*"  —  i6x^    J  Sxx  —  2rr     .  •  •  ■ 

of  each  equation,  it  will  be -^ Vrr  ^  xx  —  — j^ vrr  -  xx^  wmcn. 


— jur 


being  reduced,  will  h^  Z:^  +  4rxx  —  /^rx  —  r^  =  o,  an  equation  only  of  the 
third  degree.. 


x8o.  When 
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i8o.  When  the  methods  above-defcribcd  have  been  put  in  praclicc,  if  the  Solid  Pro- 
equations  cannot  be  depreffed,  but  ftill  remain  above  the  fecond  degree,  we  "^^X  ^^"'5  h^ 
proceed  two  ways  in  the  folution  of  Problems,  which  arife  to  three  or  more  Cardan's 
dimenHons.     The  way  of  lead  general  ufe  belongs  only  to  equations  of  the  rulcti,  or  by 
third  or  fourth  degree,  and  confifts  in  relblving  them  by  unravelling  the  ana- ^®°^^"^*°"* 
lytical  values  of  the  unknown  quantity,  which  therefore  will  prefent  ihemfelves 
under  the  form  of  cubick  roots  ;  which  method  is  called  Cardan's  Rule.     The 
The  fecond  way  is  more  general,  and  of  much  more  extenfive  ufe,  and  confifts 
in  finding  the  geometrical  values  of  the  unknown  quantity^  by  means  of  the 
ioterfedtions  of  certain  curve-lines,  which  are  purpofely  introduced  into  the 
equation ;  tliat  fo  the  propofed  Problem  may  be  conftruded.       — 

181.  But,  to  begin  with  the  analytical  folution.  I  fuppofe  the  equations  to  How  by  the 
be  without  the  fecond  terms,  becaufe  they  may  always  be  reduced  to  fuch,  if  four  cafes  of 
they  are  not  fuch  already.  And  all  equations  of  the  third  degree,  wanting  the  Cardan'srule, 
fecond  terms^  are  comprehended  under  thefe  four  canonical  formulae. 


I.    *'- 

•^px  —  q  =  0. 

11.     x^  +  px  '^q  =  0. 

III.  x'  - 

—  px   +  jF   =   0. 

IV.   X*  +  px  +  q  =  0. 

Make  or  =  j^  +  2,  then  px  ^  fy  +  pZj  and  ^r*  =  y  +  3y*z  +  3yz*  -f  z'* 
And,  fubftituting  thefe  values  in  the  firft  equation,  it  will  be  y*  +  3^*2 
+  37^  +  ^'  — py  — pz  —  q  zz  o.  Of  this  we  may  form  two  equations, 
which  are  gy^z  +  3^2*  =  py  +  pZj  and  j*  +  2'  =  q.     Dividing  the  firft 

by  7  +  2,  we  (hall  have  3;^2  zz  p,  or  y  zz  -^ .    This,  fubftituted  in  the  fe- 

cond,  will  give  -^  +  2*  =  ?»  or  2*  —  j2*  ==  —  ^\p\  Whence,  by  the 
role  for  affefted  quadraticks,  2*  —  qz^  +  ^qq  =  ^qq  —  -rV?'»  ^^^  ^^  =  t? 

+  %/iyf-,V/*.  Laftly,  it  will  be  2  =  V\q  +  v^tyy  -  ,',/».  In  the  ex- 
traftion  of  the  fquare-root,  I  have  taken  only  the  pofuive  fign,  becaufe  the 
negative  would  bring  no  variation,  and  gives  at  laft  for  the  value  of  x  the  fame 
quantity  as  the  pofuive,  as  may  be  feen  from  the  calculation.  And  it  is  to  be 
vnderftood  in  like  manner  in  the  other  canonical  equations.     Now,  becaufe 

y  +  2*  =JS  it  will  be  therefore  y  zz  q  — fj  —  \/jy^-^«,/i,  and  thence 

y  =  ^t?  —  V^ifT-"^*     But  it  was  at  firft  x  zz  y  +  zi  therefore  x  zz 

V  tS^  —  ^iff  -  iV'  +  \^iq  +  Vif^-^T/*'  Hence  it  is  feen,  that  the 
alternative  of  the  figns,  which  was  omitted,  makes  no  variation. 

i8a.  The  fecond  equation  x*  +  px  -^  q  zz  o,  making  the  fame  fubftitutions,  Bythcfccond 
will  be  j^*   +  3/2   +  ^zy  +  z^  +  py  +  pz  ^  q  zi  o.     From  hence  lec^^^^^^^^^ 
the  two  equations  be  formed,  3;^*2  +  3^2*  zz  —  py  -^pz^  and  y^  +  z*  =  q. 

Z  2  From 
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From  the  firft,  wc  have  $yz  zz  —  p,  or  y  zi ^,  whrch,  fubftituted in  the 

fecond,  gives ^  +  z*  =  q,  or  a*  —  j?;'  =  ^p\    And  therefore  z*  = 

i?  +  ^i7^  +  T7f^^  a^d  2  =  v^i?  +"v^^T^r    But  y  +  a»  =  j,  there, 
fore  y  =  V^i?  -  V^i^"?^^  and  x-  Vif^^/I^^^+  Viq+y^+^ 

Thf  third  183.  The  third  equation  x^  —  ^  +  f  r:  o,  making  the  fubftitutions^  will 

^^^^'  he  y  +  3y*z  +  3^2*  +  2;*  — py  — pz  +  q  zz  o.    Let  the  two  equations  be 

formed,  3J*^  +  3^2;*  zz  py  +  pz,  and  y*  +  z^  zz  —  j.    From  the  firft,  we' 

have  ^yz  zz  p,  or  y  zz  -^  9  which,  fubftituted  in  the  fecond,  gives  -^—  +  «• 

=  —  J,  or  2*  +  qz^  zz  —  ^\p^ ;  and  therefore  a*  =  —  f  j  +  ^^  .  ^i^ 

and  thence  2  =  ^ —  f?  +  ^iqq  -  »V/*»     ^"^  ^'  -h  z*  =—  y ;   whence 

;r  =   y/— ^g— ■  v^iyg-tV/»i  and  laftly,  x  zz  \/— •  tj  —  ^i^f-W'rf*   + 

The  fourth        184.  The  fourth  equation  at*  +  /;?  +  f  =  o,  making  the  fubftitulionsi  will: 

and  laft  cafe,  be  ^'  +  3/2  +  3J2*  +  z'  +  py  +  pz  +  q  zz  o.    Forming  the  two  equatioint 

Sy^z  +  3^z'  zz  '^py  ^  pz,  and  jy'  +  2'  =  —  ij,  from  the  firft  we  IbEdl  have 

2yz  zz  — pi  or  y  zi  '^  —  .    This,  fubftituted  in  the  fecond^  gives  —  -^ 

+  z»  =  —  ?,  or  z*  +  yz'  =  -iV?'*  and  therefore  z'  =  —  -Jg  +  V'^^g^.^v/s 
and  thence  z  =  v/—  fj^  +  Vj^^  +  ^v^'.  But  ^  +  z»  =:  —  j ;  wh^nt^ 
y  zz  V—  t?  —  ^^qq  +  ^ph  and  laftly,  x  =  \/— tj  — -/S+TS*  +' 


Other  ei.         185.  The  fame  roots  or  formula  may  be  had,  by  putting  x  zz  z  ±  •«— ^ 

prefHoni  of  S* 

the  fame       ^h^t  is,  +  -^,  if  in  the  equation  it  be  —  px,  and  —  ^,  if  it  be  +  jp*  ia 

the  equation.  .Whence  a?*  =  z*  ±  /z  +  -^  ±  -^  •  Make  therefore  the 
fubftitutions  in  the  firft  canonical  equation,  and  it  will  be  z'  +  -^  —  f  r:  o^ 
or  2*  —  j2'  »  —  TrP^f  and  z*  =  ig  +  v/J^JTZTJ?**  and  then  z  = 
\/t?  +  ^i^g-TV-    Therefore,  becaufc  it  was  made  x  =  z  +  ^  >  it  wilt 

8  T^ 
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To  reduce  this  to  the  fame  expreffion  found  in  the  firfl  manner,  it  will 
be  fufEcient  to  muUiply  the  numerator  and  denominator  of  the  fccond  urni 

of  the   bomogeneum  comparationis  by    V^q   —    '^^qq  —  V'/'>    ^^^    ^^  ^^^''  ^^ 

t — *^  "  /^^  *"  ^^^  ,  that  is,  \/iq  —  '^ iqq  -  iif^^  ^^^  therefore  x  will  be 
the  fame  as  before.     And  the  like  may  be  obferved  in  the  other  cafes. 

186.  It  is  evident  that  the  values  of  the  unknown  quantity  Xy  found  by  theTodiftin. 
firft  fubftitution  of  ;c  =>  +  2,  require  ihe  extradion  of  two  different  cubick  g">^  when 

tlitfc  roots 

roots,  whereas  the  fecond,  by  the  fubftitution  of  a:  =  z  ±  — ,  require  the  ^'^  rial,  and 

'  32;  *  when  iinagi- 

eztradion  of  one  only  j  and  that  the  value  by  the  fecond  and  fourth  canonicaP-^'y* 
^uation  will  always  appear  under  a  real  form,  becaufe  the  quantities  under  the 
quadratick  radical  are  wholly  pofitive.  But  that  of  the  firlt  and  third  will  be 
under  a  real  form,  if  ^qq  be  greater  than  ^yp'  j  and  under  an  imaginary  form, 
ivhen  ^(jq  is  lefs  than  tVP**  And  this  is  called  the  Irreducible  Cafe  j  but,  not- 
withftanding  this,  it  does  not  follow,  but  that  all  it's  roots  are  real.  For  all  the 
three  values  in  the  firft  and  third  equation  are  real,  when  ^qq  is  lefs  than  -j-V/^*- 
But  when  ^qq  is  greater  than  -jV/)*,  in  the  firft  and  third  equation,  and,  in 
general,  in  the  fecond  and  fourth,  the  roots  or  values  alone  thus  found  are  real, 
and  the  other  two  are  imaginary. 

As  to  the  fecond  and  fourth  equation,  this  has  been  already  demonftrated  at 
5  I52f  when  they  have  the  third  term  pofitive.  Then,  as  to  the  firft  and 
third,  when  the  third  term  is  negative,  each  of  thefe  will  have  three  real  roots, 
which  are  j,  —  ^,  —  r,  or  —  tf,  +  ^,  +  c  \  and,  becaufe  the  fecond  term 
is  wanting,  as  is  here  fuppofed,  it  will  be  tf  =r  ^  +  ^,  and  the  equation  there- 
fore^ which  arifes  from  fucli  roots,  will  be  of  this  form^ 

x^  —  bbx  ±,  be  X  r+T  =  o. 

—  bcx 

—  ccx 

When  i,  r,  arc  real  quantities,  then  F^*  will  be  a  pofitive  quantity ;  and 
dierefore^  if  we  put  bb  —  Q,bc  +  cc  zz  D^  it  will  be  alfo  bb  +  bc^  cc  =iTi 

+  3*ft  and  ^^  +  *^  +  ^^V  _  ^.  j^,  ^  ^p.^^  ^  j^^^^^  ^  ^,^,^    But  befides,- 

it  will  ht  hb  +  2bc  +  cc  —  r+T)'  =  D  +  4ir,  and  therefore  ^bbcc  X  r+7]^ 
=  iDbbcc  +  bV.  And  ^^D*  +  "^D^bc  +  Dbbcc  +  3V  is  greater  than 
iDbbcc^  and  therefore  it  will  alfo  be  greater  than  ^bbcc  x  F+r*,  and  therefore 
'TT  X  W  +  *f  +  ffV  will  be  greater  than  ^bbcc  x  r+7|*.     That  is,  the  cube  of 

the  third  nart*  of  tVt^  ^rk-^A^^^Anr  rs,f  rK^  tinirr)  t^rm    tulcpn    nofifivplv.   i«  crrpa^t^r 


the 
than 


^  yQTffctccx    will  uc  grcaicr  tnan  -j^^c^t^  X  ^  +  ^1  -      xuat  la,  kuc  i.uu^  w* 

third  part  of  the  co-efficient  of  the  third  term,  taken  pofitively,  is  greater 
a  the  fquarc  of  half  the.  laft  term  i.  that  is,  ^f  is  greater  than  :Jyy.   There. 

fore» 
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fore,  if  all  the  roots  be  real,  the  third  term  will  always  be  negative,  and  befides, 
Vt/»^  ^ill  be  greater  than  iqq.  When  it  happens  to  be  otherwife^  two  of  the 
roots  will  be  imaginary. 

After  the  foregoing  manner,  having  found  one  value  for  each  equation,  wc 
ftiall  have  the  other  two  roots  by  dividing  the  propofcd  equation  by  this  value; 
for  the  quotient  will  be  an  equation  of  the  fecond  degree,  which  may  always  be 
eafily  refolved, 

Acompcn-         187.  But,  if  it  (hall  be  thought  convenient,  the  trouble  of  this  divifion  may 
fhr"  cubi**k  ^'^^  ^^  fpared  by  confidering,  that  as  unity  itfelf  has  three  cubick  roots,  which 
rodts  of       are  I,  —  t  +  i^ —  3,  and  —  f  —  t^— 3;foit  may  be  underftood  of 
^^^^J\  any  other  quantity ;  of  fy  +  ^^TiT^^'Tjp  ^^^  example,  which,  being  multi- 

plied into  unity,  it's  three  cubick  roots  will  be  i  x  ^iq  +  V^ifT+iV?* 
—  t   +  tv^-  3   into  y/iq   +   \/igf  +  jV/*,   and    —  t  -  tv^-  3   into 

Whence  the  three  cubick  roots  of  the  firft  equation  x^  — p;f  —  y  =  o,  by 
ordering  them  in  a  due  manner,  will  be  as  follows:  x  =  x/^j  +  ^ST— "?5/*  + 


v^t?-  v^iff-^V't  *  =      't^^    ^  ^  ^^?  +  ^iw-iS/'  + 


X    ^i?  -  ^4^f-A^»  ^"^  ^  =   "    T     ""^  X  </tj  +  •te-TV/*  + 


-  1  +  a/-  3 


-x^i?-v^F^ 


^z'- 


And,  in  faft,  if  we  find  the  produft  of  thefe  three  roots  into  each  other, 
making,  for  brevity-fake,  \/^q  +  V^-^^  =  m  and  y/^q  —  %/|^^^/s 

=  »,  the  produdt  of  the  laft,  x  +  L±-2£llliw  ^  '  "  ^^  ^ir  into  the  fecond, 

X  +   ' ""  ^"^  fn  4-  ^ —  n  will  be  ;rx  +  ivmt  +  »^  +  w«  —  «»»  +  wr, 

which,  multiplied  into  the  firft,  x  —  m  —  if,  will  give  x^  — -  ^mnx  —  i9i>  ii—  n'; 
and,  reftoring  the  values  of  m  and  «,  it  will  be  finally  x^  — jpAf  —  j  =  o, 
which  is  the  equation  propofed.   Nor  will  it  be  otherwife  in  the  other  equations. 

Example  of       188.  The  foregoing  general  formulae  being  thus  found,  to  apply  them  to  the 
this  rcduc.     particular  ufe  of  any  given  equations,  it  will  be  fufficient  to  compare  the  pro- 
pofed equation  to  that  of  the  four  canonical  equations  which  correfponds  to  it, 
thence  to  obtain  the  values  of  q  and  p  ;  which,  being  fubftituted  in  the  formula, 
will  give  the  roots  required^ 

Let 


tlOIU 
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Let  the  equation  be  x'  +  2aax  —  9a*  =  o.  The  correfponcling  one  of  the 
four  canonical  equations  will  be  the  fecond,  a:^  +  ^.v  — ^  z:  o ;  fo  that  it  will 
he  p  zz  laa,  q  =  9^'.  Then,  making  the  fubfticution  of  thefe  values  inftead 
of  p  and  y,  in  the  general  cxpreffion  of  the  root  of  this  fecond  equation,  we 

(hall  have  x  =  Vftf*  +  V\^^+  /^  +  Via'  -  -/aI^*  +  .^^a^^  or,  lattly, 
X  =  yl^M^V^Jrf^  +  v/^'"'-v/t^^'-  The  other  two  roots  will  be 
^  =  -»+^-3^     3       ^2lLL2^  +   ■  '  -  -t^-  :^  ^-^^3  _  ^ iiilj^    and  ;c  = 

,-  ,  -  ^-  ,  j^^^^3  ^  ^fi^^  +  "  '  -^^  ^-  3  ^:g.^3  _  •i^T'j  the  produa 
of  which  roots  will  reftore  the  propofed  equation. 

189.  But,  without  having  recourfe  to  the  general  formulas,  particular  equa- ExamplcB 
tions  may  be  folved  independently  of  them,  by  making  ufe  of  the  given  rule.  ^»'^^^'^  ^^^^ 
Thus,  for  the  equation  x^  +  2aax  —  ^a^  =  o,  makings?  =  j  +  2,  it  will  be "^™"**- 
2MX  =  zaay   +  zaax^  and  x^  =  >*  +  3/2  +  3;'2*  +  2' ;  and,  fubftituting 
thcfe  values  in   the  propofed  equation,    it  will   be  changed   into  this  other, 
f  +  32y*  +  Z^^y  +  2'  +  a^^j'  +  xaaz  —  9^'  =  o.     Of  this  equation  may 
be  made  thefe  two,  327*  +  i%zy  =  —  ^aay  —  2«^s,  and  y  +  2'  =  9*?'. 

From  the  firft,  by  dividing  by  ^  +  «,  we  have  yzy  n  —  %aaj  oc  y  zz j 

3 

which,  fubftituted  in  the  fecond,  gives  —  -— -  +  2^   =  9^',  or  a*  —  9^*2,' 

=  ^•s  And  therefore  2'  =  fa*  +  ^V^*+t>^  ^'^^  ^  ^  ^f a*  +  t/^^^+itV*. 
But  it  is  JF*  +  2'  =  ga\  therefore  y^  =  fa*  —   \/^a^  +  ^V««,    and  ^'  == 

-^f  tf'  —  \/ V^*+T7«*'  2^^  it  is  jr  +  2  =  ;if,  therefore  Jt  z:  ^y^*  +  V-V^'^+o^'^ 
+  ^ftf'  —  v^A^n*  4-  ^aS  the  fame  as  above. 

Let  the  equation  be  2*  +  3^2*  —  ^aaz  +  20}  zz  o.  Let  the  fecond  term 
be  taken  away,  by  making  2  =  .v  —  a,  and  there  arifes  *'  —  Sa\v  +  ga^  zz  o. 
By  comparing  this  with  the  third  canonical  equation,  we  (hall  have  p  zz  Saa^ 
jf  =  9a' ;  whence,  fubftituting  thefe  values  in  the  general  formula  for  the  root, 

it  will  be  ;c  =  ^ —  fa'  +  ^^^  -  Q^  +  ^ —  fa*  —  s/^^a"*  •  'vT^j  ^l^^t 

i%y  X  ZZ  ^  -  f a*  +  t/4-^*  +  -y—  fa*  —  v^liX-  The  like  for  the  other 
two  roots.  And,  becaufe  it  was  made  z  :z:  x  —  a,  by  fubtradting  the  quan- 
tity a  from  each  of  the  three  roots,  we  (hall  have  the  roots  of  the  propofed 
equation. 

Let  the  equation  be  x*  —  ga*x  +  2a*  =  a*  This  will  correfpond  to  the 
third  of  the  four  canonical  equations,  and  therefore  it  will  be  p  =:  pa%  j  =  la^; 
therefore,  making  a  fubftitution  of  thefe  values,  inflead  of  ^  and  ^  m  the  geneml 

cxpreflioa 
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cxpreflion  of  the  root  of  that  third  equation,  it  will  be  jc  =  ^—  ^  4.  ^—Tjy^* 

+  ^ —  a^  —  \/ —  tV^  »  which  expreffion  is  imaginary,  notwithftanding  all 
the  three  roots  are  real ;  as  the  irreducible  cafe  requires. 

Kcduftion  of     190.  In  equations  of  the  fourth  degree,  wc  may  proceed  after  this  manner. 

o^nations-of  Let  the  Canonical  equation  be  ;c*  ♦  +  ^Jif*  +  yjc  —  r  =  o,  in  which  the  fecoqd 

^^n^ce?^       term  is  wanting ;  and  if  it  had  not  been  abfent,  it  might  haye  been  taken  away. 

Let  this  be  transformed  into  a  cubick  equation,  after  the  manner  explained  at 

§  167,  by  means  of  the  two  fubfidiary  formulae,  a;*  +  j^Jif  ^f  ^  =  o,  and 

**  — jw  -H  uzzo\  and  it  will  be  transformed  into  y^  +  a/jjr^  +  fff^  -^  W— ©• 

+  40^ 
And  the  two  fubfidiary  equations,  by  putting,  inftead  of  u  and  z,  their  values 
found  from  the  comparifon  of  the  terms,  will  become  ^*  +  JJC  +  f^  +  \jj 

—  ~  =  o,  and  x^  —yx  +  \p  +  ^yy  +  ——  o.    Now,  as  it  is  ruppofeil 


his  equation  has  no  divifor  of  two  dimenfions,  the  fecond  term  muft  be  taken 
it  by  the  fubflitution  oi  yy  =:  /  •—  7^,  and  thea  we  ihall  have  this  new 


that  this 
from 

^equation,  /'  —  ^ppt  —  ^p'  s:  ou 


and,  becaufc  it  was  made  yy  zz,  t^^  \p^  it  will  be  jy  =  A  —  4^,  and  i4)erefore 

y  =  i/TZJfj  which,  for  brevity,  may  be  called  g.    In  the  two  (ubfidiary  for- 
mulae put  g  inftead  of  j,  and  gg  inftead  of  ^j',  and  they  will  be  xx  +  gx 

+  t^^  +  t/^  —  "^  =  o,  and  XX  —gx  +  t^  +  t^  +  -^  =  09  the  roott 
of  which  are  X  =  —  ^  ±     /—  —  t^  —  iSg  of  the  firft,   and  x  ::z  ig 

+      / —  -? \p  —  igg  of  the  fecond.    And,  reftoring  the  value  of  ^  = 

'^b^fy  they  will  be  x  =  —^TZT^  ±  J    .1—-  —  t?  —  l^t  «nd 

^  '      '     ■  "" 

—    ^^     —  T?  —  i^j  ^be  four  roots  of  the  propofed 

•equation  ;i^  *  +  px^  +  qx  —  r  =  o. 

Let  the  equation  be  ;c*  ♦  —  S6aax^  +  €oo4i?x  —  851^*  =  o.    This  being 

compared  with  the  foregoing  canonical  equation,  we  (hail  have  p  =  —  86iM^ 

q  =  600^',  r  =:  8510^.     Therefore  the  transformed  cubical  equation  will  be 

^  —  ly^a^  +  xoSoo^y  —  360000^  =:  o.    Now,  iiecauie  this  is  divifible 
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by  jp*  —  1004*  =  o,  without  refolving  it  by  the  rules  of  cubick  cqtiations,  as 
we  know  already  the  root  to  be  yy  =  loo^^,  and  y  =  ica;  fubflitute  ihefe 
values  inftead  of  j^  and  jgr,  as  alfo  the  values  of  ^,  q^  in  the  two  fubfidiary 
equations,  they  will  be  »v*  +  loax  —  2jiaa  =r  o,  and  ac*  —  lo^r.v  +  $7^^  ^  o» 
and  their  roots  are  «  i::  —  54  ±  \/^Saay  and  x  zz  ^a  ±  i/  —  i2aaj  which 
are  therefore  the  four  roots  of  the  propoled  equation.  This  example  is  inferred 
•nly  to  (how  the  ufe  of  the  method  ;  for  the  given  equation  may  be  reduced  to 
two  of  two  dimenfionSy  after  the  way  already  explained  in  it's  place. 


the  unknown  quantity  expreiicd  by  a  cuoe-root,  which  it  is  luppoied  cannot  b^  mctri^^aii  b 
aiftually  extrafted  ;  for,  oiherwife,  the  equation  would  have  a  divifor,  and  wouldacombinaiioa  . 
BOC  be  of  the  degree  it  feems  to  be.     Now,  to  find  this  cube-root  geometrically  of /oo. 
cannot  be  done  otherwife  than  by  the  interfedion  of  curve-lines;  which  is  the 
fecond  tnanner,  and  the  general  one  which  I  have  mentioned  before^  at  §  i8o. 

This  method  confifts  in  introducing  a  new  unknown  quantity  into  the  equa- 
Qon,  by  which  we  (hall  have  two  equations,  each  of  which  contains  both  the 
uoknown  quantities,  and  both  of  them  together  all  the  known  quantities  of  the 
propofed  equation.  Thefe  two  equations  are  two  loci  geomerrici,  which  are 
therefore  to  be  conftrufVed ;  the  interfeftions  of  which  determine  the  geometrical 
TalueSy  or  the  roots  of  the  equation  propofed.  And  the  reafon  of  this  is  mani- 
feft.  For^  as  from  the  combination  of  two  places,  or  from  two  indeterminate 
equations,  by  putting  in  one  of  thefe,  inftead  of  one  of  the  two  unknown 
quantities,  it's  value  given  by  the  other  equation,  there  arifes  a  determinate 
tquaiion,  which  determinate  equation  may  be  refolved  into  two  indeterminates. 

Let  there  be  given  the  two  equations  ax  =  zz,  and  xx  —  gzz  +  2az 

+  ^aa  =  o.    If  from  the  firft,  for  example,  we  derive  the  value  of  *  zi  — , 

and  fubftitute  it  in  the  fecond,  there  will  arife  the  determinate  equation 
a*  —  5^1^22  +  2a'z  +  3^*  zz  o,  of  the  fourth  degree.  Then,  taking  the 
l§€us  to  the  parabola  ax  =  zz,  if  we  make  the  fubftitution  of  the  value  of  zz 

in  the  equation  2*  —  ^aazz  +  la^z  -f  3^* 
=  o,  there  will  arife  the  fecond  locus  aaxx 
—  ^aaz*  +  la^z  +  3^*  =  0,  or  «^  —  52* 
+  2az  +  ^aa  =:  o.  To  conftrudl  this 
fecond  locus^  with  centre  A  (Fig,  95.)  and 
trantverfe  axis  CB  -^  \ay  and  with  the  pa- 
rameter =  8tf,  let  there  be  defcribed  the 
two  oppofite  hyperbolas  BN,  CP,  which 
(hall  be  the  kcus  of  the  equation  x^  —  52* 
4-  zaz  +  311*  =  o,  taking  the.  abfcifs  z  t 
from  the  point  D,  which  is  diftant  from  the 
centre  A  by  the  quantity  4^  towards  the 
venex  C. 

A  a  Rightly 


Fig.  95' 
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Rightly  to  combine  this  with  the  6rll  locus  ax  rr  zz,  it  is  neceflary  that  the 
origin  and  the  axis,  of  the  unknown  quantity  x,  may  be  in  common  to  both 
the  Icci.  And  therefore  at  the  vertex  D,  with  the  parameter  =  a,  upon  the 
axis  DO,  paraik-I  to  the  conjugate  axis  of  the  oppofite  hyperbolas,  the  parabola 
of  the  firfl  equation  ax  =  zz  (hould  be  defcribed.  This  will  meet  the  two 
hyperbolas  in  the  four  points  M,  N,  R,  P,  from  which  drawing  the  perpen* 
diculars  MI,  NO,  RV,  PS,  to  the  axis  DO,  they  will  be  the  four  values  of  z, 
that  is,  the  four  roots  of  the  equation  ^*  •  —  S^^*  +  ^^*^  +  3^  —  ^* 
The  two  IM,  ON,  will  be  poficive,  and  the  other  two  VR,  SP,  will  be  nega- 
tive. For,  as  z  of  the  determinate  equation,  (that  is  to  fay,  every  one  of  the 
roots  of  the  fame,)  ought  to  be  common  to  both  the  locif  this  can  happen  only 
in  the  points  M,  N,  R,  P,  in  which  thefe  two  loci  interfeft  each  other.  There- 
fore the  right  lines  MI,  NO,  RV,  SP,  which  exprefs  z,  will  be  the  four  roots 
of  the  determinate  equation  propofed. 

When  two  of     192.  Hence  it  is  plain,  that  the  nearer  the  points  M,  N,  approach  to  each 

the  root*  will  oiher,  fo  much  the  lefs  will  be  the  difference  of  the  ordinates  IM,  ON.     So 

^^^l^j'"  that  when  one  point  falls  on  another,  (in  which  cafe  the  two  curves  vrill  ou 

when  imV      longer  cut  but  touch  each  other,)  the  two  ordinates  become  equal,  or  the 

ginaiy.  equation  will  have  two  equal  roots.     Alfo,  if  the  curves  cut  each  other  at  the 

vertex,  in  which  place  the  ordinate  is  nothing,  the  equation  will  have  one  of 

it's  roots  equal  to  nothing.     And  laftly,  if  the  two  curves  neither  cut  nor  touch 

in  any  point,  the  roots  of  the  propofed  equation  will  be  imaginary  or  im- 

pofilble. 

The  loci  193.  Now,  in  the  introdudlion  of  the  new  unknown  quantity,  it  (hould  be 

fliould  be       endeavoured,  that  it  may  be  done  in  fuch  a  manner,  as  that  the  two  hd  may  be 

[jj^^^'j^^^^j^'^'*^^  the  fimpleft  poffible,  in  -efpeft  of  the  degree  of  the  propofed  equation.     That 

fjmplcft  con-  is  to  fay,  if  the  equation  be  ot  the  third  or  fourth  degree,  the  two  hci  (hould 

ilrudion.       be  of  the  fecond,  that  is,  conic  fe£lions.     And  it  might  be  convenient,  as  any 

one  would  think,  that  one  of  them  ihould  always  be  a  circle,  as  being  the 

fimpleft  curve.     But  it  ought  to  be  confidered,  that,  by  determining  one  of  the 

loci  to  be  a  circle,  the  equation  to  the  other  Iccus  in  many  cafes  may  become 

perplexed  ;  and  therefore  in  fuch  cafes  I  (hould  prefer  any  other  iocus  before  the 

circle,  if  it  would  afford  a  greater  fimplicity.     It  the  equation  be  of  the  fifth  or 

fixth  degree,  the  two  loci  may  be  one  of  the  fecond,  and  the  other  of  the  third. 

If  it  be  of  the  feventh  or  eighth,  they  (hould  be  one  of  the  fecond,  and  one  of 

the  fourth  ;  or  two  of  the  third,  firft  reducing  that  of  the  eig-hth  to  the  ninth* 

Atid  fo  on,  obferving  the  fame  analogy. 

Taking,  therefore,  this  equation  of  the  fourth  degree,  x^  +  ibx^  +  ««f* 
— •  a*dx  —  a?f  =  o,  affume  the  equation  ih)  xx  +  ix  =  ay^  and,  by  fquaring^ 
It  will  be  x4  +  1L91?  -I-  ^V  =  fl>%  and  therefore  k^  +  fibx^  =  ^jf*  —  *V. 
In  the  propofed  equation  let  this  value  be  fubftituted  inftead  of  x^  +  xh^fi  and 

.there  will  arife  this  other  equation,  (II.)  jj  —  — jj-  +— -  —  ife  —  ij/'=x). 

How, 
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Now,  putting  the  value  of  xx  obtained  from  t!ic  firft  equation,  that  is,  ay  —  ^at, 
in  che  fccond  term  of  this,  and  letting  the  third  term  alone,  there  will  arile 

(III.)  jy  _  ILy   +  JLx  +  ±.x*  ^  ilx  —  of  =  o.     Or,  fubftituting  the 
value  of  XX  in  the  third  term  of  the  fame  equation,  letting  the   fecond  term 

alone,  there  will  arife  (IV.)  yy xx  +  cy '-^x  -^  dx  —  ^/  =    c. 

And  in  this,  putting  the  value  of  xx^  it  will  be  (V.)  J7  +  ry y ^-x 

—  ^;if  —  ^  =:   o.     Laflly,  if  from  this  be  fubtraAcd  the  firft  made  equal  to 
nothing,  or  xx  +  tx  —  ay  zz  o,  and  then  adding  it  to  the  fame,  there  will 

arife  from  the  firft  operation  (VI.)  yy  +  cy y  +  ay  —  xx  —  tx ^x 


+   --^x  —  dx  — ^=  o;  and  from  the  fecond,   (VII.)  yy  ^  cy y 

mmm.  ay  +  XX  +  ix X  ^  ^-rx  "^  dx  —  ^=  o. 

194..  It  is  plain,  that  the  firft  equation  is  a  locus  to  the  Apollonian  parabola.  To dift?ngai(h 
To  diftinguifh  the  reft,  we  muft  make  ufe  of  the  reduftions  explained  at^^^^*^^*^* 
5  127,  138,  by  which  we  (hall  find,  that  the  fecond  will  be  a  locus  to  the 
parabola,  when  it  is  ac  z=  M ;  to  the  ellipfis,  when  ac  is  greater  than  tb ;  and, 
finally,  co  the  hyperbola,  when  ac  is  lefs  than  it.  The  third  will  be  to  an 
elliplis,  which  will  degenerate  into  a  circle,  when  it  is  r  =  a,  and  the  co  ordi- 
nates  are  at  right  angles.  The  fourth  will  be  to  an  hyperbola,  which  befides 
will  be  equilateral,  if  it  is  t  zz  a.  The  fifth  will  be  to  a  parabola.  The  fixth 
will  be  to  the  equilateral  hyperbola.  The  feventh  will  be  to  the  circle^  when 
the  angle  of  the  co-ordinates  is  a  right  angle. 

From  hence  we  may  make  choice  of  fuch  a  combination  of  the  two  loci^  for 
the  conftrudion  of  the  propoled  Problem,  as  (hail  be  thought  moft  con- 
venient. 

195.  If  the  fecond  term  of  the  propofed  equation  had  been  negative,  wcCautiontto 
Aould  have  made  xx  —  bxzzay\  and  the  equations  thence  arifing  would  havc^  ®'^'"' 
been  the  fame  as  before^  only  changing  the  fign  of  thofe  terms,-  in  which  the 

.letter  b  is  of  odd  dimenfions.  And  if  the  propofed  equation  had  at  firft  been 
without  the  fecond  term,  I  (hould  have  taken  xx  r:  ay.  Therefore,  expunging 
the  terms  in  which  b  is  found  in  the  other  equations^  they  would  have  been 
fuch  as  this  cafe  requires. 

196.  In  the  propofed  equations,  the  fecond  term  being  ±  a***,  we  (hould  ^n*"^^'®"* 
take  the  locus  to  the  parabola  xx  ±  bx  zz  ay^  rather  than'  xx  zz  ay ;  becaufr  ^^^n^for 
thus  the  other  loci  which  arife  have  not  the  redtangle  xy^  and  therefore  ait:  example/ by  a 
conftniAed  with  the  more  eafe.  parabola  and 
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Let  the  equation  be.  of  the  third  degree,  **  —  aax  +  %sP  zz  o.  Let  it  be 
multiplied  by  ^  =  o,  to  reduce  it  to  the  fourth  degree;  whence  ic  will  be 
X*  •^-  aax^  +  za^x  =  o ;  which  is  required  to  be  conftrufted  by  means  of  a 
parabola  and  a  circle.  As  the  fecond  term  is  wanting,  make  xxzzofy  a  locus 
to  the  parabola.  Then  fubftituting,  inftead  of  a^. and  x*,  their  values  aajy 
and  ay,  it  will  be  yy  —  ay  4-  2ax  =  o ;  to  which  adding  the  firft  equation 
XX  ^  ay  zz,  o,  we  (hall  have  the  equation  Jiy  —  2#jf  +  aoy  +  «r  =  o,  which 
is  a  locus  to  the  circle. 

With  radius  BD  =  \/2m  let  the  circle 
ADME  be  defcribed,  and  make  BC  =  « , 
and  alfo  the  ordinate  GA  =  CB  =:  a.  From 
the  point  A  drawing  the  indefinite  line  AP 
parallel  to  ED,  and  on  it  taking  the  abfcifles 
AP  zzy^  and  making  the  ordinate  PM  =dr, 
this  will  be  the  locus  of  the  equation  jrjf  —  u§ 
+  %ax  +  ;rr  =:  o.  Upon  the  axis  AP,  oa 
which  are  taken  the  ys,  with  vertei^  A  let 
the  AfQllonian  parabola  MAM  of  the  cqu^ 
tion  XX  zz  ay  ht  defcribed,  which  (hall  cut 
the  circle  in  two  points  A»  M|  from  whence 
the  ordi nates  being  drawn,  they  (hall  be  the 
the  real  roots  of  the  equation  ;r^  «  —  Ofusf, 
+  2^'jr  =  o,  and  two  will  be  imaginary. 

But  at  the  point  A  the  ordinate  is  nothing,  and  therefore  one  of  the  rooiB 
will  be  ;if  =  o,  as  it  ought  to  be ;  it  being  now  introduced  by  multiplying  the 
propofed  equation  by  jc  =  o.  Therefore  PM  will  be  the  real  n^ative  root  of 
the  equation  x'  —  aax  +  2^'  =:  o,  and  the  other  two  will  be  imaginary.  If  I 
had  multiplied  the  propofed  equation  by  x  equal  to  fome  quantity,  the  circle 
would  have  cut  the  parabola  in  two  points  out  of  the  vertex,  one  of  \rhich 
would  have  given  me  the  introduced  root^  and  the  other  that  of  the  propofed 
-equation. 


Now,  to  (how  that  PM  is  one  of  the  roots  of  the  equation  x^  — !• 
+  i(i?x  zz  o,  it  may  be  confidered,  that,  from  the  nature  of  the  circle,  it  0 
EO  X  OD  =  OMj.  Bujt  OM  =— -jr-—  tf,  EO  =  7+  \/zaa  —  #»  and 
OD  =  a — y  +  y/%aa.    Therefore  xx  +   zax  +  aa  zz  aa  +  aay  — jgi# 

But^  by  the  equation  of  the  .parabola  AM^  it  is  ;i»i^  =  ay^  and  therefore  —  irjsp. 

Then 
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Then  fubftltuting  thefe  values  of  y  and  yy^  and  reducing  the  equation  to  no- 
thing it  will  be  «^  —  aa^:^  +  oa'x  =  o,  which  is  the  very  equation  of  the 
fourth  degree,  whofe  roots  we  were  to  extraA. 

197.  If  we  would  conftruft  the  equation  u^  —  aas^  +  %^x  =  o  by  means— Bv  two 
of  two  parabolas,  it  would  be  convenient  to  make  ufe  of  the  equation  found  P*"*^^ 
4ibove,  jfjr  —  ^  +  ^ax  =  o  ;  and  the  Ihus  of  this,  together  with  the  parabola 
of  the  equation  xx  —  ay^  might  determine  the  roots  required. 
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Therefore,  with  parameter  =  %a^  let 
there  be  defcribed  the  parabola  MCA,  in 
which  make  CD  r=  ^^i.  And  letting  fall 
DA  =  \a^  which  will  meet  the  parabola 
in  the  point  A,  and  through  that  point 
drawing  the  indefinite  line  AP  parallel  to 
the  axis  CD  s  and  taking  the  abfcifs  x 
from  the  point  A,  pofitive  towards  B  and 
negative  towards  P,  and  the  ordinates 
PM  =  jr,  this  will  be  the  locus  of  the 
equation  jjy  —  tfy  +  2,ax  iz  o.  Then 
with  vertex  A,  to  the  axis  AQ»^  let  the 
titliier  parabola  MAS  of  the  equation  xx  zz  ay  be  defcribed ;  this  will  cut  the 
fxrft  in  the  points  A,  M.  And  letting  fall  the  perpendicular  MP,  it  will  give 
the  negadve  root  AP  of  the  propofed  equation.  And  becaufe  at  the  point  A 
the  perpendicular  is  nothing,  therefore  there  is  no  other  root;  juft  as  it  ought 
CO  be,  the  propofed  equation  being  mukiplted  by  ;i;  rz  o« 

For,  in  the  parabola  MCA,  it  being  CN  =  —  a:  +  f^,  and  NM  =:  jr  —  ftf, 
il  will  be^  by  the  property  of  this  parabola,  -^aa  —  zax  zzyy  —  ^  +  t^tf  > 
^uid  fubftioiting  the  values  of  jr  and  jpr,  which  are  given  by  the  firft  equation 
to  the  parabola  MAS,  that  is,  xx  =:  ay^  and  ordering  the  equation,  we  (haU 
iiave  at  lad  a^  «  —  aax^  -4-  7.(1? x  =  o,  which  is  the  equation  of  the  founk 
-degree^  of  which  the  roots  were  required. 

198.  Now,  if  I  had  intended  to  have  made  ufe  of  the  parabola,  and  of  the^^By  a  para* 
•equilateral  hyperbola,  it  would  have  fufficed,  from  the  fame  equation  jjy  —  ^j^  l>ol«.  «n^  «« 

-f  2tfHf  zf:  o,  to  have  fubtraAed  the  firft  equation  xx^ayzz.  o,  and  the  equation  ^"*^*^^ 
yjL  ^^.  %ax  "^XKZzo  would  have  arifen  from  thence,  which  is  a  lofus  to  the  equi* 

latfical  hyperbola  ;  which,  being  con{lru<5led,  would  have  given  me  the  roots  re- 
quired^  by  means  of  it's  interfeitions  with  the  parabola  of  the  equation  xx  =z  aj^ 

199.  Finally,  if  I  bad  de(ired  to  (blve  the  Problem  byihe  circle  and  the*.By  a  circle 
byperbola,  I  (hould  have  conftruded  the  third  equation  jjy  —  2sy  +  Z4pe  +  xx^^^  hyper- 
=  05  a  loius  to  the  circle,  and  the  fourth  equation  yy  +  lax  ^^xx  =  o,  a  kcm^^* 

3C0  the  hyperbola,  as  is  feen  before  -,  the  interfodions  of  which  iid  would  have 
given  me  the  roots  required. 

8  200.  Biu^ 


l89 


ANALYTICAL     INSTITUTIONS. 


BOOK  n 


Thcfe  equa- 
tions con* 
(IrudVcd  by 
various  loci^ 
with  ex- 


Ftg.  98, 


200.  But,  wirhout  multiplying  by  x  the  equation  propofed,-  *•  —  dax  +  za^ 
=  o,  we  might  have  conftrudled  it  after  the  following  manner,  when  \vc  do  not 
choofe  to  introduce  one  locus  rather  than  another.  Make  therefore  xx  =  ay\  and; 
inftead  of  xx^  put  it's  value  ay  in  the  equation,  and  there  will  arife  the  equaiioa 
9y  —  ax  +  zaa  zz  0^  a  hcus  to  the  hyperbola  between*  it*s  afympiotes. 

Therefore  let  the  two  indefinite  right 
lines  SR,  QT,  cut  each  other  at  right 
angles,  and  let  thefe  be  the  afymptotes  of 
t-lie  two  hyperbolas  MM,  mm^  having  the 
conftant  redlnngle  —  2aa\  taking  iheab- 
fcifles  from  the  point  A,  dillant  trom  the 
'  point  B  by  the  quantity  j.  At  the  vertex 
A,  to  the  axis  AR,  with  the  parameier 
=r  a,  let  the  parabola  of  the  firft  equatioa 
XX  zz  ay  ht  dtfcribed  ;  it  will  cut  the 
hyperbola  MM  in  the  point  M.  Then 
drawing  the  ordinate  PM,  it  will  be  the 
real  and  negative  root  of  the  propofed 
equation. 

For,  by  the  property  of  the  hyperbola  MM>  it  will  be  BP  x  PM  =  —  om^ 
that  is,  xy  ^^  ax  -zz  —  laa.     And>  by  the  propeny  of  the  parabola  AM,  we 

(hall  have  jr  z=  —  •     Therefore^   inftead  of  jf,    fubftituting  it's   value,   and 

•. 

ordering  the  equation,  it  will  be  jp  — •  aax  +  %a^  =   o,  the  equation  pro* 
pofed. 

In  general,  all  equations  of  the  third  degree  may  always  be  conftruAed  after 
this  manner,  without  being  reduced  to  the  fourth:  by  a  parabola,  and  an  hyper* 
bola  between  the  afymptotes. 


EXAMPLE    II. 


Let  there  be  given  the  equation  of  the  fourth  degree,  z*  ♦  —  5^«*  +  a^^JR 
*t-  30^  zr  o,  which  is  to  be  conftrudted  by  means  of  a  parabola  and  a  circle; 
Take  the  equation  ax  n:  zz,  fquare  it,  and  in  the  equation  propofed,  inftead 
of  %^  and  z%  fubflitute  their  values,  and  there  will  arife  a  fecond  equation^ 
XX  —  ^ax  +  2^2  +  yka  zz  o,  from  whence  fubt rafting  and  then  adding  the 
firft  equation  zz  —  ax  zz  o,  we  fliall  have,  in  the  firft  cafe,  a  third  equation, 
XX  —  j\ax  +  2az  +  ^aa  +  zz  z:  o  ;  and  in  the  fecond  cafe,  a  fourth  equa* 
tion,  XX  •—  6ax  +  laz  +  ^aa  +  zz  zz  o\  which  is  a  locus  to  the  circle,  and 
thtrrefore  I  (hall  make  ufe  of  it  to  con(bru£t  the  propofed  equation  of  the  founk . 
degree. 

With 
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With  radius  =  y/'jaa  let  there  be  de- 
fcribed  a  circle  BMF,  and  from  the  centre 
C  towards  B  taking  the  line  CL  =:  3^^ 
and  from  the  point  L  make  LA  z=  a^  per* 
pendicular  to  the  diameter,  from  tlie  point 
A  draw  the  indefinite  right  line  AP  parallel  to 
the  diameter  BF;  it  will  be  AP  iz  x^  and  the 
correfponding  ordinateis  in  the  circle  PM  =  2. 
And  therefore  A  will  be  the  vertex,  and  AP 
the  axis  of  the  parabola  of  the  equation  ax'izzz. 
Whence,  with  the  vertex  A,  axis  AP,  and  pa- 
rameter =  if,  defcribing  the  parabola  AM,  it  will  meet  the  circle  in  four 
points  M,  from  whence  drawing  the  perpendiculars  PM  to  the  axis  AP,  they 
will  be  the  roots  of  the  propofed  equation,  two  being  pofitive  and  two  ne- 
gative. 

For,  producing  PM  to  D,  if  there  be  occafioft,  it  will  be,  by  the  nature  of 
the  circle,  BD  X  DF  =  DMy,  But  DM  =  2  +  ^,  BD  =  at  —  3^  +  ^^aa^ 
and  DF  1=  — *  +  3^  +  y/^aa^  Therefore  zz  +  ^cz  +  aa  zz  —  xx  + 
6ax  ^  2aa ;  but,  by  the  nature  of  the  parabola  AM,  it  is  ax  =  zz,  and 

XX  rr  — .    Therefore,  making  a  fubflitution  of  thefe  values,  and  ordering  the 

equation,  and  bringing  the  terms  all  to  one  fide,  it  will  be  z^  —  ^aaz*  +  ia*z 
+  341*  =  o,  which  is  the  equation  propofed. 


EXAMPLE    IIL 


Let  there  be  given  an  equation  of  the  third  degree,  x^  —  ^aax  4-  5^*  =  o, 
and  let  it  be  multiplied  by  ;i:  +  2^,  that  it  may  be  reduced  to  one  of  the  fourtU 
d^ree;  it  will  be  x^  +  2ax^  —  ^aax*  —  ah'  +  loa^  zz  o. 

Take  the  equation  to  a  parabola  xx  +  ax  =:  ay^  which,  by  fquaring,  wiU 
become  x^  +  2ax^  +  aax^  =  aayy.  Let  the  value  of  it's  two  firft  terms, 
**  +  iui*%  that  is,  aayy  —  aaxx^  be  fubftituted  in  the  equation,  and  there  will 
arife  (II.)  yy  —  ^xx  —  ax  +  xoaa  =:  o.  And  in  this,  inftead  of  xx,  fubfti- 
tuting  it's  value  ay  —  ax,  there  arifes  (HI.)  yy  —  ^ay  +  3ax  +  loaa  —  o  ; 
from  thence  fubtrading  the  firft,  xx  +  av  —  ^y  =  o,  ^nd  alfo  adding  it^  there 
win  arife  ihefe  two  equations,  (IV.)  yy  — '  ^ay  +  2ax  +  loaa  —  xx  =  o  in 
iAie 'firft  cafe,  and  (V.)  yy  —  ^ay  +  /^  4.  xoaa  +  ^at  =  o  in  the  Xecond 
i:afe.    i  '(hall  make  ufe  of  the  firft  locus^  and  alfo  of  the  laft. 


For 
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Fig.  100#  For  the  conftmftion  of  ibc  laft,   let 

the  circle  OSN  be  defcribedt  with  radius 
OP  zz\a;  and,  producing  it  toF,  that 
n  may  be  OF  =  2#y  and  at  the  point  F 
crefting  the  perpendicular  FC  =  FO  =: 
24,  draw  the  indefinite  right  line  C(^pa« 
railel  to  FP.  Taking  any  line  whatever, 
CQ^  =  y,  the  correfpondiog  negative 
ordinates,  QS,  QN^  will  reprefent  r,  and 
the  circle  will  be  the  locui  of  the  fifth 
equation.  Now  take  in  FC  the  line 
CB  =  \a^  and  from  the  point  B  draw  the 
perpendicular  BA  r:  \a.  Then  with 
vertex  A,  and  with  parameter  =  4,  let 
the  parabola  NAM  be  defcribed,  which  (hall  be  the  locus  of  the  firft  equation^ 
laking  the  abfcifles  y  on  the  right  line  CQ^  From  the  points  O,  N,  in  which 
the  parabola  cuts  the  circle^  railing  the  perpendiculars  OH,  NQ«^  chefe  will  be 
the  two  real  negative  roots  of  the  equation,  9^  +  zas^  —  34V  —  tf'jr  +  i^ 
=1  o,  of  the  fourth  degree  which  was  propofed. 

And  becaufe  OH,  taken  negative,  is  equal  to  m»  which  is  the  lOOt  iotro- 
duced  by  the  multiplication  of  the  given  equation  into  x  +  %t^  NL  will  be 
the  real  negative  root  of  the  propofed  equation  «*  —  ^aax.  -^  54*^  =  o,  th* 

other  two  roots  being  imaginary.. 

For,  by  the  property  of  the  circle  OSL,  it  will  be  OG'  x  GL.  =  GNf». 
But  OG  =  y  —  i4f,  GL  =s  3^1  —  j^,  and  GN  =  -.  20  —  ^y.  Therefore^ 
making  the  fubftitutions,  it  will  bt  xx  +  ^ax  +  loaa  +  yy  —  gay  rz  o-    But^ 

from  the  equation  to  the  parabola  NAM,^  it  will  be  jr  =  ^^         ^  and  jj^  =1 
— Z-i —     ^^^  I  then  fubftituting  thefe  values  of  y  ^^d  yy  in  the  equation  to- 

the  circle,  it  will  be  at  lad  «^  +  ^ax'  —  ^aaxx  —  a^ic  +  wa^  s.  o^.  u  ife 

ought  to  be. 
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Let  the  equation  be  a*'—  4iM*r^—  8#V  +  Sa^;^  +  ^la^  =  o;  and  becmfe 
it  is  divifibie  by  «*  —  4ax  +  4iia,  and  the  quotient  x^  +  4iW*  +  Siaf**  +  8«** 
+  80^  =  o  is  an  equation  of  the  fourth  degree,  which  we  thus  conllrufts 
take  the  equation  xx  +  lax  =  ay,  of  which  finding  the  fquare  x^  +  ^ax^ 
+  4^xf  =  a*y\  and^  inftead  of  si^'+  4^,  fubfUtute  it's  value  aayy  mm^i^Mxx 

ia 
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in  the  cqimtion,  and  there  will  arifc  (II.)  yy  +  ^x  4-  ^ax  +  %aa  r=  o;  in 
which,  if  wc  put  the  vahic  of  xx^  or  ay  -^  zax^  there  will  arife  (III.)  yy  +  j^ay 
-I-  Saa  zz  o,  from  which,  if  wc  fubtraft  the  firft,  there  arifcs  (IV.)  yy  +  5^7 
4-  taa  —  XX  —  lax  :=^  o ;  and  laftly,  if  we  add  the  firft  to  the  third,  ic  will 
be  (V.)  yy  +  ^ay  +  Zaa  +  xx  +  2ax  zi  o. 

The  fecond  locus  is  imaginary.  The  third  is  a  determinate  equation,  but  it's 
roots  arc  imaginary.  The  fifth  locus  is  alfo  imaginary.  But  the  fourth  locus  is 
real,  and  is  to  an  equilateral  hyperbola.    . 

fig.  lOi.  To  the  axis  DC  =  y^i  laa,  with  centre 

A,  let  there  be  defcribed  the  hyperbolas 
CR,  DG.  Take  AB  =  a,  and  let  the 
indefinite  perpendicular  BM  be  raifed,  in 
which  take  BM  =  ia ;  and  from  the 
point  M  kt  there  be  drawn  MQ^  parallel 
to  the  axis  DC.  Taking  the  x*s  from  the 
point  M  upon  MQi^  the  correfponding 
QR  or  MT  will  be  the  y\  and  the  curve 
is  the  locus  of  the  fourth  equation.  Pro- 
ducing QM  to  N,  and  making  MN  z=  a^ 
and  drawing  NA  to  the  centre  of  the  hy- 
perbola, take  NO  =  a,  and  with  vertex 
O,  parameter  =  a,  to  the  axis  OS  let  the 
parabola  OM  be  defcribed,  which  will  pafs  through  the  point  M.  Then  taking 
^he  jr's  on  MT,  and  the  correfponding  ordinates  TL  =:  x,  this  will  be  the  locus 
of  the  firft  equation  xx  +  2ax  zz  ay.  But  now,  as  thefe  two  loci  can  never 
interfed  each  other,  as  is  evident,  all  the  four  roots  of  the  equation  x^  +  4^x' 
+  8jV  +  8^**  +  Stf*  =:  o  will  be  imacinary.  Whence  the  propofed  equa- 
tion 9?  —  4ii*.v*  —  8flV  +  8/1 V  +  32^^  iz  o  is  found  to  have  only  two  real 
roots,  which  are  equal  to  each  other,  being  each  equal  to  2tf. 

aoi.  But  if,  befides,  we  Ihould  be  willing  to  conftruft  equations  of  the  third —By  given 
and  fourth  degree,  not  only  by  the  help  of  conical  loci^  which  are  to  be  'h"s'^*'''^^^^^^^hj^ 
found,  but  of  fuch  of  them  as  may  be  given,  or  fimilar  to  given,  loci  \  which  ^g\^.^„^ 
may  be  of  ufe  when  a  conic  feftion  is  -given  in  the  flate  of  a  Problem  :  It  may 
be  done  after  the  following  manner,  fuppofing,  however,  that  the  equations  of 
the  third  degree  are  reduced  to  the  fourth,  and  that  thefe  are  freed  from  their 
fecond  term,  if  they  have  any. 

Yet  I  mufl  here  obferve,  that  though,  for  the  moft  parr,  it  may  be  better  to 
be  determined  to  this  conical  locus  which  already  enters  inio  the  Problem  ;  yet 
we  (hould  always  have  it  in  view,  that  the  ufe  of  this  given  locus  ought  not  to 
fuperfede  a  greater  fimplicity  of  conftruftion.  Fur,  in  this  cafe,  without  any 
regard  to  the  given  locus^  it  may  be  better  to  introduce  two  new  loci. 


Bb 


Being 
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Being  willing  then  to  make  ufe  of  given  loci,  or  fuch  as  are  fimilar  to  tbofe 
that  are  given>  the  artifice  confifts  in  introducing  two  indecermiQate  or  general 
quantities  into  the  equation,  and  to  determine  them  afterwards  as  occafion  may 
require.     Therefore  let  the  equation  be  z^  +  ahi*  — -  aacz  4*  ^'^  ^  Oi     Make 


ax 


2  ==  -t:-  >  in  order  to  introduce  the  firft  indeterminate  /•    Making  the  fubfti- 
tutions,  it  will  he  x^  +  ^^  —  -^  +'^—  =  o.    Let  us  tekc  the  firft  Iocms 

a  a  a 

(I.)  x*  — ^  =  o ;  and,  fubftituting  the  values  of  x*  and  •,  there  will  arifc 
the  fecond  locus  (II.)  y*  ^  ILy  ^JL^c  +  ^  =  o.    To  this  let  be  added 

^      '   ^  a  '^  a  a 


V 


a  a 


the  firft^  and  we  Ihall  have  (III.)  x*  — /y  +  J!7  H — ^y 

Now,  to  introduce  a  fecond  indeterminate  g^  let  the  firft  kcus  be  multiplied 

by  — ,  and  we  fliall  have  ^' — Z^EHL  —  o;  which,  added  to  the  fecond,  will 


give  (IV.)  /  +  ^y 


a  a  a 


a 


jf  =  o;  and,  being  fub- 


trafted,  will  give  (V.)  y  +  i^j^«^;r+t^+^^ 


x*  =  o. 


Fig.  102. 


The  firft  locus  and  the  fecond  are  to  a  parabola ;  the  third  to  the  circle,  when 
the  CO  ordi nates  are  at  right  angles  ^  the  fourth  to  the  elliplis  ;  and  the  fifth  to 
the  hyperbola. 

Now,  let  it  be  required^  for  example,  to  conftruft  the  equation  by  means  of 
a  given  circle  and  a  given  hyperbola.     Let  us  therefore  alTume  the  third  and 

fifth  loci\  and  as  to  the  third,  with  radius  CG  z:  -^\/ cq  -^j^-^U^aat+Mf 

let  the  circle  £MG  be  defcribed,  and, 

taking  CD  =  — ,  from  the  point  D  let 

fall  the  perpendicular  DA  =r  '    ^      9 

(fuppofing  a  to  be  greater  than  ^;  for  it 
muft  be  raifed  the  contrary  way,  when  i 
IS  greater  than  a^)  then  from  the  point  A, 
en  the  right  line  AP  parallel  to  DG^ 
taking  the  abfcifles  AP  =  «,  the  corre- 
fponding  PM  will  be  the  y^  and  tbo 
circle  £MG  will  be  the  locus  of  the  equa- 


r-fir 


tion  X*  — /y  +/  +  -j-y 
^  =  0. 


*  + 


Ai 
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As  to  the  fifch  locHs ;  to  conftruft  it  and  combine  it  with  the  circle,  through 
the  point  A,  the  origin  of  *,  produce  the  right  line  DA  to  H,  fo  that  it  may 

be  AH  =  ?LUf  '^  and  through  the  points  A,  H,  draw  AP,  HK,  parallel  to 


DG.  On  HK,  towards  the  point  L,  fct  off  the  portion  HI  z=  ^  ,  and  with 
centre  I,  tranfverfe  axis  LK  :^  — s/aacc  +  ^'^gd  —  ab*g  —  ag*  —  labg^t  (fuppofing 
€e  +  4^/^  to  be  greater  than     ^  "^  ^        ^^^)  let  the  hyperbola  KM  bedefcribed, 

with  parameter  KO  z=  -^s/aacc  +  i^aagd  —  abbg  —  ag*  —  zabgg  ;  in  which,  if  it 

be  AP  =  jc,  PM  =jf,  it  will  be  the  locus  of  the  fifth  equation.  From  the 
points  M^  in  which  it  cuts  the  circle,  drawing  to  AP  the  perpendiculars  MP, 


the  lines  AP,  AP,  will  be  the  roots  of  the  equation  x*  +  -^jp 


cf' 


*  + 


=  o.     And,  becaufe  it  was  made  z  zz   -y- ,  and  x  is  given,  and  alfo  z^ 
they  will  be  the  roots  of  the  firft  propofed  equation. 


Fig*  103^ 


But,  if  we  had  fuppofed  ce  +  j^gd 
to  be  lefs  than  — — iMJL£    the  locus 

a 

of  the  fifth  equation  would  be  the  hyper- 
bola MM,   half  the  tranfverfe  axis   of 

which  z=  JLyjL±2^Ltil:i5flr^s£^ 

la^  g  ' 

the  conjugate  femiaxis    IK   = 
/.^5L±i^±£Llff!:z45c',  and  the 

parameter  KO  of  the  conjugate  axis  = 

/      y%  -H  2bgg  ^gi  ^  ace  "  4agd  ^ 
a  a  * 

This  fuppofed,  to  fatisfy  the  firft  condition,  that  it  fliall  be  a  given  circle, 
let  it's  radius  be  1=  r,  and  then  it  would  be  r  =  —  v/c^-  ^  ^d  +  bb  --  lab  +  aa^ 
firom  which  equation  the  value  of  the  affumed  indeterminate  may  be  derived. 

And  then  the  circle  defcribed,  EGM,  will 


tar 


or  /  =    ., . 

be  that,  the  radius  of  which  is  =  r. 
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To  fatisfy  the  fccond  condition,  that  the  hyperbola  may  be  given  alfo,  let  2/ 
be  ihe  given  tranlVerfe  axis,  and  p  the  given   parameter.     Then  k  will  be 

2/  =:  ^  /cc  +  4Sd  -'^'''^^^''''.  and  /=  ''' 


putting  it's  vali:e  now  found,  it  will  be  ^  =  -^ ,  from  whence  we  have  the 


But  it  is  alfo  p  =  ^Jcc  +  ^g^  ^'^  +  «*  •*•  '^^  i    therefore,    inacad  of  /, 

a 

value  of  g  zz  ^  .  And  putting  this  inftead  of  g  in  the  value  of/,  it  will  be 
f  =  — —^ —  ■  X— -— ^  ^      — ^ —  ^     Wherefore  the  tranfverfe  diameter 

and  the  parameter  of  the  hyperbola  defcribed  (Fig.  102.)  (hall  be  truly  tfao 
given  lines  2/  and  Jf  ;  and  thus  as  to  the  firft  cafe. 

Then,  as  to  the  fecond,  which  is  when  cc  +  /^dg  is  lefs  than  ^  ^  ^^^ 
let  the  conjugate  axis  of  the  given  hyperbola  be  LK  =  2^,  and  it's  parameter 
=   jf;   then   it  will  be    iu  =   J--I  ^L^LUL — L  —  cc  ^  j^g^  and  q  =s 

before>/=  '^^''  and  ^  =  ^.    And  the 

/  2^fef  +  2^£7^^  +  — ^-  —  4ff«»  —  ^aduq 

hyperbola  will  have  for  it's  conjugate  axis  LK  =  2r/,  and  for  it's  parameter  to 
I  he  faid  axis  KO  =:  q.  And  thus  the  Problem  will  be  conftrudlcd  by  means  of 
a  given  circle  and  a  given  hyperbola. 

Now,  if  the  hyperbola  fhall  not  be  given,  but  ought  to  be  fimilar  to  one 
given ;  that  is,  if  the  axis  be  to  it's  parameter  in  a  given  ratio,  or  as  m  to  »  ; 
becaufe  it  has  been  feen  above,  that  the  ratio  of  the  axis  to  the  parameter  is  that 
of  a  to  gy  it  will  be  fufficient  to  make  the  analogy,  a  .g\im  .n^  and  thence 

to  have  the  value  of  f  =  —  • 

By  making  ufe  of  the  fame  method,  we  may  conftruft  equations  by  means 
of  any  other  given  loci^  or  which  arc  fimilar  to  thofe  given.  As,  for  example, 
by  means  of  the  aforefaid  given  circle,  and  of  a  given  ellipfis,  or  like  to  a  given 
one,  by  taking  the  fourth  equation  before,  inftead  of  the  fifth. 


l>l>g  +  a»gg  +  gi  —  ^^  _  ^^    Whence  it  will  be  found,  by  operatiog  as 


EX- 
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EXAMPLE    V. 


Let  the  equation  be  x^  —  ax^  —  aax*  —  a^x  —  2a^  =  o,  which  ic  is 
required  to  conftrudl  by  means  of  a  parabola  whole  parameter  =:  ^,  and  of  an 
ellipfis  fimilar  to  one  given,  whofe  tranfverfe  axis  is  to  the  parameter  in  the 
given  ratio  of  i  to  J. 

Let  the  fecond  term  be  taken  away  by  the  fubfiitution  of  x  =  z  +  -J^j,  and 
the  transformed  equation  will  be  2*  *  —  "^^aaz"  —  ^a^z  —  tH^*  =  o. 

I  put  z  =  -^,  to  introduce  the  firft  indeterminate  /,  and  it  will  be  y^  —  V^* 

—  V/!y  —  irlf^  =  o.  Now,  taking  for  the  firft  Iccus  yy  =  fq  to  the  para- 
bola, and  making  a  fubftitution  of  the  values  of  y^  and  y,  we  Ihall  have  the 
fecond  iocus  alfo  to  the  parabola,  qq  ^^^tfq  — '-%fy  — VAff  —  o.  Now, 
becaufe  the  given  parabola  has  it's  parameter  —  tf,  we  may  here  make  ufe  of 
the  firft  locus^  by  taking  f  ^  a^  and  therefore  it  will  be  yy  zr  aq.  And  fubfti- 
tuting  the  value  of/  in  the  fecond,  (for,  the  ellipfis  not  being  given,  the  firft 
indeterminate  /,  in  refpeft  of  this,  is  ftill  arbitrary,)   it  will   be  jy  — 


\^aq 


—  \^\.aa  =  o. 


Now  let  the  firft  locus  be  multiplied  by  -^ ,  in  order  to  introduce  the  fecond 
indeterminate  g,  and  it  will  be  ^JLZJiSS  —  ©,  which,  being  added  to  the  fe- 


condy  will  give  the  third  locusj  qq  —  ^^aq  —  ^ay 
which  is  to  an  ellipfis. 


,  .,^.  ^  |2L=_2W  =  o. 


Fig.  104. 


^JiL^ 


For  the  conftruftion  of  this  third  Iccks^ 
we  fhould  have  the  ellipfis  MSQ^to  de- 
fcribe,    with  the   tranfverfe  axis   SQ^=: 

parameter  _  jy/ -^ . 

But,  becaufe  in  this  the  ratio  of  the  axis 
to  the  parameter  is  that  of  g  to  a,  which, 
by  the  given  condition,  ought  to  be  that 

of  ^  to  d,  it  will   be  g  zz  -j- .      And 

therefore,   inftead  of  g^   fubftituting  it's 

value. 


190  ANALYTICAL      IKSTIT0TIONS«  BOOK  !• 

value,   the  ellipfls  MSQ^  mud  be  defcribed  with   the    tranfverfe    axis   z: 
-gy  V '" y ^ ,   and   with   parameter   = 

Now,  from  the  centre  C  taking  CA  =:  j ,   and  from  the   point  A 

letting  fall  the  perpendicular  AB  z=  ^  *  if  from  the  point  B  be  drawn  BR  parallel 
to  the  axis  S(^  taking  any  line  BR  =  7,  it  will  be  RM  =  jr,  and  the  ellipfii 
will  be  the  locus  of  the  third  equation  qq  —  -^^aq  —  *-^ay  —  -rrr^  +  fi^LllS? 

=  o- 

With  vertex  B,  axis  BR,  and  parameter  =  n,  let  ihe  parabola  MBM  of  the 
equation  yy  zz  aq  be  defcribed  \  it  will  cut  the  ellipfis  in  two  points  M,  M. 
From  which  points  drawing  RM,  RM,  perpendicular  to  the  right  line  BK» 
they  will  be  the  two  real  roots  of  ihe  propofed  equation. 

For,  by  the  property  of  the  ellipfis,  it  will  be  SP  x  PQ^to  PM^,  (6  is 
the  tranfverfe  axis  to  the  parameter.  But  CP  zz  q  —  ~~6Z~*  ^^^  thcrc- 
fore  SP  =  ^^/ 1 2; 1- "2^  +  q jg^j— . 

and    PO   —      ^      -/  7i^fl*M»  +   fjea^db*  4-  64a* b^  +  \6ga*d^  __  i lad  -f  9ak 

And  befides,   PM  =  y  —  -^  •     Tlierefore  we  Ihall  have    the  analogy^ 

7 r 6g«3//* -f-  i76aH^d-\- 6^*i^ 4- 1 &ga*d3  ^  \\daq^Uaq         i^jg^d^-^  176^**1/4' 64^ I* 

Tstid*  ^     "*  2d  256^ 

yy  —  ^^~  +  '^^^     ••  "^  •  T"   ••  *  •  ^*     ^^^  therefore  the  equation 

^YTbd ^^^  "*■  ""^  ^  "*"    "  ^  zi  ivy  —  "^""J^*    ^"^  '^y  ^^^  equation  to  the 

parabola,  it  is  yy  zz  aq.  Therefore,  fubftituting^  inftead  of  q  and  qq^  their 
values  —  and  •—- ,  and  ordering  the  equation,  dividing  by  d  and  multiplying 
the  terms  by  aa,  it  will  be  y^  —  £^fW  ^  I3±y  ^  595£,  -.  ^   g^^^^  ^y  making 

the  fubflitution  of  2  r:  -^,   (or  making  jf  =:  2,   for   ^  =:  /,)    it  will   be 

z^  ~  V^*2i*  —  *-^a^z  —  iri^^  =  o,  which  is  the  reduced  equation;  to  the 
roots  of  which  adding  ^a^  they  will  be  the  roots  of  the  equation  propofed. 

Ir  was  indeed  unnecefTary  to  take  all  thi3  trouble  about  an  Example»  which, 

by  nauire,  is  not  foHd  but  platie ;  for  the  propofed  equation  is  divifible  by 

^  X  +  a,  and  by  x  —  2a.    But,  however^  it  will  ferve  to  (how  the  ufe  of  this  method. 

ao2.  £qua» 
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202,  Equations  of  the  fifth  and  fixth  degree  are  conftruflcd  by  means  of  two  ^'^^^^^^l.^f 
Uci,  one  of  the  third  degree,  and  the  other  a  conic  fedlion.  ^^j"  f^^^  ^^^ 

fixth  (kgree* 


EXAMPLE    VK 


Fig.  105. 


Let  the  equation  be  **  +  /rax^  —  tf'  =  o.  I  take  the  Apollonian  parabola 
XX  =  47,  and  making  the  fubfticutions,  there  arifcs  the  fecond  locus  xyy  +  axy 
—  tf'  =  o. 

Hitherto  I  have  not  mentioned  the  conftruftion  of  loci  above  the  Conic 
Seftions,  having  rcferved  the  treating  on  thefc  for  the  following  Sedlion  5  for 
thus  order  neceffarily  required.     At  prefent,  therefore*  let  there  be  fuppofec*, 

and  alfo  let  there  be  dcfcribed,  a  curve 
with  three  branches  MCH,  FE,  PNO, 
whofe  equation  is  xyy  +  axy  —  tf'  =  o, 
in  which  AB  reprefents  the  ^'s,  and  BC 
the  ys.  With  vertex  A,  axis  AL,  and 
parameter  =  ^^  let  the  Apollonian  parabola 
RAC  be  defcribed.  It  will  meet  the 
branch  MCH  in  the  point  C ;  and  there- 
fore, letting  fall  the  perpendicular  CB,  it 
will  be  AB  iz  Xj  the  real  and  pofitive 
root  of  the  propofed  equation,  and  the 
other  four  will  be  imaginary,  if  we  defire 
to  conftruft  the  fame  equation  by  means 
of  an  hyperbola  between  it's  afymptotes, 
and  alfo  by  a  locus  of  the  third  degree,  make  xy  zz  aa,  and,  by  fubdituting, 
it  will  be  i*  +  aax  —  ayy  =  o. 


Fig.  io6» 


To  axis  AB,  with  abfcifs  AB  =:  x,  and 
ordinate  BC  =j',  let  the  curve  CAN  be 
defcribed,  which  is  the  locus  of  the  equation 
a'  +  aax  —  ayy  =  o.  And  between  the 
afymptotes  AB,  AG,  let  the  hyperbola 
MCH  of  the  equation  xy  =.  tftf  be  de^ 
fcribed,  taking  the  a:'s  on  the  fame  axis 
AB;  this  will  cut  the  firft  curve  in  the 
point  C,  from  whence  letting  fall  the  per- 
pendicular CB,  it  will  be  AB  =  ^,  the 
root  of  Che  equation  propofed. 

Now 
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Fig.^ioy. 


Now  I  muliiply  the  fame  equation  by  a?  =  o,  in  order  to  reduce  it  to  the 
fixdi  degree,  and  I  Ihall  have  at*  +  aax^  —  />*jc  =  0.  I  lake  the  fame  locus  to 
the  parabola  xx  =  ay^  and,  making  the  fubftiuuion,  there  arifes  the  fecond 

hcus  y^  +  ay^  —  aax  =  o,  which   is  the 
1^  curve  NBAM,  taking  the  abfciffa  AP  =  jr, 

^J^  and  the  ordinates  PM  =  x. 

With  vertex  A,  to  the  axis  AP,  with 
parameter  =  j,  the  Apallonian  parabola  AM 
of  the  equation  xx  =  ay  being  defcribed,  it 
will  cut  the  faid  curve  in  the  venex  A, 
which  gives  us  one  of  the  roots  ;r  ss  o,  the 
fame  that  was  introduced  into  the  equation. 
Beiides,  it  will  cut  it  in  the  point  M,  and 
letting  fall  the  perpendicular  MP,  it  will  be 
another  root  of  the  equation. 


If  wc  define  to  make  ufe  of  the  firft  cubic  parabola  x^  =  aay^  make  the 
fnbdituiion  in  the  equation  x^  +  ai^x^  —  al^x  —  o,  and  there  arifes  the  fecond 
lociiSy  yy  '\-  xy  —  ^wc  =  o,  to  the  Apcllonian  hyperbola. 


Fig.  108. 


On  the  indefinite  line  AP  let  the  tri- 
angle ACP  be  defcribed,  being  right- 
angled  at  C,  (fuppofing,  if  you  pleale^ 
the  angle  of  the  co-ordinates  of  the  equa« 
tion  yy  +  x)f  —  tf*  =:  o  to  be  rieht^)  and 
let  it  be  AC  .  CP  ::  2  .  i.  At  the  centre 
A,  with  the  tranfverfe  fcmidiamcter  AF  = 


^a 


a*/ s^  with  the  parameter  =  -y-,  let  the 

ylpollonian  hyperbola  FM  be  defcribed; 
then  from  the  point  F  drawing  the  inde- 
finite line  FQ^  parallel  to  AC,  and  taking 
any  line  FQ^=:  »y,  and  QM  parallel  to  CP  and  equal  to  y,  this  (hall  be  the  locus 
of  the  equation  yy  ^  xy  ^^  ax  ^=z  o.  To  the  axis  FL  parallel  to  PC,  let  there 
be  defcribed  the  cubical  parabola  NFM  of  the  equation  x^  z=  aay.  This  will 
cut  the  hyperbola  in  the  vertex  F,  which  gives  us  the  root  x  z=  o.  And  from 
the  point  M  letting  fall  the  perpendicular  MQ^  upon  FQt^  this  will  determine 
the  other  root  FQ^of  the  equation  x^  +  aax*  —  d^x. 

If  our  equation  had  had  the  fecond  term,  and  if  we  had  defired  to  make  ufe 
of  the  cubic  parabola,  a  fecond  Iccus  of  the  third  degree  would  have  been 
dtrivetl.  Therefore  we  ought  to  make  the  fecond  term  to  vanifli,  or  make  ufe 
of  another  locus. 


\ 


8 
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EXAMPLE    VII. 


Let  the  equation  of  the  fixth  degree  be  this,  x^  +  ax^  +  a^x  —  a^  zz  o. 
I  take  the  locus  to  the  Apollonian  parabola  xx  =  ay.     Making  the  fubftitutions, 

the  fecond  locus  will  be  j'  +  xy*  +  aax 
—  ^'  =:  o,  which  is  the  curve  CBM,  taking 
the  abfciflcs  AP  iz  y,  and  the  ordinacjs 
PM  =  X. 


Fig.  109. 


At  the  vertex  A,  with  p.iramercr  iz  /?,  to 
the  axis  AP,  let  the  parai:ioLi  MAM  of  the 
equation  xx  =z  ay  be  dt.i:ribccl.  This  will 
cut  the  f:iid  curve  in  two  [)»»i.us  M,  ^M,  fron 
whence  drawing  to  the  axis  the  pLrpjri.i.Lulars 
MP,  MP,  they  will  be  the  two  roots  of  the 
propofcd  equation,  of  which  one  will  be  po- 
litive,  the  other  negative,  and  the  four  others 
will  be  imaginary. 

203.  Equations  of  the  feventh  degree  are  conftrufted  by  means  of  two  loci  —of  the 
of  the  third,  or  elfe  by  one  of  the  fecond  and  one  of  the  fourth.     But,  becaufe,  ^*^.^j"j|\°'' 
by  muhiplying  them  by  the  unknown  quantity,  they  are  reduced  to  the  eighth  ^^f^^^ 
degree,  and  thofe  of  the  eighth  are  conltrucled  in  hke  manner  by  a  locus  of  the 
lecond,  and  another  of  the  fourth,  I  (hall  content  myfeif  with  giving  an  Ex- 
ample of  thofe  of  the  eighth  degree. 


EXAMPLE     VIII. 


Fig.  zio. 


Let  the  equation  of  tlic  eighth  degree 

^  =z  o.     Taking 
■!Johi:in    parabola 


be  x^  +  /'A.-^  -h  ^^v*  —  a"  '=1  o.     Tiikinq: 


zi  ci\\  and  mrikinir  th.o  fubflitutions. 


•f-  ^y 


q""  n:  Oi  whicii  is  the  curve 


the  equation  ro  the 
►v.v 

there  arius  the  fecond  locus 
+  axy'  ^ 
GBFCMN,  taking  the  abfciflcs  AP  =y, 
and  the  ordinaies  PM  =  v.  With  vcitcx 
A,  parameter  zz  a,  and  axis  AP,  let  the 
parabola  oi  ApoHonius^  MAN,  be  defer i li- 
ed, belonging  to  the  equation  xx  zz  ay. 
C  c  This 
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This  will  meet  the  aforefaid  curve  in  the  points  M,  N,.  from  which  drawing  the 
perpendiculars  MP,  NQ»^to  the  axis,  they  will  be  the  two  real  roots,  one 
pofiiive,  the  other  negative^  of  tiie  propofed  equation,  and  the  others  are 
imaginary. 

oflnghcr     204.  Here  k  may  be  obfcrved,  that  equations  of  tlie  ninth  degree,  (as  well  ay 
degrees.        thofc  of  the  eighth,  reduced  to  the  ninth  by  multiplying  them  by  the  unknowa' 
quantity,)  may  always  be  conftrufted  by  means  of  two  ioci  of  the  third  degree^ 
making  the  fecond  term  to  vani(h,  if  it  have  one. 

Thus,  in  general,  equations  of  the  tenth  degree  may  be  eonftru6tcd  by  means 
of  a  locus  of  the  third  degree,  and  one  of  the  fourth.  And,  in  like  manner, 
thofe  of  eleven  and  twelve  degrees,  obferving  to  reduce  thofe  of  eleven  la 
twelve,  by  multiplying  them  by  the  unknown  quantity,  and  by  making  the 
fecond  term  of  an  equation  of  the  twelfth  degree  to  vanilh,  if  it  have  any. 
And  the  like  is  to  be  underflood  of  equations  of  hrgher  degrees. 

All  equations      205.  Another  manner  of  conftrufling  equations  of  any  degree  may  be,  b7 
^^y^^  ^®n-  means  of  a  locus  of  the  fame  degree  as  the  equation  propofed,  and  a  right  line  p 

iamc  degree,  l^^  j^  ^^  ^„  equation  of  the  fifth  degree,  x*  —  ix*  +  acx^  —  aadx^  +  afas 
—  a^f  =  o.  Let  the  laft  term  a^f  be  tranfpofed,  and  taking  one  of  the  linear 
divifors,  /,  of  the  laft  term,  make  it  equal  to  z,  for  example,  and  divide  the 

equation  by  a^ ;  then  we  fliall  have  z  = ^ ; • 

Fig.  Ill, 


E 


F D 

KA  m7AiI 


On  the  indefinite  line  BQ^defcribe 
the  curve  BMDRNLFC  of  this  laft 
equation,  taking  the  x's  from  the  fixed 
point  B.  The  ordinates  PM,  SR,  &c. 
will  be  equal  to  z  ;  and  therefore,  from 
the  point  B  draw  the  right  line  BA  =/i 
parallel  to  the  ordinates  PM,  SR,  and 
through  the  point  A  draw  the  indefinite 
right  line  KC  both  ways,  and  parallel  to 
BQ^  From  the  points  in  which  it  cuts 
the  curve,  let  fall  the  perpendiculars 
MP,  RS,  CQj  they  will  determine  the 
abfciffes  BP,  BS,  BQ»^ which  are  the  roots 

of  the  equation  propofed.    Thofe  from  A  towards  Q^are  pofitive,  and  thofe 

the  contrary  way  are  negative. 

If  the  right  line  AC  fhall  touch  the  curve  in  any  point,  the  correfponding 
abfcifs  X  (hall  denote  two  equal  roots  ^  and  if  it  meet  it  in  no  poinr^.all  the  roots 
will  be  imaginary. 

8  If 
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If  the  laft  term  had  had  it's  fign  poiitive,  we  muft  have  made  z  =  — /, 
and  therefore  muft  have  taken  BA  i=  — /,  that  is,  below  the  point  B,  or  on 
the  negative  fide. 

206.  This  method  may  be  of  ufe  to  verify  conftruftions,  which  have  been  Uff  of  thii 
jnade  by  the  combination  of  two  curves,  by  confronting  with  each  other  the"^^^^°* 
number  of  the  roots,  whether  real  or  imaginary,  pofitive  or  negative,  whidi  are 
found  by  each  method* 


PROBLEM    L 


*5 


207.    Benveen  two  given  quantities,  to  find  as  many  mean  geometrical  A  Problem 
proportionals  as  (hall  be  required.  ^?'*""^E!!5^ 

Let  the  two  given  quantities  be  a  and  ^,  and  let  x  be  the  firft  of  the 
mean  proportionals ;   they  will  form  this  geometrical  progreQion  following : 

-y ,  —J- ,  &c.  Now,  if  we  would  have  two  mean  pro- 
portionals, the  fourth  term  of  the  progreiCon  muft  be  ^,  and  therefore  we 
(hould  have  this  equation  —  =  ^,   or  a-*  =  a*i.    To  conftruft  this  by  the 

help  of  a  parabola  and  a  circle,  I  reduce  it  to  the  fourth  degree,  by  multiplying 
it  by  X  =  o,  and  then  it  will  be  **  —  a*ipc  zz  o.  Taking  the  l0€us  to  the 
pacabola  fcx  z=  ay,  and  making  the  fubftitutions,  there  arifes  the  fecond  locus 
jpf  —  i*  =  o,  which  is  alfb  to  the  parabola ;  from  which  fubtrading  the  firft, 
there  arifes  a  third,  yy  -^  ix  ^  xx  +  ay  zz  o^  which  is  to  the  hyperbola ;  or^ 
adding  the  firft  and  fecond  together,  there  arifes,  laftly,  yy  —  ix  +  xx  —  ay 
zz:  o,  ^  locus  to  the  circlej  fuppofmg  the  co-ordinates  to  contain  a  right  angle. 


Fig.  ii2« 


With  radius  CG  =  i\^aa  +  tb  let  the  circle 
OMA  be  defcribed  ;  and  taking  CB  zz  ia^  let 
fall  tlie  perpendicular  BA  =  f^,  which  will 
meet  the  circle  in  the  point  A  ;  from  whence 
drawing  AQ^ parallel  xo  the  diameter  OG,  and 
taking  any  portion  AQjzy,  it  will  be  QM  =^, 
and  this  circle  will  be  the  locus  of  the  equation 
yy  —  ix  +  XX  —  ay  —  o.  With  venex  A, 
axis  AQ»^  and  parameter  =  a,  let  the  parabola 
XX  =  ay  be  defcribed,  which  will  meet  the 
.circle  in  the  point  M  ;  from  whence  letting  fall 
the  perpendicular  MQ^it  will  be  the  root  of  the 
propofed  equation^  For  tlie  vertex  of  the  pa- 
C  c  2  .rabolat 
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rabola,  being  in  the  periphery  of  the  circle,  will  give  the  other  root  ir  =  o, 
which  was  introduced,  and  the  other  two  are  imaginary. 

Taking  the  fiid  and  fccond  equation,  the  Problem  will  be  condrufted  by 
means  of  two  Apcllonian  parabolas.  Taking  the  firft  and  third,  it  will  be  con- 
ftrudted  by  means  of  the  parabola,  and  the  hyperbola  referred  to  it's  diameters. 

208.  Without  multiplying  the  equation  x^  —  aab  zz  o,  it  may  be  con- 
ftru6led  by  a  parabola  and  an  hyperbola  between  it's  afymptotes  ;  for,  taking 
the  locus  XX  =  ay,  and  making  the  fubftitutions,  there  arifcs  xy  =  at. 

Between  the  afymptotes  NN,  QQj^  let 
there  be  defcribed  the  hyperbola  MM  with 
the  conflant  redangle  al,  and  let  AP  be 
the  j^'s,  and  PM  the  .v's.  To  the  axis  AP, 
with  the  vertex  A,  the  parameter  =:  «,.  let 
the  parabola  AM  be  defcribed  ;  from  the 
point  M,  in  which  it  cuts  the  hyperbola, 
drawing  the  ordinate  MP,  it  (hall  be  the 
root  of  the  propofed  equation. 

The  firft  of  the  two  mean  proportionals 
being  thus  found,  we  have  alfo  the  fecond^ 

being  equal  to  the  abfcifs  AP  zr  j  =z  —  • 


Fig.  113. 


?^ 


m\  (1 


A  fimpler 
cafe  of  the 
fame  Pro- 
blem. 


Carried 
higher. 


209,  To  find  three  mean  proportionals,  the  Problem  becomes  plane;  for, 
having  found,  geometrically,  that  in  the  middle,  which  let  be  m  for  example^ 
the  mean  between  a  and  m  will  be  the  firft  of  the  three,  and  the  mean  between 
m  and  b  will  be  the  third. 

210.  Let  it  be  rcqiiired  to  find  four  mean  proportionals;  then  b  ought  to  be 
the  fixth  tein\  of  the  progreflion,  and  therefore  we  fliall  have  the  equation 
«*  =  a^i,  or  X*  —  a^b  =  o. 

Fig.  114.  I  fake  the  locus  to  the  Apollonian  parabola 

XX  zr  tfv,  and  making  the  fubftitution,  there 
arifes  ihe  fccond  locus  xyy  —  aab  =  o, 
which  is  an  hy  perboloid  of  the  third  degree. 
Therefore,  between  the  afymptotes QC^  RR, 
let  there  be  defcribed  the  hyperboloid  MN, 
ttinj  of  the  equation  xyy  =:  atw^  making  the 
abfcifs  AP  1=^,  and  the  ordinite  l^M  zz  x. 
Now,  to  the  diameter  AQ^  vertex  A,  de- 
fcribing  the  parabola  of  ihe  equation  xx^zayi 
and  from  the  point  M,  in  which  it  meets 

the 


SECT.  IV. 


AN  ALYTICAL      INSTITUTIONS, 


197 


the  hypcrboloiJ,  drawing  the  ordinate  MP,  it  (liall  be  the  root  of  the  equation 
x^  —  a^b  =:  o,  and  the  Hrft  (jf  the  mean  proportionals  required  j  by  means  of 
which  the  oihers  ni:iv  be  found  alio. 

an.  Alio,  th.e   Problem   mny  be  conPtruvfled   by  means  of  the  Jpolknia?i Condrv^cd 
hyperbola  between  it's  aiyir.ptotcs,  and  the  fecond  cubical  parabola.  othcrwife. 

Make  therefore  t^z  —  Ary,  ihe  Iccus  to  the  aforefaid  hyperbola;  and,  inftead 
o(  a*,  fubftitniincj.  ir?  value  .vx^^,  there  arifcs  tiie  locus  x^  =  /y^,  which  is  the 
fecond  cubical  parabola. 

With  the  axis  AQ^let  there  be  defcribed 
the  fecond  cubic  parabola  RAN,  in  which 
AQ^ gives  the  a''s,  and  (^  theys.  And  be- 
tween the  afymprotcs  ST,  MQ»^  let  ther^j  be 
defcribed  the  hyperbola  NN,  And  from  the 
point  N,  in  which  it  meets  the  parabola,  let 
the  ordinate  NQ^be  drawn.  Then  will  AQ^ 
be  the  root  of  the  propofed  equation,  that  is, 
the  firll  of  the  four  mean  proportionals. 


I-ig.  lis. 


212.  To  find  five  mean  proportionals  the  Problem  is  only  cubical.     For,  Extended  to 
liaving  found  the  middle  term  geometrically,  which,  for  example,  let  be  ;;/; l"gl»cr  cafes. 
to  have  the  two  means  between  a  and  w,  is  a  cubical  or  folid  Problem,  as  has 
been  leen  juft  now. 

It  may  be  eafdy  perceived  widi  a  little  attention,  that  the  Problem  for  finding 
fix  mean  proportionals  may  be  conllru^fled,  either  with  a  locus  of  the  fecond, 
and  one  of  the  fourth  degree,  or  with  two  of  the  third  degree.  But  to  find 
fcven  fuch,  having  found  the  middle  one,  the  Problem  will  h)e  reduced  to  the 
finding  of  three.  And  in  the  fame  way  of  reafoning,  we  may  go  on  to  greater 
numbers. 


PROBLEM    II. 


I£.  Il6. 


213.  In  the  circle  ABCD,  having  two  chordsThe^^'cx- 
given,  BA,  DC,  which  proceed  from  the  exrremitics*^'"P||'^'-'^^y 
of  the  diameter  BD,  and  the  third  chord  AC  being™^"^'^' 
given  alfo  ;  to  find  the  diameter  Bl). 

Draw  the  chord  BC,  and  make  AB  zz  ^,  AC  :=:  ^, 
DC  =  Cy  and  the  diameter  BD  ~  .r;  and  let  fill  the 
perpendicular  BM  upon  ihe  chord  AC.  Becaufe  the 
angle  in  the  femicircle  BCD  is  a  light  one,  it  will  be 

EC  z:  ^xx  -  c,-  i  and  becaufe  the  angles  BAC,  BDC, 

infift 
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infift  on  the  fame  arch  BC,  and  alfo  the  angles  M,  BCD,  arc  right  angles,  the 
two  triangles  BCD,  BAM,  will  be  fimilar.  Wherefore  it  will  be  AM  = 
But,  by  Euclid^  ii.  13,  it  is  BC;^  z:  ABy  +  ACy  —  2CA  X  AM  ;  therefore 
the  equation  will  be  »v.v  —  r^  =  ^/j  +  hb  —  ^^,  that  is,  *'  —  ccx  —  aox 
—  bbx   +  zabc  =  o* 

I  multiply  it  "by  at,  to  reduce  it  to  the  fourth  degree,  and  thus  conftriiA  it, 
by  means  of  the  parabola  and  the  circle.  It  is  then  x^  —  ^V  —  ^V  —  ^V 
+  zabcx  =  o.  Taking  therefore  the  loctts  to  the  parabola,  the  parameter  of 
vviiich  is  the  leaft  of  the  three  chords,  which  let  be  c  for  inftancc ;  that  is, 
taking  .v.v  iz  ry,  make  the  fubftitutions,  and  the  fecond  locus  will  arifc  jy  — 

' H =  o,  which  is  alio  to  the  parabola.    To  this  add  the 

firft  equation  xx  —  ry  n  o,  and  we  (hall  have  finally  a  locus  to  a  circle,  takirig 

the  co-ordinates  .at  right  angles,  that  is,  yy  — 


ace  •\-  aa  +  hh      ,   t4ib 

; y  +  —X  +  xx=:o. 

c  c 


Fig.  117. 


Therefore,  with  radius  AC  z:  \/ 


^^      yaahh+ccmi 


cc 


.(for  brevity.fake  writing  m  for  — — -^ j) 


%c 


draw  the  circle  AMBP,  and  taking  CD  =  m^ 
from  the  point  D  raife  the  perpendicular  DE  = 

— ,  which  will  terminate  in  the  periphery  of 

the  circle  at  the  point  E  5  and  drawing  the  in- 
definite line  EQ^ parallel  to  the  diameter  AB, 
upon  this  line  take  any  how  EL  z=  j^,  the  cor- 
rcfponding  ordinate  will  be  LM  =  Xy  and  this 
circle  is  the  Iccus  of  the  equation.  With  vertex  E,  axis  EQ>^  and  parameter 
zi  c,  let  the  parabola  of  the  equation  xx  'zz  cybt  defcribed.  This  will  cut  the 
circle  at  the  vertex  in  the  point  E,  which  will  give  the  introduced  root  x  a  o. 
It  will  cut  it  befides  in  the  three  points  M,  N,  P,  from  whence,  to  the  right 
line  EQ^letting  fall  the  perpendiculars  ML,  NR,  PQi  they  (hall  be  tlic  three 
roots  of  the  equation  propofed,  two  pofitive  and  one  negative.  The  firft  po- 
fitivc  root  ML  cannot  ferve  for  this  Problem  ;  for,  fuppofing  y  '=l  c^  it  will  be 

in  the  parabola,  a:  it  r,  and  in  the  circle,  ^  n  -— H  ^  '-^+.bb-\-aa+cc. 

But  this  value  of  x,  relatively  to  the  circle,  is  greater  than  r,  if  the  two  chords 
iiy  by  be  not  equal  to  each  other;  and  it  is  equal  to  f,  if  the  two  chords  be 
equal.  Wherefore  the  point  in  the  parabola  which  correfponds  to  the  abfcifs  r, 
cither  falls  in  M,  or  falls  within  the  circle.     Therefore  ML  is  cither  Icfs  than.f, 

or. 
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or,  at  moft,  is  equal  to  ir,  and  therefore  miin:  needs  be  Icfs  than  cither  of  the 
ebords  a,  by  and  confequently  cannot  be  the  diameter  of  the  circle. 

The  (econd  pofitive  root  RN  will  fupply  us  with  ihe  diameter  required. 
The  negative  root  QP  fupplies  us  with  a  diameter  for  anotlier  cafe  j  that  is, 
when  the  two  chords  which  terminate  at  the  diameter  are  drawn  from  the  fame 

fide,  as  in  Fig.  118.  For,  doing  the  fame  things  as 
above,  draw  likewife  the  chord  AD.  The  angle  DAB 
being  right,  the  two  angles  DAC,  MAB,  will  be  equ.d 
to  a  right  angle.  But  alio,  the  two  angles  MAB,  M3A, 
are  equal  to  a  right  angle  ;  therefore  MBA  n  DAC  =: 
CBD,  as  infifting  on  the  fame  arch  DC.  Hence  the  two 
triangles  CBD,  MBA,  are  limilar,  and  therefore  MA  =: 

— -  'y  but»  by  Euclidy  ii.  12,  it  will  be  CBj  :r  CAy  + 


Fig.  ii8» 


BAy  +  2CA  X  AM ;  whence  the  equation  xx  —  cc  zz 
bb  +  aa  + ,  that  is,  x^  —  ccx  —  bbx  —  aax  —  2ah<; 

=  o ;  the  conftruftion  of  which  is  the  fame  as  the  pre- 
ceding,  except  that  now,  the  laft  term  being  negative,  we  muft  draw  DK 
(Fig,  117.)  the  negative  way,  becaufc  the  axis  of  the  parabola  will  be  bdow 
the  diameter  of  the  circle  ;  and  the  two  pofitive  roots  in  the  firft  cafe  are 
negative  in  this,  and  the  negative  becomes  pofitive. 

And  becaufe  the  fecond  term  is  wanting  in  both  the  equations,  it  proceeds 
from  thence,  that  the  two  pofitive  roots  in  the  firft  cafe  are  equal  to  the  nega- 
tive, and  the  pofitive  in  the  fecond  is  equal  to  the  two  negative.  Hence  we 
learn  that  the  firft  of  the  three  roots,  which  gave  us  no  folution  of  the  Problem, 
yet  however  belonged  to  it,  as  being  the  difference  of  the  two  diameters* 
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214.  The  reftangle  ACDB  being  given,  Anotlicr 
in  the  fide  AC  produced  to  find  the  point  gf"""^^"^^^ 
E,  fo  that,   drawing  the  right  line  BE^'^^*"™" 
from  the  angle  B,  the  intercepted  line  EF 
may  be  equal  to  a  given  right  line  c. 

When  a  fquare  is  given  inftead  of  the 
reftangle  ABDC,  the  Problem  is  plane, 
and  has  been  already  folved  in  Se<ft.  IV* 
§176.     But,  fuppofing  ABDC  to  be  a 

reftangle, 
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rcflangle,  it  changes  the  nature  of  the  Problem,  and  makes  it  folid.  Therefore, 
irakin^  AB  =  a,  BD  n  b^  DF  =  x^  and  repeating  the  argumentation  in  the 
place  above  citcci,  \vc  fliall  have  an  equation  of  tlie  fourth  degree,  which  is  this: 

—  zax^   +  nax^  —  zabbx  +  aabb  n:  o. 


A' 


ccx 


To  conflruft  this  by  an  hyperbol.i  between  the  afymptotes,  combined  with  a 
circle,  I  put  ab  =z  2.v,  and  making  the  fubftitutions,  there  arifes  the  fecond 
locus  XX  —  2ax  +  aa  +  bb  --^  cc  —  abz  +  22  iz  o,  which  is  to  the  circle. 

Between  the  afymptotes  BA,  BD,  let  the  hyperbola  OM  be  defcribed,  of  the 
equation  zx  .—  ^^,  which  (hall  pafs  through  the  point  C.  Taking  any  abfcifs 
BP,  BN  =  z,  the  ordinate  will  be  PO,  NM  =  x.  With  centre  C,  radius 
equal  to  ihe  given  line  f,  let  the  circle  OMV  be  defcribed.  This  lliall  be  the 
locus  of  the  cq'.iation  xx  —  2^.v  -i-  aa  +  bb  -^  cc  '^  2bz  +  zz  zz:  o. 

From  the  points  O,  M,  in  which  this  cuts  the  hyperbola,  let  fall  the  perpen- 
diculais  OP,  MN  ;  ihey  iball  be  the  two  pofitive  roots  of  the  equation.  The 
lefler  will  ferve  for  the  Problem  in  the  cafe  propofed,  of  the  angle  BAC.  The 
greater  for  the  angle  AC/.  And  if  the  given  line  c  be  fuch,  that  the  circle 
cannot  reach  to  cut  the  oppofite  hyperbola  mo,  the  other  two  roots  will  be  ima- 
ginary. But  if  it  ihall  cut  it^  they  will  be  real  and  negative,  and  will  ferve  for 
the  angle  ACD. 


PROBLEM    IV. 


A  Problem 
for  angular 
fedlions. 


Fig.  120. 


>r_^'^^^i 


circle,  HL  =  s/TT^ 


yy 


215.  To  divide  a  given  angle  FCB,  or  arch 
FAB^  into  three  equal  parts. 

Let  H,  I,  be  the  points  of  divifion  required; 
then  the  chords  FH,  HI,  IB,  ought  to  be  equal: 
and  the  arch  FAB  being  given,  it's  chord  FB 
will  alfo  be  given,  which  let  be  equal  to  2.f. 
Then,  drawing  the  radius  CA  =z  r  perpendicular 
to  FB,  which  will  bifed  it  ia  D,  it  will  alfo 
bifcft  the  chord  HI,  and  CD  will  be  known, 
which  make  •=.  a.  Drawing  the  radius  CK 
perpendicular  to  CA,  and  from  the  point  H 
drawing  HL  perpendicular  to  CK,  make  CL 
=:  jf,  and  it  will  be,  by  the  property  of  the 
And  drawing  the  radius  CH,  by  the  limilar  triangles 


HLC,  CDE,  we  (hall  have  DE  =       ^^ 


But,  becaufe  the  angle  FHC 

ought 
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therefore  the  equation  is  %y  +  ^  zzf,  that  is,  zyz  +  ay  :=:fzj  a  locus  to  the 
hyperbola  between  the  afymptotes. 

Fig.  I22« 


Bifedting  DF  in  P,  through  the  point  P 
draw  the  indefinite  line  PN  parallel  to  AC» 
and  taking  QO  :=.  \a^  through  the  point  O. 
draw  the  indefinite  line  VA  parallel  to  KC^ 
Between  the  afymptotes  PN,  VA,  defcribe 
the  hyperbola  whofe  reftangle  is  \af^  which- 
(hail  pafs  through  the  point  C ;  and  taking 
the  y\  on  the  line  CQ»^  poiitive  towards  the 
point  K,  the  correfponding  ordinates  (hail 
be  z,  and  the  hyperbola  be  the  locus  of  the- 
equacion  azy  +  /y^  — /z;  r=  o. 

This  will  cut  the  circle  in  four  points  H, 
R,  M,  S,  from  which  drawing  perpendl»^ 
culars  HX,  RG,  MY,  ST,  to  AC,  thcfc 

(hall  be  the  roots  of  the  equation,  three,  HX,  RG,  MY,  po(itive,  and  onc^ 

ST,  negative. 

It  is  plain  that  the  root  HX,  or  CL,  ferves  for  the  divi(ion  of  the  given 
arch  FAB ;  and  the  root  YM  ferves  for  the  divifion  of  FMB,  the  remainder 
to  the  whole  circle.  For,  if  I  had  propofed  to  divide  the  arch  FMB,  I  (hould* 
have  had  the  fame  equation,  and  therefore  the  fame  locus. 

The  root  RG  ferves  to  no  purpofe,  but,  however,  it  informs  us,  that  it  is 
equal  to  /,  or  that  by  which  the  equation  is  divifible,  which  refulis  from  the 
two  loci  rr  — yy  zz  zz,  and  2zy  +  ay  -^  fz  =0;  that  is,  the  folid  equation" 

found  before. 

Now,  to  demonftrate  ir,  taking  O^u  -=.  -^a  -=.  OQ*^  the  correfponding  ordinate 
of  the  circle  will  be  GR  =:  /.  But  wG  =  PD  =  f/;  therefore  «R  =  f/^ 
But  the  conftant  redangle  of  the  hyperbola  is  ^af;  therefore  the  hyperbola  will 
cut  the  circle  in  the  point  R,  and  therefore  it  will  be  tlie  root  which  corresponds 
to  this  point. 

The  other  root  TS  ferves  for  the  divifion  of  the  whole  circle  into  three- 
equal  pans,  which  may  be  demonftrated  in  this  manner. 

Becaufe  FD  zz  RG,  the  arches  FK,  KR,  will  be  equal ;  and  therefore,  RG- 
being  produced  to  Z,  the  arches  FAB,  RMZ,  will  be  equal.  Therefore  PR, 
or  BZ,  will  be  half  the  difference  of  the  two  arches  FAB,  FMB.  But  if  we 
liiould  folve  the  Problem  relatively  to  the  arch  BZ,  we  (hould  find  the  fame- 
hyperbola  HCS,  and  ZS  would  be  a  third  part  of  the  arch  BZ,  that  is,  a  third' 
part  of  half  the  difference  of  the  arches  FAB,  FMB;  and  therefore  BS  is. a 
third  part  of  the  faid  difference.     But  HB  is  two-thirds  of  FAB,  and  therefore 

one-ihird. 
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•one-third  of  the  fum  of  the  two  arches  FAB,  RMZ,     Therefore  the  fum  of 
HB  and  BS,  that  is,  the  arch  HS,  will  be  a  chad  pare  of  tlie  whole  circle. 

Q^    E*    D* 

fli6.  This  Problem  has  been  refolved  before,  at  §  no,  but  after  another  Otltccar-sof 
manner.     There  it  is  fccn,  that,  in  the  cafe  wherein  the  given  angle  is  a  »ighi^^*'^^'*d^|.j^^ 
angle,  the  Problem  will  be  plane.     In  the  other  two  cafes,  of  an  obtiifii  oi 
acute  angle,  we  arrived  at  thefe  two  cubic  equations,  2bx^  —  ^aax^  +  «♦  n  o, 
atid  ^bx,^  +  ^aax*  —  tf*  iz  o. 

But  if  it  be  confidered,  that  in  the  firft  equation,  which  ferves  for  the  obtufe 
angle,  taking  x  negative,  it  will  be  changed  into  the  fecond,  which  lerves  for 
the  acute  angle  ;  it  will  be  fufficient  to  conftruft  the  equation  for  the  firft  cafe, 
bccaufe  the  negative  root  of  this  will  give  the  folution  for  the  other  cafe. 

Therefore  I  multiply  the  firll  equation  by  x  z:  o,  in  order  to  reduce  it  to 
the  founh  degree,  and  I  divide  it  by  zb ;  then  it  will  become  **  —  "^""^ 

=  o. 
I  take  the  equation  to  the  parabola  xx  —  ^^  i=  ay^  and  fquaring  it,  it  will 


2b 


4iV 


4)C  X' 


Saax* 


+  —7^  =  aayy.     Then,  inftead  of  the  two  firft  terms,  fubfti- 


2h       '     i6bh 

tuting  their  value,  it  will  be  jy  —  —         , 


9^^_'^  +  ^  z:  o.    Here,  inftead  of  w,  I 


itutc  it's  value  ay  +  =-t-  ,  and  I  (hall  have  the  equation  yy 


9f2L 

\tbb 


ajx       Max  ^  Q  ^Q  which  adding  the  firft,  xx 
6^         a*  o  ' 


Saax 

IT 


—  tfy  iz  o,  it  will  be 


finally  Jjy  — ^  -  "g^  +  IJ  +  -^  -  -^  —  ^;^  =  o,  an  equation  to  the 
circle,  taking  the  co-ordinates  at  right  angles. 


Fig.  115, 


With  radius  CG  =:  %/WTw,  (making, 
for  brevity,  ^—J^^-  =  2m,  and  ^y— 

=  2;/,)  let  the  circle  MNH  be  defcribed, 
and  taking  CD  zz  «i,  from  the  point  D 
draw  DA  perpendicular  to  CD,  and  equal 
to  ».  This  will  meet  the  periphery  of  the 
circle  in  the  point  A.  Through  this  point 
A  draw  AK  parallel  to  RG ;  and,  taking 
any  line  at  pleafure,  AK  =  y,  the  corre- 
fponding  ordinate  will  be  KH  =  x,  and  the 
circle  will  be  the  locus  of  the  equation. 

D  d  2  On 
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On  the  right  line  AD  take  AI  =  ■— ,  and  through  the  point  I  drawing  LO 

parallel  to  AK,  let  there  be  taken  a  portion  of  it,  IL  zz  ^r,  and  with  vertex 

L,  axis  LO,  and  parameter  z:  /?,  let  there  be  defcribed  the  jipollonian  parabola 
ALH.  From  the  point  A  taking  the  abfcifs  y  on  the  axis  AK,  the  corre- 
fponding  ordinates  will  be  KH  r:  x,  and  the  parabola  will  be  the  locus  of  the 

equation  xx — -^^  zz  ay  \  this  will  meet  the  circle  in  four  points.  A,  M, 

H,  N.  The  point  A  will  give  the  introduced  root  =:  o.  The  three  perpen- 
diculars, QM,  PN,  KH,  to  AK,  will  give  the  three  roots  of  the  equation. 
The  firft  pofitive  root,  Q\l,  will  ferve  for  the  obtufe  angle.  The  fecondj  PN^ 
which  is  negative,  will  lerve  for  the  acute  angle.  The  third,  KH,  will  ferve  for 
the  divifion,  into  three  equal  parts,  of  that  angle  which  is  the  difference  be« 
tween  the  given  angle  and  a  right  angle. 

Now,  to  (how  that  this  is  true,  lee 
the  given  angle  be  MAB.  Let  AH  be 
perpendicular  to  AB  ;  and  let  us  divide 
the  angle  MAH  into  three  equal  parts, 
which  is  the  difference  between  the 
given  angle  MAB,  and  the  right  angle 
HAB.  Suppofe  it  fo  divided  by  the 
right  lines  AC,  AD,  and  repeating  the 
reafoning  of  §  no,  it  will  be  AC  n  CD,  and  the  triangle  ACH  will  be  (imilar 
to  the  triangle  DAH,  and  therefore  we  fhall  have  the  analogy,  CH  .  HA  :: 
HA  .  DH.     Naming  the  quantities,  therefore,  as  in  §  no,  AB  =:  «,  BRzz^ 

andBC  z:  .v,  it  will  be  RC  zr  x -^  b,  BH  =  -^,  CH  =  ;c  — ~,  ARzz 

\/aa  —  bby    HA    = 

+ 


Av  ::- J 


b    '  '--         '  h 


am 
b 


-J-  >/  aa  —  bbi   AC  ZZ  \/ aa  +  ;r *  —  ihxy    DH  n  *,  -— 

\/ aa  +  XX  —  ibx*      Therefore,   fubftituiing  thefe  analytical  values  in    the 


foregoing  proportion,  it  will  be  ;c  — 


aa 


\/aa  -  bb 


a 

T 


\/  aa  —  Vb 


—  -T-   +  ^ aa  +  XX  —  2^A.     Whence  the  equation  -^  X  ^^  —  ^^  =  *  — 


bb 


X  X 


aa 
T 


4-  \/aa  +  XX  -^  zbx ;   which,  being  reduced,  and  finally  divided 

-  laaxx  +  ^*  =  o,  the  very  equation 


by  aa  —  bb^  will  be  found  to  be  ibx^ 
which  was  to  be  conftruded. 


Befides  the  angles  lefs  than  two  right  ones,  which  infift  on  arches  lefs  than  a 
femicircle,  and  which  the  architeds  call  Entrant  ylriiles,  there  are  alfo  angles 
which  are  grca;er  than  two  right  ones,  and  which  infill  on  arches  greater  than  a 
femicircle,    and  are  called  SalurJ  Angles.     The  inclination  of  the  two  lines 


AB, 
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AB,  AM,  which  point  towards  C,  may  be 
conlldcrcd  as  pofitive,  and  that  negative  which 
points  towards  D.  As  Ijng  as  the  inchn.itio:! 
of  the  two  lines  AB,  AM,  ihall  be  pofiiive, 
and  fliall  point  towards  C,  fo  lon^^  the  angie 
MAB  Ihall  be  entrant,  or  lels  than  two  ri^lic 
angles,  and  Ihall  infiil:  upon  an  arcii,  BCM, 
lefs  than  a  femicircle.  If  the  two  lines  A2B, 
A2M,  (hall  make  a  right  line  2B2M,  the 
inclination  will  be  none  at  all.  But  if  the 
inclination  ftiall  become  negative,  the  two 
lines  A3B,  A3M,  winding  to^\ards  D,  then 
the  angle  3MA3B  will  be  char?gcd  into  a 
f:ilient  angle,  greater  than  two  right  ones,  and 
will  infift  upon  an  arch,  3MC3B,  greater  than  a  femicircle.  Therefore  thc 
trifedion  of  any  given  angle  may  alfo  include  that  of  a  falient  angle. 

Now  it  is  to  be  confidered,  that,  as  the  line  AB  (Fig.  123.)  infiQs  upon  the 
line  MAE,  whilfl:  it  forms  the  angle  MAB,  three  other  angles  will  confcquently 
arife,  that  is,  the  entrant  BAE,  which,  united  to  the  given  and  alfo  entrant 
angle  MAB,  makes  up  the  two  right  angles ;  and  the  falient  angles  MAB, 
BAE,  which,  united  to  the  correfponding  entrant  angles,  complete  the  four 
right  angles. 

Wherefore  the  three  roots  of  our  equation,  %hx^  —  3.^^^*  +  ^z^  =  o,  ferve 
for  the  trifedlion  of  all  the  fore-mentioned  angles.  13y  means  of  the  lead 
pofitive  root,  the  obtufe  angle  MAB  is  divided  into  three  equal  parts  ;  and,  by 
means  of  the  negative,  the  acute  angle  BAE,  as  has  been  feen.  Befides,  it  has 
been  (hown,  that  the  greater  pofitive  root  ferves  for  the  angle  MAH  ;  and  this 
fervcs  alfo  to  trifeft  both  the  falient  angles  MAB,  BAE.  For,  indeed,  the 
falient  angle  BAE  is  equal  to  three  right  angles,  together  with  the  angle  MAH. 
The  third  part,  therefore,  of  the  falient  angle  liAE  muft  be  equal  to  one  right 
angle,  together  with  the  third  part  of  the  angle  MAII  ;  and  fuch  is  the  angle 
CAB.  In  like  manner,  the  falient  angle  MAB  is  equivalent  to  three  rii^ht 
angles,  taking  away  the  angle  MAH,  or  hK^L  ;  and  cunfequently  rAB  will  be 
it's  third  part,  as  being  equal  to  the  right  angle  i6AB,  taking  away  the  angle 
bhcy  a  third  part  of  the  angle  Z?AE. 

aiy.  Now,  to  divide  the  given  angle  into  three  equal  parts,  if  I  had  madeThcfamc 
life  of  Prob.  XUI.  §  108,    I   fhould   have  ome  to  the  equation  x^  —  3^.v*  conihuacd 
—  yrx   +  ^rr  =:  o  ;  and,  multiplying   by  ;c  :=:  o,   it  is  x^  —  j/'.v'   —  y^y.-^'^w^^x^xvi^j. 
+  brrx  zr  o.     Wherefore,  aiiuming  the  locus  to  the  parabola  .v.v  —  \bx  iz  by^ 
and  doing  the  reft  as  uiual,  we  ihall  have  another  locus  to  the  circle,  taking  the 

co-ordinates  at  right  angles.     This  will  be  ^7  —  2_>  +  24  rry      39.  .v  +  2^  irx 

+  XX  =  o. 


hl^if 


b^^ 
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Thcfc  two  loci  being  dcfcrihed  and  combined,  will  give  the  fame  conftrnftion 
as  in  Fig.  123,  diflcring  only  in  the  known  quantities.     For^  in  this  cafe,  the 

radius  of  the  circle  will  be  CG  =  %/mm  +  «« ;  (making,  for  brevi;y-fake» 
-■  0^1^  —  ^^i  and  ?^  g't  I  ^  =^  a»0  and  it  will  be  CD  =  f»,  DA  =  », 
AI  =  4^,  and  IL  =  ^V. 

This  Problem     11 8.  From  the  fame  Problem  we  have  a  general  method  for  dividing  any 
rtlfcd  highcr.,given  arch  or  angle  into  as  many  equal  parts  as  we  pleafe.     Thus,  to  divide  it 

into  five  equal  parts,  we  (hall  have  this  equation,  ^  ^^ Z"^  ^  ^»  ^^  "> 

•A*  —  5^;i^  —  lorrx^  +  lo^rV  +  5r*ic  —  ^r*  =1  o. 

To  con(lru£l  this,  I  take  a  /^riij  to  the  Apollonian  parabola  x€  rz  fy,  and, 
making  the  fubiVitutions,  there  arifes  a  fecond  of  the  third  degree,  xjy  —  54^7 

—  lorxy  +  lolry  +  crrx  —  irr  =  o,  that  is,  *  =  ^  J^  ""  '^^^  "^   '^ ^ 

Therefore,  having  defcribed  the  hens 
of  the  equation,  which  (hall  be  the  curve 
with  three  branches.  Fig.  126,  that  is; 
HT  between  the  aiymptotes  RK«  BC ; 
GMQ^  between  the  afymptotes  DI,  KR; 
and  /ffiL  between  the  afymptotes  DP, 
DI|  in  which,  on  the  axis  AV,  arc  the 
ys,  and  the  correfponding  ordinates  are 
the  .v's.  With  vertex  A.  parameter  =r  r, 
and  axis  AV,  if  the  parabola  of  the 
eqii'ition  xx  =1  ry  he  defcribed,  it  will 
meet  the  curve  in  five  points,  O,  M» 
T,  i,  Q»  which  will  determine  the  five 
roots,  ^r,  mn,  TV,  Si,  and  PQj  three 
politive,  and  two  negative,  of  the  equa- 
tion propofed. 

uTcdftiU       219*  SOf  to  divide  an  arch  or  angle  given  into  any  greater  odd  number  of 
higher.         equal  parts,  other  curves  may  be  found,  relative  to  the  degree  of  the  equation. 


J^ig.  126. 
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SECT,     v; 


Of  the  ConJiruSIion  of  Loci  which  exceed  ihe  Second  Degree. 


2=ao.  The  Geometrical  Loci  may  be  conftrufted  after  two  difTcrent  manners  ;  Higher  locS 
tTiat  is  to  fay,  by  defcribing  curves  expreffing  equations  which  exceed  the  fecond  conllnifted 
degree;  if  we  may  call  that  defcribing,  in  each  manner,  which  is  rather  tracing '^^°  w*yv- 
them  out,  fo  as  to  give  fome  notion  of  fuch  curves. 

The  firft  manner  of  tracing  them  is,. by  finding  an  infinite  number  of  poinis* 
The  fecond  is,  by  means  of  other  curves  of  an  infciior  degree,  which  are 
already  defcribed.  Thus,  a  locus  or  equation  of  the  third  degree  may  be  con- 
ftru&cd  by  means  ofia  right  line  and  a  conic  fetlion  ;  a  locus  or  equation  of  thei 
fourth,  by  means  of  t^p  conic  fections ;  a  locus  or  equation  of  the  fifth,  by 
means  of  a  conic  fectioo'^and.a  locus  of  the  third  degree.  And  fo  on,  as  far  as 
you  pleafe. 

221.  Now^  as  to  the  firft  manner,  by  an  infinite  number  of  points;  firft,— firft, by 
the  equation  muft  be  reduced  in  fuch  manner,  that  one  of  the  two  unknown  f"!!''"^.*" 
quantities,  which  Ihali  feem  fitteft  for  the  purpofe,  muft  be  freed  from  fradlions"!^^^"^*^^. 
or  co-ef&cients,  muft  be  of  one  dinienfion  only,  and  placed  alone  on  one  lide  poiutb. 
of  the  fign  of  equality  ;.  which  may  always  be  done  by  the  methods  explained 
in  Se£l.  11.     Then,  in  refpedl  of  fuch,  unknown  quantity,   (ihe  other  being 
confidered  as  conftant,)  the  equation  muft.  be  of  it's  own  nature  plane,  that  is, 
muft  not  exceed  the  I'econd  degree.    As,  for  example,  the  cqiution  xyy  +  2aay 

=  x^j  that  is,  yy  +  ^^  r:  .v.v,  which,  managed  by  the  rules  for  affeded  qna-^ 
draticks,  will  give  y  —  ILfljr     **  + 


a^ 


V 


_  m 

Equations  being  given  or  reduced  in  this  manner,  the  way  of  conftrufting 
the  locus^  or  curve  expreffed  by  it,,  conlifts  in  giving  an  arbitrary  value  to  that 
unknowri  quantity  which  is  included  in  the  bomogeneum  comparatioms  i  taking  ic 
from  a  fixed  point  on  a  right  line,  which  ferves  as  an  axisordiaineter,  according 
as  the  angle  of  the  co-ordinates  is  to  be  a  right  or  an  oblique  angle.     As  in  dii 

equation  y  —  ^^ 1. ,  if  we  ftiould  give  to  x  a  value  at  pleafure,  by; 

8.  that 
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that  means  we  (hoiiKI  have  a  congruous  value  o(  y  alfo.  Then,  from  the  ex- 
tremity of  the  afl'jmcd  value  of  x  having  drawn  the  value  of  jr,  in  the  given 
angle  of  the  co-ordinates,  this  would  fupply  us  with  a  point  in  the  curve  to  be 
defcribed.  Another  value  that  we  may  give  to  the  fame  unknown  quantity  x 
will  fupply  us  with  another  y,  and  that  with  another  point  in  the  curve ;  and 
thus,  one  after  another,  by  afligning  different  values  to  »v,  we  (hall  have  fo 
many  /s,  or  fo  many  points  of  the  curve.  Now,  the  greater  the  number  be 
of  thcle  points,  fo  much  the  more  exaft  will  be  the  dcfcription  of  the  curve, 
and  then  only  we  can  have  it  perfedly  exadt,  when  we  take  an  infinite  number 
of  fuch  points,  at  due  diftances, 

TheordinatcB  222,  For  the  fake  of  greater  fimplicity,  I  (hall  at  prefent  fuppofe,  that  thefc 
to  be  at  right  curves  are  referred  to  their  axis,  or  that  the  angle  of  the  co-ordinates  is  a  right 
IhfdU  ^°  ^  ^^^"glci  ^^^9  in  cafe  the  angle  be  oblique,  no  alteration  will  thence  follow. 

An  Example  223.  For  the  more  eafy  underftanding  the  application  of  this  method,  I  (hall 
of  defcribiiig  take  a   fimple  example  of  a  curve  already  known,  that  is,  of  the  equilateral 

the  curve  bv  ,  ,     .  , 

points,       '  hyperbola  yy  zz  xx  ^  aa,  or  y  =  ±  v  xx  -  aa* 

Fig.  127.  Let  A  be  a  fixed  point,  or  the  beginning 

of  the  x^Si  to  be  taken  on  the  indefinite  line 
AE.  Firft,  then,  I  examine  what  ordinate 
correfponds  to  the  point  A,  that  is,  what  will 
y  be  when  ^  =  o!  Therefore,  fubftituting  o 
inftead  of  x  in  the  given  equation,  it  will  be 

found  j^  =  ±  a/o  —  aaj  or  y  is  imaginary  and 
impofliible.  Therefore,  to  the  point  A  there 
belongs  no  point  of  the  curve.  By  making 
*  =  o,  if  ^  had  not  come  out  imaginary,  but 
only  o,  the  curve  would  have  begun  at  the 
point  A.     It  may  be  obferved,  that  as  often  as 

X  is  lefs  than  tf,  the  radical  ^/xx  -  tf^-will  always  be  negative,  and  therefore  jr 
an  imaginary  quantity.  Therefore,  making  AB  z:  a^  to  every  x  lefs  than  AB 
an  imaginary  y  will  always  correfpond,  fo  that  there  will  be  no  point  in  the 

curve.  I  take  x  zz  a  =  AB,  then  y  •=:  ±  */ aa  -  aa  =  o ;  and  therefore  B 
will  be  a  point  in  the  curve,  or  rather,  the  curve  will  have  it's  origin  in  the 

point  B.  I  take  xziza  -m  AC,  and  it  will  be  jf  =:  ±  ^ ^aa  -  aa  =  ±  ^^a*, 
pofitive  and  negative.  Therefore  make  CD  pofitive,  and  G/  negative,  each 
equal  to  \^  ^aa^  and  D  and  d  will  be  two  points  in  the  curve.  I  take  x  =:  34 
zz  AE,  and  it  will  be  y  =  ±  »/%aa.  Making  therefore  EM  pofitive,  and 
TLm  negative,  n  \/8/?/?,  and  M,  w,  will  be  two  points  in  the  curve.  And 
thus  going  on  continually,  by  giving  other  values  to  .v,  we  fliall  have  the  con- 
gruous values  q{  y.    And  it  is  eafy  to  perceive,  that,  as  the  x\  increafe,  fo  the 

7  quantities 
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qnantities  s/ xx  -  aa  will  perpetually  increafe,  tint  is,  the  values  of  jf,  bo;li 
atErmative  and  negative.  Thus,  tliC  curve  will  always  proceed,  enlarging  and 
lengthening  itfelf  both  above  and  below  the  axis ;  and,  laftly,  taking  x  infinite, 
becaufe,  to  lubtrad  a  finite  quantity  from  one  that  is  infinite,  is  the  lame  thing 

as  to  fubtraft  nothing;  therefore  \/ xx  —  aa  will  become  \f  x^^  or  x^  and  we  fliall 
have  ^'  z:  ±  -Vj  and  j  pofitive  and  negative  will  be  infinite,  and  therefore  the 
curve  will  go  on  ad  ujinitum, 

224.  And  becaiife,  in  the  equation  jf  =  ±  v/aw  —  aay  the  unknown  quantity  In  even 

X  is  raifed  to  aa  even  power,  that  is,  to  the  iquare;  if  we  take  .v  negative,  theP"^^*-'^?' ^^^ 
equation  itfelf  receives  no  alteration.     Hence  it  is,  that,  if  we  afli^n  "^gative^'l^^  "^  j^^^^^ 
VJ^lues  to  x^  or  if  we  take  it  on  the  fide  of  A  towards  F,  the  fame  curve  would  biguous. 
be  defcribcd  as  before,  but  in  a  contrary  pofition  wiih  it*s  vertex  H,  it  being 
AH  zi  AB.     And  to  no  abfcifs  a',  pofitive  or  negative,  taken  between  B  and 
H,  any  real  ordinate,  pofitive  or  negative,  will  correfpond  j  that  is,  there  will 
be  no  point  of  the  curve. 

225.  Now  it  is  plainly  fcen,  that  the  given  curve  cuts  the  axis  in  no  point  To fm J  where 
out  of  the  vertices  B,  II ;  for,  as  x  incrcafcs,  y  always  increafes.     Neverthelefs,^^'*^c"^^'«cut8 
it  very  often  happens,  that,  bcfides  the  vertex,  they  cut  it  in  other  points,  in^l^^^'^'wis. 
which  cafe  y  mult  neccffarily  become  nothing.    Therefore,  to  have  ihefc  points, 

in  the  given  equation  we  muft  fuppofe  jr  zz  o,  and  find  the  values  of  .v  on  this 
fuppofition,  which  will  give  us  the  points  required.  Wherefore,  in  the  equation 
j^y  ss  XX  —  aa^  fuppofing  j  =:  o,  it  will  be  xx  n  aa^  that  is,  .v  zz  ±  ^. 
Therefore,  in  the  points  B,  H,  only,  the  curve  will  cut  the  axis,  and  not  in 
any  other. 

226.  If,  between  the  points  B,  C,  other  values  of  a:  be  taken,  we  (hall  alfoThe  more 
have  the  correfponding  values  of  ^,  that  is,  other  points  of  the  curve  between  ?«"""  we 
B  and  D,  as  alfo,  between  B  and  d;  fo  that  the  more  points  we  have,  the  morc^^^^'  ^^*^ 
exa£t  will  be  the  defcription  of  the  part  BD,  or  BJ;  but  we  can  never  have  it 
pcrfcft,  unlefs  the  number  of  thofe  points  were  infinite.     And  ihc  fame  may  be 

faid  of  any  other  portion. 

227.  Now  it  is  plain,  that  if  either  of  the  two  indefinite  quantities  be  madeTo  i1n.l\vljcn 
infinite,  and  the  other  be  neither  infinite  nor  imaginary,  but  be  either  finite  oracun-ccan 
equal  to  nothing,  the  firft  indeterminate  will  be  an  afyiuptotc  to  the  curve, '^*^**^^"^^^''^" 
which  will  correfpond  to  fome  determinate  point  of  the  value  of  the  fecond.^ 
Therefore,  to  inquire  if  a  curve  have  afymptotes,  and  where  they  arc,  it  will 

fuffice  to  make  y  infinite,  and  to  fee  what  value  for  .v  will  then  refult  from  the 
equation.     Then,  to  make  x  infinite,  and  fee  what  value  for  y  will  thence  rcfuk. 

In  the  equation  y  :=:  -±,  ^xx  —  aa^  making  y  infinite,  it  will  be  t/.v^  —  aa  '=-  co, 
and  therefore  a.v  —  aa  zz,  ooy  or  xx  =  00,  and  therefore  .v  is  infinite  ;  for  the 
root  of  an  infinite  fquare  muft  alfo  be  infinite.     So  that  y  cannot  be  infini:-: 

E  c  ex'je^H 
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except  when  ^  infinite  alfo ;  and  therefore  the  axis  of  the  jr's  cannot  be  an 

afymptote.  Making  x  infinite,  \/^xx  -  aa  will  be  the  fame  ;  for  a  finite  quan- 
tity, added  to  or  taken  from  an  infinite  quantity,  can  make  no  alteration ;  it 
will  be  now  y  :=   ±  x,  or,  if  x  be  infinite,  y  will  be  fo  alfo,  and  it's  axis 

cannot  be  an  afymptote. 

—found  by  228.  But  it  is  not  fo  in  the  equation  ay  -^r  xy  zz  bb^  which  we  otherwlfe 
c«»^nR'"gthc  j^now  to  belong  to  the  hyperbola  between  it's  afymptores.  For,  taking  y  infi- 
nite, the  two  terms  (^  +  xy  will  be  infinite,  and,  in  refpcdt  of  them,  the  term 
bb  will  be  nothing*  and  the  equation  will  become  ay  '{^  xy  -^i  o,  and,  dividing 
by  ^,  it  is  jv  r:  —  a  ;  fo  that,  taking  x  z=i  —  tf,  the  ordinate,  which  in  this 
point  is  infinite,  will  be  an  afymptote  to  the  curve.  Then,  taking  x  infinite^ 
bccaufe  the  two  redangles  ay^  xy,  having  the  fame  altitude  jr,  are  to  each  other 
as  their  bafcs  ^,  Xy  the  fecond  mufl  be  infinitely  greater  than  the  firft,  or  ay  will 
be  nothing  in  refpedt  of  xy»     Therefore,  expunging  ay  out  of  the  equation^ 

there  will  remain  xy  z=,  bb^  or  y  zz  —  .  But  x  is  infinite  by  fuppofition^ 
therefore  y  z=  —  =0.  So  that  when  y  zz  o^  then  .v  will  be  infinite,  and 
therefore  is  an  afymptote  to  the  curve. 

Cautions  to        229.  But  here  it  muft  be  obferved,  that  this  way  of  arguing  takes  place  only- 
he  obfcrved    jn  the  cale  of  alymptotes  parallel  to  the  co-ordinates,  and  not  otherwife.     For 
in  finding       ^j^^  truth  is,  the  hyperbohi  yy  zz  xx  —  aa  has  indeed  it's  afymptotcs,  hut  which 
J  }mp  0U8.    ^^^  ^^^  parallel  to  either  of  the  co-ordinates  ;  therefore,  in  this  cafe,  the  prefenc 
way  of  arguing  cannot  be  applied,  but  there  is  need  of  a  further  artifice^ 
which,    as   it  depends  on   the  Method  of  Infinitefimals,  I  (hall  referve   for 
another  place. 

To  find  if  the  230.  It  remains  to  inquire,  whether  the  faid  curve  y  zz  ±:  ^/ xx  *  ma  be 
curve  be  con-concave  or  convcx  towards  it's  axis  5  for  which  purpole,  we  muft  take  from  it*s 
caveorconvex^j.;  jj^  ablcifs  AE  of  a  determinate  value,  and,  by  means  of  the  given 

towards  It's  ^     .  '  n    i-       j      1  1  /       1  r  j-  j«  -r^iiir  rJ?. 

equation,  we  mull  hnd  the  value  ot  the  corrclpondmg  ordinate  EM.  Then, 
taking  another  ablcifs  AC  of  a  determinate  value  lefs  than  the  former,  we  muft 
find  the  value  of  the  coirefponding  ordinate  CD  j  and  drawing  the  right  line 
BM,  which  fliall  cut  CD  (produced,  if  occafion)  in  I;  and  the  lines  AE,  AC, 
being  known,  or  BE,  BC,  and  the  ordinate  EM,  by  the  fmilar  triangles  B£M» 
BCI,  wc  Ihall  find  the  value  of  CI;  and  if  this  be  Icfs  than  CD,  the  curve  will 
be  concave  towards  the  axis  AE,  as  is  plain  ;  but  if  it  be  greater,  the  curve 
will  he  convcx.  In  the  given  Example,  I  take  x  zz  AE  zz  ^a  ;  then  y  zz  y'Stf'* 
Again,   I  take   .v  zz   AC  z:    2a;  then  y   zz  CD  =   V ^aa.     Now,  becaufe 

BE  zz  2a,  BC  zz  a,  it  will  be  CI  zz  ^ —  zz   \/^2aa,   that  is,  CI  lefs  than 

CD,  and  therefore  the  curve  is  concave  towards  the  axis  AE. 

231.  But 


axis. 
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231.  But  thcfe  conclufions  are  valid  only  in  fuch  curves,  which   have  noFunlicrio 
point  of  contrary  flexure,   or  of  reereflion.      But,  bccaufc  thefe  have  their  *''^^^*-*""'"'\*'^*' 
particular  methods,  of  which,  at  prefent,  this  is  not  a  place  10  treat,  we  cannot  c„rvc«,  wliK 
as  yet  form  a  jud  and  complete  idea  of  fuch  curves.  cx.1n.plc9. 


^^ 
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EXAMPLE    11. 


Fig.  128. 


Let  the  equation  be  y^  zz  aax^  or  r  ^ 
^ aax.  Drawing  the  \\\o  indcfiiiitc  lines 
BH,  DC,  making  a  given  angle  BAC  equal 
to  that  of  the  coordinates;  in  AC,  from 
the  point  A  let  the  .v's  be  taken,  a»ul  the 
y\  upon  AB,  or  a  line  parallel  to  AB. 
Firft,  I  inquire  if  the  curve  patlts  through 
the  point  A  or  not,  that  is,  what  v^ill  y  be 
when  xzz  o.  Bur,  making  x  =  c,  we  find 
y  =:  ^aa  X  o,  that  is,  y  :=z  o.  Therefore 
the  curve  paffes  through  the  point  A.  I  in- 
quire further,  if  the  curve  cuts  the  axis  AC 
in  another  point,  that  is  to  fay,  what  is  .v  when  ^  =  o,  and  I  find  ^ aax  =  o, 
that  is,  *  =:  o.  Therefore  the  curve  cuts  the  axis  in  no  other  point  but  A. 
Make  x  =  AM  =  \ay  and  the  given  equation  will  be  jy  zi  ^  \a^.  Therefore, 
drawing  MP  =  ^|tf',  and  parallel  to  AB,  then  P  will  be  a  point  in  the  curve. 
I  make  x  zn  AC  rr  a,  and  it  will  be_y  =  ^a^  zz  a;  then  drawing  CN  =  a, 
and  parallel  to  AB,  N  will  be  another  point  in  the  curve.  And  doing  this 
fucccffively,  we  may  find  as  many  points  as  we  pleafe,  through  which  the  curve 
of  this  equation  will  pafs.  Laflly,  make  x  infinite,  or  a:  zi  cc,  and  it  will  be 
y  =  ^aa  X  oe,  that  is,  y  is  infinite,  and  therefore  our  curve  pafles  on  to  infinity. 
And  becaufe,  taking  x  =  o,  it  is  alio  y  zz  o^  and  taking  x  =  oc,  it  is  alio 
J^  =  00,  the  curve  will  have  no  afymptotes  that  are  parallel  to  the  co-ordinates. 

Let  the  line  AN  be  drawn  beneath,  which  cuts  in  I  the  line  MP,  produced 
if  neceffary.  Now,  fince  AM  =  ia,  AC  =  a  =  CN,  it  will  be  MI  =  [a. 
But  MP  rz  ^y-f-tf',  thertfore  MI  will  be  Icls  than  MP,  and  tiiereforc  the  curve 
is  concave  to  the  axis  AC, 

Now,  if  v.e  take  tl.c  abfcifs  negative,  beciijfc  in  the  given  cqtiation 
y^  =  ^^^S  tl:e  exponent  of  a:  is  odd,  when  x  is  taken  negative  it's  fign  (hould 
be  changed,  and  the  equation  will  then  be  ^  =  ^  —  aax -^  here  it  is  evident, 
that,  lakiRg  the  values  of  or  ihe  negative  way,  that  is,  from  A  towards  D,  b-Jt 
equal  to  thofe  already  taken  the  pol'irive  w.iy,  it  uill  give  as  many  negative 
values  of  ;f,  eq'iu!  to'i!::;  i-irnivr.     Whence   the  branch   :\\l   wiii  be  j.lt  the 


lame  as  the  branch  AN,  but  Lcr.i.arily  pj^ted. 

1-.  e  2 
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Fig.  129, 
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Let  the  equation  be  ^j'  —  zjjy  zr  o,  that 

is,    y    =    -4-  v^  — ,  and  let  us  take  the 

c's  from  the  point  A  on  the  axis  AC,  Firft, 
I  inquire  if  the  curve  pafles  through  the 
point  A;    making  therefore  z  1=  o,    the 

equation  will  be  jr  iz  ±  >/ — ,  that  is,  jr  = 

±  00.  Therefore  BD,  being  infinite  on 
both  fides  of  A,  will  be  an  afymprote  to  the 
curve.  Nexr^  1  inquire  if  in  no  point  the 
curve  cuts  the  axis;  and  therefore  put  jzio, 

and  the  equation  will   be  ±   4/—  =  0,  or—  =  0,  or  2  =  —,  that  is^ 

2  s  o 

2  =  00,  Therefore  AC  will  be  another  afymptote.  Taking  z  =:  n  =  AE, 
it  will  bejp  =  ±  \/—  =  ±  a.  Making  therefore  EF  pofitive  and  EG  nega- 
tive, and  each  :=.  a,  the  points  F,  G,  will  be  in  the  curve.  Taking  z  1=  2« 
=  AH,  it  will  be  jy  =r  ±  ^/—  zz  ±  i/^^aa.   Therefore,  making  HI  pofitive, 

and  HK  negative,  each  equal  to  v't^/i,  the  points  I,  K,  will  be  in  the  curve. 
Taking  new  values  of  z  always  greater  and  greater  continually,  there  will  refulc 
new  values  of  _>•  always  lefs  and  lefs,  fo  that  the  two  branches,  FI,  GK,  of  the 
curve  being  in  every  thing  equal  and  fimilar,  will  ftretch  out  on  each  fide, 
approaching  to  the  afymptotes  BD,  AC,  yet  without  ever  touching  them,  but 
at  an  infinite  diftance  from  the  point  A. 

As  to  the  negative  abfcifs  z ;  becaufe  the  exponent  of  z  is  an  odd  number, 
if  it  be  taken  negative  it  will  be  convenient  to  change  the  fign  of  the  term 

—  zyvj  and  then  the  equation  will  be  tf '  +  zjjy  =  o  ;  that  is,  jf  =  ±  y'_-f— ^ 

That  is  to  fay,  the  ordinate  y  is  imaginary,  and  therefore  on  the  negative  part 
of  the  abfcilis  there  will  be  no  curve. 

To  examine  whether  the  curve  be  concave  or  convex  towards  it's  axis  AC, 
I  take  AC  zz:  ^a;  then  it  will  be  CM  =  \^-^aa ;  and  drawing  FM,  which  cuts 
HI  (produced,  if  occafion)  in  O,  and  MN  parallel  to  AC,  it  will  be  NF  = 
a  —  v^t^^*  ^'^  —  Vi^aa  -^  V\aa.     Then  making  the  analogy,  MN  .  NF  :: 

MP  .  FO,  that  is,  2^  .  ^  —  ^/^^^  ::  tf  .  PO  j  it  will  be  FO  =  UlJi^iff . 

and 


«£CT.  ZV. 


ANALYTICAL     INSTITUTIONS,' 


213 


and  therefore,  if  PO  be  greater  than  PI,  tlie  curve  will  be  convex  towards  the 
axis  AC,     This  is  to  be  examined  thus.  -  If  it  be  ^  ""  ^^^^  >  i/\aa  —  ^^,aa^ 

then  multiplying  by  2,  it  will  be  a  —  ^/ ]aa  >  2\/^aa  —  2\/^^<j,  and 
a  +  \/\(ta  >  2\^-\aay  and  fquaring,  aa  +  2a\/^^aa  +  ^aa  >  2aa,  and  mul- 
tiplying by  3,  $aa  +  tas/ \aa  +  aa  >  baa^  and  reducing  the  terms,  tas/^^aa 
>  zaa^  and  dividing  by  2r7,  3i/f^j  >  a^  and,  laflly,  fquaring,  \aa  >  j^,  or 
3  >  I.  Now,  as  this  is  a  true  refult,  lb  it  is  alfo  true  PO  is  greater  than  PI, 
and  confequently  the  curve  is  convex  towards  the  axis  AT. 


EXAMPLE    IV. 


Fig.  130. 


Let  the  equation  of  the  curve  be  ;^  = 

-I-     /  4^^  +  g*  —  2x*  ±  a  \/tf»  +  %ax  ^      q^ 

the  indefinite  right  line  AB,  taking  the  ;c*s 
from  the  fixed  point  A,  and  the  f%  on 
AD,  which  makes  the  angle  DAB  of  the 
co-ordinates  \  if  it  be  put  x  =  o,  it  will 

be  j^  zr  ±  ^ — = — ^ — ,  that  is,  y  = 


laa 


±  \/ —  ,   and  ^  =    ±  y/ — ;   or  jr  = 

±  a^  and  y  '=z  o.  Therefore,  making 
AE  pofitive  and  negative  =:  ^,  the  points 
E,   A,   E,   will   be   in   the  curve.      To 

find   where   the    curve    cuts    the    axis   AB,    I   put  ;^   =   o,    and   therefore 


its/ 


^ax  +  a*  —  2.y*  ±  a^V  +  8/ia-     __ 


o.      Then,   fquaring  and   tranfpofing. 


£^x  +  aa  '-^  2.V.V  zz  ±  ay/ aa  +  S^x,  and  fquaring  again,  xf^aaxx  +  %o^x 
+  ^*  +  4-^*  —  idax^  —  ^axx  zz  tf*  -f  %a?x\  then,  reducing  and  dividing  by 
4«v,  it  is  3^^  —  4^,v  +  a:;;  z:  o,  and  refolving  the  equation,  ;?  ir  ±  tf  -h  2^, 
that  is,  X  =  a^  and  at  =  3^.  Therefore,  taking  x  =  AF  =  tf,  and  a:  =  AB 
=  3/7,  the  curve  will  cut  the  axis  in  the  points  F,  B.     Make  k -=.  \a  z=.  AH, 

it  will  be  ;^  zz  ±  ^/i^f — ^aiJ^aa^  therefore  the  four  values  of  y  are  real,  be- 

4 

caufe  2VS««  is  lefs  than  ^aa  ;  which  roots  are,  v/5ff±il£!ff,  ^IJ^z^l^Ts^^ 

4  4 

^- V  — 7^"^—^  and  —  %/< — •!- — 2Li— .     The  two  pofitive  roots  are 

4  -  4  ^ 

relatively 
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relatively  equal   to    tlie    two    negative;    therefore,    taking    HI    =    Hi    r= 
v/ ifl±_!fi^' ,  and  HG  =  H?  =  ^  SflZLif^iff  ^  th^  fo^^  points,  I,  G, 

4  4 

^j  i,  will  be  in  the  curve. 

Examples  to       232.  As  often  as  the  quantity  under  the  common  radical  vinculum  is  a 

wi!ertlK^or-  ^^S'^^^^^  quantity,  Cfor  that  under  the  fecond  vinculum,  or  \/aa  +  80*9  cannot 
dfnausaic  bc  negative,  the  abfcifs  being  pofiiive,  as  I  now  fuppofe  it,)  the  ordinate  y  will 
ivai,  be  imaginary.     Now,    therefore,   that  there  may  be  an  ordinate,   it  will  be 

fr        .1     ^  -^  I  y  4^w  -^  oa  —  2vx  ±  as/aa  +  Sax 

neceffary  that  it  be  v/  ■^-- ■ — >  o. 

In  the  firft  place,  I  take  the  lign  pofiiive  of  the  fecond  radical,  in  which  cafe 
the  whole  quantity  will  be  ccrcainly  poficive,  if  it  be  4ax  +  aa  ^^  2xx  >  o, 
that  is,  2XX  —  4/!X  <  aa^  and  therefore  xx  —  aax  <  faa^  and  xx  —  aax 
H-  aa  <  iaa^  anci  extrafting  the  root,  x  --  a  <  \/\aay  ox  a  —  k  <  y/\aa. 
From  ihe  fufl  root,  in  which  x  is  fuppofed  to  be  greater  than  <x,  I  infer  that  it 
muft  be  A-  <  ^J  +  \^ \aa.  From  the  fecond,  in  which  it  is  fuppofed  that  x<a^ 
I  conclude  that  it  mult  be  x  >  ^  —  y/\aa.  But,  as  ^  —  >/\aa  is  always  a 
negative  quantity,  it  will  be  always  x  >  a  —  -x/xfl^,  when  x  is  taken  Icfs 
than  a.     Therefore,  taking  x  Icfs  than  ^,  the  quantity  /^ax  +  aa  -^^  2xx  will  be 

pofitive,  fo  that  much  more  the  quantity  ^ax  +  «*  —  ax*  +  a\/a*  +  8ax  will 
be  pofitive.     And  therefore,  in  general,  taking  x  lefs  than  AF,  or  a,  it  will  be 

J  n  ±  Y^ ,    a  real  ordmate.     Bur,  even  though 


^  4/i.r  +  fltf  —  2XX  +  a  y^aa  +  Sax 

4flx  +  aa  "^  2XX  were  a  negative  quantity,  yet  \/- ^ 


,  ,,  .  •  I         •  I  •     •        -4/z.v  h  fr/7  —  2  XX  +  ^  v/f.'fl  +  Sax 

maybe  a  poluive  quantity;  that  is,  whenever  it  is  y- >o, 

it  will  be,  by  fquaring  and  tranrpofing,  « v/^^  +  S,^x  >  2xx  —  aa  •^  4ax,  and 
by  fquaring:;  again,  a^  +  l^ah'  >  4^* —  ibax^  +  i6^V  —  ^a^x^  +  Sa^x  +  a\ 
that  is,  4v*  —  i6/?x'  +  iiaaxx  <  o,  and  dividing  by  ^xx,  it  is  xx  ^  ^ax 
+  ^aa  <  o,  and  therefore  xx  —  j^ax  4-  4^^  <  aa,  and  extrafting  the  root, 
X  —  2a  <  a,  as  alio  2a  —  x  <  a.  From  the  firft  root,  which  fuppofes  jr  to  be 
greater  than  2^,  arifes  ,v  <  3^.  Therefore,  taking  x  greater  than  2^,  but  left 
than  AB,  or  3/?,  the  radical  will  be  pofitive,  and  therefore  the  ordinate  y  will  be 
real.  From  the  fecond  root,  which  fuppofes  x  Ids  than  2^7,  I  obtain  x  >  a ; 
and  therefore,  whenever  ,v 'is  greater  than  a,  and  lefs  than  2^,  the  radical  will  be 
pofitive,  and  therefore  y  real.  But  we  have  Icfu  by  the  firil,  that,  taking  x  lefs 
than  tf,  the  ordin:i:c  y  is  real ;  therefore,  in  general,  the  ordinate  y  will  be  rtal, 
if  we  take  x  Icfs  than  AB,  or  3^. 

Taking 
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Taking  the  fign  negative  of  the  fecond  radical,   it  would  be 
^^ — T-_«« j^ ^  ^^    ^^j    fquaring,    /^ax    +   aa  -^  2xx   > 

a^aa  +  2ax9  and  fquaring  again  and  reducing,  and  dividing  by  4v.v,  it  will  be 
XX  —  ^ax  >  —  3<Jtf,  and  thence  alfo  xx  —  4^.r  +  ^aa  >  aa^  and  extradling 
the  root,  x  —  la  >  a,  as  alfo,  za  —  a:  >  a.  From  the  firlt  root  \vc  obtain 
X  >  ^a.  But  we  have  feen,  that  x  >  2^  gives  the  value  o(  y  ima^^inary,  when 
the  fecond  radical  has  a  pofitive  fign,  and  therefore  much  more  when  ii  has  a 
negative  fign.  Wherefore,  omitting  this  root,  I  make  ufe  of  the  other, 
za  ^*  X  >  a,  which  gives  me  x  <  a.  Therefore,  taking  x  ufs  than  AF,  or  a^ 
the  quantity  under  the  common  radical  vinculum  wiil  be  pofuive,  as  well  i^'  we 
take  the  figo  of  the  fecond  radical  pofitive  as  negative,  and  therefore  between 
A  and  F  there  will  correfpond  four  real  ordinates,  that  is,  two  pofitive  and  two 
negative,  which  are  relatively  equal  to  the  pofitive.  But  when  x  is  greater  than 
AF,  or  tf,  the  negative  fign  of  the  fecond  radical  gives  an  imaginary  ordinate, 
and  the  pofitive  fign  gives  it  real ;  becaufe  it  is  x  lefs  than  AB,  or  3^,  and 
therefore  between  F  and  B  will  correfpond  to  the  fame  abfcifs  only  two  real 
ordinates,  one  pofitive,  the  other  negative  and  equal  to  the  pofitive;  and  beyond 
the  point  B  they  will  be  only  imaginary. 

Now  let  riie  abfciflfes  be  taken  ncGfiiive,  that  is,  from  A  towards  K.  In  this 
cafe,  changing  in  the  equation  the  figns  of  all  the  terms  in  which  the  exponent 

of  X  is  odd,  then  ;f  =  ±  v^ = .     I  put  a;  z:  o,  and 

it  will  be  j^  =  ±  v/ — — ,  that  is,  j^  =:  ±  ^,  and  y  zz.  o.     Therefore  the 

joints  E,  A,  E,  will  be  in  the  curve,  as  in  the  firlt  cafe.     To  fee  if  the  curve 

cuts  the  axis,  put  j^  =  o ;   then   y^ — ^ =  o,    and 

fquaring,  and  tranfpofing,  aa  —  ^xx  —  d^ax  =:  as/ aa  —  ^a.-^t  and  fquaring 
again,  and  reducing,  and  dividing  by  4A'.v,  it  will  be  xx  +  j^ax  +  n^aa  zz,  o  ; 
and  refolving,  x  zz  —  2a  ±  a. 

Therefore  the  curve  wiil  cut  the  axis  when  it  is  .v  3:  c,  a  divifion  being  jufl: 
now  made  by  4XX ;  when  it  is  x  =r  —  3^,  and  when  it  is  ;?  =  —  a;  that  is, 
by  being  a  negative  quantity,  on  the  fide  oppofiie  to  this,  towards  which  we 
now  take  x  5  and  therefore  only  in  A,  F,  B,  as  has  been  already  -jen.  No^v  I 
put  *  =  00,  to  fee  if  the  curve  goes  on  to  infinity,  or  to  the  afymptote  AK, 

and  it  is  J  zz  ±  v/—  2  x  cc»  ±  ^/—  {-a  x  oc,  that  is,  v  is  imaginary.  I  inquire 
then  what  are  the  limits  of  the  real  ordinates.  It  is  certain  that  then  ;tf-is  greater 
than  -J-tf;  the  fecond  radical  will  I-e  a  negative  quantity,  and  therefore  tlie 
ordinate  y  imaginary;  fo.that  .v  mufl  not  be  t.iken  greater  than  ^a  ;  but  in  this 
hypothcfis,  becaufe  the  whole  quantity  under  the  common  radical  is  pofiiive, 
taking  the  pofitive  fign  of  the  fecond  radical,  it  will  be  enough  iliat  t:a  —  2.\\v 
7  —  ^ax 
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—  j^ax  be  pofitive,  that  is,  aa  —  2xx  —  Aitx  >  o,  and  therefore  xx  +  2ax<^  \aa^ 
or  .V  <  \^^aa  —  a.  But  when  .v  \-  noi  grc  .ler  ihan  la,  and  alfo  <  ^/^a  —  n, 
making  ilicn  x  nt,i  grcaar  than  ^^j,  ihc  ordinate  uill  be  real.  Taking  the  nega- 
tive fign  of  the  fecond  raJical,  it  uill  be  x/""  —    rx  —  ^x  ^  a    aa  — __w  ^ 

2 

that  is,  fqiiaring  and  tran'pofing,  aa  —  zxx  —  ^x  >  a^aa  —  8ax>  and  fquaring 
again  and  reducing,  a:  +  2^  >  a.  But  x*  +  2^  is  always  greater  than  «,  and 
therefore,  fuppofing  .v  to  be  taken  not  greater  than  f  tf,  the  ordinates  will  always 

be  real,  I  take  x  zi  -Ja,  and  it  will  be  ;f  =  ±*^y^ ;  and  therefore,  making  KM 
politivc,  and  KN  negative  and  equal  to  -^-j^,  the  points  M,  N,  will  be  in  the 

curve.     I  take  .r  =   -^  »  it  will  be  >•  =  ±   — 2^-2 -^ 2 — ^    that    is,    the 

four  values  are  real,  two  pofitivc,  which  are  relatively  equal  to  the  two  negative. 
And,  becaufe  the  fourth  proportional  of  f^,  ~^>  ^^^  tV*   ^r        s     »  " 

Icfs  than  — ^^ — ^g — ^^-^—  ,  but  greater  than  —^ -^ i-  ,   the  curve 

will  have  two  branches  above  AK,  one  concave,  and  the  other  convex,  and 
alfo  two  below,  like  and  equal  to  thofe  above,  as  in  Fig.  130. 


EXAMPLE    V. 


Let  it  be  the  curve  of  this  equation  y  zz 
^-  i/ .: .    here,  for  one 

cafe,  let  a  be  greater  than  b,  and  let  the  ;ip's 
be  taken  from  the  point  A,  upon  the  inde- 
finite line  AM,  and  the  /s  upon  AD  in  a 
given  angle,  or  parallel  to  a  given  line. 
Making  cc  —  o,  it  will  be  >  =  o,  and  there- 
fore the  point  A  is  in  the  curve.     Making 

_yr:o,  it  will  be  v =:  o, 

that  is,  lix  —  jc*  +  2axx  —  aax  =  o,  and 

dividing  by  .r,  it  is  bb -^  xx  +  lax  — aa 

r:  o,  and  therefore  xx  —  2ax  +  aa  zz  bb,  and  extrafting  the  root,  x  —  a  z=z 

±  b ;  therefore  the  values  of  x  will  ht  x  zz  a  +  by  x  zz  a  —  ^,  and  x  =  o, 

becaufe  the  equation  was  divided  by  x.    Whence,  making  AB  =  BM  zz  a^ 
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BN  n  BC  =:  t,  the  curve  will  cut  the  axis  in  the  point  A,  as  has  been  already 
fccn,  and  alio  in  the  points  N,  C.  Making  x  z:  AM  zz  la,  y  will  be  pofitivc 
and  negative  infinite,  and  therefore  there  will  be  an  afymptotc  at  M.  Put 
jr  =  00,  it  will  be  ^  n  ±  v/— .vx,  that  is,  imaginary.  Therefore  the  curve 
is  not  continued  to  infinity.  Now,  that  the  ordinate  y  may  be  reil,  it  follows 
that  the  quantity  under  the  vinculum  mud  be  pofitivej  it  is  therefore  neceflary 
that,  the  numerator  of  the  fraction  being  pofitive,  the  denominator  muft  be  fj 
alfo;  and  the  one  being  negativ-,  the  other  muft  be  the  fame.  Bur,  that  the 
nunierator  may  be  pofitive,  it  muft  be  ibx  —  a?'  +  laxx  —  ajx  >  o,  or,  di- 
viding by  X  and  tranlpofing,  xx  —  lax  <  ^^  —  a.i.  Therefore  xx  —  zax 
+  aa  <  bb^  and  extracting  the  root,  x  ^^  a  <  by  taking  x  greater  than  a  j  and 
m  ^^  X  <  bj  takmg;  x  lefs  than  a.  From  the  firft  root,  x  —  a  <  b^  we  have 
X  <  a  +  b.  From  the  fecond,  a  ^  x  <  b,  we  have  x  >  a  —  b.  Therefore, 
taking  x  greater  than  a^  it  muft  be  x  <  ^  +  ^ ;  and  taking  x  lefs  than  a^  it 
muft  ht  X  >  a  —  ^,  fo  that  the  numerator  may  be  pofitive.  Now,  that  the 
denominator  may  be  pofitive,  it  muft  be  x  >  2a ;  and,  as  it  cannot  be  gieater 
than  2ay  and  at  the  fame  time  lefs  than  a  +  b,  and  than  a^  the  numerator  and 
<lenominator  cannot  be  both  pofitive ;  and  therefore  between  the  points  N  and 
C  there  will  be  no  real  ordinates.  If  we  take  x  >  a  +  b,  the  numerator  will 
be  negative;  as  alfo,  if  we  take  x  <  a  ^  b.  And  if  we  take  x  <  2^,  the 
<leDominator  will  alfo  be  negative.  Therefore,  between  A  and  N,  and  between 
C  and  M,  there  will  be  real  ordinates,  and  the  curve  will  be  nearly  as  in 
Fig.  131. 

Take  x  negative ;  changing  therefore  the  figns  of  thofe  terms,  in  which  the 

exponent  of  x  is  an  odd  number,  the  equation  will  be^n  ±y -^ • 

that  is,  jr  =  ±  ^    x  --  x  ->    axx  ^  aax  ^     ^^^  denominator  will  always  be  pofi- 

•tive;  but,  that  the  numerator  may  be  pofitive,  it  will  be  neceflary  that  b^x  —  x* 
—  24X*  —  tf*x  >  o  ;  and,  dividing  by  .v  and  tranlpofing,  xx  +  2ox  +  aa  <  lb, 
that  is,  X  +  ^  <  ^,  and  therefore  x  <  b  —  a.  But,  if  we  fuppofe  b  <  a^ 
<hcn  b  ^  a  will  be  a  negative  quantity,  and  therefore  it  can  never  be  x  <  ^  —  ^, 
that  is,  the  numerator  can  never  be  pofitive.  So  that  the  ordinates  j  \\\\\  always 
be  imagmary^  and  there  can  be  no  part  of  the  curve  on  the  fide  of  the  nejgative 
abfcifles. 


F  f  E  X- 


ai8 
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Fig.  132, 


Let  the  equation  bey  —  aay*— iwy  +2fl' 
=  axy,  that  is,  *  =  y' -^ay^ -a^j^t^ ^ 

^y 

From  the  fixed  point  A,  upon  the  indefi- 
nite line  AQj^  I  take  the  y'%^  and  on  the 
indefinite  line  AM,  or  it's  parallel,  in  ihc 
given  angle  of  the  co-ordinates^  I  take  the 

^s.     Putting  J  -=  o,  it  will  be  «  =  — . 

o 

that  is,  .V  s  00 ;  fo  that  the  cnrve  will  ap- 
proach to  the  afymptote  AM.  To  fee  if 
the  curve  cuts  the  axis,  and  where,  I  put 
X  =  o,  and  therefore  y^  —  a^y*  —  gay 
+  2tf'  =:  o  ;  and,  refolving  this  cubic  equation,  we  Jhall  have  three  values  of  j, 
that  is,  jF  =r  /?,  j^  =  2<x,  and  y  =  ^—a^  Therefore,  making  AB  =  AD  = 
BC  =  ^,  the  curve  will  cut  the  axis  in  the  points  B,  C,  on  the  fide  of  the 
pofitives,  and  in  the  point  D  on  the  negative  fide. 

To  determine  233.  If  the  equation  j'  —  2ay^  —  aay  +  2<a'  =  o  had  been  irreducible, 
the  fame  when  fQ  ji^^t  we  could  not  have  had  the  analytical  values  of  jf,  we  muft  have  con- 
are  frrcdu-^"' ^'""^^^  this  equation,  and  by  that  means  have  found  the  values  of  jr  geometri- 
cibJc.  cally,  that  is,  expreffed  by  lines,  which  would  have  given  us  the  points  required* 

And  this  is  to  be  underftood  of  any  other  fuch  cafe.  Thus,  I  put  _y  =  4^, 
and  it  will  be  a;  =  —  t-^<j,  that  is,  the  ordinate  is  negative,  and  therefore  the 
curve  pafles  below  the  axis  AQ^at  B,  and  returns  above  at  C.     I  put  ^  =:  o»^ 

it  will  ht  X  zz  ^  zz  Gc^  and  therefore  the  curve  goes  on  to  infinity.     It  is 

plain  that  the  infinite  branch  BE  will  be  convex  towards  the  axis  ANf,  the 
branch  BC  will  be  concave  to  the  axis  AQ»^  and  CF  convex,  when  the  curve 
(hall  have  no  contrary  flexures.     Let  us  now  take  the  abfcifles  y  negative  firom 

» 


A  towards  D.     Then  the  equation  will  he  x  zz  — ^ 


-^ 


or 


^  _  y  +  24V aay  ^  2a  ^     ^  ^^j^^  y  zz  o,  then  it  will  bex=  —  — =:  -.00s 

ay  -^  '  o  • 

therefore  MA,  produced  infinitely  on  the  fide  of  the  negatives^  will  be  alfi> 
an  afymptote  to  the  curve.  I  take  y  zz  j;a,  it  will  be  a?  =z  —  ^a ;  I  take 
y  zzi  a,  then  it  will  be  ^  =  o,  and  the  curve  will  pafs  through  D.     I  take 

;^  z:  00,  it  will  be  a:  =:  —  =  00,  and  the  curve  above  AD  will  go  on  ad  infi^ 

tnium. 
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nitum,  T  take  j^  rr  g^  zr  AK,  then  x  rz  ^a  :=:  KP.  I  take  jr  =:  2/1  =  AN, 
then  it  will  be  x  :=:  ba  zz  NR,  Now,  becaufe,  drawing  the  right  line  DP,  it 
will  be  NT  =  ^a^  and  ^a  >  6a;  therefore  NT  >  NR,  and  the  curve  in  R 
is  convex  to  the  axis  AK,  that  is,  concave  to  the  axis  AM.  But,  if  it  go  on 
towards  the  afymptote  AV,  below  AK,  it  muft  therefore  neceflarily  be  convex 
to  it,  and  therefore  will  have  a  contrary  flexure ;  but^  to  determine  this  does. 
aot  belong  to  this  place. 

1234.  But,  if  the  propofed  equation  of  the  curve  to  be  conftrufted  fliall  It  may  be 
involve  both  the  indeterminates  raifed  to  a  power  higher  than  the  fecond,  fo^onebytak- 
that  it  cannot  generally  be  reduced  in  fuch  manner,  as  that  it  may  have  one  of '"^  ^^^^  ** 
tbc  two  indeterminates  alone,  on  one  fide  of  the  equation,  of  one  power  only ; 
then,  indeed,  the  trouble  of  the  operation  may  increafe,  but  not  the  difficulty 
of  the  method.     For,  fixing  a  known  value  upon  one  of  the  indeierminatQs, 
for  example  x^  we  (hall  have  a  folid  equation,  given  by  y  and  conftant  quantities, 
which  is  to  be  refolved  or  conftrudled  ;  from  whence  we  (hall  have  the  values 
of  jr,  which  will  determine  fo  many  points  of  the  curve.     Then,  fixing  upon 
another  value  for  at,  we  (hall  have  another  folid  equation  to  be  refolved  or 
conftruded,  which  will  furnifh  us  with  other  points  of  the  curve;  and  thus 
working  from  one  to  another  fuccelfively,  we  may  find  as  many  points  as  wc 
plcafe  of  the  curve  to  be  defcribed. 

235,  But,  on  this  and  fuch  other  occafions,  as  it  is  required  to  refolve  and  An  objcaio* 
conftrud  folid  equations,  as  in  the  fixth  Example,  it  may  feem  as  if  we  fdlobviaud. 
into  what  logicians  call  Circulus  VitiofuSj  becaufe,  in  treating  of  Solid  Problems, 
I  have  fuppofed  the  defcription  of  curves  which  are  fuperior  to  conic  fedtions. 
But,  upon  further  reflcdtion,  the  matter  will  be  found  to  be  much  otherwife. 
For^  it  the  curve  to  be  defcribed  be  of  three  or  four  dimenfions,  the  folid 
equation  to  be  conftruded  will  be  of  the  third  or  fourth  order  at  moll,  and  be 
performed  by  means  of  the  conic  fedlions.  Therefore,  without  any  circulus 
'Viii9fus^  any  curve  of  three  or  four  dimenfions  may  be  defcribed.  If  the  equa- 
tion of  the  curve  to  be  defcribed  fhall  be  of  five  dimenfions,  the  folid  equation 
to  be  conftruded  will  be,  at  moft^  of  five ;  and  this  is  done  by  means  of  a 
curve  of  three,  and  one  of  two  dimenfions.  And  fo,  in  like  manner,  of  the 
higher  orders  ;  whence  it  plamly  appears^  that  there  can  be  no  objedion  of  our 
falling  into  fuch  a  fallacy. 
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336.  Having  given  the  femicircle  AEB,  it  it 
required  to  find  the  locm  of  the  points  M  fuch* 
that,  if  through  every  one  of  thctn  a  right  line 
be  drawn  from  die  extremity  of  the  diameter  A, 
which  Ihall  cut  the  peripher)-  in  D,  and  if  the 
lines  MP,  DO,  be  let  fall  perpendicular  to  the 
diameter,  the  intercepted  hnes  from  the  centre 
CP,  CO,  may  be  always  equal. 

Let  M  be  one  of  thofe  points^  and  make 
AB  =  d,  AP  =  Xt  PM  —3\  and,  becaufe  it 
muft  be  CP  =:  CO,  it  will  be  OB  =  AP  =  jc, 
and  OD  =  */ ax  —  **.  And,  becaufe  of  llmilar 
triangles  APM,  AOD,  it  will  \x  x  >y  W  A-^n 


that  is. 


wj  and  therefore  y  =  

,  the  equation  of  the  curve  to  be  defcribed,  which  is  the  Gffud  of 


To  defcribe  it  upon  the  given  figure  by  various  points,  it  may  be  obfervcd 
(hat  llie  right  line  AB  is  the  axis  of  the  it's,  and  A  is  the  given  point  from 
whence  they  take  their  origin.  And,  becaufe  the  ^'s  are  perpendicular  to  this 
axis,  from  the  point  A  drawing  the  tangent  AC^  this  will  be  the  axis  to  which 
the  ordinates  y  are  to  be  referred.  Thele  things  being  prcmifcd,  if  we  make,- 
firft,  X  =.  Q,  Ko  fee  if  the  curve  cuts  the  axis  AQj  and,  becaufe  v/t  find  aJfo: 
y  ~  o,  therefore  A  will  be  a  point  in  the  curve  to  be  defcribed.  Make  y  =r  o, 
to  fee  if  the  curve  cuts  the  axis  in  any  other  point.  But,  becaufe  we  find 
ff  =  o,  the  curve  will  not  meet  the  two  axes  in  any  other  point  but  A. . 


Make  x  —  \a.  it  will  be  v  =  -^ ; 


make  x  =  ^a,  it  will  be  y  ssf*,  and 
therefore,  from  the  centre  drawing  CE  perpendicular  to  the  diameter  AB,  the 
curve  will  pafs  through  the  point  E.    Make  x  =:  ^a,  then  j"  =  — ^;  and. 


laftly,  making  it  =  «,  we  ftiall  find  y  : 


■  :=<»,  and  therefore  the  tti^ent 


BR  to  the  circle  will  be  the  afymptote  to  the  curve.  Taking  x  greater  than  «, 
the  quantity  under  the  radical  fign  in  the  denominator  will  be  negative,  and  the 
curve  imaginary.     Which  being  alfo  imaginary,  if  wc  take  x  negative,  it  will. 

be. 
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make  x  zz  o,  to  fee  if  the  curve  paiTes  through  A ;  and,  becanfe  I  find  atfo 
^  in  o,  the  point  A  will  be  the  vertex  of  the  curve.  Now  make  jr  =  o,  k 
will  be  ax  '^  XX  zs  o,  and  therefore  x  zr  o,  and  x  ^  a.  Hence  1  find  that 
the  curve  will  pafs  through  the  point  B  alio.     Make  x  =  -^a^  and  it  will  be 

±  y  =  — ^ .     Make  x  =  ia,  and  it  will  be  ±  y  =  -^  ^    Make  «  =  4«» 

it  will  be  4-  y  z:  ~- .     Make  x  =  2^,  and  it  will  be  ±y  =  —  =«;  and 

therefore,  taking  AD  =  2tf,  and  drawing  the  indefinite  right  line  S(i  parallel 
to  PM,  it  will  be  an  afymptote  to  the  curve.  If  x  be  greater  than  2a,  the 
quantity  under  the  radical  vinculum  will  be  negative,  and  therefore  the  ordinate 
y  will  be  imaginary,  fo  that  there  is  no  part  of  the  curve  beyond  the  pomt  D. 
It  is  plain  that^  between  the  points  A  and  B,  the  curve  will  be  concave  towards 
the  axis  AB.  And  becaufe;,  beyond  the  point  B,  it  applies  itfelf  to  it's  afymptote 
SQt^  it  will  be  convex  to  the  axis  BD  between  B  and  D^  provided  ic  has  no 
contrary  flexure. 

Taking  x  negative,  the  quantky  under  the  vinculum  will  be  always  negative, 
and  therefore  the  ordinate  y  is  imaginary;  fo  that,  on  the  negative  part  of  the 
abfcifs,  there  will  be  no  curve  ^  whence  k  will  be  nearly  as  in  Fig.  134. 


Another  ex-    F/>.  1 35 
ample  of  the 
•curve  called 
the  Witch, 


PROBLEM    III. 


238.  The  femicircle  ADC,  on  the 
diameter  AC,  being  given  ;  out  of  it  A 
point  M  is  required,  fuch  that,  drawing 
MB  perpendicular  to  the  diameter  AC, 
^vhich  (liall  cut  the  circle  in  D,  it  may  be 
AB  .  BD  ::  AC  .  BM.  And,  becaufc 
ihire  will  be  annnhnice  number  of^oints 
that  will  laiisfy  the  Problem,  the  locus  of 
thufe  points  is  required. 

Let  M  be  one  fuch  point,  and  making  AC  =:  tf,  AB  =  x,  and  BM  =  jr, 
by  the  property  of  tlie  circle,  it  will  be  BD  :=  \/ax  —  xk  ;  andj  by  the  con- 
dition of  the  Problem,  it  is  AB  •  BD  ::  AC  .  BM  j  that  is,  x  .  %/«-**  :: 


a  .  y,  and  therefore  y  = 


aw  ox  '^xx 


or  J  = 


^x 


,  will  be  the  equation  of 


the  curve  to  be  defcribed,  which  is  vulgarly  called  the  WiuK 


fi 


Becaufe 
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Becaufe  AB  rr  x,  BM  =  y,  the  axis  of  the  x*s  will  be  AC ;  and  AQj^  pa- 
rallel 10  BM,  will  be  the  axis  of  the  ordinatcs  y.  Firft,  make  «  =  o,  it  will 
be  ^  z:  00,  and  therefore  AQ^is  the  afymptote  of  the  curve.     Make  ^  cr  o,  it 

will  be  a^a  —  x  =  o,  and  therefore  x  =  a.  So  that,  when  it  is  at  =  tf,  the 
curve  will  cut  the  axis  AC,  and  confequenily.will  pafs  through  the  point  C, 
which  will  be  it's  vertex.  Make  x  as  AR  =  f«,  it  will  he  y  =  a.  Mike 
s  =  AP  =  Jtf,  it  will  be  y  =  a\/^.  Make  *  =  AF  =  |^,  it  will  be  ^  = 
as^ i  =  ftf.  Putting  x  greater  than  a^  the  quantity  under  the  vinculum  will 
be  negative,  and  the  curve  imaginary.  To  fee  whether  the  curve  be  concave 
or  convex  towards  the  axis  AC,  make  this  proportion.  As  CP  =s  -^a  (which 
correfponds  to  .v  ~  ia,)  is  to  ^  iz  ^\/^;,  fo  is  CF  :r  fa,  (which  correlponds 
to  X  =:  ^a,)  to  a  fourth,  which  will  be  ^  x  *  v^-I.  B.it  x  zz  ^a  gives  y  = 
aV-^y  and  a  x  tV-J^  is  lefs  than  a\/\'.  Therefore  the  curve  will  be  concave- 
towards  the  axis  AC.  But,  becaufe  of  the  afymptote  AQ>^  it  ought  alfj  to  be 
convex ;  therefore  it  will  be  partly  concave  and  partly  convex,  and  therefore  it 
will  have  a  contrary  flexure,  which  will  be  found  by  the  method  to  be  given  in 
it's  proper  place.  And  taking  x  negative,  becaufe  the  quantity  under  the 
vinculum  will  be  negative  in  the  denominator,  v  will  be  imaginary.  Wherefore 
the  curve  will  be  as  may  be  feen  in  Fig.  135,  obferving  that  this  curve  has  a 
branch  fimilar  and  equal  to  the  branch  CLM,  on  the  other  fide  of  AC,  corre- 
ijponding  to  y  negative. 


PROBLEM     IV. 


Js£.  136. 


239.The  indefinite  riglit  line  NN  being  Another  ex- 
given  in  pofition,  and  a  point  P  out  oP,'"P|S'  ^^"!?' 
the  fame,  the  point  M  is  required,  ^^^^^  oi  N'Kvmiu<:i. 
that,  drawing  from  it  to  the  point  P  the 
right  line  MP,  the  line  NM,  intercepted 
between  the  indefinite  line  NN  and  the 
point  M,  may  be  equal  to  a  given  right 
line.      And,    becaufe   there   are   infinite 
points  that  fatisfy  this  demand,  the  Iccus 
of  thefe  points  is  required. 


From  the  point  P  draw  the  right  line  PA  perpendicular  to  NN,  and  the 
right  line  PM  to  any  point  M,  which  is  one  of  thofe  required;  and  drawing 
the  right  line  ME  parallel  to  NN,  make  PS  iz  ^,  SE  =  a:,  EM  =  y,  and  let 
SA  =:  tf  be  the  given  line,  to  which  the  right  line  NM  is  10  be  equal  by  the 
condition  of  the  Problem.  From  the  point  N  draw  the  right  line  NO  perpen- 
dicular to  EM,  and  it  will  be  MQ  =   \/aa  -  .v.v.    And,   becaufe  of  the 

llmilAi 
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fimihr  triangles  PEM,  NOM,  it  will  be  PE  •  EM  ::  NO  .  OM,  that  is 
l^  +  X  .  y  y.  X  .  \/aa  -  sx ;  and  therefore  r+^  x  \/aa  —  xx  =  xy,  and 
fquaring,  xxyy  =  rtaxx  —  a"*   +  2^abx  —  zbx^   +  aabb  —  bhxx  j  and  laftly, 

J^  —  ± ^^ ,  the  equation  of  the  curve  to 

be  defcribed,  which  is  the  Conchoid  oi  Ntcomeder. 

Three  different  cafes  may  be  diftinguiflied  in  this  Problem,  That  is,  it  may 
be  *  n  ^;  it  may  be  b  lefs  than  a\  and  laJlly,  ic  mav  be  b  greater  than  a* 
Firll,  let  it  be  b  -=.  a,  and  the  equation  will  be  changed  into  this  following : 

y  —  ± ^ 1—  . 

X 

Since  ic  is  SE  =  x,  and  EM  =:  j',  the  axis  will  be  NN,  to  which  the  f% 
are  referred,  and  PA  tliat  of  the  .r's,  the  origin  of  which  is  at  S  Firft,  I 
make  jf  =:  o,  to  fee  if  the  curve  pafles  through  the  point  S;  and  becaule  there 

arifcs  ^  =  ifc  — ,  that  is,  y  pofitive  and  negative  is  infinite,  NN  will  be  the 

afymprote  of  tlic  curve.  I  make  jf  rr  o,  to  fee  where  the  curve  cuts  the  axis 
PA,  and  it  will  be  — **  +  ^a^x  —  2^ix'  +  «*  =:  o-  Now,  this  equation 
being  refolved  by  ihe  rules  before  laughr,  it's  roots  will  determine  the  points 
in  which  the  curve  meets  the  atoiefaid  axis  PA.  Now  the  roots  of  this  equa- 
tion are  four,  that  is,  x  ^  a  pofitive,  and  three  negative  roots  equal  to  it,  or 
X  ■=  —  a.  1  hercfore  the  curve  will  meet  the  axis  in  two  points,  diftant  from 
th^"  poirr  S  by  the  quantity  a.  But,  becaufe,  at  prefent,  we  are  concerned  only 
wit  rhe  pof'tive  .^-'s,  it  will  be  fufficient  to  conlider  the  pofitive  root;  and 
'i\\  refore  the  curve  will  pafs  through  the  point  A,  it  being  SA  =  ^i  as  is  fup- 

pofed.     Make  .v  =:  \a,  it  will  be  jr  =  ±      ^^^^ .     Make  x  =  |tf,  then  y  as 

-f-   — iilfi  ,     Let  X  be  greater  than  a^  and  the  quantity  under  the  vinculum 

will  be  negative,  the  firft  term,  on  this  fuppofition,  being  greater  than  the 
fourth,  aiid  the  third  than  the  fecond.  Wherefore,  taking  x  greater  than  a^ 
the  cu  ve  will  be  ima};inary.  Ic  remains  to  examine  whetht-r  the  curve  be 
always  convex  lownrds  the  axis  PA  ;  for  it  muft  be  fo  in  parr,  becaule  of  the 
alymptote  N  '.     Make   then  this  proportion:  As  AE  ~  f^x,    (which   corrc- 

fponds  IQ  X  -=,  \t  ^)  is  to  ;r  zi  ^LUfl^  fo  is  AI  =:  -^t?  to  a  fourth,  whicii  will 
be^-i^.     But  AI  z:  ^^a   correfponds  to   at  =   ^a^   and  therefore   to  jr  = 

tJ2^  ^     Now   "^  'l^^^  is  erea-er  than  ^LLl^^  and  therefore  the  curve  will  be 

partly  concave  towards  the  axis  PA.     Confequently  it  will  have  a  contrary 

flexure^ 
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flexure,  as  (hall  be  feen  in  it's  due  place.  And,  beciufe  two  equal  values  of  y\ 
■one  poHtive,  the  other  negative,  correfpond  to  the  fame  value  of  a:,  the  curve 
will  have  another  branch  on  the  negative  fide  of  y^  fimilar  and  equal  to  that  on 
the  pofitive  fide;  and  it  will  appear  as  is  defcribed  in  Fig.  136. 

To  defcribc  the  curve  on  the  negative  part  of  x,   it  will  be   neceflary  to 
change  the  figns  of  thofc  tenus  in  which  the  indeccrminaie  is  railed  to  an  odd 

'v    —    V*    —    2il^  V    "f"     '  *i  V^    "+■    </** 

power;  fo  that  the  equation  will  then  be  j^  zr  ±  ^ 


—  X 

aa 


Now,  firft,  let  it  be  a?  z:  o,  then  7  =  ±  — ,  and  therefore  NN  is  ftill  the 

afymptote  to  the  curve  on  the  negative  part.  Make  y  zz  o,  and  ic  will  bcj 
—  X*  —  la^x  +  lax^  +  tf*  :=  o,  whence  we  obtain  four  roots,  as  above  : 
three  are  equal  and  pofitive,  x  ^z:  a,  and  one  negitivc,  .v  =:  —  ^.  The  nega- 
-live  root,  which  was  pofitive  in  the  foregoing  cafe,  is  already  fixed  in  the 
fiipcrior  conchoid.  Then  the  three  equal  values  fignify,  that,  in  the  pole,  which 
is  diQant  from  the  beginning  of  the  x*3  by  the  quantity  a,  the  curve  will  have 
a  regreflion,  of  which  we  (hall  treat  in  the  Method  for  Contrary  Flexures. 

Make  x  =  \a,  then  y  -  ±.  ^.     Make  x  =  \a,  then  ;^  =  ±  ^ .    If 

we  take  x  greater  than  a^  the  curve  will  be  imaginary  ;  becaufe,  as  the  quantity 
tinder  the  vinculum  is  the  produft  of  xx  —  ^ax  +  aa  (a  quantity  always  po- 
fitive,) into  aa  —  xx^  which,  in  this  fuppofition,  is  negative,  the  whole 
quantity  under  the  radical  will  be  negative,  and  therefore  the  ordinate  y  is 
imaginary.     Now,  make  this  proportion  :  As  PR  =:  \a  (making  SR  =  \a^ 

is  to  ^^ ,  fo  is  PC^=:  \a  (making  SQ^z:  4^,)  to  a  fourth,  which  will  be 
■2^ .    But  ;r  =  -V^^l*  correfponds  to  SQ^iz  \a,  or  to  PQ^=  -^tf,  and  ^^ 

is  lefs  than  — i^^  fo  that  the  curve  will  be  always  convex  towards  the  axis  NN, 

fuppofing  It  not  to  have  a  contrary  flexure ;  and  it  will  have  two  equal  and 
fimilar  branches  ^  for  two  equal  values  of  jk  correfpond  to  the  lame  x,  one  of 
which  is  pofitive,  the  other  negative.  So  that  the  curve  will  appear  as  defcribed 
in  Fig.  136. 

240.    Now  let   b  be   lefs  than  /i;    the  equation  therefore  will   be  y    =:  Another  cafe 
± .     Make  at  r:  o,  it  will  be  y  = 

X  "^ 

—   =:   Ht  00.     Therefore,  in  this  cafe  alfo,  NN  (Fig.  137.)  will  be  the 

G  g  afymptote 


ziB 
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Fig^  IJ7»  erf  the  curve.    Make  jf  =  o,  th«i  iiV 

—  ;^  +  %<fbx  -  2*x»  +  «•*•  —  ^V 
=  o ;  the  four  roots  of  wbicli  (that  is^ 
9e  "^  ±  a,  and  two  equal  to  each  other, 

X  rz  —  ^,)  will  determine  the  points  in 
which  the  curve  cuts  the  axis  PA.  But, 
at  prefent,  tt  will  be  enough  to  cenfidef 
the  politive  value  pc  zz  ai  and,  becaufe 
SA  =:  tf,  A  will  be  the  vertex  of  the 
curve.     Make  x  =  ftf  z:  SE,  then  it  will 

be  V  =   +  ^r^TT^STjM  _  gj^ 
Make  x  z:.  \a  zz  Sl^  then  it  will  be  j^  s 
±  !^^  "^  ^"^^  ^^  -  IK.    Make  the  proportion,  AE  =  |tf  to  EM  = 


t^'t:a  +   iiab  +    ilhb 


i  fo  is  AI  =  ^a^  to  a  fourth,  which  will  be 


^%0m^X2mt^\^^ 


in  order  to  fee  if  the  curve  be  concave  or  convex  to  the  axis  SA«  But,  taking 
AI  zz  \ay  we  have  SI  ~  ^^  to  which  correfponds  IK  s  jf  =  ^     ■        '^ 

and  it  is  found  to  be  IV  =  ^ ^<^<^^^-<^'^^-^  kfs  than  IK,  or  H^^I^. 

Therefore  the  curve  will  he  concave  towards  the  axis  SA.  But,  as  it  appli» 
itfclf  continually  to  the  afymptote  NN,  it  wiU  be  alfo  convex,  and  therelixv  it 
will  have  a  contrary  flexure. 

It  is  plain,  that«  taking  the  abfcifs  beyond  the  point  A>  that  is,  x  greater 
than  a,  there  will  be  no  curve ;  for  the  fecond  term  of  the  radical  will  be 
greater  than  the  firft,  the  fourth  greater  than  the  third,  and  the  iixth  greater 
than  the  fifth  ;  and  therefore  the  quantity  under  the  vinculum  will  be  negfttivc^ 
that  is,  y  will  be  imaginary. 

And,  becaufe  to  the  fame  abfcifs  x  two  equal  ord mates  y  correfpond,  one  of 
which  is  pofitive,  the  other  negative,  the  curve  on  the  fide  of  the  negative 
ordinates  will  alfo  be  the  fame,  and  nearly  as  in  Fig.  137. 

To  defcribe  the  curve  on  the  fide  of  the  abfcifs  x  negative,  in  the  equation 
I  change  the  (ign  in  thofe  terms  wherein  the  power  of  x  is  odd,  and  it  is  j^  = 

Vaa..  -  ^  -  laal^x  +  2^  +  o.^  ^J^^      Mtik^  X  ZZ  O,  ihcn  y  =  ±  ^, 

that  is,  infinite,  and  therefore  NN  (hall  be  an  afymptote.  I  make  jr  =.o^ 
and  it  will  be  aaxx  —  ;tf*  — •  2aaix  +  2h^  +  aati  -—  thx  zz  Oi  the  four 

roots 
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roots  of  this  equation,  which  are  thefe  two,  x  zz  ±  a^  and  two  equal  ones, 
9  B  t,  will  determine  the  points  where  the  curve  cuts  the  axis  AP.  The  ne- 
gative root  X  zz  ^  a  gives  me  the  point  A,  the  pofitive  root  x  =:  a  ihe  point 
m,  and  the  two  equal  roots  x  zz  i  give  the  point  P,  fo  that  there  will  be  a 

node  in  the  curve.  Taking  PR  zi  SR  zz  ^b  zz  x,  it  will  bt  y  zz  ±  ^^*"  ■ 
=  RT.     Taking   PQ^  =   ^*,    that  is,    SQ^=  ;c  r=   |^,    it  will  be  ^  = 

■"^^^Y  ^^^  =  QH.     I  make  the  analogy,  PR  (t^)  .  RT  (i^^^±^)::?Q^ 
[ii) .  op  =  (— iff-ZI — },  in  order  to  fee  whether  the  curve  be  concave  or 


convex  towards  the  axis   PS.     But  QO   (— ^^^ 


)  is  greater  than  QH 


(  ^^  - ) ;  fo  that  the  curve  is  convex  towards  the  axis  PS.  And  this 
follows  alfo  from  it's  approaching  to  it  as  an  afymptote. 

Taking  the  abfcifs  beyond  the  point  m,  that  is,  x  greater  than  «,  there  will 

be  no  curve,  becaufe  the  radical  aforegoing  is  the  fame  as  \/aa  —  sx  x 

%/x*  —  aAir  +  3**  Bur,  fuppofing  x  greater  than  a,  the  quantity  aa  —  xx  will 
be  negative,  and  xx  — *  lix  +  bb  is  pofitive;  therefore  the  product  is  nega- 
tive, and  the  ordinate  y  is  imaginary.  Taking  the  abfcifs  beyond  the  point  P, 
chac  is,  X  greater  than  ^,  but  lefs  than  a^  it  will  be  aa  —  xXy  a  pofitive  quan- 
ti^,  as  alfo,  xx  —  xbx  +  bb;  therefore  the  produdt  is  pofitive,  and  the  ordinate 
y  IS  real ;  fo  that  between  P  and  m  the  curve  will  correfpond,  and  will  form  a 
foliate  Vxmy^  having  a  node  at  P ;  and  the  curve  will  have  the  appearance  nearly 
aa  in  Fig.  137. 


>;?.  138. 


241.  Ladly,  let  b  be  greater  than  a  i  the  equation  will  be  the  fame  as  in  the  A  third  cafe 
former  cafe,  and,  taking  the  abfcifs  x  pofitive,  the  curve  will  be  alfo  fimilar.o^^^^^*"*^* 

Then  taking  x  negative,  and  fuppofing 
y  zz  o,  the  four  roots  of  the  equation, 
that  is,  X  z:  ±  a,  and  the  two  equal  roots 
x  :zz  b^  will  give,  indeed,  the  fame  points, 
A,  »f,  P,  in  the  axis  PA  :  but  the  point  m 
will  be  above  the  point  P.  And,  affuming 
the  abfcil's  greater  than  Sm,  that  is,  x  greater 
than  a,  the  quantity  aa  —  xx  will  be  nega- 
tive ;  and  becaufe  xx  —  ibx  +  bb  is  po- 
fitive, their  prodiift  will  be  negative,  and 
therefore  the  ordinate  y  will  be  imaginary. 
Therefore  the  curve  will  not  have  the 
C  g  2  foliate 


aiS 
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foliate  of  the  former  caTe^  but  will  hive  it's  vertex  in  ».  And,  becaufe  the 
curve  is  firft  concave,  and  then  convex  towards  it's  axis  PS,  as  is  eafily  feen, 
and  approaches  to  the  afymptoie  NN,  it  will  be  nearly  as  in  Fig.  138. 

The  method  24.2.  This  method  of  defcribing  curves  by  an  infinite  number  of  points, 
improved  of  may  "perhaps  be  reduced  to  a  greater  perfeflior,  by  making  ufe  alfo  of  geome- 
cutwa'br  '"^*'  conftruiftions.  I  fliall  give  fome  Examples  of  it,  which  may  ferve  to  pui 
poinii.  tlie  matter  in  a  proper  light. 


EXAMPLE 


Let  us  conftruA,  by  vaiious  points,  tht  curve 
of  Prob.  I.  §  236,  which  is  the  CjMd  of  Di- 
oclesy  the  equation  of  which  was  round  to  be 

y  =       "*       .    With  radius  AC  =  ftf  let  th^ 


circle  AEB«  be  defcribed ;  and,  taking  at  pidu 
fure  AP  =■  X,  1  obferve  that  the  correfpoDdiog 
ordinate  P/  is  =  '/a*  -  ««•  Through  the 
point  /  I  draw  the  diameter  /CD,  and  joining 
the  points  A,  D,  with  the  line  AD,  the  point  m, 
in  which  it  cuts  the  upper  ordinate  PF,  conti^ 
nued  if  need  be,  will  be  in  the  lijeij.  For,  the 
angle  in  the  femicircle/AD  being  a  right  angl^ 
as  alio  (he  angle  APM  of  the  co-ordinates,  the 
triangles  AyP,  APM,  will  be  fimilar,  and  therefore  we  Ihall  have  the  analogy 
/P  .  AP  ::  AP  .  PM ;  that  is,  Vm-xx  .  x  ::  x  ,y.     Whence  it  is  ^  = 


<i.  E. 


After  another  manner.  Becaufe  the  triangles  TCf,  CDO,  are  fimilar,  the 
angles  P,  O,  being  right,  and  the  angles  at  the  vertex  PC/,  DCO,  are  equal» 
and  alfo  C/  =  CD,  it  will  be  alfo  CP  =  CO,  a  property  of  this  curve. 


£X- 
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fig'  134- 


<1 


T> 


Let  the  curve  be  that  of  Prob.  11. 
§  237,  the  equation  of  which  is  ±  jf  = 

-^--— -  .     With  radius  AB  =  ^  let 

\  lax  —  A'j? 

the  circle  AFD  be  drawn.     Taking  any 
line  AP  =z  .v,   from  the  point   P   dra^^ 

the   ordinate    PF    zz    »/  lax  —  xx  ;    a.id 

drawing  the  radius  BF,  let  AHE  be 
drawn  perpendicular  to  it.  This  will 
cut  the  ordinate  PP\  continued  if  need 
be,  in  the  point  M,  which  will  be  in  the 
curve  AMB  required.  For,  the  triangles 
AMP,  FMH,  being  fimilar,  and  likewife 
the  triangles  FMil,  FBP,  the  triangle 
AMP  will  be  fimilar  to  the  triangle  BFP,  and  therefore  we  Ihall  have  PF  .  PB 

:;  AP  .  PM,  that  is,   */  xax  -  xx 


propofed  equation  y  = 


ax  —  -v* 


zax  —  XX 


a  ^  X  ::  X  .  y.     Whence  we  have  the 


'  After  another  manner.  Becaufe  the  triangle  AMP  is  fimilar  to  the  triangle 
AHB;  and  it  has  been  feen  above,  that  the  triangle  AMP  is  alio  fimilar  to  the 
triangle  FPB.  But  the  fide  AB  =  BF ;  therefore  it  will  be  alfo  BII  =r  BP. 
Let  the  right  line  MI  be  drawn  parallel  to  AB,  and  then  the  triangles  BHE, 
MIE,  will  be  fimilar-  But  they  will  be  alio  equilateral  to  each  other,  it  being 
BH  =  BP  =:  ML  Therefore  it  will  be  EB  =  EM,  which  is  the  fundamental 
property  of  the  curve  propofed. 


EXAMPLE    IIL 


i%-  ^35- 


Let  the  curve  to  be  defcribed  be  that  of 
Prob.  IIL  §  238,  called  the  fFttcb,    the 

•  f  t     '      t        •  tfV    HX     "^     XX  m 

equation  of  which  is  ^  =: ,   the 

X 

diameter  of  the  circle,   being  AC  =:  ^7. 
Take  any  line  at  pleafure^  AB  =  at,  and 

draw 


ajo 
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draw  the  indefinite  lines  BM,  CE,  perpendicular  tc  AC,  Then  through  the 
point  D^  in  which  BM  cuts  the  circle,  let  AD  be  drawn,  which,  produced^ 
(hall  cut  CE  in  £.  Tbrougfi  die  point  E  draw  a  parallel  to  AC ;  it  (hall  meet 
BM  in  the  point  M,  which  will  belong  to  the  curve.    For,  by  the  property  of 

the  circle,  it  is  BD  =  •«  -  xx,  and,  by  fimilar  triangles  ABD,  ACE,  it  is 

AB  .  BD  ::  AC  .  CE,  That  is,  x  .  VZ'ZTx  ::  a.CE  =:  ^^^^"  **  —  j, 
the  equation  to  the  given  curve. 


«=■■ 


EXAMPLE    IV. 


Fig.  139. 


Let  the  Conchoid  of  Nicomedes  of  Prob. 
IV.  §  2^9,  be  10  be  defcribed  by  va- 
rious points.     It's  equation  is   ±  jr  s 

r±TxV:r=^    MakeSA  =  S4  =  4, 


±* 


SP  =  h.  With  radius  SA  =  a,  let  there 
be  defcribed  the  circle  ABC^,  and  taking 
at  pleafure  two  abfcifles  S£,  &,  equal  to 
each  other,  which  may  be  called  «  pofitive 
and  negative,  draw  the  ordinates  £B,  iCf 

each  of  which  (hall  be  ^  ^m  — jur^  and 
let  them  be  produced  indefinitely  beyond  the  points  B,  C.  Through  the  points 
S,  B,  let  the  right  line  SB  be  drawn,  and  through  the  point  P  a  parallel  to  i^ 
PM.  The  two  points  M,  w,  in  which  PM  cuts  the  two  right  lines  EB,  rC^ 
(ball  belong  to  the  curve  required  %  that  is  to  fay,  the  point  M  to  the  fuperior 
branch,  and  m  to  the  inferior  branch  of  the  conchoid. 

And  as  to  the  point  M  ;  becaufe  the  two  triangles  SEB,  P£M,  are  fimilar, 
it  will  be  SE  ,  EB  ::  PE  .  EM ;  that  is,  x  .  Vaa  -  xx  ::  b  +  x  ,jr.     And 

confequcntly  the  equation  will  ht  y  :=i  _— ,   in  rcfpcA  of  the 

upper  branch  of  the  conchoid. 

Then,  as  to  ihe  point  m ;  drawing  the  line  SC,  the  triangle  SeC  will  be 
fimilar  and  equal  10  the  tiiangle  SEB.  For  the  triangle  ?€m  is  fimilar  to  the 
triangle  SEB ;  tliCrefore  alfo  it  will  be  limilar  to  StC,  and  therefore  we  (hall 

have  the  analogy  IPe  .  em  ::  Sf  .  tfC  ;  that  is,  —  x  .  a/ aa  —  xx  11  b  "^  x  .jr. 

-  •  ^  —  jf   X    ^^aa  —  XX         t  ■   1    •      1  <• 

Whence  we  have  the  equation  y  =  —- *  ^"'^'^  "  ^"^  ^^^J  **°^^ 


—   X 


branch 


Through 
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Through  the  point  S  drawing  the  indeHnite  line  SN  parallel  to  the  ordinates 
£M,  eiHf  from  the  coiiflru<ftion  above  we  (hall  ealily  obuin  the  principal  pro- 
perty of  the  centbotd;  «hich  is,  that,  from  the  point  or  pole  P,  if  we  draw  PM  '' 
cutting  the  curve  in  the  points  M,  i»,  and  the  line  SN  in  the  point  N,  the 
interccpied  lines  wN,  NM,  'between  the  curve  and  the  indefinite  line  SN,  will 
always  be  of  a  conftant  length,  and  equal  to  SA  =  SB  =  a.  For,  by  the 
coD[fru£iion,  SBMN  will  he  a  parallelogram,  and  therefore  NM  =  SB.  But, 
drawing  NO  parallel  to  Sf,  the  triangles  SEE,  fnNO,  will  be  limilar;  and 
befides,  NO  =  S*  =  SE.  Therefore  it  will  be  mN  =  SB,  and  conl'equently 
otN  =  NM.                     Q<  B,   D. 

043.  The  conftriii5tions  of  ihe  three  firft  Examples  come  out  pretty  fimplc,  — Improwd 
there  being  nothing  required  to  be  done,  but  to  draw  a  circle  with  a  given  ^y.***  ^*""* 
diameter,  and  fome  right  lines.     On  other  occafions  the  Conic  Sedions  mull  be  "^  """* 
admitted,  which  are  fometimes  to  be  defcribeJ  with  variable  diameters,  para- 
^Deters,  and  rectangles.     But  chefe  may  be  taken  as  contlant,  in  determining 
one  or  more  points  of  the  curve. 


Fig.  140. 


To  give  an  example  of  it.  Let  us  con- 
firuA,  by  points,  the  curve  belonging  to  this 
equation  x/a^x  -  »x  =  yy^  Draw  the  circle 
AHB^,  wholie  diameter  is  AB  =  %a.  Take 
at  pleafure  AD  =  KB  =  ;r;  it  will  be  DE  = 
KG  =  v'zii;r  —  xa<  With  parameter  DE,  to 
tlie  axis  AB,  defcribe  the  Apellenian  parabola 
GFA^,  and  DF,  D/,  will  give  the  pofitive 
and  negative  values  of  jf,  making  *  z:  AD. 
And  KG,  K^,  the  pofilive  and  negative  va- 
lues of  y,  making  *  =  AK.  Wherefore 
the  four  points  F,  /,  G,  gt  will  be  in  the 
curve  required.  By  a  like  meihcx},  and  by 
varying  the  value  of  jr,  we  may  determine 
other  points  of  the  curve. 

244.  A  fecond  manner  of  conftrufting  curves  beyond  the  fecond  degree, —By  p«r»- 
wUl  be  that  mentioned  at  $  2ao,  by  means  of  other  lines  of  a  lower  degree.  {^'"*  "^ 
And,  to  begin  with  parabolas  of  any  degree,  it  may  be  firft  obfcrvcd,  that  the  ^^^ 
Jlp^lonian  parabola  is  the  only  one  of  it's  kind,  and  is  exprelTed  by  the  equa- 
tion ax  '^  Xf*     The  cubic  parabolas  are  two,  that  is,  eax  =  y\  and  axx  =  y\ 
Thofe  of  the  fourth    degree  are  three,  a*x  =>♦,  aaxx  =  y\  and  a*»  ~y*. 
And,  in  general,  thofe  of  the  degree  exprefled  by  n  are  in  number  n  —  i, 

and  are  a**"*  = /,  aax'~'  =/,  a***"'  = /,  oV~*  =:  jf",  and   fo  on 
fucccffively,  till  the  exponent  of  x  is  unity. 

7  245-  All 
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The  firft  cii- 
1)ical  parabola 


245.  All  thofe  which  have  x^  with  unity,  for  it^s  exponent,  are  called  firft 


«— I 


conaruacd.   parabolas.     Thus,  aax  =  y\  a^x  zzz  y^^  a  '^  x  =  j  ,  arc  all  firft  parabolas. 

To  conftruft  any  parabola  of  any  degree  whatever,  the  beginning  muft  be 
from  the  iiril  cubic  parabola  aax  =  ^'. 


Fig.  141 


m 


It  is  plain  that  this  muft  have  two  branches, 
one  pofitive,  the  other  negative  ;  for,  raking 
X  pofitive,  y  will  alfo  be  pofitive,  that  is, 
y  zz  'S^aax,  and  this  will  be  it's  pofitive 
branch.  But,  taking  x  negative,  y  will  alfo 
be  negative,  or  j^  zr  ^—  aax^  (which  is  no 
imaginary  quantity,)  and  this  will  be  the 
negarive  branch.  It  is  evident  that  thefe 
two  branches  go  on  ad  ir\finitum^  and  are 
concave  to  the  axis  AB* 


To  proceed  to  the  conftruftion.    Make* 
yy  zz  az;  and,  fubftituting  in  the  equatioa 
aax  zz  y^  this  value  of  j^y,  the  equation  10 
the  cubic  parabola  will    be  changed   into 
tliis,  ax  zz  zy,  which  may  be  rcfoWed  into  the  following  analogy,  a  .z  ::y  .x. 

This  fuppofed,  let  the  parabola  of  the  equation  yy  r:  az  be  defcribed  to  the 
axis  AB,  and  let  it  be  DAE.  Make  AS  =  z,  BE  zz  y^  BD  =  —  jr, 
AC  =  «.  Draw  CB,  and  through  the  point  A  draw  the  line  KAF  parallel  to 
CB  ;  and  making  AG  =  BE,  draw  GE.  It  will  be  CA  .  AB  ::  AG  .  GF, 
that  hy  a  .  z  ::  y  .  x.  Whence  taking  AB  at  pleafure,  the  correfponding  lines 
BE,  or  AG,  and  GF,  will  be  the  co-ordinates  of  our  cubic  parabola,  and  F  will 
be  a  point  of  it.     For,  in  the  analogy  a  .z  ::y  .Xy  rcftoring  the  value  of  z, 

or  —  ,  it  will  be  a  .  —  ::  y  .  x,  or  the  equation  y^  zi  aax. 


Now,  becaufe,  when  x  is  taken  negative,  y  will  be  negative  alfo,  the  analogy 
a  .  z  ::  y  .  X  will  be  changed  into  this  following,  a  .  z  ::  — y  .  —  x;  whence, 
taking  AV  =  BD,  it  will  be  CA .  AB  ::  AV  .  VK;  that  is,  a  .  z  ::  — y  .  — jr, 
an  I  the  point  K  will  be  in  the  cubical  parabola.  The  branch  AMF  wall  be 
pofitive,  and  ANK  the  negative  branch. 

Thf  firft  pa.  246.  Let  it  be  propofed  to  conftruft  the  firft  parabola  of  the  fourth  degree 
rabola  of  the^y  zz  y^.  Tbis  w'\\\  have  alio  I  WO  branches,  one  above  the  axis,  the  other 
j[^y^^J"  below  it,  becaufe  to  .V  pofitive  correfponds  both  j  and  — jf,  for  the  index  of 
the  power  of  y  is  an  even  number.  Thefe  two  branciics  will  be  concave 
towards  the  axis,  and  will  proceed  in  infrnfuin.  To  go  on  to  the  conftrucVton. 
I  make  y  r:  aaz,  and,  inftead  of>',  fubftituting  this  value  in  the  equation 
propofed^  we  (hall  have  zy  zz  ax^  ot  ^  .  z  l\  y  .  x. 

To 
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To  axis  KC  let  the  parabola  of  the 
equation  j^'^  zr  r.az  be  dtfcribeJ,  which, 
becaufe  it  is  t!  e  firft  cubic^  we  know 
already  how  to  conftmdt ;  and  let  this 
be  QAD.  It  will  be  AC  zr  GD  =  :r, 
AK  =  —  2,  and  CD  =  AG  =  y, 
KQ^rr  — y.  Take  AB  =  tf,  and  dra^v 
the  right  lines  BC,  BK,  and  through  the 
point  A  draw  AF  parallel  to  BC,  and  A  I* 
parallel  to  KB.    This  fuppofed,  it  wmII  be 

BA  .  AC  ::  AG  .  GF,  that  is,  ^  .  s  :: 

y  .  X ;  and  the  point  F  will  be  in  the 
curve-line  propofcd  to  be  conftrufled. 
For,    it   being  a  .  z  11  y  •  x,   and  z  rr 

i. ,  it  will  he  a  .  -^  ::  y  .  X  ;  that  is,  a*x  =  y\ 

But,  becaufe  when  x  is  poficive  wc  may  take  y  negative,  which  in  this  cife 
will  be  KC^  and  AK  will   be  —  z,  we  fhould   have  alfo  BA  .  AK  ::  K  >^ 
(=  AR)  .  RP  ;  or  ^  ,  — .  z  :;  — y  .  x.     Therefore  the  point  P  will  alio  be  in 
the  curve  a^x  =  j*. 


24-7-  Let  it  be  propofcd  to  conftruft  the  firll  parabola  of  the  fifth  degree,  The  firfl  pa- 
4i^x  =y.     This  will  alio  have  two  branches,  one  podcive,  ihe  oihcr  negative,  raholaofthe 
Per,  taking  4?  pofitive,  y  will  be  pofitive,  thu  is,  y  =  \/a^x.     Bat,  taking  ^  ^'^jlj^^ua^J 
negative,  y  will  be  negative,  that  is,  y  ':::  \/ ^  o.^x.     Thele  tsvo  branches   go^^" 
on  infinitely,  and  are  concave  to  the  axis  AB.     To  proceed  to  the  conftruftion. 
Make  y^  =  a^z^  and  fubftituting  this  value  in  the  propofcd  equation,  it  will  be 
AX  zz  yzy  or  a  .  z  ::  y  .  X. 


To  the  axis  AB  (Fig.  I4i,)  defcribe  the  parabola  of  the  equation  _>•*  =  ^?'^, 
and  let  it  be  DAE.  It  being  AB  =  2,  it  will  be  BE  =  v,  and  BIJ  =  —  v. 
.Make  AC  ss  j,  and  draw  CB,  and  KAF  parallel  to  it.  Then  draw  the  rii^ic 
line  EFG,  and  the  parallel  DVK.  TWs  fuppofed,  it  will  be  CA  .  Mi  :: 
AG  •  GF,  or  ^  .  2  II  y  •  x;  and  the  point  F  will  be  in  the  curve  to  l)e 
conftrij:ted.     For,    it 


being 


y  .  Xy    as  alio,   a^z   iz 


A 


it  will   be 


^  •  -^,-  *•/.*!  or  ^'  iz  £t^x,  the  equation  to  the  curve  propofcd. 


Now,  becaufe,  x  being  negative,  y  will  alfo  be  negative,  tl-c  analogy 
a  .  z  :i  y  .  X  will  be  changed  into  this,  a  .  z  ::  — y  .  —  x.  \Vhcitr>ic,  lakmg 
AV  =  DB,  It  wiil  be  CA  .  AB  ::  AV  .  VK,  ov  a  .  z  ::  —  y  .  —x. 
Whence  ihe  point  K  will  be  in  the  curve  propofcd  10  be  coniiiudlcd.  The 
branch  AMF  will  be  pofuive,  and  ANK  will  be  the  negative  branch. 


Hh 


248.  And, 
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Thefiiftpa-      248.  And,  in  general,  let  ic  be  propofed  to  condruft  the  parabola  whofe 

degree  con-  equation  IS  a  ■"  X  ^j'  .     Make  jr  ""    zz  a"  z^  and  fubftitutrng  this  value 

in  the  propofed  equation,  we  (hall  dill  have  zy  =  ax.  Whence  it  may  be 
perceived,  that  we  may  always  conftrucl  any  firft  parabola  by  means  of  ik 
triangle,  and  of  the  fir(l  parabola  of  the  next  inferior  degree. 

Coiiftruaiofi  249.  Now  it  will  be  eafy  to  go  on  to  the  conftruftion  of  the  other  fucceeding 
"c  r|*^*^  ^"^' parabolas,  or  ihofe  of  the  fecond,.  third,  fourth,  Uc^  of  any  degree;  for  chefc 
bolis!*"'  ^^*^'alfb  may  be  conftruAed  by  the  conflruftion  of  their  firft  parabolas. 

Let  it  be  propofed  to  conftrufl  the  fecond  cubic  parabola,  whofe  equation  Is- 
exx  =>'.  I  make  y^  =  aaz^  and,  by  fubftituting,  inftead  of  jf%  it's  value  i& 
the  propofed  equation,  it  will  be  xx  =:  az. 


F^i^  H3 


To  the  axis  AB  let  there  be  defcribcd  the 
jlpoUonian  parabola  AC,  whofe  equation  is  «x=«z; 
then  to  the  fame  axis  defcribe  the  firft  cubic  parar^ 
bola  of  the  equation  j'  =  aaz ;  and  it  beiiig 
AB  =:  2,  it  will  be  BE  =  jr.  But,  in  the  ^#^ 
Ionian  parabola  AC,  becaufe  AB  =  z,  it  will  be 
BC  =  .v.  Therefore  we  (hall  always  have  the 
two  co-ordinates  .v,  7^  of  the  fecond  cubic  para> 
bola. 


Let  it  be  propofed  to  conflruft  the  third  parabola  of  ihe  fourth  degree,  wfaofe 
equation  is  ax*  =  y^.  I  make  aH  :r  y\  and,  by  fubftitution,  it  will  be 
x^  =  aaz^  Let  this  firft  cubical  parabola  x^  =  aaz  be  conftru£bed,  and  to  the 
iame  axis  let  there  alfo  be  conftrufted  the  firft  of  the  fourth  degree,  jr*  =  A. 
'['he  two  ordinr.tes  of  thefe  curves,  correfponding  to  the  fame  abicifs  z^  will 
give  the  co-ordinates  .v,  y^  of  the  propofed  curve. 

In  the  conftruftion  of  all  others,  of  any  fuperior  degree,  we  may  proceed  ia 
the  fame  method ;  thefe  examples  are  fufficient,  the  thing  Itfelf  being  very 
plain. 

Squaring  the      250,  It  Only  remains  to  be  obfervcd,  that  the  fecond  parabola  of  the  fourth 

duccra^edu^  degree,  aaxx  zr  y\  is  no  other  than  the  jlpollomoH  parabola,  but  redoubled  the 

plication  of    contrary  way.     For,  firft,  if  it  be  aaxx  =  j^*,  it  will  be  alfo,  by  extrafting;  the 

ihc  curve,      fourth  root,  y/ aaxx  =   t/ax  n  ±  J^.     But  ^ax  =  ±  jr,  or  «;?  =  jjy,  is  no 

other  than  the  equation  to  the  Apollonian  parabola.     Our  curve  is  therefore  a 

common  parabola,  but  redoubled ;  becaufe  the  term  aaxx  is  alike  generated, 

as  well  from  +  ^x*  x  -f  axy  as  from  —  ax  x  -—  av  ;  which  may  be  equally 

verified,  becaufe  y/aaxx  =  y/'+oT^T'^^  =  X/ --ax  x  -ax  =  •/axz=.  ± jr. 

Wherefore^ 
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!%■•  144-  ^  Wherefore,   to    negative  x  will  correfpond 

"^  real  y,  and  the  branch  MAN  on  the  negative 

fide  will  be  perfeflly  like  the  branch  BAG  on 
the  pofitivc  lide,  having  refpedb  to  both  the 
cxpreflions  y/aaxx  =  ^^ax  iz  ±  y.  But 
the  Jpollonian  parabola  has  no  branch  on  the 
negative  fide  ;  for,  putting  x  negative,  it  will 
be  \/—  ax  zz  ±:y  I  {q  that  the  curve  will 
be  imaginary. 


If  we  raife  the  equation  ax  rz  yy  to  the  tliird  power,  the  curve  correfponding 
to  ihc  equation  n^x^  =  y^  will  be  no  other  than  the  Apollonian  parabola  only, 
Raifing  the  equation  ax  =  yy  to  the  fourth  po^er,  the  curve  correlponding  to 
the  formula  al^k^  =  y^  becomes  the  <:ommon  parabola  redoubled  the  contrary 
wc7«  And,  in  general,  if  the  power  to  ^ii'hich  ihe  formula  ax  :^yy  is  raifed 
fliall  be  even,  the  yipollonian  parabola  redoubled  will  exhibit  the  curve ;  if  the 
power  be  odd,  the  common  parabola  will  be  fuHicienr. 

The  fame  doftrine  may  be  applied  to  all  fird  parabolas  and  hyperbolas, 

whole  canonical  equations  slvc  a  "  x  zz  y,  taking  for  n  any  integer  number, 
affirmative  or  negative.    This  being  raifed  to  an  even  power,  the  proper  curve 

of  the  new  equation  will  be  tlie  parabola  or  hyperbola  a       x  =:  y     redoubled 
the  contrary  way«     If  the  power  be  odd,  the  reduplication  vanishes,  and  there 

^11  remain  the  fimple  genuine  curve  of  the  equation  a  "  x  zz  y^. 

a5i.  From  the  conftruftion  of  parabolas  of  any  degree,  we  may  go  on  to  Conftniftioii 
Ac  conftruAion  of  hyperbolas  alfo  of  any  degree*  of  hypcrbo. 

The  hyperboloids  of  the  third  degree  are  two ;   that  is,    a^  —  xxy^   and 

4^  zi  xyy.     Let  it  be  propofed  to  conftruft  the  hyperboloid  of  the  equation 

«'  r=  xxy.     This  curve  will  have  two  branches  which  approach  to  afymptotes  ; 

txxh  of  them  will  have  their  ordinates  poiitive,  but  the  abfciiles  in  one  will  be 

-pofitivc,  in  the  other  negative. 

To  conftruA  it,  make  xx  =  az,  and,  by  fgbftitution,  it  will  be  aa  :s  zy^ 
Between  the  afymptotes  AM,  AG,  (Fig.  145.)  defcribe  the  hyperbola  FCLof 
.<he  equation  aa  zz  zy»  Then  taking  AG  =  z,  it  will  be  GF  zz  y ;  then  from 
the  point  G,  at  half  a  right  angle,  iet  be  drawn  GB,  and  it  will  be  AB  = 
AG  =  z«    To  the  axi3  Afi  ler  ihere  be  defcribed  the  parabola  CAE  of  the 

H  h  2  equation 
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equation  az  zz  xx,  and  drawing  the  ordi* 
nares  BC,  BE,  and  the  indeBnice  lines  CK» 
EP,  pamllel  to  BA,  it  will  be  AH  =  BE 
rr  X.  And  drawing  FK  parallel  to  GD,  it 
will  be  HP  =:  GF  =:  jr.  In  the  fame 
manner,  it  will  be  AD  =  BC  =z  —  *, 
DK  zz  y  ;  and  the  points  P,  K,  will  be  ia 
the  curve  propofed* 

1  forbear  lo  giye  the  connrudlion  of  die 
equation  a^  zz  xjy,  becaiife  it  is  che  very  fame 
curve,  only  the  co-ordinates  have  changed 
their  places. 

f  llghcr       252,  Let  there  be  propofed  an  hyperboloid  of  the  fourth  degree,  and  let  it*! 
hypcrboloids.  equation  be  ^'^  zz  x^y.     This  curve  will  have  two  branches,  which  apply  to 
afymptotcs,  in  one  ot  which  x  will  be  pofuive,  and  y  pofitive,  and  in  the  other 
X  will  be  negative,  and  y  negative. 

fig.  146.  Put  .v'  =:  aaz,    and,  by  fubftitution^ 

we  (hall  have  2^  =  aa.  Between  the 
afymptotes  MP,  TG,  produced  indefi- 
nitely, let  the  hyperbola  of  the  equation 
zy  =  aa,  or  ER,  KO,  be  defcribed. 
Then  it  will  be  AF  =  2,  FE  =:  y, 
AM  zz  —  2,  MK  =  —  /.  From  the 
point  F,  at  half  a  right  angle,  draw  FG^ 
to  which  let  MT  be  parallel,  and  it  will 
be  AG  5=  AF  =  2,  and  AT  =  AM 
=  —  a.  To  the  axis  TG  let  be  de- 
fcribed  the  cubic  parabola  SAH  of  the 
equation  x'  =:  aazj  and  it  will  be  AI  = 
GH   =   Xy   and    AP   =  TS   =r  —  x. 

Whence,  drawing  the  right  lines  EC,  KV,  parallel  to  AI,  it  will  be  IC  =:j^. 

and  PY  =:  — >,  and  the  points  C,  V,  will  be  in  the  propofed  curve* 

Here,  alfo,  I  omit  the  conftruftion  of  the  equation  d*  =  xy^,  becaufe,  only 
changing  the  places  of  the  co-ordinates^  it  is  the  fame  as  before.  Alfo,  I  omk 
the  conftruclion  of  the  equation  a^  =  xxyy,  becaufe  it  is. reduced  to  the  jfpoL- 
Ionian  hyperbola. 

253.  Let  the  hyperboloid  of  the  fifth  degree  be  propofed,  and,  firft,  let  the 
b!>\o!d8^co^ii^^^  be   a^  =  ^*     This  will  have  two  branches,  which  approach  to 

ftrudcd/     afymptotes ;  in  one  of  which,  taking  x  pofitive,  y  will  alfo  be  pofitive..   In  the 
other,  taking  x  negative,  yet,  however,  y  will  be  pofitive.. 

Make 


SZCT.  V« 


AHALYTICAL      INSTITUTIONS. 


237 


P'i^  147. 


Make  x^  r:  a^z ;  then,  fubftitnting,  it  will  be  aa  =r  z}\  B'.  tween  tlie 
afymptotes  AG,  AM,  (Fig.  145,)  dcTcribe  the  /lpotlo}van  hypcihoU  F(^of  the 
equation  aa  :=.  zy\  then,  taking  AG  =:  2,  it  will  be  Gl^  =:  y.  From  the  point: 
G,  at  half  a  right  angle,  draw  the  right  line  GB,  and  ic  will  be  A3  zi  AG  iz  z. 
To  the  axis  AB  defcribe  the  parabola  CAE  of  the  equation  a*  —  a^z^  and  it 
will  be  BE  =:  AH  =  ^,  BC  rz  AD  =  --  x\  and,  drawing  FK  parallel  t.i 
GD,  and  CK,  EP,  perpendicular  to  the  fame,  it  will  be  HP  =  DK  =.  GP 
•  =  jf,  and  the  points  P,  K,  will  be  in  the  curve  propofed. 

Let  d^  zz  x^y*  be  another  equation  of  the  hyperboloid  of  the  Cime  degree ;. 
this  will  have  two  branches,  bccaufe  to  the  fame  pofitive  x  will  corrcipond  two 
ordinatcs  y,  one  pofitive,  the  other  negative^ 

Make  x^  zr  aaz  ;  then,  fubtlituting,  ic 
will  be  a^  zz  zyy.  Between  the  afy.nptotes 
DM,  CN,  let  there  be  dckribed  the  hyper- 
boloid RG,  FV,  of  the  equation  a^  =  zy^y 
and  making  All  zz  y^  AP  z:  —  ^,  it  will 
be  HI  n  2  z:  PK  zi  AB.  To  the  axis 
PH  let  there  be  defcribed  the  cubic  para- 
bola AS  of  the  equation  x^  —  aazy  and 
from  the  point  B  draw  BQ^at  half  a  right 
angle,  and  raife  the  perpendicular  QS  : 
then  it  will  be  AQ^  =  2,  QS  z:  .v. 
Through  the  point  S  draw  the  right  line 
OT  parallel  to  the  afymptote  NC,  which 
may  meet  the  produced  lines  HI,  PK,  in  the  points  T,  O.  Then,  it  being 
AH  =  J,  it  will  be  HT  =z  x^  AP  =z  — y,  PO  z:  Xi  and  the  points  O,  T, 
will  be  in  the  curve  propofed« 

The  conftruftions  of  the  other  two  equations,  a^  =s  .v*^^,  and  a^  zz  xy*^  will 
be  iafier  the  fame  manner,  only  making  the  coordinates  to  change  places. 
And  by  the  fame  artifice  may  all  the  hyperboloids  of  any  degree  be  eafily 
cdnftm^ed. 

# 

254.  It  may  be  obferved,  that  all  the  firft  parabolas,  which  are  defcribed  Obfervaifou 
about  one  and  the  fame  axis,  will  cut  one  another  in  the  fame  point.     For, ""  ^|'^  jh' I"' 
taking  for  every  one  of  them  the  fame  abfcifs  at  =  ^?,  they  will  all  have  ^heparaboluiJs. 
£inie  correfponding  ordinate  y  =  a;,  which  could  not  be,  except  they  all  cut 

in  the  fame  point. 

255.  Alfo,  the  parabolas  of  higher  dimenfions  (meaning  higher  than  the  firft,)— «f  hig^cfi 
tend  firft  to  arrive  at  the  point  of  feftion,  above  thofe  of  an  inferior  degree,  P^^^^J^'|^* 
approaching  nearer  to  the  tangent  of  the  vertex,  and  after  the  fedion  iheyij^ji^jj^jg, 
approach  to  the  axis,  thefe  more  than  thofe.     For,  in  the  Apollonian  parabola, 

ic  being  y  =  v^^»v,  in  the  firft  cubic,  y  =  ^aax^  in  the  firft  of  the  fourth 

degree^ . 
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degree,  y  =  \/a^x^  and  fo  on  ;  if  we  take  n  Icfs  than  a^  then  \fax  will  be  left 
than  ^aax,  and  ihis  will  be  iefs  than  v^^x,  and  fo  on.  But,  on  the  contrary^ 
taking  x  greater  than  a^  it  will  be  \/ ax  greater  than  ^aax^  this  greater  than 
x/a^x ;  and  fo  on. 

• 

After  tlie  fame  manner,  and  for  a  like  reafon,  the  hyperboloids  (aieaning  tlfo 
the  firft,)  all  cut  one  another  at  the  vertex,  and  thofe  of  higher  dimenlions  tend 
after  the  point  of  fedion  between  thofe  of  lower  dimeniions  and  the  afymptoto 
in  which  the  x\  are  taken.  And  on  the  part  of  the  afymptote,  parallel  to  y^ 
the  inferior  tend  within,  between  thofe  of  higher  dimenfions  and  the  afymptote* 

Curves  of  256.  There  remains  now  to  conftruft  fiich  equations  as  have  federal  terms, 

fcvcral  terms  \^  which  I  fliall  diftinguifli  three  cafes.    Thofe  of  the  firft  cafe  I  call  fuch,  which 
divided  into'  ^^^^  ^^^  itxm  Only,  in  which  the  indeterminate  y  is  found,  and  that  of  one 
three  fafes.    dimenfion  alone.     Of  the  fecond  cafe  are  thofe,  which  have  one  term  only  ia 
which  y  is  found,  but  that  raifed  to  any  power.    Thofe  are  of  the  third  cafe 
which  have  many  terms  in  which  y  is  found ;  and  that  raifed  to  any  power. 
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257.  Let  it  be  propofed  to  conftruft  the 
curve  of  this  equation  «*  —  «*  =  «'/. 
Make  y  =-  t  —  f,  by  which  the  given 
equation  may  be  refolved  into  thefe  two, 
ii*  =  tfV,  a:*  =  a\  To  the  axis  AB  let 
the  parabola  MAC  of  the  equation  k^^a^f 
be  defcribed  ;  and  it  being  AD  =  f,  it 
will  be  DH  rz  ;f,  DF  =  —  x.  But,  hy 
the  equation  a^  zz  o?t^  it  is  t  zz  a;  and 
therefore,  taking  AB  =z  a  :=:  t,  it  will  be 
/  —  y  =  J.  Whence,  taking  at  pleafure 
any  abfcifs  BS  z=  DH  =  x,  and  BO  = 
DF  =  —  X,  the  lines  SH,  OF,  parallel  to  BA,  will  be  the  correfponding 
Old i nates  of  the  curve  propofed,  which  is  one  portion  of  the  lame  parabola  a 
the  fourth  degree. 
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258.  Let  it  be  propofed  to  conftriift  the  curve  of  the  equation  x^  +  ax'  =  tf^.  Another 
By  the  rules  already  known,  we  may  perceive  this  curve  to  have  three  branches,  ^^™I^** 
two  infinite  and  pofiiive,  and  one  negative,  together  with  a  maximum,  which  at 
prefent  wc  can  take  no  notice  of;  and  the  axis  will  be  cut  in  two  points. 

Make  j  z:  2  +  /,  whence  wc  may  have 


Fig.  149* 


FJg.  150 


two  equations,  x^  =z  a^z,  and  x'  =  tiat. 
To  the  axis  AB  let  the  parabola  MAD  of 
the  equation  x*  z:  a^z  be  dcfcribed ;  and 
it  being  AF  zz  z,  it  will  be  FD  =  AE 
zz  X.  Through  the  fame  point  A  let  the 
cubic  parabola  CAP  of  the  equation  x^zzaat 
be  deurribed,  and  PE  zr  /  will  correfpond 
to  the  fame  x.  Whence,  it  being  AE  =:  x, 
it  will  be  PE  +  ED  zz  z  +  t  =  y,  mak- 
ing  PD  parallel  to  AF.  Whence  it  may 
be  feen,  that,  taking  x  pofitive,  the  ordi- 
nate y  increafes  in  infinitum. 

Then,  taking  x  negative,  /  will  be  nega- 
tive, and  confequently  y  zz  z  —  /.  Let 
AG  =:  X  negative,  it  will  be  GM  =:  z, 
GT  =  /,  whence  y  zz  MT  negative  j  and 
among  all  the  values  of  MT,  there  will  be 
a  greateft.  Taking  x  zz  —  a,  it  will  be 
GM  =z  GT,  whence  y  zz  o.  Taking  x 
negative,  and  greater  than  a,  it  will  be 
GM  —  GT,  a  pofitive  quantity ;  whence 
y  will  be  pofitive,  and  will  increafe  ad  infi^ 
nitum.  The  curve  will  be  nearly  of  the 
form  of  Fig.  150,  taking  x  from  the  point  A* 
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.  Let  it  be  propofed  to  conftruft  the  curve  of  the  equation  .v*  +  ^a 'Another  cx- 
:*  zz  a'y.  This  curve  will  have  four  branches,  two  pofitive  aiul  infinite,  ample  to  the 
rgative  and  finite.    It  will  cut  the  axis  in  two  points,  and  will  toiicli  i'  \\\  *^^^^  *-'^^'* 

8  o:w^ 
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one.     It  will  have  two  negative  maxima^  &c,  as  will  be  known  by  the  rules  to 

be  delivered  in  their  due  place. 

■^-(ff*  15  ^*  Put  j^  =:  z  —  y,    and  make  the  two 

equations  x^  +  ak^  z=,  a^Zy  and  —  xx  r: 
—  aq.  The  curve  of  the  equation  a*  + 
ax^  zz  fl*z  we  know  already  how  to  con- 
(Irudl  by  help  of  this  method,  and  let  it  be 
CBADG  (Fig.  151.);  it^  which,  takiog 
AK  =  X  pofitive,  it  will  be  KG  =  2, 
Taking  x  negative  n  AP,  it  will  be  z 
negative  =  PBj  taking  *  negative  and 
greater  than  AO,  it  will  be  z  pofitive. 
To  the  axis  AN  let  the  parabola  TAH  of 
the  equation  xx  =:  aq  be  defcribed.  It 
being  then  AK  =  x  pofitive,  it  will  be 
KH  =  y,  and  GH  zz  z  —  q  ^y%  which 
will  increafe  in  infinitum  as  x  increafes  in  infinitim^  In  the  point  F  it  will  be 
z  zz  q\  and  y  zz  o.  Between  the  points  F  and  A,  q  will  be  greater  than  2; 
whence  z  —  q  will  be  a  negative  quantity,  and  y  negative,  and  there  will  be  a 
negative  niaxi',num.  In  the  point  A,  it  will  be  2  z:  o,  y  ^  o,  jr  =:  o.  Taking 
X  negative  equal  to  AP,  it  will  be  2  =  BP,  and  negative;  whence  y  is  always 
negative.  Between  the  points  A  and  O  there  will  be  a  maximum  BQj  whence 
there  will  be  a  greateft  q  negative.  Taking  x  negative  and  greater  than  AO, 
z  will  be  pofitive,  but  lefs  than  q  ;  whence  y  is  negative.  Taking  at  negative 
and  equal  to  AM,  it  will  be  2;  z:  ^,  and  jr  =  o.  Taking  x  negative  and 
greater  than  AM,  it  will  be  always  z  greater  than  q;  whence  it  will  be  always 
y  pofitive  in  infmitiim. 

If  the  equation  fliould  more  abound  in  terms,  the  fame  artifice  might  be 
iifed  ;  and,  though  the  conllrudion  in  this  cafe  might  become  more  com-* 
pounded  and  perplexed,  yet,  ho.vev.er,  the  method  would  dill  obtain. 

We  might  conflruft  the  laft  equation  in  a  different  manner,  by  making 

;c'  =  aat^ 


x^  = 


a^z, 


y  zz,  z   +  /  —  y,  and  thence  deriving  three  equations, 
—  XX  zz  —  aq^  and,  by  means  of  thcTc  three  auxiliary  curves,  w^  might  pro- 
ceed to  the  conllrudion  of  the  principal  curve  j  but  I  omic  this  for  brevity. 

TliC  co-ordl-  260.  Perliaps,  in  thefe  condruftions,  and  in  the  few  that  follow,  it  may  feem 
nates  may  neceflary  that  the  angle  of  the  co-ordinates  Ihould  be  a  right  angle,  it  being 
always  luppofcd  to  be  fuch.  But  it  will  appear,  after  a  liiile  refledion,  that 
this  angle  may  be  as  we  pleafe  ;  efpecially  if  we  give  a  little  attention  to  the 
angle  of  the  co-on'inates  of  the  fubfidiary  curves  introduced,  relatively  to  the 
angle  of  the  co-ordinates  of  the  curve  of  the  given  equation. 


iv.akc  any 


CASE 
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CASE    II.    EXAMPLE    IV. 


aoi.  Let  It  be  propoled  to  conftruCl  ihis  equation,  x    ±:  a  x        ±  a  x        » cafe  of  ciirv« 

i  //—I  •  -ijr/i     conftruttcd. 

=  J  •     Make  y  =  a      Zj  and  fubftitutij^g  this  value  inltcad  of  y  ,  the 


equation  will  be  **  ±:  ax^    ^  ±  a"x^    **,  Sec.  =r  a  ""  z.     By  the  method  of 
che  firft  cafe,  this  curve  may  be  conftrufled  ;  then  defcribe  the  parabola  of  the 

equation  j  =  a^^z,  and  we  fhali  have  the  relation  between  x  and  y  in  the 
propofed  equation. 


CASE    III.     EXAMPLE    V. 


mam       'mm  f 

%6Zb  Let  it  be  propofed  to  conftru6t  the  equation  x    ±  ax  .±  bx  ,  &c.  =  The  third 

cafe  con- 

1/  -4-A  &c.     Make  y'  ±  A  &c.  =  zi  then,  by  fubftitution,  the  equation  ^'•"'^c^»'^»^^ 

^      ^^^  ^  ^  ^  Aa  general 

win  be  *"  ±  ax""  ±  hxy  &c.  -  z.     By  the  method  of  the  firft  cafe,  each  of '"°"P*'' 

tfade  two  auxiliary  curves  may  be  conftrudted  to  the  fame  axis,  in  which  z  is 
to  be  taken ;  and  we  (hall  have  the  relation  of  the  two  co-ordinates  x  and  y  of 
die  curve  propofed. 

163.  Hitherto  I  have  confidered  only  thofe  equations  which  have  thefr  To  feparatc 
iodcterminates  feparate;  fo  that,  when  the  indeterminates  are  involved  with ^^^^  ^^deter- 
each  other^  the  rules  hitherto  given  cannot  take  place.  minatcB  when 

lo  thefc  cafes  there  is  need,  either  by  the  cominon  divifion,  or  by  the  ex- 
traftion  of  roots,  or  by  a  congruous  fubftitution,  or  by  other  expedients,  to 
contrive  a  feparation  of  the  faid  indetetminates.     As,  if  we  had  the  equation 

4rtr  +  M^j  =  a V  +  x\  dividing  by  a»  +  ^x%  it  would  be  y  =  ffflZJL. 

And,  if  the  equation  were  aa:y  +  xxyy  =:  x*  +  «♦,  making  the  fubftitution  of 

TPss  2fL^  wc  Ihould  have  the  equation  a^z  +  aazz  =  ^  +  ^i*,  in  which  the 

indeterminates  or  unknown  quantities  are  feparate* 

Thc  propofed  equations  being  thus  prepared,  we  may  proceed  to  their 
conftru&ion  in  the  following  manner. 

li  EX- 


2^Z 


AKALYTICAL     IKSTITUTIOKS, 


BOOK  I* 


EXAMPLE    VI. 


Ex:fmp1e  of 
ilic  conflruC' 


264.  Let  the  equation  to  be  conftrudled  he  y  ss 


Make  aV  +  *^ 


ru>n  of  thcfc  =  a^p.     Make  alfo  a^  +  ax' =  a't  j  and  fubftituting  thefe  values  in  the  cqiw^ 
tion  propofed,  it  will  be  jr  =  ^,  that  \%,t.p\\a  .  j- 

The  propofed  curve  will  have  two  branches,  which  ftretch  out  adinjmtum. 
I'oluive  y  will  correlpond  to  k  either  pofitive  or  negative. 

^''^'  '52.  To  axis  HD  let  the  curve  LAC  of  the 

equation  aaxx  4-  ;ir^  =z  ^'^  be  defcribed  ; 
and,  taking  AD  =^,  it  will  be  DC  =j^ 
=  AB.  Take  AF  =  tf  =  AM,  then  with 
vertex  F,  to  the  axis  HD,  let  the  curve 
PFE  of  the  equation  ^  +  ^ x*  =  nV  be 
defcribed  ;  and,  taking  AD  =  jr,  it  will 
be  DE  =  /.  Whence,  it  being  DC  =^ 
and  DE  =  /,  draw  EG  parallel  to  a6, 
and  from  the  point  G  draw  GH  at  hatf 
a  right  angle,  and  it  will  be  AH  =  /. 
From  the  point  C  draw  CB  parallel  to  DA» 
and  draw  the  line  BH,  to  which  let  MK  be 
parallel.     It  being  AD  =  jt,  it  will  be 

AK  =;f  J  for,  becaufe  of  fimilar  triangles  AMK,  AHB,  it  will  be  AH  •  AK 

::  AM  .  AK  ;  that  is,  /./>::«.  AK  =  -^  =>  Whence,  drawing  KQ^pa- 

rallel  to  the  axis,  the  lines  AD,  DQ>  will  be  the  two  co-ordinates  of  the  curve 
propofed.  To  obtain  the  other  branch  of  our  curve,  it  will  fufEce  to  take  x  oa 
the  negative  fide,  and  to  repeat  the  fame  conftrudlion  on  the  contrary  part* 


EXAMPLE    VIL 


Another A^rttj     265.  Now  let  It  be  propofed  to  conftruft  the  other  equation  a^xy  +  v?f  =* 
cooftruacd.  ^  ^  ^4^  which,  being  managed  by  the  rules  for  afFefted  quadralick  equations^ 


«F 


may  have  the  indetcrminates  feparated.    Or,  by  the  fubftitution  of  z 

it  will  be  reduced  to  a^z  +  nazz  =  ;r*  +  i«\    This  equation  may  be  coa- 

ftruded 
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(IrufteJ  by  the  method  of  the  third  cafe,  and  vvc  Qiall  have  the  two  co-ordinates 
jr  and  z.  Then  make  the  analogy,  x  .  z  :i  a  .y,  which  will  be  the  oniinare 
required.  If  one  fubftiiution  be  not  enough,  to  free  tlie  indccerminares  from 
being  involved  together,  we  muft  try  more  than  one;  and  when  none  will 
fucceed,  the  equations  elude  this  method,  and  v\c  mull  have  recourfe  to  other 
artifices. 

266.  A  convenient  fubftitution  may  alfo  be  of  ufc  in  other  cafes,  in  wliich  An  obftr?^- 
the  indeterminates  are  already  leparace  j  and  may  ofien  fj^gell  a  conftruccion  ^*^"« 
which  is  more  cafy  and  elegant.     Wherefore  it  may  not  be  a.nifs  to  try  levcral 
ways,  that  we  may  choofe  thai  which  will  prove  to  bed  advanugc. 


EXAMPLE    VIII. 


267.  Let  the  equation  be  y^  —  j^ay^  +  ^nayy  =  la^x.  Make  la^x  •=  2,*,  Condufiou 
and  therefore  it  will  be  y^  —  /^y^  +  ^^^yy  =  -2%  that  is,  yy  —  2ay  =  22,  or  of  the  cx- 
^aj  ^yy  =  zz.  ^»^P^"' 

Therefore  I  conftruft  this  locus ^  which  in  the  firft  cafe  will  be,  by  two  oppofite 
equilateral  hyperbolas,  with  tranfverfe  axis  equal  to  2a  ;  and  in  the  fccond  cafe, 
by  a  circle  with  diameter  =  za :  and,  in  general,  by  this  and  that  together. 


F^g^  ^SS^ 


Fig.  ISA- 


With  tranfverfe  diameter  AB  =  2^, 
(Fig.  1 53*)  let  there  be  defcribed  the 
two  equilateral  hyperbolas  AMH,  BMH, 
and  the  circle  AMB.  Then  with  vertex 
A,  let  the  parabola  of  the  equation  la^x 
=  2*  be  defcribed,  and  raifing  the  inde- 
finite perpendicular  AQ>^and  taking  any 
line  AD  =  zj  then  drawing  MM  parallel 
to  AB,  it  will  be  DS  =  Xy  and  DM  =_y, 
pofitive  in  the  circle  and  in  the  hyperbola 
from  A  towards  B,  and  negative  in  the 
hyperbola  on  the  oppofite  part ;  and 
the  curve  will  be  nearly  as  KAGBF 
(Fig.  154.)  ;  in  which  the  two  branches, 
BF  pofitive  and  AK  negative,  will  go  on 
ad  infinitum  s  and  there  will  be  no  branch 
under  the  axis  AB,  becaufe  it  can  never 
be  X  negative. 


lia 
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0/  the  Metbed  Dc  Maximis  et  Minimis,  of  the  Tangents  of  Curves^  of  Contnitj 
Flexure  and  Regrefton ;  making  ufe  only  of  the  Common  Algebra^ 


To  find  the  ^^S*  Although  the  Calculus  of  Infinitefitnals  be  the  (impleft  and  the  (horted 
maxima  and  method,  and  alio  the  mod  univerfal,  for  managing  fuch  fpeculations ;  yet  I  wa» 
minima  of  willing,  before  I  finiflied  this  Traft  of  Analyiicks,  or  of  what  is  called  the 
comparifon  ^  Carttftan  or  Common  Algebra^  to  fliow  very  briefly,  and  by  way  of  introdudkion, 
with  an  cqua- bow  the  folution  of  fuch  queftions  may  be  performed,  in  geometrical  curves^ 
tion  of  two  or  fuch  as  are  expreflcd  by  finite  algebraical  equations,  without  the  affiftance  of 
equal  roots,    ^h^  Differential  Calculus^  or  what  is  alfo  calldd  The  Method  of  Fluxions. 

And  to  begin  by  the  Maxima  and  ASmmag 
that  is  to  fay,  to  find  in  geometrical  curves  the 
greateft  or  the  leaft  ordinates.  Let  the  curve  be 
AGB  (Fig.  155,  I56.)»  and  taking  any  ordinate 
DM,  draw  MF  parallel  to  the  axis  of  the  abfcifles 
AB,  the  two  ordinates  DM,  EF,  will  be  equal, 
to  which  two  different  abfciffes  AD,  AE,  will 
correfpond.  But  the  more  the  ordinates  DM, 
EF,  (hall  move  approaching  nearer  to  each  other, 
the  difference  of  the  abfciffes  AD,  AE,  (hall  be 
fo  much  the  lefs;  till  at  lail  the  two  ordinates 
DM,  EF,  coinciding  with  the  greateft  ordinate 
CG,  or  the  two  LM,  NF,  with  the  leaft  IG,  the 
abfciffes  AD,  AE,  or  HL,  HN,  ftiall  become 
equal  in  rcfpeft  of  the  axis  HK.  Therefore, 
when  the  ordinate  is  the  greateft  or  the  leaft,  the 
equation  of  the  curve,  difpofed  according  to  the 
letter  which  expreffes  the  abfcifs,  ought  to  have 
two  equal  roots.  To  determine  which,  there  is 
to  be  formed  an  equation  of  two  equal  roots,  for 
example,  xx  —  lex  +  ee  :=  o^  which  is  the 
produd  oi  x  —  e  into  x^^ei  and  let  the  curve 

o  whofe 


Fig.  156. 
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whofe  grcateft  or  lead  ordinates  are  required,  be  the  ellipfis  xx  —  lax  +  ^^ 

=  o,  for  example,  the  abfcifles  being  taken  from  the  vertex.  Let  this  equation 
be  compared,  term  by  term,  with  the  equation  formed  from  two  equal  roots,  in 

the  following  manner :     xx  —  2ax  +  -^  zz  o. 

XX  —  2ex   +    ee    z=z  o. 

From  the  comparifon  of  the  fecond  terms,  we  find  a  -=  e ;  but  e  is  the  root 
of  the  equation  xx  —  2ex  +  ee  z=  o^  and  therefore  e  =:  Xy  and  alfo  a  z=i  x  -, 
and  becaufe  x  is  already  determined,  the  comparifon  of  the  lall  terms  will  be 
fuperfluous.  Wherefore,  taking  x  :=z  a^  the  correfponding  ordinate  in  the 
ellipfis  will  be  the  greatefl,  as  is  already  known,  it  being  then  half  the  conju* 
gate  axis. 

But  if  the  equation  of  the  curve  had  been  of  the  third,  fourth,  or  higher 
degree,  that  we  might  make  the  comparifon,  it  would  be  neceifary  that  the 
equation  of  two  equal  roots,  xx  —  2ex  +  ee  =zo,  fliould  be  reduced  to  the 
ikme  degree  as  is  the  equation  propofed,  by  multiplying  it  by  fo  many  roots, 
whatever  they  may  be,  as  there  may  be  occafion  for.  Let  the  curve  belong  to 
this  equation  of  the  third  degree,  x^  •  —  axy  +  y  =  o,  (the  afterifk  •  is  put 
in  the  place  of  the  fecond  term  which  is  wiinting,  and  which  (hould  always  be 
done,  as  often  as  any  term  is  abfent,)  of  which  we  require  the  greateft  ordmate. 
Therefore  I  multiply  the  equation  xx  —  lex  +  ee  =z  o  by  *  — /=  o,  and 

^)mpare  the  produdl  with  the  equation  propofed,  x^        *     —  axy  +  y  =:  o. 

X*  —  2ex^  +  eex  ^^eefzz  o. 

From  the  comparifon  of  the  fecond  terms,  I  find  —  2e  — /  =  o,  and 
therefore /=  —  2e.  From  the  comparifon  of  the  third,  I  find  2ef  +  ee  = 
—  ay^   and  fubftituting  the  value  of  /,   it  is  —  3^^  =    —  ^J.     But  e  ^  x^ 

therefore  J  =.  — .     Inftead  of  ^,  if  we  fubftitute  this  value  in  the  equation 

■ 

of  the  curve,  it  will  give  us  x  =  ^LlfL  ^  to  which  correfponds  the  greateft  or- 

ft 

dinatc  j,  which  will  be  ^-^,  or  ^^ . 

3  3 

269.  But,  without  comparing  the  given  equation  with  another,  which  con-  To  find  tlic 
tains  two  equal  roots,    to  latisfy  the  condition  of  the  Problem,    it  will  be  f?'"^.^/ ™"1- 
fufficient  to  multiply  it,  term  by  term,  by  any  arithmetical  progreffion.     For,  ^If  ariJ{[nxil 
if  the  equation  has  two  equal  roots,  as  it  ought  to  have  in  the  cafe  of  a  maximum  tfcal  pro- 
or  minimum^  one  of  thofe  roots  will  alfo,  of  neceffity,  be  included  in  the  produft  grcffion. 
of  that  equation  multiplied  by  the  arithmetical  progreffion.     Whence,  by  thus 
multiplying  the  equation^  the  condition  will  be  included^  under  which  the  value 

of 
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of  the  abfcifs  will  be  found,  to  which  the  greateft  or  lead  ordinate  correfponds. 
Now,  to  dcmondrate  this,  let  the  equation  of  the  two  equal  roots  be  in  general 
this,  XX  —  2/j.^  +  hb  =  o,  which  Ice  be  mulii plied  by  the  arithmetical  pro- 

grcflion  ay  a  -\-  bj  a  -{-  2^,  and  the  produft  will  be  axx  —  zabx  +  abb  =  o. 

—  zbhx  +  zbbb 

In  this  fubftitute  the  quantity  b  inftead  of  Xj  and  all  the  terms  will  deftroy  one 
another.  Or  clib,  dividing  it  by  .jt  — ■  i»,  the  divifion  will  fucceed.  Therefore 
X  —  b  win  be  one  root  of  that  produdt,  as  it  is  of  xx  —  zbx  +  bb  =  o. 
The  fame  will  obtain  if  the  arithmetical  progreflion  be  decreafing,  as  ^,  ^  —  b^ 
a  —  2^,  a  —  3/',  &c. 

Now,  becaufe  the  equation  of  the  two  equal  roots  is  general,  and  the  arith- 
metical progreflion  a^  a  +  b^  a  +  2^,  &c.  is  general  alfo,  it  will  alwajs  be 
true,  that  when  an  equation  of  two  equal  roots  is  multiplied,  term  by  term,  by 
any  arithmetical  progreflGon,  the  produdt  will  be  divifible  by  one  of  thofe  roots. 
For  the  fame  rcafon,  if  an  equation  (hall  have  three  equal  roots,  and  be  multi- 
plied by  an  arithmetical  progreflTion,  the  produft  will  have  two  of  thofe  equal 
roots.  And  if  this  produd  be  multiplied  again  by  an  arithmetical  progreflion, 
the  new  produd:  will  have  one  of  thofe  roots.  And  fo  we  may  go  on  to 
fuperior  equations. 

I  refumc  the  equation  to  the  cUipfis  xx  —  zax  +  ^^  =  Oi  which  I  multiply  ' 
by  the  progreflion  2,  i ,  o. 

XX  —  2ax  +  — =^  =  o. 

P 

Z,  I,  o. 

The  produdt  is  2xx  —  lax  =  o,  which  gives  a?  =  «,  as  is  found  above.  1 
multiply  the  fame  equation  by  another  arithmetical  progreflion,  3,  2,  1, 

XX  —  2ax  -1 =^  =  o 

3*        2,         I, 
The  produft  is  3^:^  —  4ax  +  ^^  =  o,  in  which,  inftead  of  jjy,  I  fubflitute 

it's  value,  2ax  -  xx  X  -^  5  given  from  the  equation  of  the  curve,  and  find 
X  z:z  a,  B,s  before. 

I  take  the  fecond  equation  above,  x^  ^  ^  axy  +  y^  =z  o,  and  multiply  it  by 
the  progreffion  3,  2,  i,  o, 

x^     Hf    ^mm  axy  +  _y'  s=  o, 
39    2,         I,        o. 

The  produdt  is  ^x^  —  4xj  =  o,  or  3**  =  ^y,  as  before. 

270.  B7 
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270.  By  a  like  method  may  be  found  the  tangents  and  perpendiculars  10  Tangents 
curves  in  any  given  points.  andpcrpen- 

diculars,  how 

The  q.ieftion  is  reduced  to  this;  to  find  a  circle  that  fliall  touch  the  curve  °""  ' 
in  this  point.     For,  in  this  cafe,  the  tangent  of  the  circle  in  ihis  point,  as  alfo 
the  perpcndicjlar  or  radius,  will  be  in  common  to  the  curve  alfo  in  the  fame 
point. 

Let  the  curve  be  ACM,  of  which  we 
defire  the  tanjr.ent  at  the  point  L  ;  and  let 
the  circle  be  GMH,  v\h:ch  ci.is  it  in  the 
two  points  M,  C.     Dravvmg  the  tAO  ordi- 
nares  CE,  MP,  and  the  light  line  MCT, 
through  the  points  M,  C,  it  will  cut  the 
curve  alfo  in  the  points  M,  C.     But  the 
nearer  thefe  points  fliall  approach  to  each 
other,    the    Ids    always   will    be  ihe   dif- 
ference of  the   ordinates   CE,  MP,  and 
alfo  of  the  abfcifles  AE,  AP  ;  fo  that  when  the  two  points  coincide,  for  ex- 
ample  at  L,  they  will  make  the  values  equal  of  ihefe  ordinates,  or  of  thefe 
abfcifles;  and  then  the  circle  will  touch  the  curve  m  the  point  L.     (Except 
when  the  curve  and  the  circle  arc  of  equal  curvature ;  for,  in  this  cafe,  the 
circle  will  both  cut  and  touch  the  curve  in  the  fame  point,  as  will  be  feen  in  the 
Differential  Calculus.)     The  right  line  MT  fhall  be  a  tangent  both  to  the  curve 
and  the  circle  in  the  fame  point  L ;  as  alfo,  FL  will  be  a  common  perpen- 
dicular. 


Fig.  158 


Therefore,  in  the  curve  ALM,  make 
AQ^=  Af,  QL  =  y,  and  from  the  given  point 
L  drawing  the  right  line  LN,  which  we  lup- 
pofe  to  be  perpendicular  to  the  curve,  and 
confequently  to  the  tangent  at  L ;  make 
LN  =  J,  AN  =  tt,  and  it  will  be  QN  =  u 
—  .V.  Then  the  right-angled  triangle  QLN 
will  give  the  canonical  equation  ss  z=  uu  -^  2ux 
H-  ;if.v  +yy,  from  which  we  are  to  have  the  value  of  j^,  or  of  x,  and  to  fubfli- 
tute  it  in  the  equation  of  the  given  curve;  by  means  of  which  we  muft  have 
tKc  value  of  j,  or  of  «,  confidering  x  or  y  as  given,  becaufc  we  alfume  the 
point  L  as  given. 

Let  the  curve  ALM,  for  example,  be  the  Apollonian  parabola  of  the  equation 
ax  =  yy.  Inftead  of  yy^  make  a  fubflitution  of  u*s  value  given  by  the  canonical 
equation,  and  we  (hall  have  ax  =  ss^^ttu  +  lux  —  xx ;  which  being  ordered 
accordmg  to  the  letter  x,  will  be  xx  —  lux  +  ««  =  o.    This  equanon,  there- 

+     tfX  —  ss 

fore,  ought  to  have  two  equal  roots  when  the  right  line  LN  =  j  is  perpendicular 

to 
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to  tlie  parabola  in  the  point  L,  that  is,  in  the  cafe  of  a  tangent.  Therefore,  the 
value  of  the  indeterminate  AN  =  u  being  found,  on  the  hypothefis  of  two 
equal  roots,  we  (hall  have  the  point  N,  from  whence  drawing  NL  to  the 
given  point  L,  and  LT  perpendicular  to  NL,  that  (hall  be  the  tangent  re- 
quired. 

Now,  to  determine  the  unknown  quantity  u  on  the  fuppo(ition  of  two  equal 
roots;  1  compare  the  equation,  term  by  term,  with  oae  of  two  equal  roots^ 
that  is,  with  xx  —  zex  +  ^^  =  o,  after  the  following  manner : 


XX   — -  2UX    +  Uti 

+    ax  —  ss 
XX  —  lex  +  ee  z=i  o. 


}=- 


Now,  from  the  comparifon  of  the  fecond  terms,  we  (hall  have  —  2ir  +  * 
=  —  2^,  or  «  =  f ^l  +  e.  But  ^  =  Jf,  by  the  equation  xx  —  zex  +  ^tf  =  o- 
Therefore  n  ^  \a  +  x.  Wherefore,  from  the  point  Qj^  taking  QN  =  \ap 
NL  will  be  the  perpendicular,  and  LT,  perpendicular  to  it,  will  be  the  tangent 
to  the  curve  in  the  point  L. 

Inftead  of  comparing  the  faid  equation  with  one  of  two  equal  roots,  it  may 
be  multiplied  by  this  arithmetical  progrefllon  3,  2,  i,  thus : 

XX  —  Q,ux  +  uu   \    _ 

+      IIA?   —  JX     J      "■ 

3»         ^t         ^ 

The  produa  is  ^xx  -Aux+m^    ^         g      ss  ^  uu  ^  aux  +  xx 

+  zax  '^^  ss    } 

+  yy ;  and,  by  the  parabda,  it  is  jgr  =  ax;  whence  jj  =  ««  —  2ux  +  xx  +  «^« 
Subftituting,  therefore,  this  value  inftead  of  jj,  it  will  be  zxx  —  2ux  +  «y  =  ©• 
That  is,  «  =  -J^  +  *,  as  before. 

We  might  have  had  our  defire  more  compendioufly,  by  multiplying  the 
equation  by  this  arithmetical  progreflion,  2,  1$  o. 

Example.  *7'-  ^^^  ^^^  curve  be  the  fecond  cubical  parabola  *•  =  ayy.    Making  the 

rub(litution  of  the  value  of  ^,  derived  from  the  canonical  equation,  there  arifes 

the  equation  x^  +  ax^  "^  laux  +  auu  =  o,  which,  becaufe  it  is  of  the  third 

mmmaSS 

degree,  muft  be  compared  with  the  produft  of  the  equation  xx  -^  2ex  +  ee^O 

into  X — /=o;  thus,    x»  +    «•  —  zaux  +  auu  y 

^  ass    ^ 

x^  —  2ix*  +    eex    mmm  eef  ss  o. 
—  /t*  +  le/x 

By 
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By  comparing  the  fecond  terms,  we  have  —  le  —f^^  a,  that  is,  /  =  —  a 
^-  i€.     From  the  comparifon  of  the  thirJ,  it  is  ee  4.  zef  =   —  2au  ;  and 

puttmg  the  value  or  /  now  found,  it  is  «  = ,  that  is,  u  =  = , 

becaufe  e  ^  x. 

Njw  I  (hall  multiply  the  equation  by  the  arithmetical  progreflion  3,  2,  i,  o, 

—  ass    I    '  ^' 
3f         2*  '3  o, 

The  produft  is  3X'  +  2«if*  —  zaux  =   o,   and  therefore,  in  like  manner, 

^xx  +  2ax 


2a 


^  272.  Concerning  the  choice  of  a  proper  arithmetical  progreflion,  it  may  be  How  to 
be  obfervcd,  that,  generally,  that  will  be  the  moll  convenient,  wliich  forms  the  choofe  a 
exponents,  beginning  wiih  the  greateft  index  of  that  letter  according  to  which  P"^^^'  ®"* 
the  equation  is  ordered. 

273.  Another  manner  of  folving  this  Problem  may  be  this,  which  is  fome- This  Problem 
thing  different,  but  perhaps  more  fimple,  and  which  will  be  of  ufe  in  contrary  |)'^J]'^^j^^ay, 
flexures  and  regrefllons. 


nr 


159*  ^  Let  the  curve  AEMD  be  cut  by  the 

right  line  HED  in  the  points  E,  D;  and 
make  the  ahfcifles  AB  or  AC  =  x,  the 
ordinates  BE  or  CD  =  y.  It  is  plain  that 
the  right  line  HD  going  on  to  be  the  tangent 
FM  of  the  curve  in  the  point  M,  the  two 
points  E,  D,  will  coincide  in  M,  arid  con- 
fequently  will  make  the  two  lincb  AB,  AC, 
equal  to  each  other,  as  alfo  the  two  lines 

BE,  CD.     Draw  AN  parallel  to  the  ordinates,  and  make  AV  =  «,  AN  =  J. 

By  the  fimilar  triangles  FAN,  FKM,  it  will  be  «  .  j  ::  «    +  x  -jy  ',  that  is, 

y  =  ,  and  .V  =  ^^^^ — •     In  the  equation  of  the  given  curve,  fubftitute 

thefe  values  inftead  of  y  or  »v,  and  another  equation  will  arife  from  hence,  which 
will  have  two  equal  roots,  fince  AF,  AN,  are  fuch,  as  that  the  right  line  FNM 
touches  the  curve.  Therefore,  making  a  comparifon  with  another  of  two  equal 
roots,  or  multiplying  it  by  an  arithmetical  progreflion,  we  flmll  have  the  value 
of  AF  or  AN  required  ;  and  one  being  given,  the  other  will  alfo  be  given,  I 
forbear  Examples,  becaufe  the  manner  of  operation  is  the  fame  as  that  ulcd  before. 

274.  As  the  nature  of  maxima  and  minima^  and  likewife  of  tangents,  necef- l^^^'^^sofcon- 
farily  requires  equations  of  two  equal  roots,  fo,  in  contrary  flexures  and  re-anda^^^^l'il^o 


Kk 


Brcr<^'^ns,«.hat,''an(l' 
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grelTions,  three  equal  roots  are  required.  By  contrary  flexure  is  meant  that 
point,  in  which  from  concave  the  curve  becomes  convex,  or  the  contrary ;  and 
by  regreflion  is  meant  that  point  in  which  the  curve  turns  dire&iy  back  again^ 
whether  concave  or  convex. 


Fig*  i6o. 


Let  the  curve  be  ACFM,  which  has  a 
contrary  flexure  in  the  point  F,  and  let  be 
drawn  the  right  line  GCM,  which  touches 
it  in  the  point  C,  and  cuts  it  in  the  point 
M ;  from  which  draw  the  ordinaces  CH, 
MP.  It  is  eafy  to  perceive,  that  the  more 
the  point  C  of  the  tangent  (hail  approach 
to  the  point  F  of  contrary  flexure,  lo  much 
the  more  alfo  the  point  M  (liall  approach 
to  the  point  F  ;  fo  that  when  the  point  C  falls  in  with  F,  the  point  M  will  alio 
fall  in  with  it ;  and  confequently  AH,  AP,  will  become  equal,  as  alfo  CH,  MP, 
and  the  right  line  GCM  will  both  touch  and  cut  the  curve  in  the  point  F.  But 
the  nature  of  the  tangent  already  requires  two  equal  roots,  and  now  they  are 
joined  by  a  third ;  fo  that  the  property  of  contrary  flexure  is  fuch»  that  three 
equal  roots  are  corr efponding  to  it. 

From  the  point  A  drawing  AN  parallel  to  the  ordinates,  and  making  AN^^x, 
AT  =  «,  and  drawing  TNF ;  becaufe  of  iimilar  triangles  TAN,  T VF,  it  will 

he  y  =^  !!LZJf^  and  x  s=  SLZJIf  ^  making  VA  s  *,  and  VF  =^.    Wherefore, 

fubftituting  thefe  values  of  *  or  y  in  the  equation  of  the  given  curve,  the 
equation  that  arifes  ought  to  have  three  equal  roots,  when  AT  or  AN  are  fuch 
that  TNF,  drawn  from  the  point  T  through  the  point  N,  may  meet  the  curve 
in  F,  the  point  of  contrary  flexure  required. 

^^*        *  ^  In  like  manner  we  may  reafon  about  the 

curve  ACM,  which  has  a  regreflion  in  the 
point  C.  For  the  tangent  TC  of  the  curve 
in  the  point  C,  will  alfo  cut  it  in  the  fame 
point ;  and  thence  the  three  equal  roots  will 
arife  after  the  fame  manner. 

Let  AFS  be  the  curve  of  the  equation 
ayy  —  xyy  —  aax  =  o,  in  which  are  AQj=  x^ 
and  QF  =  y ;  and  let  the  point  F  of  contrary 
flexure  be  required.  Make  AT  =  ir,  AV  = /, 
and  QF  parallel  to  the  ordinates.     Now,  in- 

ftead  of  AT,  fubftituting  it*s  value  2LZ^^  in  the 
equation  of  the  curve,  it  will  be 
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THE  ANALYSIS  OF  QUANTITIES  INFINITELY  SMALL. 


THE  Analyfis  of  infinitely  fmall  Quantities,  which  is  otherwifc  called  the  latroduaion. 
Differential  Calculus ^  or  the  Method  of  Fluxions^  is  that  which  is  converfant 
about  the  differences  of  variable  quantities,  of  whatever  order  thofe  differences 
may  be.  This  Calculus  contains  the  methods  of  finding  the  Tangents  of  Curve- 
Lines,  of  the  Maxima  and  Minima  of  Quantities,  of  Points  of  Contrary  Flexure, 
and  of  the  Regreffion  of  Curves,  of  the  Radii  of  Curvature,  &c. ;  and  therefore 
we  (hall  divide  it  into  feveral  Sections,  as  the  nature  of  the  feveral  fubjects 
may  require. 


SECT.     I. 


Of  the  Notion  or  Notation  of  Differentials  of  feveral  Orders^  and  the  Method  of 

calculating  with  the  fame. 


I.  By  the  name  of  Varitible  ^tantitiss  we  underftand  fiich,  as  arc  capable  ofViriaLlc 
continual  incrcale  or  decreale,  uliile  others  continue  the  fame.     They  arc  to  beS"J"t'ties, 
conceived  as  Ilowing  ^antitieSf  or  as  generated  (as  it  were)  by  a  continual ^'**^* 
motion. 
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Ftg.  I.  y/^  For  inftance,  in  Fig.  x,  let  there  be  t  right 

line  ABC,  which  is  conceived  as  generated  by  the 
motion  of  the  point  A,  and  is  produced  in  infi^ 
nitum.     Upon  this,  at  any  inclination,  let  another 
right  line  BD  infill,  and  let  it  be  conceived  that, 
whilft  the  point  B  moves  from  B  to  C,  carrying 
with  it  the  line  BD  from  the  place  BD  to  CE, 
always  remaining  parallel  to  itfelf,  the  point  D 
(hall  defcribe  the  line  FE  in  fuch  a  manner,  as 
to  pafs  through  all  the  points  of  the  curve  ADE. 
It  is  plain  that  the  abfciflfes  AB,  AC,  as  alfo  the 
ordinates  BD,  CE,  and  likewife  the  arches  AD,  AE,  will  be  quantities  conti- 
nually increasing  and  decreafing,  and  therefore  are  called  Variable  ^uantities^ 
or  FluentSy  or  blowing  ^antities. 


Condant  2.  Conftant  ^antities  are  fuch,  which  neither  increafe  nor  diminifli,  but  arc 

quantities,     conceivecl  as  invariable  and  determinate,  while  others  vary.     Such  are  (he  para- 
whai.  meters,  diameters,  axes,  &c.  of  curve-lines. 

Conftant  quantities  are  reprefented  by  the  firft  letters  of  the  alphabet,  «,  *, 
f,  dy  &c.  and  variable  quantities  by  the  laft  letters,  2,  jr,  x,  v,  &c.  juft  as  is 
ufually  done  in  the  common  Algebra^  in  refpcd:  to  known  and  unknown 
quantities. 

A  fluxion  or      3.  Any  infinitely  little  portion  of  a  variable  quantity  is  called  it*s  Difference 
^^11^^^^^  •  ^^  Fl^ion ;  when  it  is  fo  fmall,  as  that  it  has  to  the  variable  itfelf  a  Icfs  pro* 
portion  than  any  that  can  be  afligned ;  and  by  which  the  fame  variable  being 
either  incrcafcd  or  diminilhedy  it  may  ilill  be  conceived  the  fame  as  at  firft. 


what. 


Fig.  2. 


PiS'  3- 


mm 


Let  AM  (Fig.  2,  3.)  be  a  curve  wbofe 
axis  or  diameter  is  AP ;  and  if,  in  AP  pro- 
duced, we  take  an  infinitely  little  ponion  P^, 
it  will  be  the  difference  or  fluxion  of  the 
abfcifs  AP,  and  therefore  the  two  lines  AP, 
Ap,  may  ftill  be  confidered  as  equal,  there 
being  no  aflignable  proportion  between  the 
finite  quantity  AP,  and  the  infinitely  little 
portion  Pp.  From  the  points  P,  p,  if  we 
raife  the  two  parallel  ordinates  PM,  pm^  \\\ 
any  angle,  and  draw  the  chord  iwM  pro- 
duced to  B,  and  the  right  line  MR  parallel 
to  AP ;  then,  becaufe  the  two  triangles 
BPM,  MRw,  are  fimilar,  it  will  be  HP .  PM 
::  MR  .  Rw.  But  the  two  quantities  BP, 
PM,  are  finite^  and  MR  is  infinitely  little ; 

then,. 
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then  alfo  R/w  will  be  infinitely  liitic,  and  is  therefore  the  fluxion  of  the  ordinate 
PM.  For  the  fame  reafon,  the  chord  Mm  will  be  infinitely  little  ;  but  (as  will 
be  (how'n  afterwards,)  the  chord  Mm  does  not  differ  from  it*s  litile  arch,  and 
ihcy  may  be  taken  indifferently  for  each  other;  therefore  the  arch  Mm  will  be 
an  infinitely  little  quantity,  and  confequently  will  be  the  fluxion  or  difference  of 
the  arch  of  the  curve  AM.  Hence  it  may  be  plainly  feen,  that  the  fpace  VMvjp 
likewife,  contained  by  the  two  ordinates  PNt,  pm,  by  the  infinittfimal  P/>,  and 
by  the  infinitely  little  arch  Mm,  will  be  the  fluxion  of  the  area  AMP,  compre- 
hended between  the  two  co-ordinates  AP,  PM,  and  the  curve  AM.  And 
drawing  the  two  chords  AM,  Aw,  the  mixtilincar  triangle  MAw  will  be  the 
fluxion  of  the  fcgment  AMS,  comprehended  by  the  chord  AM,  and  by  the 
curve  ASM, 

4.  The  mark  or  charafteriftic  by  which  Fluxions  are  ufed  to  be  expreffed,  is  by  How  fluxloni 
putting  a  point  over  the  quantity  of  which  it  is  the  fluxion.  Thus,  if  the  abfcifs  are  rcprcfent- 
AP  =  X,  then  will  it  be  Pp  or  MR  =  x.     And,  in  like  manner,  if  the  ordi-^^'  and  wlut 

rfc%/r  I         •        Ml  I       T»  A      ,  arc  thdir  ic- 

naie  PM  =1^,  then  it  will  be  Km  zzy.  And  ^^ralordtrrs, 
making  the  arch  of  the  curve  ASM  =:  J,  the 
fpace  AVMS  =  /,  the  fegment  AMS  =  «,  it 
will  be  Mm  zz  i,  FMntp  zz  /,  AMm  =  ii.  And 
all  thefe  are  called  Fiyft  Fluxions^  or  Differences 
of  the  firfl  Order.  And  it  may  be  obferved, 
that  the  foregoing  fluxions  are  written  with  the 
affirmative  fign  +  if  their  flowing  quantities 
increafe,  and  with  the  negative  fign  —  if  they 
decrcafe.  Thus,  in  the  curve  NhC,  (Fig,  4.) 
becaufe  AB  =  x,  BF  rz  x,  BC  =  jf,  it  will  be 
DC  =z  -^  jy  the  negative  fluxion  of  y. 

That  thefe  differential  quantities  are  real  things,  and  not  merely  creatures  of 
the  imagination,  (befidcs  what  is  manifeft  concer«iing  them,  from  the  methods 
of  the  Ancients,  of  polygons  infcribed  and  circuinfcribed,)  may  be  clearly 
perceived  from  only  confidering  th:U  the  ordinate  MN  (Fig.  4.)  moves  conti- 
nually approaching  towards  BC,  and  finally  coincides  wiili  it.  But  it  is  plain, 
that,  before  thefe  two  lines  coincide,  thev  wWl  have  a  diftance  between  them, 

• 

or  a  difference,  which  is  ahogethcr  inafllgnable,  ihit  is,  kfs  than  any  given 
ijuantity  whatever.  In  fuch  a  pofuion  let  the  lines  I>C,  FR,  be  ruppofcd  to  be, 
and  then  BF,  CD,  will  be  quantities  Icfs  than  any  that  can  be  given,  and 
therefore  will  be  inaffignable^  or  differentials^  or  infimtefimah^  or,  finally,  fuxions. 

Thus,  by  the  common  Geometry  alone,  we  are  nflured  that  not  only  thefe 
infinitely  liith  quantities,  but  infinite  others  of  inferior  orders,  really  enter  ihc 
compofiiion  of  geometrical  extenfion.  If  incommenfurablr  -^namiiies  cxift  in 
Geometry,  which  arc  infinites  in  their  kind,  as  is  w^  ns 
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and  Analyfts,  t'.ien  infiiniefimal  magnitudes  of  various  orders  muft  necelTarity 
be  admitted. 


F'£-  5- 


For  ilie  fake  of  an  cx.imple,  let  AB  be  the 

[u\e  of  a  fquarc,  and  AC  it's  diagonal  or  dia- 

mcier'i  which  two  lines  (by  the  lait  propofition 

y  of  ihe  tenih  Book  of  Euclid,)  are  incommen- 

I'urable  to  each  other.    Now  it  may  be  proved 

that  this  afymmeiry  of  ihetr's  does  not  proceed 

A  E~G"il~C      from  any  Utile  6nite  line  CE,  how  fmall  foever 

it  may  be  taken,  but  from  another  wliich  is 
infinitely  lefs  than  it,  and  therefore  of  the  infinitefimal  order. 

Let  it  be  fuppofed  then,  if  poflihle,  that  it  is  tlie  finite  line  CE  which  is  the 
eaufe  of  the  afymmetry  or  intommenluiability  between  the  two  lines  AB,  AC  ; 
conftqucnily  the  remaining  line  AE  will  be  commenfurable  to  the  fide  AB* 
Let  the  right  line  F  be  their  common  meafure,  which  can  never  be  equal  to 
EC,  for  then  the  diameter  and  fide  would  be  commenfurable.  It  miift  therefore 
be  either  greater  or  lefs  than  it. 

In  the  firft  cafe,  let  F  be  fubtrafled  from  CE  as  often  as  can  be  done,  and 
let  the  remainder  be  CG.  Now,  becaufe  F  meafures  AB,  AE,  and  alfo  EG, 
the  two  right  lines  AB,  AG,  will  have  to  each  other  a  rational  propoition;  and 
ihcrcfore  it  was  not  the  magnitude  CE  that  made  the  lines  AB,  AC,  incom- 
menfurable,  but  fome  quantity  Itfs  than  it,  fuppofe  GC,  which  therefore  is 
finite,  the  finite  line  F  being  once  or  ottener  fubirafted  from  the  finite  line  CE^ 
Let  F  be  bileded,  and  each  part  bifeded  again,  and  fo  on,  till  there  arife  an 
aliquot  part  of  F  which  is  lels  than  CG,  and  which  being  taken  from  CG,  there 
will  remain  CH.  But  this,  by  the  fame  way  of  argumentation,  is  not  the 
quantity  that  caufcs  the  incommenfurability  of  the  lines  AB,  AC.  And  as  the 
fame  way  of  rcafoning  obtains  in  all  other  finite  magnitudes,  we  may  thence 
fairly  conclude  that  the  incommenfurability  proceeds  from  an  inaffignable 
quantity,  or  which  is  lefs  thm  any  that  can  be  given.  The  fame  may  be  alfo 
proved  in  the  other  cafe,  or  when  the  common  meafure  F  is  greater  than  CE. 

From  hence  I  Ihall  proceed,  further,  to  take  notice,  that  the  fquares  upon  the 
right  lines  AB,  AC,  which  are  to  each  other  as  one  to  two,  notwithftanding 
that  their  fides  are  irrational,  arc  neverthelcfs  commenfurable  to  each  other  j 
and  that  this  proceeds  from  an  infinitely  little 
quantity  of  the  fecond  order.  The  two  fquares 
AB,  AC,  being  propofed,  (Fig.  6.)  let  the  two 
quantities  ED,  FI,  equal  and  infinucfinial,  be 
thofe  which  render  the  fides  AD,  AG,  AI, 
AH,  incommcnfurable  ;  and  the  conftrudion 
being  completed  as  in  the  figure,  it  is  known 
that  tlie  two  rcdangles  DK,  IK,  are  iacom. 
menfurable 
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mcnfurable  to  the  fcjunre  AB.  But  the  whole  fcinire  AC  is  to  liie  other  AB  in 
a  rational  proportion  :  therefore  the  fqiiare  AC  is  nude  fo  by  the  infiniiciimal 
fquare  KC,  a  quantity  of  the  fecond  order,  by  which  it  exceeds  the  faid  incom- 
nicnfurable  gnomon. 

It  may  be  obfcrved,  that  cubes  upon  the  lines  AI,  AH,  are  incommenfurable, 
although  their  ba'es  are  rational  j  and  it  may  be  eafily  proved,  that  they  are 
made  luch  by  tneans  of  an  inaflfignable  magnitude  of  the  third  oider,  and  we 
may  go  on  in  like  manner  as  far  as  we  pIcaiTc* 

5.  After  the  fame  manner  that  firfl:  differences  or  fluxions  have  no  aflignable  How  lifjriuT 
proportion  to  finite  quantities  j  fo  differences  or  fluxions  of  the  lecond  order  orders  of 
have  no  affignabic  proportion  to  firll  differences,  and  are  infinitely  lefs  t'^^"  j.^p'^rcfl^Td 
ihey:  fo  that  two  infinitely  little  quantities  of  the  fiift  order,  which  differ  from 
each  other  only  by  a  quantity  of  the  fecond  order,  may  be  aflumed  as  equal  to 
each  other.     The  fame  is  to  be  underftood  of  third   differences  or  fluxions  in 
refpeft  of  the  fecond;  and  fo  on  to  higher  orders. 

Second  fluxions  are  ufed  to  be  reprefented  by  two  points  over  the  letter,  third 
fluxions  by  three  points,  and  fo  on.  So  that  the  fluxion  of  a*,  or  the  fecond 
fluxion  of  .V,  is  written  thus,  x ;  where  it  may  be  obfcrved,  that  x  and  x*  are 
not  the  fame,  the  firft  fignifying  (as  faid  before,)  the  fecond  fluxion  of  x,  and 
the  other  fignifying  the  fquare  of  x.  The  third  fluxion  of  x  will  be  x^  and  fo 
on.  Thus,  y  will  be  the  fluxion  of  j/,  or  the  fecond  fluxion  of  jvj  and  fo  of 
others. 

But,  to  give  a  juft  idea  of  fecond,  third,  &c.  fluxions,  the  following  The- 
orems will  be  convenient. 


THEOREM    I. 


Fig.  7. 


6.  Let  there  be  any  curve  MBC,  and  BC  an  Infiniicfimal* 
infinitely  little  portion  of  it  of  the  firfl  order.  P''?^'*^^ '^ 
From  the  points  B,  C,  let  the  right  lines  BA, 
CA,  be  drawn  perpendicular  to  the  curve,  and 
meeting  in  A.     I  fay,  the  lines  BA,  CA,  may 
be  affumed  as  equal  to  each  other. 

Let  the  tangents  BD,  CD,  be  drawn,  and 
the  chord  BC.  If  the  two  lines  BA,  CA,  be 
unequal,  let  One  of  them,  as  CA,  be  the 
greater,  a  '    let  the  perpendicular  BII 

be 
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be  drawn.  The  difference  between  ihc  lines  BA,  CA,  will  be  Icfs  than  the 
intercepted  line  CH,  which  is  lefs  than  the  chord  CB,  becaufe  of  the  righc 
angle  at  H.  But  the  chord  BC  is  an  infinitefimal  of  the  fird  order,  the  arch 
being  fuppofed  an  infinitefimal ;  therefore  the  difference  between  BA  and  CA, 
at  leafl,  will  not  be  greater  than  an  infinitefimal  of  the  fird  order,  and  therefore 
thofe  lines  BA  and  CA  may  be  afiumed  as  equaU 

CorolL  I.  Therefore  the  triangle  BAC  will  be  equicrural,  and  thence  the 
angles  at  the  bafe  ABC^  ACB,  will  be  equal ;  and  being  fuhtra£ted  from  the 
right  angles  ABD,  ACD,  will  leav^  the  two  angles  BCD,  DBC,  equal  to  each 
other,  and  confequently  the  two  tangents  BD,  CD,  will  be  equal. 

CorolL  II.  The  right  line  DA  being  drawn,  the  two  triangles  ADB,  ADC, 
will  be  equal  and  limilar ;  and  that  line  will  bife<ft  the  angles  BAG,  BDC. 
And,  becaufe  the  two  triangles  AEB,  AEC,  are  fimilar  and  equal,  the  fame 
line  AD  will  be  perpendicular  to  BC,  and  will  divide  it  into  equal  pans  in  £« 

CorolL  III.  And  the  two  triangles  DAC,  EDC,  being  fimilar,  the  angle  DCE 
will  be  equal  to  the  angle  DAC ;  and  the  two  angles  DCE,  DBE,  being  taken 
together,  will  be  equal  to  the  angle  BAC. 

Ccrcll.  IV.  From  hence  it  follows,  that  any  infinitefimal  arch  BC,  of  any 
curve  whatever,  will  have  the  fame  affe6lions  and  properties  as  the  arch  of  a 
circle,  dcfcribed  on  the  centre  A,  with  the  radius  AB  or  AC, 

Corel/.  V.  The  two  triangles  AEB,  BED,  being  fimilar,  we  fliall  have 
AE  .  1  F  ::  EB  .  ED.  But  AE  is  a  finite  line,  and  EB  an  infinitefimal  of  the 
firft  oi'.ler ;  therefore  ED  will  be  an  infinitefimal  of  the  fecond  order,  and  it's 

value  will  be  =:  -^  .     But  the  redangle  of  twice  AE  into  EI  is  equal  to  the 

fquare  of  EB,  from  the  property  of  the  circle.  Therefore  EBq  =  2AE  X 
EI  ZL  AE  X  ED,  and  confequently  2AE  .  AE  ::  ED  .  EI.  But  the  firft 
term  of  ilu  analogy  is  double  to  the  fecond,  therefore  the  third  is  double  to  the 
fourth.     Confequently  the  two  lines  EI,  DI,  of  the  lecond  order  will  be  equal. 

Coroll.  VI.  And  therefore  the  difference  between  the  femichord  BE,  and  the 
tangent  BD,  is  an  i:  finiiefimal  of  t!.c  ihiid  degree;  for  as  much  as  from  ihe 
ctnirje  B,  and  uith  ilie  di(ian<  c  BE,  drawing  the  arch  of  a  circle  EL,  a  mag- 
nin  I'e  of  the  fecoud  ci:ifs.  vHicn  coincides  wiih  ii*s  fine;  the  two  triangles  BDE, 
EL'L,  will  he  fm  ilar,  which,  belicies  the  right  angles  at  E  and  L,  have  a 
comm*  n  anj^le  in  D.  Thence  it  will  be  BD  .  DE  ::  DE  .  DL.  But  BU  is  a 
fi:fl  fluxion,  L)E  IS  a  fecond  fluxion  by  the  foregoing  corollary,  and  therefore 
DL  will  be  a  third  fluxion.     Wherefore  the  arch  of  the  curve  BI  being  greater 

&  than 
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than  the  femichord  BE,  and  lefs  than  the  tangent  BD,  it  cannot  differ  from 
cither  of  ihcna  but  by  a  magnitude  of  the  thirU  order. 
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Fig.  9. 


7.  Let  there  be  any  curve  whatever,  DAE 
(Fig.  8,  9.1,  in  whofe  axis  are  taken  tvvo 
equal  infinitefimal  portions  of  the  firft  order 
HI,  IM  J  let  parallel  ordinates  HA,  IB,  ME, 
be  drawn,  which  in  the  given  curve  fliall  cut 
off  the  little  arches  AB,  BE,  which  are  like- 
wife  infinitefimals  of  the  iirft  order.  Let 
there  be  drawn  the  chord  ABC,  which  Ihall 
meet  the  ordinate  produced,  ME,  in  the  point 
C.  I  fay,  that  the  intercepted  line  CE,  be- 
tween the  curve  and  the  chord  AB  produced, 
(hall  be  an  infinitefimal  of  the  fecond  order. 


Let  the  chord  AE  be  drawn.  If  the  right 
line  IM  were  a  finite  and  aflignable  quantity, 
then  the  triangle  ACE  would  alfo  be  finite. 
But  ME  continually  approaching,  [from  a 
finite  diftance,]  to  the  ordinate  HA,  [while  IB 
remains  fixed,]  fo  that  IM  may  alfo  become  a 
fluxion,  or  may  be  an  infinitefimal  of  the  fird 
order;  the  angle  ACE  always  continuing 
the  fame,  the  angle  AEC  increafes,  making 
the  angle  CAE  always  lefs  and  lefs,  tillat  laft 
it  becomes  lefs  than  any  given  angle,  that  is,  an  infinitefimal.  In  this  cafe,  as 
the  fine  of  an  infinitely  litile  angle  of  the  firft  order,  having  a  finite  and  aflign- 
able radius,  is  an  infinitefimal  quantity  of  the  firft  order;  fo  the  fine  of  an 
infinitefimal  angle,  CAE,  of  the  firft  order,  with  a  radius  AE  or  AC,  which  is 
an  infinitefimal  quantity  of  the  firft  order,  ftiall  be  an  infinitefimal  quantity  of 
the  fecond  order.  But  in  triangles  the  fides  are  proportional  to  the  fines  of  the 
oppofite  angles,  and  therefore  the  right  line  CE  Ihall  be  an  infinitefimal  of  the 
(fecond  order. 

Wherefore,  calling  DH  =  x\  HA  =;r,  HI  =  IM  =  x;  then  FB  =  GC 
rr  j?,  and  EC  =  —  y ;  the  negative  fign  being  prefixed,  becaufe  y  does  not 
increafe  but  diminifli  (Fig.  8.).  And  thus,  on  the  contrary,  it  will  have  the 
pofitive'  fign  \{  y  increafe,  that  is,  if  the  curve  be  convex  in  this  point  to  the 
axis  DM  (Fig.  9.). 

CorolL 
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Ccrrll.  If  from  the  point  E  the  normal  ES  be  drawn  to  BC,  then  alfo 
£S,  CS,  will  be  the  fluxions  of  the  fecond  order;  for  each  of  therti  is  lefs 
than  EC. 
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8.  If  in  the  circle  be  taken  an  arch  which  is  an  inBnitefimal  o(  the  (irfl: 
order,  I  fay,  that  it's  verfcd  fine  (hall  be  an  infinitefimal  of  the  fecond  order; 
and  the  difference  between  the  right  fine  and  the  tangent  (hall  be  an  infinitefimal 
of  the  third  order. 

iv^.  10.  Let  the  arch  DC  be  an  infinitefimal  of  the 

firft  order,  DB  it's  right  fine,  CE  the  tangent^ 
and  let  DF  be  drawn  parallel  to  AC.  trom 
the  nature  of  the  circle,  it  is  GB  .  BD  :: 
BD  •  BC.  But  GB  is  a  finite  quantity,  and 
BD  an  infinitefimal  of  the  firft  order.  There- 
fore,  as  GB  is  infinitely  greater  than  BD,  fo 
BD  will  be  infinitely  greater  than  BC.  There- 
fore BC  or  DF  will  be  an  infinitefimal  of  the 
fecond  order.  By  the  fimilitude  of  the  triangles 
ABD,  DEF,  it  will  be  AB  .  BD  ::  DF  .  FE. 
But  AB,  a  finite  quantity,  is  infinitely  greater 
than   BD,   an  infinitefimal  of   the  firft  order, 

and   therefore  DF,    an   infinitefimal  of  the  fecond  order,   will   be   infinitely 

greater  than  FE,  which  is  therefore  a  third  fluxion,  or  an  infinitefimal  of  the 

third  order. 


9.  Coroll.  I.  And  whereas  the  tangent  is  always  greater  than  it*s  arch,  the 
arch  greater  than  it's  chord,  and  the  chord  greater  than  the  right  fine,  the 
tangent  and  the  right  fine  may  be  aflTumed  as  equal,  they  not  differing  but  by 
an  infinitefimal  of  the  third  order.  Alio,  ihefe  following  may  be  aflumcd  as 
equal,  the  tangent,  the  arch,  the  chord,  and  the  right  fine. 

10.  CorolL  II.  If  we  conceive  the  radius  of  the  circle  AN  to  be  an  infini- 
tefimal of  the  fi'rft  order,  the  arch  NO  and  it's  right  fine  OM  will  be  infinite- 
iimals  of  the  fecond  ;  and  therefore  the  verfcd  fine  MN  will  be  an  infinitefimal 
of  the  third  order. 


ti.  Cor  oil. 
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II.  Coroli  III.  In  the  axis  DM  (Fig.  ii,  12.) 
let  there  be  two  firft  differences  HI,  IM,  equal 
to  each  other,  to  which  correfpond  the  two 
infinitefimal  arches  AB,  BE,  of  the  curve 
DABE  ;  and  let  be  drawn  the  two  chords  BE, 
AB,  of  which  this  is  produced  till  ic  meets  in 
C  the  ordinate  ME,  produced  alfo  if  necefTary. 
Let  ES  be  drawn  perpendicular  to  BC,  and  from 
centre  B,  with  radius  BE,  let  the  arch  EO  be 
drawn.  By  the  corollary  of  Theor.  II.  CS  is 
an  infinitefimal  of  the  lecond  degree,  and,  by 
the  foregoing,  OS  is  an  infinitelimal  of  the 
third  degree.  Then  CO  is  alfo  an  infini- 
telimal of  the  fecond  degree,  becaufe  an 
infinitefimal  of  the  third  degree  being 
added  to,  or  fubtrafted  from,  an  infini- 
tefimal of  the  fecond  degree,  makes  no 
alteration  in  it.  Now,  becaufe  HIzzIM, 
or  AF  zr  BG,  and,  becaufe  of  equal  and 
fimilar  triangles  AFB,  BGC,  it  will  be 
alfo  AB  =:  BC.  But  the  arches  may  be 
aflumed  equal  to  their  chords ;  then  CO 
will  be  the  difference  of  the  two  arches 
AB,  BE  J  and  therefore,  if  the  arch 
DA  =  s,  it  will  be  AB  z=  BC  =  i,  and 
—  -.-}•  with  a  negative  fign,  becaufe  AB  dccreafes  when  BE  is  lefs  than 
as  in  Fig.  11.     And,  on  the  contrary,  with  a  pofitive  fign,  as  in  Fig.  I2# 
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12.  In  determining  the  fecond  differences  (or  fluxions)  of  the  ordinate,  and 
of  the  arch  of  the  curve,  I  have  fuppofed,  both  in  Theor.  II.  and  in  this  laft 
corollary,  that  the  firft  differences  HI,  IM,  are  equal ;  that  is  to  fay,  that  the 
firft  difference  of  the  abfcifs  does  not  alter,  but  remains  conftant,  in  which  cafe 
the  fecond  difference  of  the  abfcifs  is  none  at  all.  So  that,  calling  the  abfcifs  .v, 
it's  firft  difference  will  be  x^  and  it's  fecond  .v  :z:  o. 

Wherefore  we  may  further  make  thefe  two  other  conclufions,  one  of  whicli  is, 
that  if  the  firft  difference  of  the  ordinate  be  conftant,  tbofe  of  the  abfcifs  and 
of  the  curve  will  be  variable.  The  other  is,  that  if  the  firft  difference  of  the 
•curve  be  conftant,  thofe  of  the  abfcifs  and  ordinate  will  be  variable. 

Vol.  1L  C  Now, 
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Fig.  13.  ^n^y^  Now,  thefe  things  bemg  premifed,  wc 

may  eafily  proceed  to  thefe  two  other  hypo- 
thefes.  Suppofing  what  has  been  already 
advanced,  let  BF  (Fig.  13,  14.)  be  equal 
to  EG  ;  that  is,  let  the  fluxion  of  the  ordi- 
nate be  conftant;  and  let  EP  be  drawn  pa- 
rallel to  BG,  and  PT  perpendicular  to  it^ 
Then  will  BF  =r  PT,  and  therefore  AF  = 
BT,  AB  =  BP,  and  GT  or  EP  will  be 
the  difference  between  HI  and  IM.  And 
with  centre  B,  diftance  BE,  defcribing  the 
arch  EO,  PO  will  be  the  difference  between 
the  arch  AB  and  the  arch  BE,  bcGaufe  the 
chords  may  be  affumed  inftead  of  the  infi* 
nitefimal  arches.  But,  becaufe  of  the  fimilar 
triangles  BTP,  CEP,  we  (hall  have  PT.TB 
::  CE  .  EP,  PT  .  PB  ::  CE  .  CP;  and 
PT,  TB,  BP,  are  firft  fluxions,  and  CE  is 
a  fccond  fluxion  ;  therefore  EP,  CP,  and 
much  more  OP,  will  be  fecond  fluxions. 
Whence,  if  DH  =  ;c,  DA  =  j,  it  will  be 
TG  =  PE  =z  X,  PO  =  ?,  in  Fig.  13,  and 
PE  iz  —  X,  PO  =  —  J,  in  Fig.  14,  and 
y  =  o. 

Let  the  firft  differential  of  the  curve  be  conftant,  that  is,  AB  =:  BE.  From 
the  point  O  let  fall  ON  parallel  to  TP.  Becaufe,  by  fuppofition,  it  is  AB  =: 
BE  =:  BO,  it  will  be  alfo  AF  =  BN.  Then  VE  or  NG  will  be  the  difference 
between  HI  and  IM.  But  it  will  be  alfo  FB  =a  NO;  then  VO  will  be  the 
difference  between  BF  and  EG.  But  it  is  plain  that,  EC  being  a  fluxion  of 
the  fecond  order,  EV  and  YO  will  be  fo  too.  Then,  if  it  be  DH  =  *, 
HA  =  yy  it  will  be  NG  =:  x,  OV  =  —  j',  in  Fig.  13,  and  NG  =  — -if, 
OV  =  J!j  in  Fig.  14,  and  s  =  o. 

The  fuppofition  of  a  conftant  firft  fluxion  makes  calculations  more  (hort  and 
eafy,  as  will  be  fecn  in  applying  it  to  ufe.  However,  on  many  occafions,  for 
the  fake  of  greater  univerfality,  wc  ftiall  proceed  from  firft  to  fecond  differ- 
ences, without  making  the  fuppofition  of  any  conftant  firft  fluxion,  which  it  will 
be  always  eafy  to  determine. 

Let  HI,  IM,  (Fig.  15,  16.)  be  firft  fluxions  of  the  abfcifs  DH,  though 
not  precifely  equal  to  each  other,  and  let  their  difference  be  ML,  a  fecond 
fluxion.  Let  the  reft  be  as  above,  and  draw  the  oidmate  LN,  and  Er  parallel 
to  BG.  Therefore,  LM  being  the  difference  of  HI  and  IM,  it  will  be  HI  =:  IL; 
that  is,  AF  =  BR  i  and  therefore  the  uiangles  ABF,  BRN,  will  be  fimilar  and 

eqval. 
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equal.  Confcquently  BF  =  NR,  and  Ni 
will  be  the  difference  between  BF  and  EG; 
that  is,  the  difference  of  BF,  or  the  fecond 
difference  of  AH.  In  like  manner,  it  will 
be  AB  =  BN,  and  therefore  NO  will  be 
the  difference  between  the  arch  AB  an  J  the 
arch  BE;  and  therefore  the  difference  of  the 
arch  AB,  or  the  fecond  difference  of  the 
arch  DA.  Wherefore  it  is  plain  that  N/, 
NO,  are  fluxions  of  the  fecond  degree* 
The  fame  things  will  obtain,  if,  inftead  of 
fuppofing  IM  greater  than  HI  by  a  fecond 
differential,  we  fliould  fuppofe  it  lefs. 

13.  It. is  to  be  obferved  here,  that  the 
foregoing  determinations  do  not  require  any 
reftridlions  concerning  the  angles  of  the  co- 
ordinates, though  the  figures  may  feem  to 
infinuate  that  they  are  at  right  angles ;  for 
the  conclufions  will  be  all  the  fame,  what- 
ever the  angles  may  be. 


LEMMA. 


14.  Right-lined  angles  are  to  one  another  in  a  ratio  compounded  of  the  direft 
ratio  of  their  arches,  and  the  inverfe  ratio  of  their  radii. 


Fig.  1 7. 


Let  there  be  two  angles  EAB,  FAC  (Fig.  17.). 
Producing  AE  to  D,  from  the  fimiliiude  of  the 
fcftors  ABE,   ACD,    it   will   be   AB  .  BE   :: 

AC  .  CD ;  therefore  CD  =  P^A^^  .     But  the 


AB 


angle  EAB,  or  DAC,  is  to  the  angle  FAC,  as  CD 
to  CF ;  therefore  the  angle  EAB  will  be  to  the 

I    r?Ar>  BE  X  AC  ^     ^c,       .        .      ^      BE 

angle  fAC,  as  — -^ —  to  CF  j  that  is,  as  -^ 


AB 


to 


CF 
AC  • 


Ci 
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THEOREM    IV. 


^^S*  18.  1  ^.  Taking  the  arch CF, an  infinirefimal  of  ihcfirft 

degree,  in  any  curve  whatever  ACF,  and  drawing 
CI,  FI,  perpendicular  to  the  curve  ;  with  centre  1, 
and  radius  IF,  if  we  dcfcribe  the  circular  arch  FS, 
I  fay  that  it  will  fall  all  wiihin  the  curve  ACF,  to- 
wards  C,  and  the  intercepted  line  CS  will  be  an 
infinicefimal  quantity  of  the  third  degree. 

Upon  the  curve  AQR  a  thread  may  be  con- 
ceived to  be  ftretched,  (b  as  that,  being  fixed  in 
any  point  below,  as  in  R,  and  taken  by  it's  end  in 
the  point  A,  it  may  continually  recede  from  the 
curve,  but  in  fuch  a  manner  as  to  be  always  equally 
ftretched,  and  with  it's  point  A   to  dcfcribe  the 
curve  ACF.     Now,  the  thread  being  in  the  pofition  CQ»^  it  will  be  a  tangent  10 
the  curve  AQR  in  the  point  Qj  and  in  the  pofition  FR,  which  I  fuppofe  to  be 
infinitely  near  to  CQ».  it  will  be  a  tangent  in  R;  then  producing  CQ^it  will 
meet  FR  in  I.     Now,  fince,  by  the  generation  of  the  curve  ACF,  the  right 
line  QC  is  equal  to  the  curve  QA,  and  the  right  line  RF  to  the  curve  RC&^, 
and  the  two  infinitely  little  tangents  QI,  RI,  are  together  greater  than   tLe 
element  QR;  therefore  CI,  IR,  taken  together,  will  be  grtrater  than  the  curve 
RQA,  or  than  the  right  line  FR.     Then,  taking  away  the  common  IR,  IC  will 
he  greater  than  IF,  and  therefore  the  circular  arch  FS,  defcribed  with  centre  I 
and  radius  IF,  will  fall  within  the  curve.     But,  by  Theor.  I.  and  III.,  the  two 
tangents  Ql,  RI,  do  not  exceed  the  arch  QR  but  by  a  third  fluxion.     There- 
fore the  curve  AQ*^  together  with  the  right  lines  QJ,,  IR,  exceed  the  curve 
AQR,  or  the  right  line  FR,  by  the  fame  quantity.     Then  taking  away  the 
common  IR,  AQ»^  together  with  QI,  that  is,  IC,  will  be  greater  than  IF  by  an 
infinitefimal  of  the  third  order. 

1 6.  Coroll.  Therefore  we  may  conceive  the  circular  arch  FS  as  coinciding 
with  the  arch  of  the  curve  FC ;  and  one  may  be  taken  for  the  other  indiffer- 
ently. And  the  tangent  RF  will  be  perpendicular  to  the  curve  ACF  in  the 
point  F,  and  QC  in  the  point  C. 

The  curve  AQR  is  called  the  EvoluU,  the  curve  ACF  is  the  Involute^  or 
curve  generated  by  the  evolute;  that  is,  produced  by  the  unwinding  of  the 
firing  or  thread  AQR;  and  the  circle  FS,  defcribed  with  centre  I  and  radius  IF, 
is  the  0/culaiing  or  equicurved  circle  j  alfo,  IF  is  called  the  Radius  of  Curvatun 
of  the  curve  ACF  in  the  point  F. 


THE. 
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THEOREM    V. 


17.  If  in  the  curve  DABE  (Fig.  11,  ia.)>  at  the  points  A,  B,  E,  infinitely 
near,  (that  is,  the  arches  AB,  BE,  being  infiniiefimals  of  the  firft  order,)  be 
drawn  the  perpendiculars  QA,  QB,  and  NE,  which  meet  BQ^in  the  point  N  ; 
I  fay,  that  the  angles  AQB,  BNK>  may  be  afTunied  as  equaU 

For,  by  the  foregoing  Lemma,  the  angle  AQJ?  is  to  the  angle  BNE,  as 

AB  EB 

AO  *^  ^^  En*    ^'^^^  '^*   ^^   ^^  ^  ^^  ^^  '^  ^^  ^  ^^    ^^^^  ^'^^  re.^anglc 

EB  X  AQ^is  not  lefs  than  the  reftangle  AB  x  BN,  but  only  by  the  redanglc 
BE  X  QN,  and  by  the  reftangle  of  BN  into  the  difference  of  the  arches  AB, 
BE.  And,  as  QN,  BE,  are  infinitefimal  quantities  of  the  firi't  degree,  their 
reAangle  will  be  an  infinitefimal  of  the  fecond  degree  ;  as  alfo,  the  difici  ence  of 
the  arches  AB,  BE,  being  an  infinitefimal  of  the  fecond  degree,  the  rcdtangle 
of  thefe  into  BN  will  be  an  infinitefimal  of  the  fecond  degree.  Therefore  the 
two  reftangles  AB  X  BN  and  EB  into  AQ^do  not  differ  from  each  other,  but 
by  two  infinitefimal  reftangles  of  the  fecond  deji^ree,  and  therefore  may  be 
affumed  as  equal,  and  confequently  the  angles  AQB,  BNE» 

18.  Coroll.  I.  If  PBR  be  drawn  a  tangent  at  the  point  B,  it  will  bifeft  the 
angle  CBE,  made  by  the  two  chords  ABC  and  BE.  For,  by  Theor.  I. 
CorolL  III.  the  angle  BQA  being  double  to  the  angle  PBA,  to  which  the  angle 
CBR  is  equal ;  thence  the  angle  BNE  (hall  be  double  to  the  angle  CBR.  But,, 
by  the  fame  Corollary,  the  angle  BNE  is  double  to  the  angle  RBE.  Therefore 
the  angles  CBR,  RBE,  are  equal. 

19.  Coroll.  IL  Therefore  the  angle  CBE  will  be  equal  to  the  angle  BNE^ 
and  thence  the  fedor  BNE  will  be  fimilar  to  the  fedtor  EBO. 


warn 


THEOREM    VI. 


20.  If  in  two  circles,  the  diameters  of  which  exceed  each  other  by  a  firft 
infinitefimal,  be  taken  two  right  fines  equal  to  each  other,  and  infinitefimals  of 
the  firfl  degree,  the  difference  of  their  vcrfed  figns  (hall  be  an  infinitefimal  of 
the  third  degree. 

8  Let 
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Fig.  19.  Let  the  two  circles  be  ABC,  PFH,  and 

let  the  equal  right  fines  be  BE,  FG,  infini* 
tefimals  of  the  fird  degree,  and  the  verfed 
fines  EG,  GH.  Let  the  chords  AB,  BC, 
be  drawn.  The  fine  BE,  and  therefore  the 
arch  BC,  being  a  firft  fluxion,  the  angle 
BME  will  be  an  infinitefimal  of  the  firfl 
order,  and  therefore  alfo'thc  angle  BAG, 
which  is  the  half  of  it,  and  the  angle  EBG^ 
which  is  equal  to  this.  Therefore,  fince  the  angle  EBC,  and  the  fides  EB,  BC, 
are  firft  infinitefimals,  the  verfed  fine  EG  will  be  a  fecond  infinitefimal. 

The  fame  obtains  of  the  verfed  fine  GH.    But  the  verfed  fine  EC  (by  the 
property  of  the  circle,)  is  found  to  be  -^,  and  the  verfed  fine  GH  =r  -=^ 

=  ^.     Therefore  we  (hall  have  this  analogy,  EC  .  GH  ::  PG  .  AE.    But 

PG,  a  finite  quantity,  exceeds  AE,  a  finite  quantity,  by  an  infinitefimal  quan- 
tity in  refpedt  of  itfelf,  that  is,  of  the  firft  order,  by  hypothefis.  Therefore 
EC,  an  infinitefimal  quantity  of  the  fecond  order,  will  exceed  GH,  an  infini- 
tefimal of  the  fecond  order,  by  an  infinitefimal  quantity  in  refpe£t  of  itfelf,  that 
is^  of  the  third  order* 


THEOREM    VII. 


difference  of  ihe  fecond  order  of  the  ordinate  AB. 


21.  Let  the  curve  BEG  (Fig.  20,  21.)  be 
referred  to  a  focus^  that  is,  fuch,  that  all  the 
ordinates  proceed  from  a  given  point,  which  is 
called  the  Focus^  and  let  this  point  be  A.  From 
hence  let  be  drawn  three  ordinates,  which  are 
infinitely  near,  AB,  AE,  AG,  which  contain 
the  two  infinitely  little  arches  of  the  firft  degree, 
BE,  EG ;  and  draw  the  chord  BE,  which,  pro- 
duced, meets  the  ordinate  AG  (produced  if  need 
be,)  in  the  point  L.  With  centre  A  let  the 
arches  BC,  EF,  be  defcribed,  and  let  BM,  EN, 
be  their  right  fines.  Laftly,  make  the  angle 
NEP  equal  to  the  angle  MBE.  I  fay,  that  the 
intercepted  line  GP  fhall  be  the  infinitely  little 
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Let  the  chord  EG  be  drawn.  Since  tlie 
angles  MBE,  NEP,  are  equal  by  conftrudion, 
and  the  angles  at  M  and  N  are  right  ones, 
the  triangles  liBM,  PEN,  w'll  be  fimilar; 
then  taking  the  fine  BM  for  conftani,  that 
is,  fuppofing  it  equal  to  EN,  the  forefaid 
triangles  ^vill  alfo  be  equal.  Thertfoie  it  will 
be  ME  =  NP.  But,  fuppofing  BM  z=  EN, 
by  the  foregoing  Theorem  the  difference  of 
the  verfed  fines  MC,  NF,  is  infinitefimal  in 
refpeft  of  them.  Therefore,  alfo,  CE,  FP, 
will  be  equal,  and  thence  GP  will  be  the 
difference  between  CE  and  FG.  But  the 
right  lines  EQf^  QG,  being  drawn  perpendicular  to  the  curve  in  the  points 
E,  G,  the  angle  LEG  will  be  equal  to  the  angle  EQG,  by  Theor.  V.  Coroll.  II. 
[which  is  true  whether  the  curve  be  referred  to  an  axis,  or  to  a  focus^l  And 
the  angle  EQG  is  infinitely  little.  Therefore,  alio,  the  angle  LEG  will  be 
infinitely  little.  And,  becaufe  the  right  lines  EG,  EL,  are  infinitefimals  of  the 
firft  order,  GL  will  be  an  infinitefimal  of  the  fecond  order;  and  much  more  GP, 
rcfpcft  being  had  to  Fig.  20.^ 

By  Theor.  III.  Coroll.  I.  the  line  BM  is  equal  to  the  arch  BC.  Then,  in- 
ftead  of  the  fine,  taking  the  arch  for  conflant,  and  making  it  =  x,  AB  =  jr, 
CE  =jj^,  it  will  be  GP  =  — y.  And  with  centre  E,  and  diflance  EG,  de- 
fcribing  the  arch  GV,  it  will  be  VP  =  -  }',  if  BE  =  i. 


22.  Coroll.  The  angle  LEP  will  be  equal  to  the  angle  EAG.  For  the  angle 
EPA,  by  conftruftion,  is  equal  to  the  angle  BEA ;  but  the  external  angle 
ElPA  is  equal  to  the  two  internal  angles  L  and  LEP  ;  and  the  other,  BEA,  is 
equal  to  the  two,  L  and  EaG.  Then,  taking  away  the  common  L,  there  will 
remain  the  two  equal  angles  LEP,  EAG.  Wherefore  this  will  be  true,  whether 
the  curve  be  concave  towards  the  point  A,  (Fig.  20.)  or  whether  it  be  convex, 
(Fig.  21.)  as  it  is  eafy  to  perceive.  In  the  fame  Fig.  21,  the  angle  LEP  will 
be  an  infinitefimal,  and  therefore  LP  is  an  infinitefimal  of  the  fecond  order. 
But  it  has  been  feen^  that  GL  is  alfo  an  infinitefimal  of  the  fecond  order* 
Therefore  the  whole,  GP,  will  be  fo  alfo,  which  will  be  =  y  ;  and  with  centre 
E,  diftance  EG,  the  arch  GV  oeing  dcfcribed,  it  will  be  PV  =  s\ 

If  we  fuppofe  y  to  be  conftant,  with  centre  A,  and  diftance  AG,  let  the  arch 
GT  be  delcnbed,  and  from  the  point  T  let  the  right  line  TOA  be  drawn. 
Becaufe  FG  =  EC,  by  hypothcfis,  the  triangle  TEO  will  be  fimilar  and  equal 
to  the  triangle  EBC ;  and  therefore  BC  =  EO,  and  BE  =  ET.  Then 
OF  s  X,  and  TV  =  i",  in  Fig-  20.  But  OF  =  —  ^,  and  T\r  =  —  i*,  ia 
Fig.  21. 

Taking 
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Fig.  21 


Taking  s  for  con(iant,  and  drawing  the 
right  line  VRA,  it  will  be  EG  =  EV  = 
BE;  and  therefore  the  triangles  EBC,  EVR> 
are  equal  and  (imilar ;  thence  is  EC  =  £R, 
and  CE  =  RV,  Whence  RF  =  if,  VI  = 
'—  ^',  in  iFig.  20.  But  RF  zz  —  x^  and 
VI  =^',  in  Fig.  21. 

If  no  firft  fluxion  be  taken  for  conftant, 
let  EG  be  greater  than  BC,  (Fig.  22,  23.) 
by  the  fecond  fluxion  RF  i  let  the  right  line 
ART  be  drawn  ;  with  centre  A^  aiftance 
AG,  draw  the  arch  GT ;  and  with  centre  E, 
diftance  EG,  draw  the  arch  GV.  There- 
fore, fince  BC  =  ER,  it  will  be  alfo  CE 
=  RI,  and  BE  =  EI.  Therefore  TI  will 
be  the  difference  between  C£  and  FG,  and 
VI  the  difference  between  BE  and  EG. 


SCHOLIUM    J. 


23.  It  may  not  be  befide  our  purpofe  to  obviate  a  difficulty,  which  ftems 
likely  to  arife.  And  this  is,  that  in  the  foregoing  Theorem  the  lines  CE,  FP, 
are  affumed  as  equal,  in  virtue  of  Theor.  VL;  which  Theorem  fuppoles  as 
equal  the  fines  BM,  EN.  Whence  it  may  feem,  that  the  determinations  con- 
cerning fecond  differentials  can  only  take  place  in  the  cafe  when  we  make  a 
fuppoiition  of  a  conftant  fluxion  BC,  and  in  no  other.  But,  to  remove  this 
difficulty,  it  will  be  fufficient  to  confider,  that,  though  BC  be  fuppofed  variable^ 
the  difference  will  be  an  infinitefimal  of  the  fecond  degree^  which  does  not 
hinder  the  equality  of  the  firft  fluxions  BC,  EF,  nor  of  the  fines  BMj  EN- 
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2 4.  In  the  foregoing  Theorems  are  contained  the  principles,  by  which  infi- 
niceHmals  of  any  order  may  be  managed^  and  which  prepare  the  way  to  make  a 

ri£ht 
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right  ufe  of  the  Method  of  Fhixions,  whether  direft  or  inverfe;  and  befides, 
to  apply  the  fynthefis  of  the  ancients  to  infinitely  little  magnitudes  of  all 
degrees;  and  to  make  ufe  of  the  ftriiSleft  Geometry,  which  proceeds  with  a 
particular  fimplicity  and  elegance. 

Now,  to  avoid  paralogifms,  into  which  it  is  but  too  eafy  to  fall,  it  will  be 
needful  to  reflect,  that  infinitely  litilc  lines  of  any  order,  (agreeably  to  what 
obtains  likewife  in  thofe  that  are  finite,)  have  two  important  circumftances  to 
be  confidered,  which  are  their  magnitude  and  their  pofition.  And  as  to  their 
magnitude,  I  think  they  cannot  be  rejecled  except  by  thofe,  who  fancy  fuch 
infinitefimal  quantities  to  be  mere  nullities. 

Now,  although  quantities,  by  dimininiing  ad  infinitum,  may  pafs  from  one 
order  to  another,  the  proportions  in  every  order  continue  the  fame.  And,  be- 
caufe  of  three  lines  of  any  the  fame  order  a  triangle  may  be  formed,  it  may 
be  confidered,  that  if,  by  leflening  proportionally  the  fides,  fo  as  to  pafs 
from  one  degree  to  another,  the  angles  arc  not  thereby  changed,  the  fides  mud 
always  preferve  the  fame  ratio  to  one  another;  that  is,  infinitefimals  with  the 
finite,  and  infinitefimals  of  the  fecond  order  with  thofe  of  the  firft,  and  with 
finite;  and  fo  on. 

But  if  two  magnitudes,  of  any  order  whatever,  (liall  differ  by  a  magnitude 
which  in  refpcft  of  them  (hall  be  inafiignable,  then  with  the  utmofl  fecurity, 
and  without  any  danger  of  error,  one  of  them  may  be  taken  for  the  other ; 
nor  need  it  be  apprehended  that  fuch  a  comparifon  will  introduce  the  lealt 
error. 

Therefore  it  is  necefl^ary  to  be  much  upon  our  guard,  when  the  pofition  of 
lines  and  angles  is  concerned ;  for,  to  confound  them  when  they  ought  to  be 
nicely  diflinguifhed,  mufl  needs  lead  us  into  unavoidable  paralogifms. 

25.  The  principal  foundations  of  this  calculus  being  thus  laid,  I  fiiall  pafs 
on  to  the  methods  or  rules  of  finding  the  fluxions  or  differences  of  analytical 
formulas  or  exprcflions.  And,  firft,  let  us  take  the  differences  of  various 
quantities  added  together,  or  fubtraded  from  one  another ;  for  example,  of 
a  +  x+z+y'-^u.  As  the  fluxion  of  x  is  x,  of  z  is  i,  &c ;  and  as  the 
conftant  quantity  a  has  no  fluxion  ;  then,  conceiving  every  variable  to  be  in- 
creafed  by  it's  fluxion,  according  to  it's  fign,  the  formula  propofed  will  be 
changed  into  this  other,  a  +  x  +x  +z  +25  +  y  +  y  — «  —  *^;  f''^^ 
which  fubtraSing  the  firft,  the  remainder  will  be  ^  +  2;  +  jS'  —  //,  which  is 
exattly  that  quantity  by  which  the  propofed  quantity  is  increafed,  that  is  to  fay, 
it's  difference  or  fluxionr 

Hence  we  derive  this  general  rule,  that,  to  find  the  fluxion  of  any  aggregate 
of  analytical  quantities  of  one  dimenfion,  it  will  be  fufiicient  to  take  the  fluxion 
of  every  one  of  the  variable  quantities  with  it's  fign,  and  the  aggregate  of  thefe 
fluxions  fliall  be  the  fluxion  of  the  quantity  propofed.     So,  the  fluxion  of 
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b  —  /  —  «  will  be  —  5  —  2?.    The  fluxion  of  aa  —  i^z   +  hy  will  be 
—  /^z  +  ^,    And  fo  of  others. 

26.  But  if  the  quantity  propofed  to  be  differenced  (hall  be  the  produft  of 
feveral  variables,  as  xy ;  becaufe  x  becomes  ^  +  x,  and  y  becomes  y  -^r  y^  and 
xy  becomes  xy  +  yx  +  xy  +  xy,  which  is  the  produft  of  «  +  x  into  y  +y; 
from  this  produ6t  fubtradling,  therefore,  the  propofed  quantity  xy^  there  will 
remain  yx  +  xy  +  xy.  But  ^  is  a  quantity  infinitely  lefs  than  either  of  ihc 
other  two,  which  are  the  redlangle  of  a  finite  quantity  into  an  infinitefimaU 
But  xy  is  the  rcdangle  of  two  infinitefimals,  and  therefore  is  infinitely  lefs^  and 
muft  be  fuppofed  entirely  to  vanilh.  The  fluxion,  therefore,  of  xy  wUl  be 
xy  +  yx. 

Let  us  difference  ^z  by  this  rule.  The  produft  of  x  +  x  into  y  +  y  into 
z  +  z  IS  xyz  +  yzx  +  xzy  +  xyz  +  zxy  +  yxz  +  xyz  +  xyz ;  which,  fub^ 
trading  the  quantity  propofed,  will  give  the  remainder  jrzx  +  xzy  +  xyz  +  ziy 
+  yxz  +  9^z  +  xyz.  But  the  firfl:,  fecond,  and  third  terms  are  each  the 
produdt  of  two  finite  quantities  and  one  infinitefimal ;  the  fourth,  fifth,  and 
(ixih  are  the  produdls  of  one  finite  quantity  and  two  infinitefimals,  and  therefore 
every  one  of  thefe  is  infinitely  lefs  than  any  one  of  thofe,  and  therefore  will 
vanilh  :  and  much  more  the  laft,  which  is  the  produd:  of  three  infinitefimals.. 
Therefore  let  all  thefe  terms  vanifli,  beginning  at  the  fourth,  and  then  jfz^  +^^ 
+  xyz  will  be  the  fluxion  of  xyz. 

Hence  arifes  this  rule,  that,  to  take  the  fluxions  of  the  produft  of  feverat 
quantities  multiplied  together,  we  mufl:  take  the  fum  of  the  products  of  the 
fluxion  of  every  one  of  thofe  quantities  into  the  produfts  of  the  others.  Thus, 
the  fluxion  of  bxzt  will  be  bxzt  +  bxtz  +  bt%x  -^  xzt  x  o  i  becaufe  the 
fluxion  of  the  conftant  quantity  b  is  nothing.     That  is,  the  fluxion  of  bxzt  will 

be  Ixzi  +  bxtz  +  btzx.     The  fluxion  of  ^  +ic  X  b^y  will  be  x  X  T'Hy  ^y 

X  tf +  x,  that  is,  bx  — yx  —  ay  —  xy. 

27.  Let  the  formula  to  be  differenced  be  a  fraftion,  fuppofe  — .     If  we  put 

—  =:  z,  it  will  be  then  x  ir  zy.     And  therefore  their  differences  will  alfo  be 
y 

equal,  that  is,  ic  zz  zy  ^  zy.    Wherefore  z  ==  i-Il2f.     But  z  =  — ;  there- 
fore,  fubftituting  this  value  inftead  of  z,  it  will  be  i  s:  —  ^  —  =  ^  "*  '^  • 

y       y:^  yy 

But  if  2  =  — ,  then  z  will  be  the  differential  of  — ,  and  therefore  the  dif- 

y  J 


X 


ferential  of  —  will  be  ^  ^  ^ . 

y  yy 

Now 
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Now  ihe  rule  will  be,  that  the  differential  of  a  fraftion  will  be  another 
fraAion,  the  numerator  of  which  will  be  the  produdt  of  the  difference  of  the 
numerator  into  the  denominator,  fubtrafting  the  produft  of  the  difference  of 
the  denominator  into  the  numerator  of  the  propofed  fraction  ;  and  the  denomi- 
nator muft  be  the  fquare  of  the  denominator  of  the  fame  propofed  fraftion. 


tf         .Ml      f  €^ 

X 

*  +  *      Ml    1       XX  '^  ax  ^'  XX       1        .  ax 


Therefore  the  difference  or  fluxion  of  —  will  be  —  — .    The  fluxion  of 

X  XX 


will  be  ^^~^-*f    that  is,  -  — .    The  fluxion  of  r^   wiU  be 

-  XX  ^  XX  h  — ^ 

^i^^+^    that  is,  ^,.     The  fluxion  of  -i^  will  be 
Na  ,  tnat  IS,  ^-i . 

28,  Now  let  us  find  the  fluxions  of  powers,  and,  firft,  of  perfe£):  and 
pofitive  powers,  that  ts,  whofe  exponents  are  poiitive  integer  numbers;  for 
example,  of  at*.  But  xx  is  the  produdt  of  x  into  at,  and  therefore,  by  the  rule 
of  produfts,  it*s  fluxion  will  be  icx  +  xx^  that  is,  %xx.  To  find  the  fluxion 
of  9^.  Now  this  is  the  produft  of  x  into  x  into  x^  and  therefore  the  fluxion 
will  be  XXX  +  xxx  +  xxx^  that  is,  '^xxx.    And,  as  we  may  proceed  in  the  fame 

manner  in  infimtum^  the  fluxion  of  x^^  m  bebg  any  pofitive  integer^  wiU  be 

If  the  exponent  be  negative,  fuppofe  ax^^^  or  -^,  the  fluxion,  by  the  rule 

of  fraftions,  will  be  the  produd  of  the  fluxion  of  the  numerator  into  the  deno- 
minator, fubtrafting  the  produft  of  the  fluxion  of  the  denominator  into  the 
numerator,  the  whole  being  divided  by  the  fquare  of  the  denominator.    But 

the  fluxion  of  the  denominator  is  ^xx ;  fo  that  the  fluxion  of  ax'^    or  —  will 


mx 


be  —  ?^,  that  is,  —  '-^.    The  fluxion  of  x"^,  or  -)^^  will  be  —  ^ , 

"■■HP  1*    OT  "^  1 

or  ^ .    And,  in  general,  the  fluxion  of  "^     ,  or  -^—t  will  be  —  •> 

•    ^  •  naxx 

that  IS,  — J , 

Let  it  be  an  imperfeft  power,  and^  firfl^  let  it  be  pofitive ;  that  is»  let  the 

m 

exponent  be  an  aflirmative  fraftion,  as  y/x  ,  or  xn  ,  whore  —  ftands  for  any 

m 

pofitive  firaAion.    Make  x~  =  z,  and,  raifing  each  part  to  the  power  n,  it 

D  2  will 
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will  be  iT  =  %^   of  which  taking  the  fluxions,  we  (hall  have  mxx  "      zr 

.  i»— I  «— I 

nzx'^^^  whence  %  =  — .     But,  becaufe  x    zz  %  .  and  thence  2  ""     = 

tm 

tit  •  «,'"""  ' 

x^^ir,  which  being  fubftituted,  it  wiU  be  i;  =   — ,  that  is,  z  — 


m  —  — 
nx  n 


m 

tit  ^.m^    m^    I 

-—XX   n  • 

n 


If  the  exponent  were  negative,  as  — ^ ,  that  is,  *  ""  n  >  or  clfe  — ^ ,   the 


m     .      „ 


X  n 
—  I 


fluxion,  by  the  rule  of  fraAions,  would  be  —  -2 or  —  — xx  *" «  ""' 

Therefore  the  general  rule  is,  that  the  fluxion  of  any  power  whatever, 
whether  perfeft  or  imperfed,  politive  or  negative,  will  be  the  produft  of  the 
exponent  of  the  power  into  the  quantity  raifed  to  a  power  lefs  by  an  unit  than 
the  given  power,  and  this  multiplied  into  the  fluxion  of  the  quantity. 

Let  it  be  required  to  find  the  fluxion  of  x^  %  it  will  be  ix*"*'^',  that  is,  \x^x^ 
or  elfe  ^¥x. 

Let  be  given  x^  i  it*s  fluxion  will  be  ^x^^^Xy  that  is,  \x^x^  or  ^x^x. 
Let  be  given   —i  ^^^^  *s,  a?""*j   the  fluxion  will  be  —  \xx^^^^^ot 
—  \xx'^*,  or,  laftly,  -  ^ . 

The  fluxion  of  ax  +  xxY  will  be  a  X  ax+xx  X  ax+ixx,  that  is,  aaaxx 
+  6ax*x  +  j^x. 


The  fluxion  of  xy  +  ax^*  will  be  3  X  ^  +  tf^l*   x   xy+yx'\'ax,  that  is, 
3^/i  +  ^ax^yy  +  3a^xy  +  j^y  Vx  +  gay^x^x  +  ^a^yx'x  +  3tfVx. 

The  fluxion  of  -=— ,  or  aiT^^^^^  will  be  —  2  X  ax^yyX^^    X 


ox— 2;y,  or 


\;> 


The 
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The  fluxion  of  x^ax-^xx,  or  ax^xx)'^  will  be  f  X  ax-^xx]'^*  Xax—ixx, 
that  IS, . 

•  The  fluxion  of  x/xx  +  xy,   or  xx  +  xy^j    will   be  f   x   xx  +  xy:"*    x 
axx+xy+yxy  that  15,  ===-^. 

^  ax  xx-\'xyY 

The  fluxion  of  ^^.v— .v»v,  or  ax  —  a .v)  3 ,  will  be  -^  X  lliT^  ;fjif^"^  x  ^v  —  7.xx^ 
that  IS, .X  • 

The  fluxion  of  3      '      .,  or  =4=rr,  or  ^y  +  xyV'^ ^   will  be   —  f    x 

Vfl>  +  xy  ay  -k-  xy\z 

The  fluxion  of  7^fa  +  Xy  or  a-^x  X  tf  +  *^^^  is  —  a;  x  ^+^"3^  +  ^ 
X  a— X  X  tf +^    ^  X  >:,  or  —  x^^ +x  +  —==-?. 

The  fluxion  \/ax  -^  xx  +  v/^TT^,  or  a*  +  »va:  +  a^^x^4'^  will  be  t  X 

"^ 1 1^ _  X 

4;^  +   3;rx   +  i-   X   —  4^^'  X  fl*^^    "^   X   AX   +  a;*   +  ^4  .  ;r4li]*%  or 

ax  +  2iy*  —  ^.  — -—  . 4/.  .  .^ 

i^^r^l  fl  +  a*  X  *^ ^  —  4p*i'  —  xx^ 
'            or  ^M^—  — — — — ^» 


tfj  +  **  : —  ^^  : \  ^i 


The  fluxion   of   -^?====,   or  tf^+^r^r  X  ax  +  ;rx1  "**,  will  be   2xv    x 

'v  AT  +  XX 


tf3r+lc?^""     —   a    X    tfA;4-2XA*    X    57+*^"^    X    tfa  +  x;f,    that  is, 

2XX  X  A*  +  **  —  i  X  fl.r  +  2x*  X  aa  -i"  XX  gtfJMf*  +  2^:**  —  tfJ*  —  2aax» 

— or 


The  fluxion  of  ''^/JLll*  wiU  be  ?^V^-  +  t^jx^i-jyx^i  -  .'^y  +  x^j 

tfVfly  —  ;ry  2a  X   Vtf;r  +  XX  X  V ay  —  xy\ * 

29.  After  the  fame  manner  as  the  fluxions  of  finite  quantities  are  found,  fo 
are  found  the  fluxions  of  inflnitefimal  quantities  of  the  firft  order,  and  the 
fluxions  of  inflnitcfimal  quantities  of  the  fecond  order,  and  fo  on  fucceflivelyy 
making  ule  oi  the  lame  rules  which  have  now  been  explained. 

Here 
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Here  it  miift  be  confidered,  whether  any  firft  fluxion  be  aflfumed  as  conftant, 
and  which  it  is ;  for  then  ii's  fluxion  will  be  nothing,  and  fo  ought  to  be 
omitted  in  taking  the  fluxion. 

Let  the  formula  yx  —  xy  be  propofed,  to  find  it's  difference  or  fluxion. 
Let  no  fluxion  at  prefent  be  fuppofed  to  be  conftant,  and  it's  fluxion  will  be 
xy  +  yx  —  xy  —  xy .  that  is,  yx  —  xy.  Now  let  the  fluxion  x  be  aflfumed 
as  conftant ;  then  the  difference  will  be  ij  —  ^  —  xy^  or  —  xy.  Let  the 
fluxion  y  be  conftant,  then  the  difference  will  be  xy  +  yx  —  xy,  that  is,  yx. 

m 

«  Let  the  quantity  be  4^,  in  which  no  fit  ft  fluxion  is  taken  for  conftant. 
The  fluxion  will  be  2l±^Z2£,  or  ;^  +  4-  -  ^.  Here,  taking  x  for 
conftant,  it  will  be  x  —  ~?  .     Taking  y  for  conftant,  it  will  be  ^v  +  A 


^/ * »   ,   » » 
Let  the  formula  be  -L-±1JL2    and  let  z  be  conftant.    The  fluxion  will  be 

z 

yjS±^  +  ^  X  .^ +^  .  that  is.  i2L+il+^^".    Taking  y  for  con- 

K  KVxJc+jy  i  vJbc  +  yy 

ftant,  it  will  be 1.^ ,  that  is, 

8MB 
•  •*•     t      *•*      I         ■*••  ••••  •••• 


•  ••• 


■  ■  . .  ,  tnat  IS,  , — ;  •♦ 

And,  laftly,  if  no  fluxion  be  conftant,  the  differential  will  be 

yz\/kx  +yy  +yz  X  ^:^^ -^ yzs/^r+yj 

■  — —r-. — ^^-^ ,  that  IS, 

■ 

Now  in  this,  if  we  expunge  all  the  terms  in  which  z  is  found,  that  is,  if  we' 
aflume  the  hypothefis  of  x  being  conftant,  this  expreffion  will  be  changed  into 
the  firft.  And  if  we  cancel  thote  in  which  y  is  found,  it  will  be  changed  into 
the  fecond.  And,  by  expunging  thofc  ia  which  x  is  fbuadj  it  will  become  the 
third,  aft  is  manifefl. 

Let 
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Let  be  given    *! — £, ,  and  let  x  be  conftant.    Then  the  fluxion  will  be 

'  V^jcjr  +  yy 

iW:J21^+J?lJL?J^.    Taking  J.  for  conftant,  it  will  be 

XX  +yy\'i 

■                 y                          XX  "i-  jiy   X    XX  -^r  yv 
J^  +  XX  +  }*'   X  V  iv.r  +  jyr  —  " -} 

7-— -^-=i^^ ,  that  IS, 


XX  +jy 


x^^xx+y^  +yy    X  \/:?rT^  —    Jl--^   X  xi  +  >> 

conftant.  it  will  be •; *^  ^^ i , 

XX  '\'  yy  y 

Let  it  be  required  to  find  the  fluxion  of  this  differential  formula  of  the  fecond 

d^ree,  — ^1=^ r: I.i-  ,  or  of  this,  ^rr-,  taking  x  for  conftant.   The 

fluxion  will  be  3^)- x  X»Tl^i  x  -^  +  iy  x  FTj;)!  ^     ^j^  ^^^^^^^^^  ^^  . 

being  conftant,   cannot  take  place  in  this  formula,  becaufe  here  is  already 
found  y.     Taking  neither  of  the  fluxions  as  conftant,  the  differential  will  be 

I  X  kx  '\-  yTx  X*  +  y^g   X   -  .yy  +  x'j  •¥  xy  X  x*  -}- y*i 

In  a  like  method   we  muft  proceed   in  all  other  cafes,   ftill  more  com- 
pounded. 


SECT, 
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B    C    N 


Fig.  25. 


Fig.  24*  ^  30.  Let  the  right  line  TDG  (Fig.  24,  25.) 

be  a  tangent  to  the  curve  ADF  in  any  point 
D,  and  the  ordinate  BD  be  perpendicular  to 
the  axis  AB  in  the  point  B,  to  >vhtch  let  CF 
be  infinitely  near,  which  produced  (if  need 
be,)  (hall  meet  the  tangent  in  the  pomt  G» 
and  let  D£  be  drawn  parallel  to  the  axis  AB. 
By  what  has  been  already  demonftrated  in 
the  foregoing  Theorems,  and  their  Corolla- 
ries,  GF  will  be  an  infinitefimal  m  refpeft 
of  EF,  and  alfo  the  difference  between  DF 
and  DG  will  be  an  infinitefimal  in  refped: 
of  the  little  arch  DF.  Therefore  we  may 
afTume  as  equal  the  two  lines  EF,  EG,  as 
alfo  the  two,  DF,  DG  ;  and  therefore,  if 
AB  =  X,  BD  =y,   it  will  be  EF  =  EG 

=  ^,  DF  =  DG  =  i/UTlJ.  ^^^  tbe 
fimilar  triangles  GED,  DBT,  give  us  this 
analogy,  GE  .  ED  ::  DB  .  BT ;  that  is,  in 
analytical  terms,  y  .  x  i: y  .  BT,  and  there. 

fore  BT  =:  —  ;  and  this  will  be  a  general 

formula  for  the  fubtangent  of  any  curve. 

Wherefore,  in  the  cafe  of  any  given  curve,  in  order  to  have  the  fubtangent, 
nothing  elfe  is  required  to  be  done,  but  to  find  the  fluxion  of  the  equation,  and 

to  fubftitute  the  value  of  x  or  j^  in  the  general  formula  -^j  by  which  the  dif- 
ferentials will  vanifli,  and  we  (hall  have  the  value  of  the  fubtangent  exprefled 
in  finite  terms.  This  will  belong  to  the  curve  in  any  point  whatever;  and  if 
we  would  have  it  at  a  determinate  point,  inftead  of  the  unknown  quantities  we 
are  to  fubftitute  fuch  as  fliall  belong  to  the  given  points. 

31.  Becaufe 
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31.  Bccaufe  we  may  affume  EF  rr  EG,  and  DF  =  DG,  it  will  follow, 
thac  we  may  confider  the  point  G  as  coinciding  with  F,  that  is^  that  the  tangent 
DG,  the  arch  DF,  and  it's  chord,  are  all  confounded  together,  or  that  curves 
may  be  confidered  as  polygons  of  an  infinite  number  of  infinitely  little  fides. 
This  conclufion  obtains  only  when  we  confine  ourfelves  to  firft  fluxions;  but 
when  we  are  to  proceed  to  fecond  fluxions,  the  point  G  muft  not  then  be  con- 
founded with  the  point  F,  for  GF  will  then  be  a  fecond  fluxion.  Now,  whereas, 
in  the  Method  of  Tangents,  there  is  no  occafion  for  fecond  fluxions,  it  may  be 
fafely  fuppofed  that  the  tangent  coincides  with  the  little  arch  and  it's  chord, 

32.  The  fame  triangle  GDE  will  fupply  formulas  for  the  other  lines,  which 
are  analogous  to  the  fubtangent. 

Becaufe  the  triangles  GED,   DBT,   are  fimilar,   it  will  be  G£  .  GD  :: 

DB  .  DT  ;  that  is,  y  .  v/JT+TJ  ::  y  .  DT,  and  therefore  DT  =  ^    •^'''*"'^ ; 

which  is  a  general  formula  for  the  tangent. 

Let  DN  be  perpendicular  to  the  curve  in  the  point  D.  The  triangles  GDE, 
DBN,  will  be  fimilar,  whence  it  will  be   DE  .  EG   ::   DB  .  BN ;   that  is, 

• 

X  .y  ::  y  •  BN,  and  therefore  BN   =  -^  ,   a  general  formula  for  the  fub- 
normal. 
It  will  be  alfo  DE  .  DG  ::  DB  .  DN,  or  x  .  s/IT+J)  ::  ^^ .  DN ;  therefore 

DN  =      .  '^'^ — —  ,  a  general  formula  for  the  normal. 

From  the  point  B  draw  BM  perpendicular  to  DN,  and  BH  perpendicular  to 
DT.     The  triangle  GDE  will  be  fimilar  to  DBM,   when6e  GD  .  GE   :: 

DB  .  BM,  or  v^JT+TJ  *y  '•y  •  ^^  =         ^ ,   a  general  formula  for 

the  line  BM. 

The  fame  triangle  GDE  will  alfo  be  fimilar  to  DBH ;  ivhence  it  will  be 
GD.  DE  ::  DB.BH,  ot\/]^r+JJ  .x  ::;^  .BH  =  -y=^==,  a  general  fgr- 
mula  for  the  line  BH. 

33.  The  fimilitude  of  the  two  triangles  GED,  DBT,  will  alfo  be  a  means  of 
difcovering  the  angle,  which  the  tangent  makes  with  the  axis  at  any  point  of  the 
curve  at  plealbre.  For,  becaufe  the  angle  DTB  is  known,  therefore  the  ratio 
of  the  right  fine  DB  to  the  fine  of  the  complement  BT  will  be  known  alfo ; 
that  is,  the  ratio  of  GE  to  ED,  or  that  of  y  to  x. 

Vol.  II.  E  Therefore, 
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Therefore,  the  equation  of  the  curve  being  given,  if  it's  fluxions  be  found 
and  refoived  into  an  analogy,  of  which  two  terms  are  y  and  x,  we  tnay  have 
the  ratio  of  the  fines  of  the  angle  DTB,  and  confequently  the  angle  will  be. 
known. 


Ftg.  16. 


Ftg.  27. 


34.  By  the  fame  way  of  argutnentatioiiy 
the  fame  formulas  may  be  derived  for  fuch 
curves  as  are  referred  to  ^  focus,  (^^g*  ^^9  ^7-) 
if  we  only  confider,  that,  drawing  from  die 
focus  B  the  right  line  BT  perpendicular  to 
the  ordinate  BD,  meeting  the  tangent  in  T  ; 
the  triangles  DTB,  DGE,  will  be  fimilar, 
becaufe  the  angles  TBD,  DEG,  are  right 
angles,  and  the  angle  TDB  is  not  greater 
than  the  angle  DGE,  except  by  an  infinitely 
little  angle  DBG,  which  is  plainly  feen  by 
drawing  GrQ^  perpendicular  to  TB.  There- 
fore the  two  angles  TDB,  DGE,  may  be 
aflumed  as  equal,  and  confequently  the  two» 
BTD,  GDE;  therefore  the  two  triangles 
DTB,  GDE,  are  fimilar.  But  GF  is  an 
infinitefimal  in  refpeft  of  EF;  therefore^ 
&c. 


EXAMPLE    I. 


fig*  24. 


B    C    N 


.   zyy 


35.  Let  the  curve  ADF  be  the  Jpolloman 
parabola,  whofe  equation  is  ax  :=  yy*  Talc* 
ing  the  fluxions,  it  will  be  ^  =  %yy,  or 

Wherefore,  fubftituting  this  va- 
lue infl:ead  of  x,  in  the  general  formula  for 
the  fubtangent  ^ ,  we  (hall  have  -^  ,  or 

2»v,  putting,  inftead  of  yy,  it's  value  ax^ 

given 
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given  by  the  equation  of  the  curve.  Therefore  the  fubtangent  in  the  parabola 
is  double  to  the  abfcifs ;  fo  that,  taking  AT  =  AB,  and  from  the  point  T 
drawing  the  right  line  TD  to  tha  point  D^  it  (hall  be  a  tangent  to  the  curve  ac 
the  point  D.     Inftead  of  the  value  of  a*,  given  from  the  equation  of  the  curve, 

if  Wje  fubftiiute  the  value  of  j/,  or  — ,  in  the  general  formula  ^  ,  it  will  be 
alfo  -^  ,  as  before  •,  which  may  fuffice  to  obferve  in  this  Example. 

In  the  fame  parabola,  if  we  require  the  fubnormal  BN  ;  the  general  formula 

of  the  fubnormal  is  ^ .     But,  by  the  equation  of  the  curve,  it  is  .v  =;   ^  ; 

(b  that,  making  the  fubftitution,  the  fubnormal  in  the  parabola  will  be  =  f tf, 
that  is,  half  of  the  parameter ;  and  therefore,  making  BN  =  f «,  and  from 
the  point  N  drawing  the  right  line  ND  to  the  point  D,  this  (hall  be  perpen- 
dicular to  the  curve  in  D. 


If  we  feek  the  tangent  DT,  the  general  formula  of  which  is  ^ — ~i^,  by 
the  equation  of  the  curve  we  have  x  zz  —.  Then,  fubftituting  this  value 
^ftead  of  X  in  the  formula,  we  (hall  have        4xyx>^  +  ^y.y  -«  JL^^y  ^  ^^  — 

X^^xx  +  axy  (putting,  inftead  of  jy,  it's  value  ax  from  the  given  equation,) 
which  will  be  the  tangent  required. 


If  we  would  have  the  normal  DN,  fubftituting  the  value  of  j;  =  —  in  the 


general  formula  ^"^'K  +  '' ,   it  will   be  ^'^^yy^^y^    =    ^^^  +  '"  = 


\/  ^ax  -h  aa 


,  putting,  inftead  of  J7,  it's  value  from  the  given  equation. 


• 

If  we  would  have  the  right  line  BM ;  fubftituting  the  value  of  ;c'  =  ^ 
in  the  general  formula   ^/..  ,  .. ,   it  will  be  ^/      ...=??  =    ,/  = 

°  V  XX  -^-yy  V  ^yyy  +  aayy  V  ^y  -^aa 

an/ax 

V  44wr  +  aa 

If  we  would  have  the  right  line  BH  j  fubftituting  the  value  of  x  in  the 
general  formula  ^7===^  i^  will  be  ^^^'xx «       ^yy      ^   ^a^ 

XX -^  iy  ^  \yyyy   +  aayy  ^^yy^aa        V \ox  -f  aa 

£  2  Having 
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Having  found  the  fubtangent,  there  is  no  need  of  any  formulas  for  findinethe 
other  lines,  though  here,  by  way  of  exercife,  I  have  made  ufc  of  theru.  Por, 
when  BT  is  known,  the  triangle  TDB,  right-angled  at  B,  will  furnifti  us  with 
the  tangent  TD,  and  the  fimilar  triangles  TBD,  DBN,  DMB,  DHB,  with  all 
the  other  lines.     So  that,  in  the  following  examples,  I  (hall  apply  the  method 

to  finding  the  fubtangents  only. 

* 

If  we  would  have  the  angle  which  is  made  by  the  tangent  of  the  parabola 

with  it's  axis ;  taking  the  fluxional  equation  ax  zz  2jjj/,  and  refolving  it  into 

an  analogy,  it  will  be  y  .  x  ::  a  .  ly.     That  is,  that  the  right  fine  BD  is  to  the 

fine  of  the  complement  BT,  as  the  parameter  is  to  the  double  of  the  ordinate; 

whence  is  determined  the  point  D.     And  if  we  would  determine  the  tangent  lo 

any  certain  point,  for  example,  to  the  point  D,  to  which  correfponds  the.abfcifs 

AB  :=:  9c  =  -^a;  from  the  equation  of  the  curve  finding  the  ordinate  jr,  cone* 

fponding  to  x  =  ^a,  which,  in  this  cafe,  is  jr  =  f «,  we  (hall  have  the  analog/^ 

y  ^  X  :i  a  .  a ',  that  is,  the  angle  DTB  will  be  half  a  right  angle,  when  it  is 

y  =  i^,  or  Af  =  -^a. 

At  the  vertex  A  it  is  ^  =  o,  and  therefore  the  analogy  for  the  angle  of  the 
tangent  at  the  vertex  will  be  y  .  x  ::  a  .o;  that  is,  the  ratio  of  y  to  x  is 
infinite,  which  is  as  much  as  to  fay,  that  the  fine  of  the  complement  will  b% 
nothing  at  all,  or  that,  at  the  vertex,  the  tangent  is  perpendicular  to  the  axis. 


EXAMPLE    II. 


36.  Let  the  equation  bt  x  zz  y  ,  which  is  a  general  equation  to  all  parabolas 
of  any  degree  whatever ;  where  m  ftands  for  any  pofitive  number,  integer,  or 
fraftion,  and  unity  fupplies  any  dimenfions  that  are  wanting.     By  taking  the 


«— X 


fluxions,  it  will  be  x  zz  myy        ;  and,  fubftituting  this  value  inflead  of  x  in 

the  general  formula  -^ ,  the  fubtangent  will  be  my    =  mx.    Let  m  =  3,  that 

is,  let  it  be  the  firft  cubic  parabola  x  zz  y^i  it*s  fubtangent  will  be  3^1?.  Let 
m  s=  I-,  that  is,  let  it  be  the  fecond  cubic  parabola  xx  =  >' ;  the  fubtangent 
will  be  \x^  &c. 

The  fluxionakequation  of  the  curve  x  zz  myy  "    gives  this  analogy,  y  .  x 

\\   \  .  my       .     But,  puttings  =  0,  if  iw  be  greater  than  unity,  the  analogy 

will  be  j^  .  a:  ::  I  .  o  ;  or  the  ratio  of  ji'  to  ;f  will  be  infinite,  and  therefore  the 
tangent  at  the  vertex  is  perpendicular  to  the  axis.    And  if  m  be  lefs  than  unity. 


the 
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•    o   ' 


the  analogy  will  he  y  .  x  i:  i  .  -— - ;  that  is,  making  y=  o,  y  .  x  ::  i 

tvhich  is  as  much  as  to  fay,  that  the  ratio  o(  y  to  x  is  infinitely  little,  and 
therefore,  at  the  vertex,  the  tangent  is  parallel  to  the  axis. 


^ 


EXAMPLE    III. 


37.  Let  the  curve  be  DCE,  of  which  we  de- 
fire  the  fubtangent,  the  equation  of  which  is 
xy  =  aa,  beings  the  hyperbola  between  it's 
afympcotes.     By  taking  the  fluxions,  we  (hall 

have  xy  +  yx  :=:  Oj  or  X  :=:  —  — .     Where- 
fore, fubftituting  this  value  of  x  in  the  formulas 

•  ■ 

of  the  fubtangent  -^  ,  the  fubtangcnt  will  be 

—  X  with  a  negative  value,  which  is  as  much 
as  to  fay,  that  the  fubtangent  BT  mud  be  taken  on  the  contrary  part  of  the 
abfcifs. 

Therefore,  taking  BT  =  BA,  and  drawing  the  right  line  TC  to  the  point 
C,  it  (hall  be  a  tangent  to  the  curve  at  the  point  C. 

Now,  becaufe  in  the  curve  DCE,  as  the  axis  increafes,  the  ordinate  y  will 
decreafe,  in  taking  the  fluxion  we  might  have  put  y  negative  ^  but  becaufe, 
for  the  fame  reafon,  we  ought  to  have  taken  the  fame  y  negative  alfo  in  the 
general  formula,  I  have  omitted  to  do  it  in  both  places,  becaufe  it  comes  to  the 
fkmc  thing,  without  incumbering  ourfelves  with  changing  figns ;  and  what  is 
now  mentioned  may  be  underftood  on  other  like  occafions. 

Let  X  zz,  —  be  a  general  equation  to  all  hyperbolas  adinfinitum^  between 


their  afymptotes,  where  m  (lands  for  any  pofitive  number,  integer,  or  fraftion. 

.  I9K— I 

By  taking  the  fluxions,  we  (hall  have  ;c  z:  —  ^^^  ^_     — :rr:  •     And, 


2m 


m 

fubftituting  this  value  in  the  general  formula   ~,  the  fubtangent  will  be 


or  —  mxy  by  tlie  equation  of  the  curve. 


EX- 
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EXAMPLE    IV. 


38.  Let  the  curve  ADP  (Fig.  24.)  be  a  circle  whofe  diameter  is  2tf,  ABzzjt^ 
BD  =  ^ ;  the  equation  will  be  zax  —  xx  =  jjy,  whofe  fluxion  is  %ax  —  2xx 

=  2yyj  and  therefore  x  =z  — ^—  •    Then,  fubftiiuting  this  value  in  the  formula 

« 
^,  the  fubtangent  will  be  -=3—,  that  is,  2±LlLff ,  by  putting,  inftead  of  jy, 

itS  value  from  the  given  equation.     Therefore  the  fubtangent  in  the  circle  will 
be  a  fourth  proportional  to  a  ^  x,  xa  ^  x^  and  x. 

Pig.  29.  But  if  the  circle  (hall    be  denoted  hj 

this  equation,  aa  —  xx  zz  jjy,  in  which 
the  abfcifs  AB  =r  a:  is  taken  from  the 
centre;  by  taking  the  fluxions,  we  fliall 
have    XX   :=:    —  Jjy,   and   therefore    x   = 

—  ~ .    Wherefore,  fubftituting  this  value 

in  the  formula,  the  fubtangent  will  be  = 

>-  — ,  that  is,  a  third  proportional  to  AB  and  BD,  but  negative ;  that  is  to 

fay,  it  mud  be  taken  from  B  towards  T. 


EXAMPLE     V. 


39.  Let  the  curve  ADF  (Fig.  24.)  be  an  ellipfis,  with  this  equation  ax  ^  xx 
=   ^ ;  taking  the  abfcifs  from  the  vertex  A.     The  fluxional  equation  will  be 

ax  —  2XX  =  ^^,  ,^nd  therefore  x  =  — ^EL=.  Now,  fubftituting  this  value 
in  the  general  formula  ^ ,  then  — ^==.  will  be  the  fubtangent  -,  or  elfc, 
^ar^2xx^  j^^^^j  ^j.  a^  ^  putting  it's  value  ax--  xx  from  the  given  equation. 

Making  x  =  i«,  half  the  tranfverfe  axis,  in  the  value  of  the  fubtangent,  it 

will  be  — ,  that  is,  infinite.    Therefore  the  tangent  will  be  parallel  to  the 

tranfverfe 
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tranfverfe  axis  in  that  point,  in  which  the  conjugate  axis  meets  the  curve.  And 
this  we  (hall  find  to  be  true  alfo,  if  we  inquire  what  is  that  angle,  which  the 
tangent  iifelf  makes  with  the  fame  axis. 

m+M 

Let  the  equation,  in  general,  to  ellipfes  of  any  degree  be  this  j  ^^ —  = 


»^  X  tf  —  x^  9  where  m  and  n  reprefent  any  poficive  numbers,  whether  integers 
or  fradlions.     The  fluxion  of  this  will  be  ^-— ?  x  aj'y"    '^""^  =  r/ixx"^^    x 

tf— x>"  —  nxTT  X  a  —  x'^*"^-  and  therefore  x  -=1  »+«  x^^;'  _ 


— 1 


hviJ^^^  >^7:^  ^hnx"^  y.7^ 

And,  fubftituting  this  value  in  the  general  formula,  it  will  be 

m     ~        ^      ^ .     Then,  inftead  of  2L- —  putting  it's  value 


from  the  given  equation,  the  fubtangent  will  be 


ffi  .  ""^^» 


wx  X   a^x]     —  «.v     X  fl— *» 


And,  dividing  the  numerator  and  denominator  by  jc  ""    X  ^  —  Jfl        ^   it  will 
be,  finally,  ^^^+^  ^  ^'""^ 


AM  —  fHX  —  «.r 


Make  w  =  i,  »  =.  i,  that  is,  let  it  be  the  ellipfis  of  Jpollonius ;  then  the 
fubtangent  will  be  -^^^£-7-" »  ^^  before.     Make   ;7i  n  3,   n  zz  2  ;   then  the 

equation  is  ^  =  .r'  x  a  — ^*,  and  the  fubtangent  will  be  ^^3^^*     And 

fo  of  others. 

«+«  

If  the  equation  were       ,       zz  x    X  a  +x]  ,  it  would  exprefs  all  hyperbolas 

of  any  degree,  when  referred  to  their  axis ;  taking,  in  the  fame  manner,  the 
beginning  of  the  axis  from  the  vertex  A.     Then,  by  a  like  operation,  w6 

(hould  find  the  fubtangent  to  be  - — ^ — —, — ^,  which  differs  from  the  forc- 

^  ma  +  OT.V  +  «jf     ' 

going  only  in  it's  (igns  ;  as  alfo,  the  equation,  from  whence  it  is  derived,  differs 
only  in  it's  figns. 

Make  »j  =  i,  «  n  i,  which  is  the  /Ipollonian  hyperbola.     The  fubtangent 
will  be  '"*  ,    Make  m  =  2,  n  —  2,  then  the  equation  will  be  ^  s:  «» 

X   a  +  x)* ;  and  the  fubtangent  will  be  ^"^  t  '^*' ,  &c. 

40.  From 
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Afymptotca.  40.  From  this  method  of  tangents  may  be  further  derived  a  way  of  difcover- 
ing  whether  curves  propofed  have  afymptotes,  and  the  manner  of  drawing 
them,  when  they  are  inclined  to  the  alfis.  For,  as  to  the  more  firaplc  cafes,  in 
which  they  arc  either  perpendicular  or  parallel  to  the  axes,  fufEcicnt  has  been 
faid  in  the  firft  Part,  Seft.  V. 


EXAMPLE    I. 


Fig'  30. 


41.  Let  the  curve  be  ADE,  with  che^  equa- 


tion 


=  «    X  ^  +^  9  as  above,  thefub* 


tangent  of  which  is  TB  = 
Then  the  intercepted  line  AT  ;= 


,^       m  +  n   X    tf 4P  + 


ma  +  ms  -^  $u» 
ma  +  mx  +  W9 


—  X,  that  is, 


nsjr 


ma  -^  mx  +  nx 


It  is  plain  that  the  tangent  TD  will  become  an  afymptote,  when  touching  the 
curve  at  an  infinite  diftance ;  that  is,  when  the  abfcifs  AB'  =  x  becomes  in&iite, 
the  intercepted  line  AT  fhall  remain  finite.  Now,  putting  x  infinite  in  cfae 
expreflion  of  AT^  the  fird  term  ma  of  the  denominator  is  infinitely  lefs  than  the 


others,  and  therefore  vanilhes.     Whence,  in  this  cafe,  it  will  be      *^*    ,   or 

mx-^-mx 

— — ,  which  is  a  finite  quantity.     Wherefore  the  curve  has  an  afymptote, 

which  will  begin  from  the  point  M,  making  AM  =:        .     .     Now,  to  draw  it, 

let  AH  be  raifed  perpendicular  to  AB,  and  let  it  be,  for  example,  MHP. 
This  being  fuppofed,  if  we  take  x  infinite,  it  will  be  ;c  .j^  ::  MA  •  AH,  and, 

in  the  fuppofition  of  x  being  infinite,  the  equation  of  the  curve  ^ .  ■     =  sT 


other, 


ay  iw+» 


Or,   extracting    the  root,    and,    for  convenience,   making 

w  4.  «  r=  /,  it  will  be  y\/a  =:  X\/bi  and,  taking  the  fluxions,  jiy/a  s:  Xs/bi 

fo  that  X  .y  \\  i/a  .  y/b.     Whence  MA  •  AH  ::  ^a  .  y/b.    And,  bccaufc 

MA 
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MA  =  — ,  it  will  be  —  .  AH  ::  L/a  .  i/K  or  AH  =  —  x  s/—.   If, 

tlicrcfore,  we  take  AM  zz  — ,  and  raifing  the  perpendicular  AH  =  —    x 

v^ —  ,  and  drawing  the  indefinite  right  line  MHP  ;  this  will  be  the  afymptote 
of  the  curve  ADE. 

Make  ;w  =  i,  »  zz  i,  that  is,  let  the  curve  be  the  /fpolloman  hyperbola, 
.    whofe  eqi:ation  is  ^  :=z  ax  +  xx ;  it  will  be  /  r:  2,  and  tlicrefore  AM  =  -J^, 

AH  =:  —  X   / —  =  l^ab.     That  is,  AM  is  half  the  tranfverfe  axis,  -and 
AH  half  the  conjugate,  juft  as  it  fl>ould  be  from  the  Conic  Sedions. 


EXAMPLE    II. 


42.  Let  ADE  fFig.  30.)  be  a  curve  whofe  equation  is  >'  —  .v'   =:  axy ; 
making  AB  =  x,  BD  iz  y.     By  taking  the  fluxions,  we  (hall  have  ^^  —  ^x*x 

n  axy  +  ayx.   and  therefore    -^   zz    ^  ""  ^"^"^  ;  and  AT  zz  ~  —  x   z: 

P  ^  ^^^  ""  ^^^^ .     Or,  inftead  of  3^  —  3.V',  putting  it's  value  '^axy  from  the 

equation  of  the  curve,  it  will  be  AT  :r  — ^~ — '•  And,  making  a:  infinite, 
that  is,  in  cafe  of  an  afymptote,  in  which  AT  becomes  AM,  the  term  /jy  is 
nothing  in  refpeit  of  3;^;!?,  fo  that  it  will  be  AM  ir  ^  =  — . 

^xx         3'*' 

But,  becaufe,  in  the  propofed  equation,  the  indeterminates  cannot  be  fepa- 
rated,  nor,  confequenily,  can  the  value  of  AM  be  determined ;    if  we  put 

AM  zz  ~  1Z  t^  (which  expedient  may  alfo  be  ufed  in  other  like  cafes,)  it 
will  be  j^  =  — ;  which  value  being  fubflituted  in  the  propofed  equation,  ic 
will  be  ^^^ .v'  =  3/;f%  or  ^^~  —^xiz  u.     But,  as  x  is  infinite,  the  laft 

term  will  be  nothing  in  comparifon  of  the  others,  fo  that  it  will  be  -^   —  x 

zz  o,   or  /  zz  ^a.     Taking,  therefore,   AM  r:  ^a,   the  afymptote  muft  be 
Vol.  II.  F  drawn 
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drawn  from  the  point  M.  Moreover,  it  muft  be  MA  .  AR  :i  x  .y^  and  the 
propofed'  equation  f  ^  9^  zz  axy^  or  y^  zz  x^  +  axy^  will  be  reduced  ta 
x^  =  y^j  or  X  zz  y^  when  x  is  infinite,  and  therefore  x  zzy.  Therefore,, 
making  MA  zz  AH,  if  from  the  point  M,  ihrougli  the  point  H,  a  right  line 
be  drawn,  it  will  be  an  afymptote  to  the  curve, 

I  add  funher,  that  the  line  AT  muft  neceflarily  approach  to  a  certain  limit, 
beyond  which  it  cannot  pafs^  and  that  the  aforefaid  limit  is  then*  an  iofinitefimal> 
or  nothing.     Here  follows  a.  plain  Example  of  this. 

Fig.  3  u  Y^y         Let  BCF  be  an  equilateral  hyperbola.;. 

and  making  AB  =  tf,  AD  =  Xj  DC  =jr, 
we  (hall  have  the  equation  aa  +  xx  :zyy^ 
the  fluxion  of  which  is  xx  =  yy.    Thence 


the  fubtangent  will*  be  ED  =  -^ 

,  and  confequently  ED 


AD^ 


X  z 


MM 

X 


=  ±!.  =  AE. 


Putting  a;"  =  o,  AE  will  become  infinite,  and  the  tangent  at  the  point  B  will 
be  parallel  to  the  axis  AD.  And,  making  x  zz  00 ,  it  will,  be  AE  z=  o. 
Wherefore  the  point  E  dfefcrijbes  the  whole  line  AE  infinitely  produced;  and 
finifhes  it's  courfe  at  it's  origin  A,  beyond  which  it  pafles  not,  though  the 
curve  turns  it's  convexity  towards  the  axis.  Therefore  the  afymptote  AG 
proceeds  from  the  point  A,  and  makes  half  a  right  angle  with  the  hne  of  the 
abfciflesi  forafmuch  as,  in  the  equation  of  the  locus  aa  +  xx  zi  yy^  making 
ap  =  00 ,  the  conftant  quantity  aa  will  vanifti,  and  it  becomes  xx  zz  jy,  or 
x.zzy. 


^(r 


^      C     DS    iL 


^•as- 


S     iC    Dl 


43.  Hitherto  I  have  fuppofed  that  the 
angle  of  the  co-ordinates  is  a  right  angle; 
but,  if  it  were  obtufe  or  acute,  making,  as 
before,    BC  =  x,    CE  zi  y,    CD  zz  x^ 

OG  =  j',  (Fig.  32,  33.)  the  fubtangent 

••■ 

will  be  neither  more  nor  lefs  than  -^j 

J* 

for  the  two  triangles  GEO,  EAC,  will  be 
dill  fimilar ;.  but  the  other  formulas  will 
have  need  of  fome  reformation. 

In  the  triangle  EOG,  the  angle  at  O, 
equal  to  the  angle  ACE,  is  fuppofed  to 
be  known  ;  therefore,  from  the  point  G 
letting  fall  GI  perpendicular  to  AD^  and 

producing 
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proj3uting  EO  to  H,  if  there  be  occafion,  in  the  triangle  GOH  the  angle  GOH 
will  be*  known,  and  the  angle  at  H  be  a  right  angle.  Wherefore  the  angle 
OGH  IS  known,  and  confequently  the  triangle  OGH  is  given  in  Jpecky  that  is, 
the  ratio  of  GO  to  GH  is  given.     Let  this  be  the  fame  ais  a  to  w,  and  therefore 


it  will  be  a  .m  ::j^,GH  =z-^,      Alfo,  the  ratio  of  GO  to  OH  will  be 

•^  a 

given,  which  may  therefore  be  as  a  to'»{  and  confequently  a  .n  \\  y  .  OH  = 
— .     Then  EH  zi  ^  ±  -5L^  (where  the  fign  muft  be  affirmative  in  Fig.  32^ 

and  negative  m  rig.  33.)     Wherefore  EGy  =  = -^—^ — ■■ • 

But  if  OG  be  expreffed  by  tf,  GH  by  m,  OH  by  «,  then  it  will  be  aa  =:  mm 
+  nn,  and  aayy  =  m^  +  ^^yy^  which,  being  fubftituted  in  this  value  of 

EGy,  will  make  EGy  =  ---- ±  ^y  ^  -^-^ ,   and  EG  =  i    = 


aa 
pJr*  ±  2nxv  •+  flv» 


\/ ^— ,  the  exprcffion  of  the  element  or  fluxion  of  the  curve. 

This  being  fuppofed,  by  the  fimilitude  of  the  triangles  EGO,  AEC,  it  will  be 
CO.GE  ::  EC  .  EA;' that  is,>.  ^  ^^  ^  »^>  -^  ^>  ::^.EA;  or  EA  = 

-4-  v/  fiLii^:2! ±L^  which  will  be  the  formula  of  the  tangent. 

Let  TE  be  perpendicular  to  the  curve,  and  ES  to  the  diameter  AL    Then, 
by  fimilar  triangles  GOH,  ECS,  we  (hall  have  ES  =  ^ ,  and  CS  =  -2L . 

And,  by  the  fimilar  triangles  GEH,  EST,  wc  (hall  have  EH  .  HG  ::  ES  .  ST, 

That  is,  21^-21  ,  i2L  ::   i2L  .  ST   =  — i?^L=:.    And  therefore  CT  = 

a  a  a  ax  ax±my 

*"?^       +  J2L  =  '"'^v  +  ".yv  ±  'vi  =  2t|^,   which  is  the  formula  of 

mx  ajc±n}  ^  a  X  ax  ±nj  mx±,my 

she  fubnormal. 

in  a  like  manner,  the  other  formulas  may  be  reduced,  which  k  is  fuflicicnt  * 

only  to  take  notice  of  here. 

44.    But  the  curves,   whofe  tangents  wc  dcfirc,   may  be  TranftmieHt  « Tangents  t* 
Mechanicalj  that  is,  are  not  expre(rible  by  any  Algebraical  equation,  but  may  tranicendcat 
<Jcpcnd  on  the  rcftification  of  other  curves,  which  af e  not  rcftifiable.    Let  die  ^'^*•• 

F  2  curve 


3« 
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curve  be  APB»  whofe  tangent  PTK  we 
know  how  to  draw,  at  any  given  point  P. 
Then,  producing  to  M  the  line  QP  per- 
pendicular  to  A(^  let  the  relation  of  MP 
to  the  arch  PA  be  expreffed  by  any 
equation,  to  find  the  tangent  MT  of  the 
curve  CMA,  defcribed  from  the  point  M. 
Draw  qm  infinitely  near  to  QM,  and  MR. 
parallel  to  PT  5  and  fiippofing  the  reftifi- 
cation  of  the  arch  AP  ;  make  AP  =  x^ 
PM  zzy,  and  it  will  be  Vp  =  x,  Rm  zzy, 
and  the  two  triangles  wRM,  MPT,  will 
be  fimilar,  and  therefore   ;»R  .  RM   :: 

• 

MP  •  PT,  that  is,  j^ .  ^  ::  j^  .  PT  =  ^ ,  the  formula  for  the  fubtangent  of 

the  curve  CMA,  by  taking  it  on  the  tangent  of  the  curve  APB.  From  thc- 
given  equation  of  the  curve  AMC  is  found  the  value  of  x  or  y^  to  be  fubfti^^ 
tuted  in  the  formula.     All  the  reft  is  to  be  done  as  ufuaK 


EXAMPLE. 


R'g.  3^.  45,  While  the  circle  DPC  revolves- 

uniformly  upon  the  right  line  AB,  be- 
ginning at  the  point  A  ;  the  point  C  of 
it's  periphery,  which  at  the  beginning 
of  the  motion  fell  upon  A,  leaves  an 
impreffion  in  the  plane  of  it's  motion, 
which  it  continues  till  the  point  C  ar- 
rives again  at  the  right  line  AB.  It  will 
defcribe  a  curve  ACB,  which,  frotn  it's 
generation,  is  called  a  Cycloid.  It  will  be  the  ordinary  cycloid,  when  the  circle 
fo  moves  upon  the  right  line  AB,  as  that  it  (hall  meafure  out  the  whole  exadly 
by  it's  periphery,  after  that  the  point  C  (hall  have  palTcd  from  A  to  B,  fo  that 
AB  may  be  equal  to  the  periphery  of  the  fame  circle.  It  will  be  a  prolonged 
cycloid  when  the  motion  is  fuch,  that  the  right  line  AB  is  longer  than  the 
periphery  of  the  circle ;  and  a  coniraded  cycloid  when  the  fame  AB  is  (horter- 
than  the  periphery. 

From  the  defcription  of  this  curve  it  plainly  follows,  that,  drawing  from  any 
point  the  right  line  MQ^  parallel  to  AB,  the  intercepted  line  MP,  between  the 
curve  and  the  circle  CPD,  will  have  to  the  arch  CP  the  fame  ratio  as  the  line 
AB  has  to  the  whole  circle. 


N.  B.  The  chord  ME  Is  omitted  in  Fig.  35. 


Suppofe 
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Suppofe  the  generating  circle  to  be  in  the  two  pofitions  EMF,  DPC  ;  draw 
the  rho  (Is  VIE,  rD.  Now,  becaule  the  archcb  EM,  DP,  are  cr.|  i.il,  the 
chords  KM  D\\  will  .)e  equal  and  parallel,  nnd  rhrref )re  MP  ~  ED.  B  .r, 
by  ihv  n^tuic  of  the  Lurve.  it  is  AE  .  EM  ::  VD  .  KMF  ::  Aii  •  EMFiL. 
And  m  the  lame  raiio  is  alio  ED  •  MF.  Ami  MF  i=  PC,  FD  =  Mt* :  there- 
fore  it  will  be  MP  .  PC  :;  AD  .  EMF  ::  AB  .  EMFE  Therefore,  i<  we  call 
the  light  line  AB  zi  a,  the  periphery  of  the  generating  circle  L.VIFE  =  ^, 
and  any  arch  or  abfcilia  CP  =  x,  the  ordinate  PM  zi  y^  the  equation  of  ihe 

curve  of  the  cvcloid  will  be  » /iz  —^ 

Having  therefore  tlie  equation  of  the  curve,  in  order  to  find  the  fubtangent^ 
it*s  fluxion  will  be  x  :=z  —-,  and,  inftead  of  Xy  fubflituting  this  value  in  the 

formula  ^,  it  will  be  FT  zz  —  zz  x.     Therefore,  taking,  on  the  tangent 

of  the  circle,  PK,  (Fig,  34.)  which  is  fuppofed  to  be  drawn,  a  portion  FT 
equal  to  the  arch  of  the  circle  AP,..and  drawing  the  right  line  TM  to  the  point 
M,  it  (hall  be  a  tangent  to  the  cycloid  in  the  point  M. 

Now,  befides,  if  the  cycloid  be  the  ordinary  one ;  becaufe,  in  this  cafe,  we 
ihall  have  i  :=  a,  and  therefore  y  =  Xy  .it  will  be  PM  iz  PT,  and  the  angle 
PTM  =  PMT.  But  the  external  angle  TPQ^ is  double  to  the  angle  TMP,. 
and  the  angles  TPA,  APQj^  are  equal,  by  Euclid^  iii.  29  and  32,  therefore  the 
angle  APQ^will  be  equal  to  the  angle  TMP,  and  therefore  the  tangent  MT 
is  parallel  to  the  chord  PA« 

46.  Without  the  affiftance  of  the  tangent  of  the  curve  APB,  (Fig.  34.)  we 
may  have  the  fubtangent  of-the  curve  AM,  taking  it  in  the  axis  KAB.  Make 
AQjzi  X,  QP  iz  V,  the  arch  A'P  =  s,  QNl  =:  z,  and  let  the  relation  of  the 
arch  AP  to  the  ordinate  Q^  be  expreifed  by  any  equation  whatever.  Let  qm 
be  infinitely  near  to  QJVl,  and  MS  parallel  to  AB.  It  will  be  MS  zi  x, 
Sm  =:  Zf  and  the  fimilar  triaiTgles  wSM,  MQN,  will  give  us  z  •  x  ::  z  .  QN 

• 

r:  -^ ,  a  formula  for  the  ftibtangent. 


Inftead  of  taking  for  the  ordinate  QM  :r  z,  if  we  take  FM  =:  u ;  drawing 
MR  parallel  to  the  little,  arch  Pp,  it  will  be  mK  zz  «,  RS  zi  po  ziy^  and 
therefone  wS  zz  u  -^  y.     And  the  fimilar  triangles  »;SM,  MQN,  will  give  us 


—  *  +  J  ^ 


+  y  •  X  ::  u  +  y  .  QN  =  — r-^--: — ,  another  formula  for  the  fubtangcnt. 


EX. 
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make  PE  =  /,  PF  =  /,  known  by  fuppofition,  PQ_=:  *,  PM  =  jr,  PN  =  z, 
Becaufc  of  fimilar  triangles  Ql'E,  ^OQ^  it  will  be  QO  =.  :^  =  MR  =  NS ; 
and,  becaufe  of  the  fimilar  triangles  ;7;RM,  MPT,   it  will  be  PT   =   ~, 


a' 


a  formula  for  the  fubtangenr.  Now,  by  differencing  the  equation  of  the  curve 
MC,  in  order  to  have  the  value  of  Xj  to  be  fubftituted  in  this  formula,  it  will 
be  given  by  y  and  z  ;  but  the  fubtangent  itfelf  is  not  to  be  had  in  finite  term^ 
It  is  to  be  conlidered,  then,  that  the  .fimilar  triangles  NS;^,  NPF,  will  give  us 

• 

NP  .  PF  : :  «S  .  SN,  that  is,  2  .  / : :  +  z  .  SN  =  ±  ~.  (That  is,  z  muft 

have  a  pofitive  fign,  if,  when  x  and  y  increafe,  z  will  increafe  alfo  ;  and  a 
negative  fign,  if,  when  x  and  y  increafe,   z  will  decreafe,)     But  it  is  alfo 

SN  =  —  i  then  ±  —  =  — ,  and  therefore  z  zz  ±  —  •    Therefore,  io- 

X  Z  X  tx 

(lead  of  z,  putting  this  value  in  the  fluxional  equation  of  the  curve  MC,  we 
fliall  have  the  value  of  x  exprefled  by  y^  which,  being  fubftituted  in  the 

formula  for  the  fubtangent  ^  ,  will  make  the  fluxions  to  vanilh,  and  the  fub- 
tangent will  be  expreflfed  in  finite  terms. 


EXAMPLE    I. 


50.  Let  xz  =  vy  be  the  equation  of  the  curve  MC,  the  fluxion  of  which 


will  be  zx  +  xz  =  2jy}  and,  inftead  of  i,  fubftituting  it's  value  ±  — p,  it 

•  • 

will  become  zx  ±^  =  2yy,  and  therefore  x  =     ^f  ■■ .  Wherefore,  inftead 

of  Xy   fubftituting  this  value  in  the  formult^for  the  fubtangent,   it  will  be 

PT  zr  — ^T^      =  -^  ,  when,  inftead  of  yy,  we  put  it's  value  xz.     Now  let 

the  curve  AQC  be  a  parabola  whofe  parameter  is  i ;  the  curve  BCN  a  circle 
whofe  diameter  is  AB  =  2a.  If,  therefore,  the  point  N  falls  in  the  periphery 
of  the  firft  quadrant  beginning  at  A,  in  which  z  is  pofitive  ;  the  formula  of  the 

fubtangent  PT  will  be  ^-t^>  and  the  fubtangent  of  the  circle  will  be  l^HZ^^f^ 

(making  AP  rz  j,)  and  that  of  the  parabola  will  be  2q  =  s.    Therefore,  thefe 


2si 


values  of  /  and  s  being  put  in  the  expreffion  — -  ,  we  fliall  have  PT  = 

Sag  —  4yy 
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51.  But  if  the  point  N  falls  in  the  periphery  of  the  other  quadrant,  ;i  vvill  be 
negative,  and  the  formula  of  the  fubtangent  will  be  PT  =  -^  .     In  this  cafe, 

the  fubtangent  of  the  circle  is  ^^  ^  ^^  =  /,  and  that  of  the  parabola  continues 
to  be  2q  =z  s.  Therefore,  making  the  fubftitution  of  the  values  of  /  and  s  in 
ihc  expreffion  -^ ,  we  (hall  have  PT  =    ^^  ""  ^'^^  ;  the  fame  as  before. 

52.  Let  AP  be  denominated  as  before,  AQ^being  a  parabola;  it  will  be 

PQ^z:  X  =  \^iq.     And  BCN  being  a  circle,  it  will  be  PN  zz  z  t:=  M^iaq^  qq. 

Then  the  equation  yy  =:  zx  of  the  curve  MC  will  be  yy  zz  q\/zab^bq. 
And  thus,  the  equation  being  given  by  the  two  co-ordinates  AP,  PM,  the 

fubtangent  PT  may  be  found  by  the  ufual  and  ordinary  formulas  ■=—-  •  There- 
fore, differencing  the  equation  yy  =  q\/%ab  —  bq^  it  will  be  j»y  =      /"'^  ^\ 

Now,  multiplying  the  numerator  and  denominator  of  the  formula  ~  by  y^  it 
will  be  ^,  and  fubftituting  the  refpeiflivc  values  inftead  o(  yy  and  yy,  it  will 
be  ^^  =:  ?fllli£l  =  PT,  as  before. 

53.  Let  the  equation  of  the  curve  MC  be  more  general,  thus,  x^z"  ziy^     9 
the  fluxion  of  which  is  mzxx^'^^   +  nx'" zz^"^  z:  ;;/  -j-  n  X  jiy*  .  And, 

•  ^     .  W  •     fW^  I      ■      If  '...IW  —  I 

inftead  of  Zj  putting  it's  value  ±  ^*  it  will  be 


STT^  X  iy'"^''"' ;  and  therefore  x  -  '!!L±^JjL^^^    Whence  PT  = 


nt  :r:ns  x  ^  x 


■=^-  =  --— -- — = =  — ; — J/,  if  we  put  It  s  value  .v  z    mitead  or  y 

^  ^>  a,  ^,  V  J^J^  mt  ±tts  ^ 

■^  mi  ^  ns  X  z  X 

54.  If  the  two  curves  AC,  BCN,  become  right  lines,  in  the  cnfe  of  the 
fimple  equation  xz  zn  yy  of  the  curve  MC,  it  will  be  one  of  the  Conic  Seftions 
of  ApolloniiiSf  as  is  to  be  feen  in  Seel,  IlL  of  Vol.  L  §  135.  It  uill  be  an 
cllipfis,  when  the  ordinate  Ci)  falls  between  the  points  A  and  B :  an  hyperboln^ 
when  it  falls  either  on  one  fide  or  the  other :  and  lafUy,  a  parabola,  when  the 
points  A,  B,  are  infinitely  diftant  one  from  the  other,  that  is,  whtn  one  of  the 

Vol.  II.  G  right 
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right  lines  AC,  BC,  is  parallel  to  the  diameter.  Hence  it  is  tnanifcft,  that,  io 
the  fame  circumftanccs,  the  fame  curves  will  be  conic  fedtions,  biu  of  a  fuperior 
degree  /;/  wfniiumy  when  the  equation  to  the  curve  MC  (hall  be  this  general 


w  n  fn  -^n 

one,  X  z    '=:  y        , 


Fig.  37.  y^  ^5.  If  the  curve  AP  be  given,  having 

it's  origin, in  A,  of  which  we  know  how 
to  draw  the  tangent ;  let  there  be  another 
curve  CMD  fucb,  that,  from  a  given  point 
jF  drawing  the  right  line  FMP  any  how, 
the  relation  of  FM  to  the  portion  AP  may 
be  exprelTed  by  any  equadon :  we  are  to 
find  the  tangent  of  the  curve  CMD. 

Let  JPH  be  a  tangent  to  the  curve  APB 
in  the  point  P,  and  let  FH  be  drawn  per- 
pendicular to  FP,  and  F^  infinitely  near ;; 
and  with  centre  F  let  the  infinitely  little  arches  MR,  PO,  be  defcribed ;  and 
let  MT  be  the  tangeot  required  of  the  curve  CMD.  Make  PH  =  A  FH  =  /, 
FM  ^y,  FP  =  2,  and  the  arch  AP  =  x.  Becaufe,  inftcad  of  the  infini- 
tefimal  arches,  their  right  (ines  may  be  aflumed,  the  triangle  MRfl»  will  be 
right- angled  at  R  ;  and,  becaufe  the  angle  MmR  is  not  different  from  the  angle 
TMF,  but  only  by  the  infinitefimal  angle  MFiw,  the  two  triangles  MRaj, 
.  TFM,  may  be  considered  as  (imilar ;  and,  for  the  fame  reafon,  the  two  tri* 
angles  PO/),  HFP,  are  fimilar.     Therefore  it  will  be  iwR  .  RM  ::  MF  •  FT; 

that  is,  y  .  MR  \\y  .  FT,  and  FT  =  ^^.^  ^ .     So  that,  to  have  the  wluc 

of  FT,  it  is  neceflfary  to  have  that  of  MR  firft,  which  we  might  have  if  PO 
were  known.     Now,  by  the  fimilar  triangles  PFH,  PO^,  it  will  be  PH  .  FH 

: :  P/  .  PO ;  that  is,  /  .  J  : :  *  .  OP  =  ~ .  And,  by  the  fimilar  feftors  FPO, 
FMR,  it  will  be  FP  .  PO  ::  FM  .  MR  ;  that  is,  z  .  ~  ::  ;» '.  MR  =  ^ . 

Whence  FT  zz  ^,  the  formula  for  the  fubtangent.     Now  i^  inftead  oi  x% 

we  fubftitute  it's  value,  which  may  be  obtained  from  the  fluxional  equation  of 
^he  curve  CMD,  we  (hall  have  the  fubtangent  expreffcd  in  finite  terms. 


EX- 
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Fig^i  38^  g6.  Let  there  be  a  circle  A  BCD  defcribed 

with  centre  H,  and  radius  HA;  and  whilft 
the  radius  HA,  with  one  end  fixed  in  the 
centre,  moves  unifqrmly  round,  and  with  the 
other  extremity  A  dcfcribes  the  periphery 
ABCD ;  let  the  point  H  rnoVe  uniformly  upon 
the  radius  HA,  fo  that  when  the  radius  returns 
to  it's  firft  fituation  HA,  the  point  H,  in  the 
mean  time,  (hall  pafs  through  the  radius^  And 
(hall  then  be  found  at  A.  The  point  H  wilt 
then  defcribe  the  curve  HEf  A,  which  is  called 
the  Spiral  of  Archimedes.  From  the  generation 
of  this  curve,  it  is  eafy  to  perceive  that  any 
arch  of  the  circle  whatever,  as  AB,  (hall  be  to  the  correfponding  portion  of  the 
radius  HE,  as  the  whole  circle  is  to  the  whole  radius.  Therefore,  making  the 
radius  3  r,  the  periphery  of  the  circle  =  r,  the  arch  AB  =:  at,  and  the  ordi- 

nate  HE  :£:  jr ;  it  will  be  ir  •^^  ^  •  ^  i  and  therefore  y  zz  — ,  an  equatioii 

to  the  fpiral,  in  which  the  ordinates  pf^eed  from  the  fixed  point  H.  This 
being  premifed,  if  we  would  find  ET,  the  tangent  of  the  fpiral ;  becaufe,  in 
this  cafe,  FP  (Fig.  37.)  is  the  radius  HB  of  the  circle,  it  will  be  z  n  r,  and 
the  two  lines,  PH  the  tangent,  and  FH  the  fubtangent,  (in  the  fame  Fig.  37,) 
are  in  this  both  perpendicular  to  the  radius  HB,  (by  the  nature  of  the  circle,) 
and  confequently  parallel  to  each  other,  and  alio  equal ;    whence  it  will  be 

J  =  /,  and  therefore  the  general  formula,  in  this  caf^,  will  be  "^ .  Then,  dif- 
ferencing  the  equation  j^  =  — ,  it  will  be  j/  n  —  ;  and  the  value  of  .v  being 
fubftituted  in  the  formula,  it  will  be  —  =  HT.  Or  clfc,  putting,  inftead  of^v, 
it's  value  — ,  it  will  be  —  ri:  HT.    Therefore,  with  centre  H,  and  radius 

HE  r:  t,  defcribing  the  arch  EQ>^  and  taking  HT  equal  to  the  arch  EQj^  it 
(hall  be  the  fubtangent.     For,    by  fimilar  feftors  HEQ^  HBA,    it  will  be 

HA.  AB  ::  HQ^-QE,    That  is,  r.xlly.QVsZz  ^. 


G2 


If. 
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If,  inftead  of  making  the  equation  y  zz  —  ,    it  were,  in  general,  jT    zz 


m 

r    X 


— ;  that  is,  the  periphery  to  the  arch  AB,  as  any  power  integral  or  fratflional 
of  the  radius,  to  a  like  power  of  the  ordinate  :  Then  taking  the  fluxion  of  the 


equation,  it  would  give  us  .v  =  -222 


-    am 

,  and  yx  =  ^21^ .    Then  fubftiiut- 

T  r 

M+  E 

ing;  this  in  the  formula  of  the  fubtangent  — ,  it  would  be  — :^ — =:HT.  But 

^  r 

y^  ^LJL.^  therefore  ^  =  HT  =  w  x  E(^ 


^^'  37- 


57.  We  (hall  have  the  formula  of  the 
fubtangent  more  (imple^  if  the  equation 
of  the  curve  APB  were  given  from  the 
relation  of  TM  to  FP.  For  the  fimilar 
triangles  ;>OP,  PFH,  will  give  us  PO  = 

and  the  fimilar  feftors  FPO,  FMR, 

will  give  us  MR  =  -21  j  and  laftly,  ihc 
fimilar  triangles  MR«i,  TFM,  will  give 
us  FT  =  22^. 

Z3^ 


SZ 
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58.  Let  the  curve  CMD  be  above 
the  line  APB^  which  makes  no  alte- 
ration, and  let  APB  be  a  right  line, 
and  let  FM,  FP,  always  differ  from 
each  other  by  the  fame  quantity,  that 
is,  make  the  conftant  line  PM  =:  a. 
Then  will  j'  —  2  =  ^  be  the  equation 
of  the  curve,  which  is  the  Conchoid  of 
Nicomedesj  whofe  pole  is  the  point 
F,  and  afymptote  AB.    Taking  the 

fluxions 
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fluxions  of  the  equation^  it  will  be  y  =:  i,   and  thence  the  fubtangcnt  FT 


22 


Drawing,  then,  ME  parallel  to  PA,  and  MT  parallel  to  PE,  MT  will  be  a 
tangent  to  the  curve  in  M,     For  it  will  be  FA  zz  s,  FE  zi  — ,  and  FT 

■MB  ^  • 

zz 

I^ig.  40»  N^  '*\  59.  Any  cvirve  AM  being  given,  ro 

the  axis  EAT  of  which  curve  we  know 
how  to  draw  the  tangent  MH,  at  any 
point  M;  and  a  point  F  being  given  out 
of  the  curve,  from  which  let  be  drawn 
the  right  line  FPM  ;  if  we  conceive  the 
right  line  FPM  to  revolve  about  the 
immoveable  point  F,  making  the  plane 
PAM  to  move  upon  the  right  line  ET, 
always  parallel  to  itfelf,  the  intercepted 
line  PA  always  continuing  the  fame  : 
Then  the  point  M,  which  is  the  common 
interfeftion  of  the  two  lines  FM,  AVI, 
by  this  motion  will  defcribe  a  curve  CMD,  the  tangent  of  which  is  required. 
Let  the  plane  PAM  move,,  and,  in.  the  firft  inftant,  let  it  arrive  at  an  infinitely 
near  pofuion  pam^  and  let  SRjw  be  drawn  parallel  to  ET.  The  (imiiar  triangles 
MRot,  MHT,  would  give  the  right  line  HT,  which  determines  the  tangent 
required,  if  the  fides  MR,  R;w,  were  known.  Therefore,  to  obtain  them,  lee 
us  make  FP,  or  ¥p  zz.  x^  FM,  or  Vm  zzy,  Pp  =•  z^  and  the  known  lines 
PA  =  /7,  HM  =  /,  PHL  zz  s.  It  is  plain,  by  the  conftruftion,  that  it  will  be 
P/  =  Atf  z:  Km  =  ij  f  and,  by  the  fimilar  triangles  t  P/,  FS;»,  it  will   be 

Vp.VpllFm.  Sm.     That  is,  »  .  z  i:  y  .  Sm  =  ^.     Then  SR  1=  ^i^lJ^. 

And^  by  fimilar  triangles  MPH,  MSR,  it  will  be  HP  .  HM  ::  RS  .  KM. 

That  is,  J  .  /  : :  J±=LfL  .  MR  =  'Ziziifi .     Laftly,  by  the  fimilar  triangles 

MRw,  MHT,  it  will  be  MR  .  Rw  : :  MH  .  HT.     That  is,  M^liif     ^ 

/.HT  = 


/^^      •  ft- 


ix. 


sx 


y  -  X 


From  the  point  F  draw  FE  parallel  to  the  tangent  MH,  and  taking 
HT  ZI  PE,  draw  TM,  which  fiiall  be  a  tangent  to  the  curve  at  the  point  M. 
For,   becaufe  of  fimilar   triangles    PMH,    PFE,   it  will  be    PM  .  Pil   :: 

PF  .  PE  5  that  is,  J  —  ^\  x  .  -^^^  =  T 


-y  -* 
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60.  Ir  has  been  already  demonftratcd,  Vol.  I.  Seft.  III.  §  136,  that,  if  the 
line  AM  were  a  lighc  line,  the  curve  CMD  would  be  an  hyperbola,  which 
would  have  ET  for  one  of  it's  two  alymptotes.  If  AM  were  a  circle  with 
-centre  P,  the  curve  CMD  would  be  the  conchoid  of  Nicomedes^  the  pole  of 
which  is  F,  and  it*s  afymptote  ET.  And  laftly,  if  AM  were  a  parabola,  the 
curve  CMD  would  be  the  companion  of  the  paraboloid  of  Cartefius^  that  is, 
one  of  the  two  parabolical  conchoids. 


JFg^.  41. 


XT 


61.  To  the  diameter  AP  let  there  be 
any  curve  AN,  whofe  tangent  we  know 
how  to  draw,  and  a  fixed  point  F  out  of 
it ;  and  let  there  be  another  curve  CMD 
fuch,  that,  drawing,  as  we  pleafe,  the 
right  line  FMPN  from  the  point  F,  the 
relation  between  FN,  FP,  FM,  may  be 
exprelTed  by  any  equation  whatever.  It 
is  required  to  find  the  tangent  MTj  at 
any  given  point  M. 


Through  the  point  F  draw  HK  perpendicular  to  FN,  which  meets  the 
<3iameter  AP  produced  in  K,  and  the  given  tangent  NH  in  H.  Let  FQ^bc 
infinitely  near  FN,  and  with  centre  F  let  the  arches  MR,  P^,  NQ^  be  dc- 
icribed.  Make  FK  =  j,  FH  =  /,  FP  c:  :^,  FM  =^,  FN  =  x;  then  it 
will  be  mK  n  j/,  ^0  =  x,  Qnzz  —  z.    And,  becaufe  of  like  triangles  NQ«^ 

NFH,  it  will  be  NCL=  —  ^ .  Alfo,  becaufe  of  like  feflors  FNQ;^  FMR, 
it  will  be  MR  =  —  -^  .  Laftly,  becaufe  of  like  triangles  MRj»,  MFT,  it 
will  be  FT  zz  —  ^-^ ,  the  formula  required  for  the  fubtangcnt.     But  here  it 

$ 

might  be  fufpeded,  that,  taking  the  fluxion  of  the  equation  of  the  curve,  the 
value  of  J/  to  be  fubftituted  in  the  formula  will  be  given  by  x  and  Zy  by  which 
nxans  the  iluxions  would  not  vanilh.     Yet,  however,  the  fimilar  fcdfors  FNQl 


FPoy  will  give  us  Po  iz  • 
us  the  analogy,  .v  .  —  ^ 
and  therefore  —  i  zi 


txx 

%S6 


•  . 


;  and  the  fimilar  triangles  Vcpy  PFK,  will  give 
X  .  s.     Whence  the  equation  szzx  =  —  fxxz, 

Therefore,    fubftitute  the   value  pf  y    in   the 

formula  for  the  fubtangcnt,  which  value  is  to  be  obtained  from  the  fluxional 
equation  of  the  curve,  and  then  this  value  inflead  of  z ;  by  which  the  fluxions 
will  vajiiQi^  and  we  ihall  have  the  fubtangcnt  in  finite  terms. 


txx 


If 
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If  the  line  AP  were  a  curve  inftead  of  a  right  line,  drawing  the  tangent  PK, 
by  the  fame  way  of  argumentation  we  ftiould  find  the  fame  value  of  the  fub- 
tangent  FT. 


EXAMPLE, 


JRfr  41. 


value  of  y  In  the  formula 


62.  Let  the  curve  AN  be  a  circle 
which  pafles  through  the  point  F,  and  is 
fo  pofited,  that,  from  the  point  F  drawing 
the  perpendicular  FB  (produced)  to  AP, 
it  may  pafs  through  the  centre  G  of  the 
fame  circle;  and  let  PN  be  always  equal 
to  PM:  the  curve  CMD  of  the  foregoing 
figure,  that  is,  FMA  in  this,  will  be  the 
ciflToid  of  Diodes,  the  equation  of  which 
will  be  2  +  ^  =  2X.  Then  we  (hall 
have,  by  taking  the  fluxion,  z  +y  zz  2X^ 
OT  y  iz  2X  —  Z',   and  fubftituting  this 


•^  of  the  fubtangent,  it  will  be 


2ZZJC  —  zxz 


szzv 
txx 


we  fliall  have  — —- 


ztjex   -f  szz 


and  laftly,  putting,  inftead  of  —  z,  it's  value 
=  FT,  the  fubtangent  required. 

Here  it  is  phin,  that  if  the  point  M,  at  which  the  tangent  is  required,  (hould 
fall  upon  the  point  A  ;  in  this  cafe,  KH  being  perpendicular  to  FA,  it  would 
be  FN  =  FP  =  FM  =  FA  =  FK  =  FH ;  and  therefore  FT  =  ixr 
;=  iAF. 

63^  Perhaps  we  might  find  the  fubtangent  of  the  cifibid  more  fpeedily,  by 
means  of  the  ufual  formula,  at  §  30.  For,  drawing  NE,  ML,,  perpendicular 
to  FB,  and  making  FB  =  2^,  FL  zz  x,  LM  zz  y ;  by  the  property  of  the 
curve  FMA,  it  will  be  BE  =  VL  zz  x  -,  and,  by  the  property  of  the  circle,  ic 

will  be  EN  zz  s/zax-^xx ;  and  the  fimilar  triangles  FLM,  FEN,  will  give 
FL  .  LM  ::  FE  .  FN,  and  therefore  FL  .  LM  : :  EN  .  EB ;  that  is,  x  .y  V^ 

^%ax  —  XX  .  X,  whence  y  =    ^  ,  ox  yy  zz  — — ,  the  equation  of  the 


y  lax  '-jex 

curve   FMA.     Therefore,    by   taking  the  fluxions,    we  fliall  have    2yy   = 

'  *  "   ^^  ;  and  taking  the  ufual  formula  —  ,  and  making  all  the  necclfary 

8-  fubflituiions^ 


io-^* 
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fubflitiitions.  it  will  be  A—  =  yy  x    - — ^  =  LO  =  ^ —  •  by  putting, 

inflead  of  yv,  it's  value  - 


A" 


2a  —  .V 


Fig.  43.  64.  Let  there  be  two  curves  ANB,  CPD,  and 

a  I  ight  line  FK,  in  which  are  three  fixed  points 
A,  C,  F.  Further,  let  the  curve  EMG  be  fuch, 
that,  drawing  through  any  of  it's  points,  M,  the 
right  line  FMN  from  the  given  point  F,  and  from 
the  point  M  the  right  line  MP  parallel  to  FK ;  the 
relation  of  the  arch  AN  to  the  arch  CP  (hall  be 
exprefl'ed  by  any  equacion  at  pleafure.  It  is  re- 
quired to  find  the  tangent  of  the  curve  EG  at  the 
point  M. 

Let  MT  be  the  tangent  required,  which  meets  in 
T  the  right  line  FK,  produced  if  need  be,  and  from 
the  point  T  let  there  be  drawn  TH  parallel  to  FM, 
and  through  the  point  M  let  be  drawn  MRK  parallel  to  the  tangent  in  P,  and 
MOH  parallel  to  the  tangent  in  N,  and  let  ¥mOn  be  infinitely  near  to  FN. 
Make  FM  zr  j,  FN  =  /,  MK  zz  «,  and  the  arches  AN  =:  jk,  CP  z:  ^ ;  and 
therefore  N«  z:  y,  P/>  =  \\     By  the  fimilar  triangles  FN;;,  FMO,  it  will  be 


FN  .  N»  : :  FM  .  MO ;  that  is,  t  .y  :\  s  .  MO  = 


And,  by  the  iimilar 


triangles  MwR,  MTK,  and  MOw,  MHT,  it  will  be  MR  .  wM  ::  MK,  MT, 
and  Mm  .  MO  : :  MT  .  MH  j  and  it  will  be  alfo  MR  .  MO  : :  MK  .  MH. 


That  is,  ^v  . 


T 


a.MH  =  -^ 


Wherefore,  by  taking  the  fluxion  of  the 


given  equation,  we  fliall  have  the  value  of  y  given  by  ^v ;  and,  by  making  the 
ncceli'aiy  fubftitutions,  we  (hall  have  MH  cxprefled  in  finite  terms.  Taking, 
therefore,  MH  cqvial  to  the  value  now  found,  and  parallel  to  the  tangent  in  N 
of  the  cuivc  ANB,  and  drawing  HT  parallel  to  MF  ;  if  from  the  point  M  be 
drawn  the  right  line  TM  to  the  point  T,  it  will  be  a  tangent  to  the  curve  EMG 
in  the  point  M. 

N.  B.  The  letter  r  has  been  put,  by  miilake,  for  the  letter  /,  in  Fig.  43, 
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fig.  44.  65.  Let  the  curve  ANB  be  a  quadrant  of 

^  a  circle,  whofe  centre  is  F  ;  and  let  CPD  of 

Fig,  43  be  the  radius  APF  of  Fig.  44,  which 
is  perpendicular  to  the  right  line  FKTB,  and 
let  the  tangent  AR  be  drawn.  Let  the  radius 
FA  be  conceived  to  revolve  equably  about 
the  centre  F,  and,  at  the  fame  time,  the  tan- 
gent AR  to  raove  equably  upon  AF  towards 
FB,  always  parallel  to  itfeltj  fo  that,  when 
the  radius  FA  falls  upon  FB,  the  tangent  AR 
may  coincide  with  FB.  By  this  motion,  the 
point   M,    which  is  the   interfeftion  of  the 

radius  and  the  tangent,  will  defcribe  the  curve  AMG,  called  the  ^adratrix  of 

Dinojlratus. 

It  is  plain,  from  the  generation  of  this  curve,  that  the  arch  AN  will  be  to 
the  intercepted  line  AP,  as  the  quadrantal  arch  A B  is  to  the  radius  AF. 
Therefore,  making  AN  iz  y^  AP  iz  Xy  AB  rz  ^,  AF  ==  r,  it  will  be  ry  zz  ax^ 

and  y  zz 


ax 


;  then,  fubftituting  this  value  of  j/  in  the  formula  --:-,  it  will  be 
;  bur,  in  this  cafe,  FN  is  the  radius  of  the  circle,  and  MK  =:  AF 


r 
asu 


MH  = 

rt    '  '  '    - 

—  AP ;  then  t  zz  r^  u  =  r  —  xi   whence  MH  =z  ^^^  ""  ^''   —   fLZJi 


rr 


putting,  inftead  of  ax^  it*s  value  ry  from  the  given  equation.  From  the  point 
M  raife  MH  perpendicular  to  FM,  and  equal  to  the  arch  MQ^defcribed  with 
centre  F,  radius  FM,  and  let  HT  be  drawn  parallel  to  FM  ;  then  MT  will  be 
a  tangent  to  the  quadrarrix  in  the  point  AI.  For,  becaufe  of  fimilar  feftors 
FNB,  FMQj^itwiUbeFN.NB  ::  FM  .  MQ^    That  is,  r  .  «  ^  y  \:  s  .  MQ^ 

z=  MH. 


as  «—  sy 

r 


Fig^  45- 


66.  Let  there  be  two  curves  BN,  FQ^ 
of  which  it  is  known  how  to  draw  the 
tangents,  and  which  have  the  right  line 
BA  for  a  common  axis,  in  which  are  two 
fixed  points  A,  E.  And  let  there  be 
another  curve  LM,  fuch,  that,  drawing 
the  right  line  AMN  through  any  of  ii*s 
points  M,  and  with  centre  A  and  radius 
AM  defcribing  the  arch  MG  ;  and  from 
the  point  G  letting  fall  GC^  perpendi- 
cular to  AG ;  the  relation  ot  the  fpaces 

Vol.  11.  H  ANB, 


50  ANALYTICAL     IKSTITVTXONSi  BOOK  tU 

ANB,  EFQG,  and  of  the  lines  AM,  AN,  QG,  may  be-.- given  by  the  means 
of  any  equation.     The  tangent  of  the  curve  llM  is  required  at  the  point  M. 

Drawing  the  right  line  ATH  perpendicular  to  AMN,  let  there  be  another 
Amn  infiniuly  near  to  AMN,  and  the  arch  »/y,  and  the  perpendicular  gq. 
Then,  with  centre  A  defcribing  the  little  arch  NS,  making  the  given  fubtan- 
gents  HA  =r  /;,  GK  iz  ^,  and  make  AM  iz_y,  AN  z:  z,  QG  r:  «,  and  the 
^aces  EGQF  =:  j,  ANB  n  /,    it  will  be   Rm  zz  Gg  =^*',  S«  =  z.     And, 

becaufc  of  the  fimilar  triangles  KGQ^QO^,  it  will  be  O^  =  —  u  zz  ~.  And^ 


az 


by  the  fimilar  triangles  HAN,  NS;;,  it  will  be  SN  =  — ^.     The  fpace  GQjg 

may  be  taken  for  the  fpace  GQO^,  becaufe  their  difference  QOg  is  an  infinitefimal 
of  the  fccond  order.  Whence  it  will  be  GQ^qg  zz  fy  '=-  — i.  Thus,  there- 
fore, it  will  be  AN»  =:  -JAN  X  NS  zz  \ai,  zz  —  /.  Wherefore,  thefe  values 
being  fubftituted,  inftead  of  w,  i,  /,  in  the  fluxion  of  the  propofcd  equation,, 
we  Ihall  have  an  equation  from  whence  may  be  deduced  the  value  of  z  given 
by  y.     Now,    becaufe  of  fimilar  fedors   ARM,    ANS,   it  will   be  MK  = 

2l  J  and,  by  the  fimilar  triangles  »;RM,  MAT,  it  will  be  AT   =  g^,   the 

formula  for  ^he  fubtangent ;  in  which,  inftead  of  z^  if  we  fubftitute  it's  value 
given  by  y  from  the  equation  of  the  curve,  the  fluxions  will  difappear,  and  th^ 
fubtangent  will  be  given  in  finite  terms. 


EXAMPLE, 


67.  Let  the  fpace  EGQF  be  double  to  ABN,  that  is,  s  zz  2/  ;  then  s  =  2/,^ 
But  i  =:   —  tty,  and  /  =:  —  -^z  ;  therefore  it  will  be  uy  zz  az,  and  z  =1 

— .     Then  the  fubtangent  is  AT  =  ^. 


a  o  zz 


Let  the  curve  BN  be  a  circle  with  centre 

Ffg*  46.    y<\^ ^    N^  A,  radius  AN   iz  c\  whence  z  zz  c ;  and 

let  the  curve  FQ^be  an  hyperbola  with  the 
equation  uy  zz  //;   the  fubtangent  will  be 

AT  zz  ^j  that  is,  the  ratio  of  AM  to  AT 

't- 
will be  conftant.     The  curve  LM  (Fig.  46*) 
will  be  called,  in  this  cafe,  the  Logarithmic 
Spiral.  ' 
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Here  it  is  manifeft,  that  the  curve  LM  will  make  an  infinite  number  of 
circumvolutions  before  it  arrives  at  the  point  A;  forafmuch  as,  when  the  point 
G  (Fig.  45.)  coincides  wiih  A,  the  fpace  s  will  be  infiniie,  as  may  be  fecn  from 
ihc  Invcric  Method  of  Fkixions.     Fjr  then,  alio,  the  I  pace  /  muft  be  infinite, 
vhich  cannot  be  but  after  infinite  revolutions  of  the  radius  AM. 

68.  It  remain?,  laftly,  to  confidcr  a  particular  cafe  belonging  to  Tangent?. 

It  has  been  fcen  that,   the  co-ordinates  ot  any  curve  being  x  and  y^  the  general 

.  • 

formula  of  the  fubtangcnt  will  be  A-,  or  A^-^  according  as^'  or  .v  fupplies  the 

place  of  the  ordinate.  Wlierefore,  the  fluxion  of  the  equation  of  the  curve 
being  taken,  if  from  thence  v/e  deduce  the  value  of  x  or  j,  this  value,  being 
liibllituced  in  the  general  formula,  will  give  us  a  fraction  in  finite  terms,  which 
is  the  expreflF.on  or  value  of  the  fubrangent  for  any  point  of  the  propofed  curve. 
Now,  it  we  dcrfire  the  fubrangent  for  any  determinate  point  of  the  curve, 
nothing  elfe  is  required  to  be  done,  but  to  fubflitute  in  this  fravftion,  inflead  of 
*  and^',  their  values  which  they  have  at  the  point  given.  But  it  may  fometimes 
■  happen,  that,  by  fubdituting,  infiead  of  .v  or  j,  a  determinate  value  in  the 
fraction  which  exprcffes  the  llibtangent,  or  otherwife,  in  the  ratio  of  a:  toy 
deduced  from  the  fluxional  equation  of  the  curve,  all  the  terms  in  the  nu- 
merator and   denominator  may  vanilh  of  themfelves,  and  that  there  will  only 

• 

arife  -?-  zz  — ,  and  thence,  alio,  the  fubtangent  will  be  — ,    from   whence, 
however,  we  are  not  to  infer  that  the  fubtangent  is  nothing  in  this  point. 

For  an  example,  let  us  take  the  curve  belonging  to  this  equation  >* —  Say^ 
—  izaxyy    -h   lOaayy   +  ^Saa^y   +  j^c^w:  — 64^i^v  zz   o,    and   let  y  be  the 


abfcil?,  and  .v  the  ordinate.     Therefore  -.-   will   be  the  formula  for  the  fub- 

*  • 

tang^ent.     1  hcrefore,  by  taking  the  fluxion   of  this  equation,   we  (liall   have 


V        ^^  r^axy  —   J2/tny  —  2/;7.v  +   l6.z^ 


i-  >•*  —  Cujy  —  6jxy  +  >'.iidy  +  iZi2.i:: 


,    and   the    fubtangent    will    be    ~   zz 


"I — 7 f r'o r •     rSiOw,  It  we  would  have  the  IubtanG:cnt  to  that 

y*  —  ujyy  —  dixy  +  oajy  •}-  i2.//w  '  ° 

P'v.nt  of  the  curve,  which  corrcfponds  to  the  abfcifs  y  n  ir^  it  being  alfo  in 
th.is  cafe  .v  m  2^,  by  the  given  eqmtion  ;  make  the  Hibliitution^  in  the 
fraction  which   exprcfics   t'.ic   ratio   of  .v   to  ji',    and   wc   Ihall   find    it    to   be 

J-, r--^ r-. — T-i :,  that  IS,  -   -,  becaulc  all  the  terms  deflroy  one 

another  ;  and  therefore  the  fubtangent  alfo,  at  this  point,  is  — ,  which  informs 
ug  of  nothing,  although  one  or  more  fubtangcnts  may  belong  to  that  point. 

II  2  6^    T^Uis 
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69.  This  cafe  will  always  happen,  when- 
ever the  curve  has  fcveral  branches  which 
iiucrfeft  one  another,  and  when  we  would 
have  a  tangent  at  the  point  of  concojiirfe. 
And,  indeed,  the  curve  NOPQMR  (Fig. 
47.)  of  the  propofed  equation  has  two  fuch 
branches,  which  cur  one  another  in  the  point 
G,  to  which  exaflly  correfponds  y  z=  za, 
OT  being  the  axis  of  the  y\  and  it's  begin- 
ning at  O.  Alfo,  X  zz  2tf,  taking  the  x*s 
in  the  axis  OQ^ 

To  give  a  reafon  for  this  cafe,  it  is  enough  to  take  notice  of  two  things. 
The  firft  is,  that,  at  the  point  of  concourfc  of  the  different  branches  of  the 
curve,  feveral  roots  of  the  equation  become  equal  10  one  another.  Thus,  as  ta 
the  propofed  equation,  in  the  point  G  the  two  values  of  x  are  equal,  and  alfo, 
two  are  equal  of  the  four  values  of  jr.  The  fecond  is,  (what  is  demonilrated 
in  Des  Cartes^s  Algebra,)  that  if  an  equation  which  contains  equal  roots  be 
multiplied,  term  by  term,  into  any  arithmetical  progrefllon,  the  product  will  be 
equal  to  nothing,  and  will  contain  in  it  fewer  by  one  of  the  equal  roots.  And 
if  this  product  be  again  multiplied  by  an  arithmetical  progreflion,  the  product 
will,  in  like  manner,  be  equal  to  nothing,  and  will  contain  dill  fewer  by  one  of 
the  equal  roots,  than  were  contained  by  the  firft  produdt ;  that  is,  fewer  by  two 
of  the  equal  roots,  than  were  contained  by  the  firft  equation.  And  thus  on 
fucceffively  to  that  produ6V,  which  (hall  contain  only  one  of  the  equal  roots- 

If,  therefore,  any  equation  of  a  curve,  treating  x  as  variable  and  y  as  con- 
.ftant,  (hall  be  multiplied  by  an  arithmetical  progreflion  which  terminates  in 
nothing  ;  in  the  cafe  of  equal  roots  the  produft  (hall  be  equal  to  nothing ;  and 
it  wiiralfo  be  fo,  if  the  produd  be  divided  by  x^  which  divifion  will  fuccecd 
when  the  laft  term  is  multiplied  by  nothing.  The  fame  thing  will  obtain  alfo 
by  treating  y  as  variable  and  x  as  conftant,  and  multiplying  the  equation  by 
fuch  an  ariihmetical  progrefTion  as  has  nothing,  or  o,  to  put  under  the  laft 
term. 

This  being  fuppofed,  it  is  eafy  to  perceive  that  fuch  an  operation  as  thi^ 
performs  the  very  lame  thing  as  taking  the  fluxion  ;  that  is,  if  it  treats  x  2? 
variable,  and  multiplies  the  equation  by  an  arithmetical  progreflTion,  the  firft 
term  of  which  is  the  greatcft  exponent  of  »v,  and  the  laft  term  is  nothing,  and 
produces  a  product  multiplied  into  x.  Then,  if  it  treats  y  as  variable,  and 
multiplies  the  equation  by  an  arithmetical  progreflfion,  the  firft  term  of  which 
is  the  greateft  exponent  oifj,  and  the  laft  is  nothing,  or  o,  and  produces  a. 
produdt  multiplied  into  y.  But,  in  the  cafe  of  equal  roots  of  x^  and  in  that  of 
equal  roots  of  jk,  as  well  the  produdk  multiplied  by  x^  as  that  by  y^  are  equal 

• 

to  nothing.     So  that  the  ratio  ~  zz  —  ought  to  arife,  in  that  point  whereia 

two  branches  of  the  curve  interfeft  each  other,^ 

&  That 
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That  this  may  be  fccn  more  fiilly,  I  here  fet  in  order  ihe  equation  of  the 
propofed  curve  accordiug  to  the  letter  y^  and  multiply  it  by  an  arithmetical 
progrcffion,  the  laft  term  of  which  is  o. 

JK*  —  8^/  —  \%axi^   +  i^Zaaxy  +  i^aaxx     ?     _ 

4>  Zy  ^j  l>  o» 

The  produdt  will  be 

4y*  —  i^ay^  —  i^axy*  +  ;^zaay*  +  ^Saaxy  =  o. 

That  is,  dividing  by  ^y^ 

y  _  Say*  —  6axy  +  iaay  +  iiaax  zz  o. 

Then  I  fet  the  fame  equation  in  order  according  to  the  letter  x,  and  multiply 
it  by  the  arithmetical  progreffion,  the  laft  term  of  which  is  o, 

4aax*  +  ^Saayx  +     y* 


+  ^Saayx  +     y^         \ 

—  6j\,aaax  —  8rfv'         >    zr  o* 

—  i2ayyx    +i6a*y*      J 


^>  I,  O, 

The  produfl:  will  be 

Saax*  +  ^iaayx  — -  6j^a^x  —  i  itiyyx  zr  o. 

That  is,  dividing  by  4.V, 

2aax  +  iiaay  —  i6a'  —  ^ayy  zi  o. 

This  being  done,  I  take  the  fluxion  of  the  propofed  equation,  which  b 
4y^  —  ^4^^  —  2^axyy  —  12 ay*x  -f-  3iad\y  +  ^Saaxy  +  ^Sa^yx  +  Sa^xx 
—  S^a^x  =  o ;  that  is,  dividing  it  by  4,  and  tranfpofing  die  terms  belonging 
to  x^ 

y^ —    6ay*  "^  6axy  +    Sd^y  +  i7a*x  into  y 
rr   ^ay*  —  izaay  +  zaax  +  i6a^  into  x. 

Now  here  the  multiplier  of  J/  is  the  firft  produft  into  the  arithmetical  pro- 
greffion, and  conl'equently  =:  o  in  relation  to  the  point  G,  in  which  y  has  two 
equal  vahies.  And  the  multiplier  of  x  is  the  fecond  produft  into  it*s  arith* 
metical  progreflioa  wiih  it's  figns  changed,  which  does  not  hinder  it  being  =:  o, 
in  relation  to  the  fame  point  G,  in  which  x  has  two  equal  values.     Therefore  it 

• 

will  be  J/  X  o  =  A'  X  o,  that  is,  -4-  =  —  in  the  point  G. 

But,  if  to  muhiply  any  equation  by  an  arithmetical  progreflTion,  or  to  find 
it's  fluxion,  (which  is  the  fame  thing,)  bring  it  to  pals,  that,  on  the  fuppofition- 

of 
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of  cqnal  roots,  that  cafe  will  arife  of  which  we  arc  treating,  that  is,  -4"  = 

it  alfo  brings  it  to  pafs,  that,  in  the  equation  derived  from  thence,  there  will  be  one 
lefsof  thofe  equal  roots.  Wherefore,  ihhe  equation  propofed  have  two  equal  roots, 
when  differenced  it  will  have  but  one  of  thofe  equal  roots.  And,  if  the  propofed 
equation  have  three,  by  differencing  again  that  which  was  diff'erenccd  before, 
(alfuming  as  conftant  ihc  diff'erences  or  fluxions  Xj  y^)  the  equation  thence 
arifing  will  have  only  one  ;  and  fo  on.  Therefore,  if  we  affume  as  conftant  the 
fluxions  A',  j,  as  well  the  terms  multiplied  into  x  as  thofe  muhiplied  into  y^ 
will  mutually  deftroy  each  other,  in  the  fuppofition  of  fuch  a  determinate  value 
of  X  and  y  ;  alfo,  the  terms  multiplied  into  x  and  y  will  deftroy  one  another. 
By  proceeding  in  this  way  of  operation,  equations  will  be  reduced  to  contain 
only  one  of  the  number  of  eqoal  roots  which  they  had  at  firft ;  and  therefore, 
finally  differencing  the  laft,  to  obtain  the  ratio  of  y  to  x,  there  can  no  longer 


.y     


o 


arifc  the  cafe  of 

X  o 


•   Therefore  I  refume  the  foregoing  equation  whofe  fluxion  was  found  to  be 
yy  —  f)ayy  —  6axyy  —  ^ay*x    +    Saayy    +    iiaaxy    +    iiaayx    +    laaxjc 

—  }6a^x   =  o.     But,  becaufe,  by  fubftituting,   inftead   of  j,    it*s  value  za^ 
and,  inftead  of  at,  it's  correfpondent  value  la,  in  order  to  have  the  tangent  at 

the  point  Gj  I  find  only  -4-  zi  — :  I  go  on  to  difference  that  already  differ- 

enced,  taking  always  for  conftant  the  fluxions  x^  >',  and  I  ftiall  obtain  sy^* 

—  izayy^  —  6axy*   +  Saay*  —   iiayyx    +  7,^aayx  +  laax*   zz   o. 

Inflead  of  ^  and  A?,  I  fubflitute  their  values  la^  in  relation  to  the  point  G; 
and  1  find  x  zz  ±y^/^.     Then,  in  the  general  formula  for  the  fubtangent 

4-,  putting  the  values  oi  x  iz  2^,  and  x  =  ±  Jv/8,  I  fliall  finally  have  the 


X 

a 


fubtangent  zz  ±  -7-;  or,  to  fpeak  more  properly,  the  two  fubtangents  corre- 
fponding  to  the  point  G,  one  pofitivc,  the  other  equal  to  ir,  but  negative. 

If  the  curve  Hiall  hnve  three  equal  roots  at  the  point  in  which  the  tangent  is 
required,  that  is,  if  the  curve  fliall  have  three  branches  which  meet  one  another 
in  that  point  ;  becaufe,  after  the  equation  has  been  differenced  once,  it  will  ftill 
have  two  equal  roots ;  it  muft  be  differenced  again,  that  we  may  have  the  ratio 

of  J/  to  X  :   Ic  will  give  us,  notwiihftaiiding,  by  what  has  been  already  faid,  the 

■ 

ratio  -4-  zz  — ;  and  therefore  it  will  be  neceffary  to  take  the  difference  or 

X  o  ^ 

fluxion  a  third  time.  And,  in  general,  the  equation  muft  be  fo  often  differ- 
enced as  is  the  number  of  equal  roots,  or  the  branches  of  the  curve  ;  and  from 
the  laft  difference  muft  be  obtained  the  ratio  of  y  to  x.  And  fo  many  will  be 
the  tangents  as  aie  the  branches  of  the  curve,  which  cut  one  another  in  that  point. 

Lec 
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Fig.  48. 


Let    the   curve    be   Q_\DHA/^/AI, 

whole  eqiir.ri.  n  is  a*  —  aw'c  -f-  4>'^r:o» 
ami  v\hic!]  hiis  three  brancius  fV;Vl), 
lA^/,  /All,  which  cut  one  an(;tiuT  in 
A.  Ar.d  ie^  AP  her  the  r.xis  be!.)niMT  ;t 
to  .V,  and  AB  rtrrcnc'iicui.ir  to  AP,  f!  c 
axis  bclon^j^ing  10  v,  an.!  ii:e  point  A 
l!*.eir  conmiou  oriyin.  Bv  t'lilerencin;^ 
the  equation,  it  will  bi:  4:;'.v  —  2tnA  v 

—  axxy   +   ilyyy  =   o;    that  is,   -  - 

» 

4.1''  —  2a\x 

the   tan;^ent   at    the    point    A,    becaule 
there  it  is  *■  z:  o,  ^  n  o  ;  it  will  be  ^^  -zi  —.     We  mud  therefore  go  on  to- 

X  O 

fecond  fluxions,  and  the  equation  wiil  l)e   i2x.va\v  —  zayxx  —  ^c.xky  +  thy^y 

m 

=r  o.     But  from  this  we  (liall  only  obtaui  -!-  zz  -— ,  cverv  term  being  multi- 

plied  by  x  r:  o,  by  fuppofition,   or  hy  y  zi:  o.     Therefore,    differencing  f.>r 
the  third  time,  it  will  be  24XA'  —  6ay.\^  +  6lv^  =:  o.     Here,  making  x  =  0^. 
the  firft  term  vanilhes,  and  therefore  it  is  ayx"-  zz  ty^,  from  whence  we  have 

three  values  of  y  ;  that  is,  y  =  o,  and  y  r=z  ±  ^^,  which  give  us  three  ratios 

of  X  to  V  ;  that  is  to  fay,  three  tangents  at  the  point  A.  One  of  them  will  he 
infinite,  which  coincides  with  the  axis  AP,  and  fervcs  for  the  branch  Z^AH. 
The  other,  taking  any  line  AS,  and  drawing  ST  perpendicularly  in  fuch  a 
manner,  as  that  it  may  be  ST  •  S A  : :  \/a  .  \/l/ ;  the  lines  T A  will  be 
tangents  in  the  point  A,  one  of  the  branch  QAD,  the  other  of  the  branch  lAd. 

70.  The  truth  of  ihefe  conclufions  may  alfo  be  dcmonftrated  after  another 
manner,  and,  as  they  fiy,  a  pJlertGri.  The  differentials  of  finite  equation?,, 
which  aie  found  by  the  foregoing  rules  of  differencins];,  are  not  really  the  com- 
plete differentials,  the  rules  giving  us  only  tliofe  terms  which  contain  the  firft 
differences,  or  of  one  dimeniion  only  ;  and  omitting,  for  brevity-fake,  and  for 
greater  convenience,  the  differences  of  other  degrees,  or  of  greater  dimenfions  : 
which,  by  the  principles  of  the  calculus,  would  make  thofc  terms  in  which  they 
are  found  to  be  relatively  nothing. 

Rcfuming  the  equation  y*  —  iay^  —  iinxy^   +  /^^a'yx  +  4^*a*      1     _  -. 

+  iGay  —  O^ci'x     J    -  "* 

it's  fluxion  or  difference  will  be  4/y  —  zd^ay^y  —  ii^yyx  —  i^axyy  +  32^*^7 
+  48^^.YV  +  48.'?r7y.v  +  "iaaxx  —  64/7'A'  =  o.  But  here,  if  j  be  confidered  as 
incrcafed  by  it's  fluxion  or  difference,  and  likcwife  x  ;  and  that  in  the  propofed 
equation,  inftead  oiy  and  it's  powers,  we  fliould  write j+j/  and  it's  correfponding 
powers  J  and  fliould  do  the  fame  by  writing  *  +  x  and  it's  powers  inftead  of 

thofc 
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thofe  of  X ;  we  fliould  then  have  the  terms  as  they  arc  fet  in  order  in  the 

following  Table, 

I.  iL  ni.  IV.  V. 

—  I'iaxy^  —  2^axyy         —   izaxyy        —   iiaxy* 

+     l6tf^y  —    12^3^^^*  —   2^xy 

+  /^Saaxy  +  39.<a*>y  +   i6/j^^  ?  =  o. 

—  64^'Ar  +   ^Sa\xy         +      4/7^a:X- 

+      8/i*.w 
—  B^a^x 

Now  the  fum  of  all  thefe  columns,  excepting  the  firft,  which  is  the  propofed 
equation  itfelf,  will  be  their  complete  and  entire  fluxion.  But,  becaufe  the  lad 
or  fifth  column  is  infinitely  little  in  refpedt  of  the  fourth,  and  the  fourth  in 
fcfpeft  of  tlie  third,  and  the  third  in  refpedt  of  the  fecond ;  we  aflume  the 
fecond  column  alone  for  the  fluxion  of  the  propofed  equation,  which  compen- 
dium  proceeds  from  the  common  rule  of  differencing.  But  it  can  be  fo  only 
when  the  columns  afrer  the  fecond  are  abfolutely  nothing.  If,  therefore,  a  cafe 
ihall  arife,  in  which  the  fecond  column  is  abfolutely  nothing,  the  third  may  not 
be  nothing  in  refpedl  of  it,  and  therefore  ought  not  to  be  omitted,  but  will 
itfelf  be  the  differential  of  the  flrfl.  And  the  fame  may  be  faid  of  the  fourth, 
when  the  fecond  and  third  are  nothing ;  and  fo  of  the  refU  But  this  cafe  pre* 
cifely  happens,  when  we  feek  the  relation  of  x  to  j/  in  the  propofed  equation, 
in  that  point  in  which  it  is  j^  =:  2^,  and  x  zz  2ai  becaufe,  making  the  ne- 
ccffiry  fubllitutions,  we  find  the  fecond  column  itfelf  to  be  nothing ;  and 
therefore  we  go  on  to  make  ufe  of  the  third.  And  this  is  exaftly  the  (aihc 
thing  as  to  diticrcnce  the  equation  twice,  as  appears  from  hence. 

71.  By  the  fame  principles,  and  after  the  fame  manner,  a  like  cafe  may  be 
rtfolvcd,  which  arifes  in  the  conflruftion  of  curves,  when  the  ordinate  is  ex- 
prelfcd  by  a  fraction,  the  denominator  and  numerator  of  which  become  each 
equal  to  nothing,  when  a  determinite  value  is  afligned  to  the  abfcifs. 

Now,  to  remove  this  difficulty,  it  is  enough  to  confider  the  fracflion  as  if  it 
exprcrfled  th^  ordinates  of  two  curves,  which  meet  in  fome  point  of  their  com- 
mon axis.     And  becaufe,  in  this  point,  their  ratio  cannot  be  expreffed  otherwife 

than  by  — ,  it  is  nccelfary  to  find  what  may  be  their  ratio  in  a  point  infinitely 

near  it,  that  is,  when  they  are  increafed  by  an  infinitefimal.  That  is  to  fay,  wo 
mufl  proceed  to  differencing  the  numerator,  and  then  the  denominator  of  the 
faid  fraction,  and  that  once,  twice,  or  oftener,  till  at  lafl,  putting  the  deter- 
minate value  of  the  abfcifs  in  the  fraftion,  it  may  no  longer  be  — ,  for  the 

fame  reafon  mentioned  before^  concernipg  the  columns  of  differentials. 

Let 


•BCT.  XI.  ANALYTICAL      INSTITUTION  t.  $7 

Let  the  equation  be  jr  =  — ^^'^  ''SaT i^"^^*  •    Taking  x  =  ^,  and  mak- 
ing the  fubftitution,  it  will  be  ^  =  -^9  from  whence  we  cannot  therefore  infer, 

that  when  the  abfcifs  x  zz.  a^  the  correfponding  ordinate  will  be  j^  1=  o.     For, 
by  differencing  the  numerator,  and  then  the  denominator  of  the  fraftion,  it 

will  be  ,  =  ^'^  -:^^^^jL!f^^r*^^  y  X  ^"^^-^  ^    r^^^^^  jj^jjj^  ^^^^ 

above  and  below  by  ^,  and  making  x  zz  a,  it  will  be  j^  =  ^^a. 

Let  the  equation  be  y  =  ^  ^^^^^  ^  gx  ^  aa ^  .^  which,  if  we  put  ;r  =  n, 
it  will  become  j^  =  — ,    Wherefore,  differencing,  firft,  the  numerator,  and 


^     o 
o 


then  the  denominator  of  the  fraftion,  it  will  be  >  =  4^^*  x  4a*  +  4^^^^  -^^  ^ 

omitting  x*,  which  (hould  be  in  both  the  numerator  and  the  denominator.  But 
jnow,  in  this  fraftion,  if  we  put  a?  S  u,  it  will  be  ftill  >  =  — .  Therefore, 
proceeding    to    difference   this   fecond    fraftion   alfo,  we  (hall  have  y  = 

— r-#  omitting  the  x.    And  now,  making  jr  =  «,  it  will  be 
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72.  In  any  curve  whatever,  whofe  or- 
dinates  are  parallel,  if,  the  abfcirs  BC 
(P'g*  49.  50,  51,  52,)  continually  in- 
creafing,  the  ordinate  CG  increafes  slfo  to 
a  certain  point  H,  after  which  it  decreases, 
or  is  no  longer  an  ordinate  of  aay  kindi 
or,  on  the  contrary,  the  abfcifs  increafing, 
the  ordinate  CG  goes  on  contimiatly  de- 
creafing  to  a  certain  point  E,  after  which 
it  either  increafes,  oc  elfe  is  no  inore :  In 
this  cafe,  the  ordinate  £F  is  called  a. 
Maximum  or  a  Mmmum. 

In  the  curve  GHF,  let  EF  be  the 
greateft  of  the  ordinates,  (Fig.  49.)-  or  the. 
leaft,  (Fig.  50.)  taking  any  abfcifs  BC, 
and  drawing  the  ordinate  CG ;  let  GA 
be  fuppofed  to  be  a  tangent  at  the  point 
G,  and  DH  to  be  infinitely  near  to  CG. 
Make  BC  —  *,  CG  =  y,  ami  drawing 
GI  parallel  to  BC,  it  will  be  GI  =  CD 
=  Xy  and  IH  =  j.  Now,  becaufe  the 
triangles  ACG,  GHI,  are  fimilar,  in 
Fig.  49,  it  will  be  AC  .  CG  ::  GI .  IH. 
And,  becaufe  the  triangles  ATG,  GHI, 
are  fimilar,  in  Fig.  50,  ic  will  be  AT .  TG 
;:  GI  .  IH.  This  being  fuppofed,  let 
the  ordinate  GC,  being  always  parallel  to 
itfelf. 


I  B.  The  letter  A  !■  omitted  in  f\g.  Jo. 
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Fig»  52.  itfclf,    be   conceived    to  approach    to    the 

greaicft  or  lead  ordinate  EF,     It  is   plain, 
that,   as  CG  approaches  to  EF,  the  Tub- 

tangent  AC,  or  Al\  will  always  l)ecomc 

greater  and  greater;  (0  that,  when  C(j  talis 
upon  LF,  the  tangent  will  become  parallel 
to  EC,  and  cunfequently  the  iubtangent 
will  be  infinite.  Therefore,  in  this  c^iS^^ 
*'^.^  we  fliall  have  AC  to  CG,  or  AT  to  TG, 

**'.!W  an  infinite  ratio,  CG  ftill  remaining  a  finite 
quantity.  But,  fince  it  is  always  AC  to 
CG,  or  AT  .  TG  ::  GI  .  IH,  GI  to  III 
will  alfo  have  an  infinite  ratio.  Therefore  it  will  be  as  nothing  in  refpcdl:  of  a*, 
that  is,  ji'  =:  o  in  the  point  of  the  greateft  or  lead  ordinate. 

Let  the  curve  be  GHF,  (Fig,  51,  5^.)  EF  the  leaft  of  the  ordinates, 
(Fig,  51.)  or  the  greateft  (Fig.  52.);  therefore,  taking  any  abfcifs  BC,  anil 
drawing  the  ordinate  CG,  the  tangent  GA,  DH  infinitely  near  to  CG,  and 
GI  parallel  to  BC  ;  and  making  BC  zz  x,  CG  iz  y^  it  will  be  GI  =  CD  =1  x, 
IH  =:  J/.  Now,  becaufe  of  the  fimilar  triangles  ACG,  GUI,  it  will  be 
(Fig.  51.)  AC  .  CG  ::  GI  .  IH  ;  and,  becaufe  of  the  fimilar  triangles  ATG, 
GIH,  it  will  be  (Fig.  52.)  AT  .  TG  ::  GI  .  IH.  Now,  the  ordinate  CG 
always  remaining  parallel  to  itfelf,  and  continually  approaching  towards  the 
greateft  or  leaft  ordinate,  the  fubtangent  AC  or  AT  will  always  become  Icfs 
and  Icfs ;  fo  that,  when  CG  falls  upon  EF,  the  tangent  will  become  perpen- 
dicular to  BC,  and  confequently  the  fubtangent  will  be  nothing.  Therefore, 
in  this  cafe,  we  ftiall  have  AC  to  CG,  or  AT  to  TG,  in  the  ratio  of  nothing  to 
a  finite  quantity ;  and  therefore,  GI  to  IH  being  in  the  fame  ratio,  x  will  be 
nothing  in  refpeft  of  j/,  that  is,  j/  zz  00,  in  the  point  of  the  greateft  or  leaft 
ordinate.  Wherefore  the  general  formula  for  the  greateft  and  leaft  ordinate 
will  be  J/  =:  o,  or  elfe  y  =  cc. 

73.  Therefore,  the  equation  of  the  curve  being  given,  of  whioh  we  would 
find  the  greateft  or  leafl  ordinate,  we  muft  difference  it  to  find  the  value  of  the 

fi*adlion  or  ratio  A-  ;  then  making  the  fuppofition  of  j/  ^  o,  or  elie  of  x  zz  o, 

that  is,  J/  zz  00,  we  (hall  have  the  value  of  the  abfcifs  .v,  to  which  bc!iln|s  the 
greateft  or  leaft,  y  ;  and  this  value,  being  fubftituied  in  the  propoliid  equation, 
will  give  us  the  greateft  or  leaft  ordinate,  as  lequircd.  Oi^ly  here  we  muft 
obferve,  that,  in  the  cale  of  the  fuppofition  of  y  zz  00,  that  is,  of  .v  3:  o, 
.V  will  fupply  the  place  of  the  ordinate;  if  in  the  other  fuppofition,  it  is  y  tiiat 
does  the  fame.  That,  if  neither  the  firft  fuppofitiop  of  y  zz  o,  nor  the  lecon-l 
of  j)'  zz  oc,  will  fupply  us  with  any  real  value  of  y,  it  is  then  to  be  concluded, 
that  the  propofed  curve  has  no  greateft  or  leaft  ordinate. 

I  2  74.  This 
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74.  This  method  will  help  us  to  acquire  a  Complete  and  exaft  idea  of 
cufve-lines ;  to  find  in  what  points  the  tangents  are  paialleL  to  tfaeir  oooju- 
gate  axes*  &c.  Befides  whichj  it  may  be  applied  to  an  infinite  number 
of  queftions,  which  we  may  want  to  have  refolved»  whether  geometrical  or 
phylical.  Such  it  would  be  to  inquire^  among  the  infinite  i>aral&Iopipeds  of  a 
given  folidiry,  which  is  that  which  has  the  leaft  furface  :  as  it  would  be  to  in- 
quire, among  the  infinite  dlfierent  ways  along  which  a  moving  body  may  pa{s» 
to  go  from  one  point  to  another  not  in  the  fame  vertical  line,  which  is  that  which 
may  be  defcribed  in  the  (horteft  time,  according  to  fome  given  law  of  motion  : 
and  many  others  of  a  like  kind.  In  fuch  queRions  mud  be  found  an  analytical 
expreffion  of  what  we  would  have  to  be  a  maximum,  or  a  minimum,  which  may 
be  put  equal  to  y.  Then  taking  the  fluxion,  we  muft  proceed  according  to  the 
rules  here  given. 


EXAMPLE    I. 


75.  Let  there  be  a  curve  with  this  equation  lax  — -  xx  —yy,  and  let  it  be 
required  to  know,  to  what  point  of  the  axis,  or  of  the  abfcifs  x,  the  greatbft 
ordinate  y  correfponds,  and  what  that  ordinate  is. 

The  fluxional  equation  of  this  will  be  lax  —  2xx  =  ayy,  that  is,  *4-   =r 
Making  the  fuppofition  of  j^  ==  o,  the  numerator  of  the  fraction  ought 


tf  —  * 


y 

to  be  nothing,  or  ^  —  ;c  =  o,  whence  x  iz  a.  Therefore  the  greateft  ordinate 
belongs  to  that  abfcifs  which  is  equal  to  a.  This  value  being  fubftituted  inftead 
of  X  in  the  propofed  equation,  it  will  be  2aa  ^^  aa  zr,  yy,  that  is,  y  ~  dt  a. 
Therefore  the  greateft  ordinate,  pofitive  and  negative,  will  be  equal  to  a. 
Making  the  fuppofition  of  y  zz  00,  the  denominator  of  the  fraction  ought  to 
be  nothing,  and  therefore  it  will  be  ^  =  o.  Wherefore,  fubftituting  this  value 
inftead  of  y  in  the  propdfed  equation,  we  fhall  have  x  zz  o,  and  x  zz  2a ; 
which  is  as  much  as  to  fay,  th^t  x  zzz  o  will  be  the  leaft,  and  x  zz  aa  the 
greateft :  Or,  more  properly,  that,  when  x  ziz  o,  and  x  zz  za^  then  y  being 
infinite  in  refpedl  of  x,  the  fubtangent  will  be  nothing,  or  the  tangent  will  be 
parallel  to  the  ordinate  y. 


BX- 
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EXAMPLE    II, 


76.  Let  it  be  the  curve  of  this  equation  xx  —  ax  :^yy.    By  taking  the 
fluxions,  it  will  be  4-  =  21ZLf ,     The  fuppofition  of  j^  =  o   gives  here 

X  =  ftf.  But  this  value  being  fubftituted  inftead  of  r  in  the  propofed  equation, 
y  will  be  found  imaginary  ;  fo  that  the  curve  has  no  ordinate  correfponding  to 
fuch  an  abfcifs,  and  therefore  much  lefs  will  it  have  a  greateft  or  a  leaft.  The 
fuppofition  of  j^  =  00,  that  is,  of  x  =:  o,  will  here  give  jr  =  o:  which  de* 
dares  that  the  tangent  will  be  perpendicular  to  the  axis  of  the  abfcifs  x  in  the 
point  in  which  y  zz  o\  which  correfponds  to  the  two  abfciiTes  x  ==  o,  and 
X  =  a.  For,  inftead  of  ^,  fubftituting  o  in  the  propofed  equation,  it  will  be 
XX  ^^  ax  =  o,  and  therefore  x  =  o,  and  x  zz  a. 


EXAMPLE    III. 


77.  Let  the  curve  belong  to  this  equation  zaxy  zn  a^   +  axx  —  ixx^  in 
which  X  is  the  abfcifs,  and  y  the  ordinate.     By  taking  the  fluxions,  it  will  be 

aaxy  +  2ayx  zz  zaxx  —  ihxj  and  therefore  -4-  =:  ^ ^  ^  -^  •"  ^^  ^  tj^^  f^p. 
pofitionof  j^  ==  o  gives  x  =  ~rh'*  ^^^  ^^^^  value  being  fubftituted  in  the 
propofed  equation,  it  will  be  ^^  zz  a^  +  ^/LZ^^ ,    that  is,  yy  zz  a    x 


^ 


a  —  ^,  and  y  zz  ±  y/aa  —  ab^  the  greateft  or  leaft  ordinate.  And,  (uice  wc 
have  X  zz  -^,  fubftituting  this  in  the  value  of  j',  it  will  be  ;<  =  ±    ^ 

the  abfcifs,  to  which  belongs  the  greateft  or  leaft  ordinate  now  found.  The 
fuppofition  q{  y  zz  00,  or  jc  =  o,  gives  us  ax  zz  o,  that  is,  x  zz  o.  And 
making  the  fubftitution  in  the  propofed  equation,  it  will  be  tf *  =  o ;  which 
implies  that  a  given  finite  quantity  is  as  nothing  :  fo  that  the  curve  will  have 
no  other  maxima  or  minima  but  thofe  found  in  the  firft  fuppofition,  which,  be- 
caufe  of  the  ambiguity  of  the  figns,  are  two,  and  thofe  equal ;  one  of  which  is 
pofitive,  and  correfponds  to  the  pofitive  abfcifles,  the  other  negative,  and  belongs 
to  the  negative  abfcifs. 

4  78.  Thii 
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^8.  This  method,  indeed,  gives  us  the  maxima  and  minima^  but  atnbiguouiljr 
and  indifcriminaiely  ;  nor  by  this  can  wc  diftinguilh  one  from  the  other.  But 
<hey  become  known  when  ihe  progrefs  of  the  curve  is  known.  But,  without 
fucli  knowledi^AJ,  we  may  proceed  after  this  manner.  Let  there  be  afligned  a 
value  to  liiL-  ai)fcifs  in  the  given  equation,  which  is  either  a  little  greater  or  a 
little  lels  than  that  which  anlwers  to  the  greateft  or  leaft  ordinate  with  which  wc 
are  concerned,  and  the  value  of  the  ordinate  which  arifes  from  thence  will 
determine  the  queftion.  For,  if  it  (liall  be  greater  than  that  which  the  method 
difcovers,  the  queftion  is  about  a  minimum  j  but,  being  lefs  than  that,  the 
queftion  is  about  a  maximum.  Therefore  the  curve  of  this  Example  will  have 
two  leaft  ordinates. 


EXAMPLE    IV. 


^<?-  53* 


79.  Let  the  curve  MADEAN  belong 
to  this  equation  x^  +  y^  =  axy ;  make 
AB  =  X,  and  BE  =>    By  differencing, 

we  (hall  have  -4-  =  ^^  "  ^^^;  and  thcre- 

X  syy  —  ax 

fore,  making  the  fuppofition  of  j^  =  o, 

it  will  be  jf  =  2Ifl .     Then  fubftituting 

this  value  in  the  equation,  we  (hall  find 

X  =  \a^i.    Wherefore,  (ince  y  =  ^, 

it  will  be  )f  =  \a^\  =  BE,  the  greateft 
ordinate  in  the  curve,  which  correfponds  to  the  abfcifs  x  =  ^a^2  ==  AB. 

The  fuppofition  of  .v  =  o  will  give  us  x  =  — ,  and  making  the  fubftitution 

in  the  given  equation,  it  will  be  ^  =  -J^^i,  whence  x  =  |tf^4,  the  greateft 
AC,  to  which  correfponds  jr  =  CD  = -^ j^2,  which  is  the  tangent  in'chc 
point  D. 

• 

80.  But,  before  we  proceed  to  more  Examples,  it  will  be  convenient  to 
provide  for  a  cafe,  which  fometimes  is  wont  to  happen  ;  and  that  is,  that  as 
well  the  fuppofition  of  j/  =  o,  as  that  of  y  =  00,  will  furnifti  the  fame  value 
of  the  ordinate,  or  of  Uie  abfcifs;  in  which  cafe,  no  maximum  or  minimum  will 
be  determined,  but  only  a  point  of  interfcdlion  or  the  meeting  of  two  branches 

of 
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of  ihc  curve.     And  the  reafon  of  this  is  plain  ;  forafmuch  as,  -4—  being  equal 

to  a  fradlion,  if  from  the  numerator  we  derive  the  (ame  value  of  x,  for  cximple, 
as  from  the  denominator,  this  value  or  root  being  fubllitured,  will  make  each  of 
them  equal  to  nothing,  and  therefore  in  fuch  a  point  of  ihe  curve  it  will  be 

V  O 

~  =: — .      But   it   has   been   already  fliown   before,   at    ^  69,    that  when 

•4-  —  — ,  it  always  indicates  the  meeting  of  two  branches  of  the  curve- 
Therefore,  &c. 


EXAMPLE    V. 


81.  Let  the  curve  GFM  (Fig.  51.)  be  the  cubic  parabola  with  the  equation 
y  ^  a  =  ^tf*  —  laax  +  axx,  BE  r:  EF  =  a,  BC  =  x,  CG  =  y.     Taking 

the  fluxions,  it  will  be  4-  iz "  tt"*    Thefuppofition  of  y  =  0 

will  give  us  X  =  a,  and  the  fuppofition  of  j/  =  oo  will  give,  in  hke  mmner, 
X  ^  a.  Therefore  the  curve  has  a  point  of  interfeflion  F,  which  corrcfponJs 
to  the  abfcifs  x  zz  a,  and  to  the  lead  ordinate  y  zz  a ;  which  is  derived  from 
the  propofed  equation,  by  fbbftituting  it's  value  in  the  place  of  x^ 

Let  us  take  the  fame  equation,  but  freed  from  radicals,  that  is,  y^  —  3<y» 
+  ^aay  —  a}  zz  a^  —  zaax  +  ^x^»     By  taking  the  fluxions,  it  will  be  -4-  = 

— ; —  r       —  .     The  fuppofition  of  j/  =  o  will  give  a*  =  tf,  and  putting  this 

value  in  the  propofed  equation,  we  have  y  zz  a.  The  fuppofition  of  jr  =  oo 
will  alfo  give  y  •=.  a^  and  therefore  x  -=z  a\  and  y  z=,  a  gives  us  the  point  F, 
which  is  a  point  of  meeting  or  contact  of  the  t.vo  branches  GF,  FM,  and,  at 
the  fame  time,  the  leaft  ordinate  y. 

But,  if  we  (hould  operate  upon  the  equation  y  —  a  zz  a^  X  a  —  .v)s  which 
cxpreflcs  the  branch  GF  alone,  (the  other  branch  FM  would  be  exprefled  *by 

J  —  tf  =:  tf  *  X  X  ^  a\  3,)  we  (hould  have  4-  =  -Tli^  .     The  fuppofition 

of  j^  zz  o,  informs  us  of  nothing.  The  fuppofition  o{  y  zz  oo  gives  us  x  zz  a^ 
and  therefore  y  zz  a.  And  the  point  F,  in  this  cale,  fupplies  us  with  a. 
maximum  in  refpedt  of  x,  and  a  minimum  in  refpeCt  of  7. 

8.  8ft.  L 
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82.  I  faid  that  the  fuppofition  of  j^  =  o^  which  here  ^ves  la^  =  o,  informs 
us  of  nothing,  meaning  in  refped  of  finite  maxima ;  for,  uking  in  the  infinite 

alfo^  it  fupplies  us  with  two  of  them.  If  2a'  =  o^  it  will  be  then  ;r  =:  o  ; 
and  fubftituting  this  value  in  the  propofed  equation,  it  will  be  —  z:  ^xx,  that 
is,  ^  =  i:  v^*^ ;  and  therefore  x  and  y  are  infinite.     The  maxima  arc  two,  one 

belonging  to  the  branch  FG,  the  other  to  the  branch  FM ;  for,  putting  azio^ 
the  equatioAs  exprefs  them  both. 

This  caie  will  generally  arife,  as  often  as  the  fuppofition  of  j^  =  o,  or  of 
j^  =:  00,  exhibits  a  conftant  finite  expreffion,  or  a  conftant  divifor,  to  be  equal 
to  nothing;  which  value,  being  fubftituted  in  the  propofed  eq3E::ation,  does  not 
bring  us  to  an  imaginary  quantity,  or  to  a  contradiftion.  And  the  reafon  of  it 
is  this,  becaufe  a  finite  quantity  cannot  be  taken  for  nothing,  but  only  in  refpe£t 
of  an  infinite  quantity. 


EXAMPLE    VI. 


Fii^  54. 


83.  Let  the  curve  belong  to  the  eoun- 
tion  jtf*  —  2ax^  +  aaxx  2=  y\  Make 
AB  =  4,  AC  or  AP  =:  x,  CM  or  PNf 

=  y.    Takmg  the  fluxions,  it  will  be 


jr     .^  4Jr«  —  6asfi^  +  %aax 


m 


The  fuppofi- 
tion qI  y  zz  o  will  give  us  three  values 
of  4f,  that  is,  X  zz  Qy  x  zz  a,  x  ::i  -Jtf. 
The  value  x  =  Oy  being  fuhftituted  in 
the  propofed  equation,  makes  y  ^s:  q. 
The  value  x  '=^  a^  makes  jr  =r  o.  The 
value  X  n  \a^  makes  y  ~  ±:ia*  The 
fuppofition  of  j^  zr  00  gives  us  j^  =:  o ;  fo  that  y  has  the  (ame  value  in  both 
the  fuppofitions,  when  x  :=:  o  and  x  =  y.  Whence  the  points  A,  B,  will  be 
points  of  meeting  of  the  branches  of  the  curve,  and  at  rr  -i^  =  AC  will  give 
tilt  greateft  ordinate  7  =  ±  -J^  =  CM,  or  Cm.  The  hctu  of  the  foregoing 
Example  may  be  fililcd  a  double  locus ^  which  arifes  from  one  or  other  of  the 
two  fimple  formulas,  (ax  ^  xx  zi  yy  to  the  circle,  and  xx  ^-^  ax  ^yy  to  the 
hyperbola,)  being  raifed  to  it*s  fquare.  Whence  it  would  not  be  fufiicient  to 
reduce  the  equation  to  a  fimple  circle,  or  to  a  fimple  hyperbola  ;  but  it  will  be 
necefiary  to  have  a  view  to  the  complication  of  the  two  I^  or  curves  with  each 
other. 

EX- 
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EXAMPLE     VII. 


Fig.  55 


84.  Let  it  be  the  curve  of  Fig.  55,  the 
equation  of  which  is  j^  =  — ■ 


za  -^  X 


Make  AP  =  x,   PM  =  y,   AD  =  la. 

The  fluxions  will  be  4-=: ==rr- — » 

that  i.,  4-  =  !L:^''"-'^"^^\   Before 

■^  tf — A-  X  ^x  X  2tf — *^ir 

I  proceed,  I  (hall  here  obferve  that  both 
the    numerator    and    the   denominator   of 
the  fraftion  arc  divifible  by  a  ^  x  ^  there- 
fore,   in  the  fuppofition  of  j^  =:  o,   and  in  that  of  j^  =:   00,  we  fliall  have 
a  —  X  =  o,  or  X  =  a.     And  this,  being  fubflituted,  will  give  jy  =  o,  and 
therefore  the  curve  will  have  a  node  in  the  axis  at  the  point  B,  making  AB  =a  a. 

Therefore,  making  the  divifion,  it  will  be  4-  =  ""  ^^*    — 


•    The  fup- 

pofition  of ;^  =  o  will  give  x  =  ^fA^^ .     But  the  value  x  =  ^^  +/^^ 

cannot  be  of  ufc,  becaufe,  being  fubftituted  in  the  propofed  equation,  it  makes 
the  ordinate  imaginary ;  and  this,  in  general,  is  imaginary,  when  x  is  afTumed 
greater  than  2^,  as  may  be  plainly  feen.     Wherefore,  fubftituting  the  other 

value,  X  zz  3^  *"  ^vS  ^  j^  gjy^^  y  :=•  ±  a\/  ^^  T^\  ^  •    Making,  then,  AP  =: 

^iJZl — ij  PM,  P/»,  will  be  the  greateft  ordinates,  one  pofitive,  the  other 
negative  ;  as  above. 

The  fuppofition  of  j'  zi  00  will  give  x  ir  o,  and  x  zr  2a.  Thefe  values 
being  fubflituted  in  the  propofed  equation,  we  (hall  have  j  =  o,  and  jr  iz  oc; 
that  is,  takiiig  x  rz  o,  or  in  the  point  A,  the  tangent  will  be  parallel  to  the 
ordinate  PM.  And  taking  x  ^  la  zz  AD,  the  ordinate  will  be  infiiiic,  that 
is,  will  become  an  alvmptote  to  the  curve,  in  Ttfpcvil  of  the  branches 
BH,  BI. 

N.  B.  By  miftake  of  the  Wood-cutter,  a  Roman  M  has  been  put  in  the  lower  yz'i  of  Fig.  55, 
inftcad  of  an  Italic  7/;. 
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EXAMPLE    VIII. 


85..  Let  the.  curve  be  the  conchoid-  with  the  equation  yy  = 
****-*♦  +  laMix  -  2**»  -  »x*  +  «>»«  ^    Taking  the  fluxions,  it  will  be  4-    = 


XX 


—  **  —  ix*  —  flflJjr  —  aaih 


=. .    In  Vol.  I.  §  239, 1  have  already 


Fig.  56. 


^^  XM 


±  xx^aaxx  -  jr*  +  2aahx  -  a3;r»  -  *»**  +  «*^' 

confidcrcd  three  cafes  of  this  curve.     The  firft  is,  when  a  =  b.   .The  fecond,. 

-when  i  is  lefs  than  a.  The  third,  when  * 
IS  greater  than  a.  As  to  the  firft  cafe,  the 
curve  will  be  that  of  Fig.  56,  and  the  equa- 

Making. 

GA  =  GP  =  a,   GE  =  J^,    EM  =  jr^ 

and,    tricing'  the  fluxions,   it   is   -=|-   =s 

-  **  •-^' ~  "**  "  ^        Thefuppofition. 

±  xx^a^  +  %a^x  —  2tf**  —  x^ 

of  y  zi  o  will  give  the  numerator  equal  to 

nothing,  that  is^  x  +  a  X  a'  +  d*  =  o  j 
and  therefore  x  zr  ^  a,  which,  value,  fub- 
ftituted  in  the  equation  of  the  curve,  gives  y  =:  o.     The  fuppofition  of  j^  =  » 

gives  the  denominator  equal  to  nothing,  that  is,  xx^x  -t  a  x  aa  ^  xx  ^:z  Oy 
and  therefore  x  =  o^  x  =  —  a,  and  x  iz  a.  But  the  value  x  =  ^  a  was 
alfo  found  in  the  fuppofition  of  j/  iz  o.  Therefore,  when  it  is  *•  =:  —  ^,  that 
is,  taking  GP  =  a,  the  curve  will  have  a  point  P,  where  two  branches  meet 
each  other. 

The  value  x  zz  a,  being  fubftituted  in  the  equation,  will  give  ns  jr  =  o ; 
and  therefore  the  fame  x  will  hp  zz  tf  n  GA,  to  which  correfponds  y  =  o. 
The  value  a:  =:  o,  being  fubftituted,  will  give  y  zz  00.  Therefore,  through 
the  point  G,  where  Jf  =  o,  if  a  line  be  drawn  parallel  to  the  ordinates,  it  will 
touch  the  curve  at  an  infinite  diftaoce,  that  is,  it  will  be  an  afymptote. 


As 


•Bcv.  m. 


Fig.  57. 


AHA  I,  y  TIC  At     ISSTTTlTTldTJB, 


'6; 


^tm 


G 


T>/  /O 


:  /H 
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As  to  the  other  two  cafes,  Fig.  57,  58. 
Let  GA  —  GK  =  j,  GP  zi  ^,  and  the 
reft  as  above.  The  fuppofition  of  j^  =  o 
will  give   —  a:*  —  tx^  —  aatx  —  aail^ 

zz  o  ;  that  is,  ^  -+•  ^  x  —  a:'  —  aab  zz  o, 
and  therefore  x  n  —  ^,  jr  =  ^ —  aab. 
The   fuppofition    of  jr  =   00,  .will  give 

xx\/a*x*  —  Af*  +  2a*l^x  —  2^jr'  —  /^  V  +  a*i^ 


Fsg.ys^. 


tz  o,  that  is,  xxx/x+Z?^"^  x  aa^  x:<  =  o, 
and  thence  x  zz  o,  at  z:  •—  ^,  a;  i=  tf, 
X  =  — a. 

The  value  x  =  —  ^,  which  is  the 
fecond  cafe,  being  fubftituted  in  the 
equation,  makes  y  zz  Oy  and' is  exhi- 
bited  by  both  the  funpofitions.  Th'rrcfore 
(Fig.  57.)  taking  GP  on  the  negative 
fide,  and  equal  to  —  i,  the  point  P  Ihall 
be  a  meeting  or  an  interfeftion  df  two 
branches  of  the  curve.  The  fame  value 
;v  =  —  ^y  being  fubftituted  in  the  equa* 


i  +  X 


tion  of  the  curve  -4- y  =  — — -^^^i— xAf, 

in  the  third  cafe,  gives  the  radical  nega- 
tive, beoaufe  of  i  greater  than  a,  and  therefore  the  curve  is  imaginary,  and  of 
JIG  ufe. 

The  value  a?  =  ^—  aai,  fubftituted  in  the  equation  of  the  curve,  gives  us 

y  zz  ±  \/^^^ 25_5Lf — JlJ^JLZLfl 5f—  ,  which  is  therefore  imaginary 

when  b  is  greater  than  ^,  (Fig.  c8.)  and  therefore,  in  like  manner,  fervesto  no 
purpofe  in  this  third  cafe.  But  it  gives  y  real  when  b  is  lefs  than  a  ;  and  there- 
ore,  (Fig.  57.)  making  GI  n:  ^—  aab^  IN   will  be  the  greateft   ordinate, 

or  ji,  as  above.     The  value  a;  =  o  here  gives  y  z:  00^  that  is,  an  afymptote* 

The  value  x  z:  ±  a  gives  y  zz  o;  that  is,  the  tangent  in  the  points  A,  K,  is 

parallel  to  the  ordinate. 
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mmm 


^i'  59 


z  — 


9  = 


ax  —  XX 

V2ax  —  XX 
ax 


Vzax-- 


86.  Let  AMF  be  half  the  contrafted 
cycloid.  Make  AB  =  la,  BF  =  i, 
AP  =:  *,  PM  n  2,  the  fcmiperiphcry 
ANB  iz  c,  the  arch  AN  =  j  j  it  will  be 

-  H  PN  =:  ^lax-^xx^  NM  r=  «  —  ^lax^xx; 
and,  by  the  property  of  the  curve,  it  is 
ANB  .  BF  ::  AN  .  NM  ;  that  is,  ^  .  *  :: 

9  .  NM  =  -^ .    Therefore  i^  =  z  — 

\/2ax^xx.     By  differencing,  it  is  -^S 

====-  .    Now,  drawing  mp  infinitely  near  to  MP,  it  will  be  Nff  zr 

Whence,  makhig  the  fubftitution  in  the  equation^  we  (hall 


have  -J-  =  l_fLri2 ,    xhe  fuppofition  of  i  =  a  will  give  here   x  zz 


ah 


lax  —  XX 


- — \-  a.    Therefore^  if  H  be  the  centre  of  a  circle,  taking  HE  equal  to  the 

fourth  proportional  of  the  femiperiphery  ANB,  of  the  right  line  BF,  and  of 
the  radius ;  the  correfponding  ordinate  will  be  the  greateft,  as  was  required* 

The  fuppofition  of  ij  =  oo  gives  us  j^  ;=  o,  and  x  zz  la;  which  is  as  much 
as  to  fay,  that,  in  the  points  A,  F,  the  tangent  will  be  parallel  to  tjie  ordinates* 


am 


PROBLEM    L 


Fig.  6o. 


87.  A  reftangle  ADCB  being  given,  the  leaft  right 
line  QH  is  required,  which  can  be  drawn  through  the 
point  C  in  the  angle  QAH. 

Make   AB  =  a,   EC  =  ^   BH  =  *;    it  will  be 

CH  =  y/ir+Tx  i  and,  becaufe  of  the  fimiUr  triangles 
HfiC,  HAQi  we  fliall  have  HB  .  HC  ::  HA  .  HQj 

that  is,  X  .  y/Tr+l^i:  x  +  a,  HQ,=  '^\/ir+xx. 

Wherefore* 
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Wherefore,  fuppofing  HQ^rr  y^  as  if  it  were  the  ordinate  of  a  curve,  we  (hall 
have  y  zr  ^ — ^\/bb  +  xx^  and,  by  differencing,  it  will  be  -4-  =     ^  Z^=« 

The  fuppofition  of  j^  iz  o  will  give  x  zz  Vahb ;  and  therefore,  making 
BH  =:  ^abh^  and  drawing  HCQ»^  it  will  be  the  lead  line,  as  required.  The 
fuppofition  of  ji'  =  00  will  give  x  ^  y/  --  bb^  and  at  zi  o,  which  anfwers  no 
purpofe ;  it  not  being  meant  that  the  right  line  drawn  through  the  point  C, 
which,  in  this  cafe^  would  be  BC  infinitely  produced,  (hould  be  a  maximum^ 
for  that  reafon  becaufe  infinite.  Wherefore,  in  fuch  cafes  as  thefe,  it  will  be 
fufficient  to  difference  that  expreflion,  which  we  would  have  to  be  a  maximum  or 
minimum^  and  afterwards  to  fuppofe  the  numerator  equal  to  nothing,  and  then 
the  denominator. 


PROBLEM    II. 


jsyj,  6i.  88.  The  right  line  AB  being  divided 

.  into  three  given  pans,  AC,  CF,  FB,  the 

A        C  E       F  B     point  E  is  required,  in  which  the  middle 

portion  CF  is  to  be  divided,  fo  that  the 
reftangle  AE  x  EB  to  the  reftangle  CE  x  EF,  may  have  the  leaft  poffible 
ratio. 

Make  AC  =  a,  CF  =  ^,  CB  =  f,   and  CE  =  ;^5    then  AE  =  a  +  *•, 

AE  y  EB 

EB  =:c  —  *,  EF  zz  b  —  x\  and  therefore  the  ratio  will  be  /rs sf   = 

,  which  muft  be  a  minimum.     The  fluxion,  therefore,  will  be 
cxx^dxx'-  jcx'\'2aex^a  e  ^  ^  ^  ^^^  making  the  numerator  equal  to  nothing,  we 

hx  —  xx\ 

(hall  have  *  =  ""  ^  ^"^'^  ~  j^^'  "  "'^''  ^  """ .     One  of  the  vahies  is  pofi- 

tive,  which  gives  the  point  required,  E,  from  C  towards  B.  The  other  is 
negative,  which  would  give  us  the  point  E,  from  C  towards  A.  Miking  the 
denominator  equal  to  nothing,  we  fl^all  have  j:  —  o,  and  ;?  =  ^,  in  which  t^vo 
cafes  the  ratio  of  the  reftangles  will  be  a  maximum  ;  for,  taking  *  n  o,  the 
point  E  falls  in  C  ;  and  taking  x  ^  b^  the  point  E  falls  in  F ;  and  therefore^ 
in  each  cafe,  the  redangle  C£  x  EF  is  nothing. 


ae  +  cjp  —  tf  jf  —  XX 

bx  —  XX 


x 


PRO- 
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PROBLEM  ra 


89.  The  given  nght  line  AB  is  to  be  fo  cut  in  the  point  C,  as  that  the 
produit  ACq  X  CB  (hall  be  the  greateft  of  all  fuch  produds, 

Make  AB  =  tf,  AC  =  *•,  then  CB  =  «  —  x.  Therefore  ACf  X  ClB  =: 
axx  —  X*.  1  he  differential  will  be  2axx  —  3^xx^  which,  compared  to  nothings 
will  give  X  =  4^5  and  x  =  o.  Wherefore,  taking  AC  zz  x  zz  ^,  the  prc- 
dudt  will  be  the  greateft  poflible ;  and  taking  ;if  =  o,  the  produdt  will  *be  a 
kind  of  minimum,  becaule  it  will  be  nothing,  the  point  C  falling  in  A.  The 
difFe  enrial  not  being  a  fraftion,  the  other  ufual  fuppofition  cannot  *take  place, 
of  the  denominator  being  tTiadecqiial  to  noChirrg,  "Bot'-ff '-we  will  confider  the 
expreffion  of  the  produA  axx  —  x*  as  an  ordinate  of  a  curve,  by  the  laws  of 
homogeneity  that  produd:  mdy  be  divided  by  a  conftant  plane,  and  thus  the 
differential  will  be  a  fradtion  with  a  conftant  denominator.  But  that  conftanc 
quantity  can  never  be  nothing,  but  ocvly  relatively  in  refpedt  of  ;r  being  aflumed 
infinite ;  and  furely  then  the  product  muft  be  a  maximum,  when  it  is  AC  =:  x 
*s  00. 

I  (aid  chat  the  produdt  AC^  x  CB  15.  a  maximum,  when  it  is  AC  =  7^; 

which  will  be  plainly  feen  by  defcribing  the  curve  of  the  equatioa  ^^^   ■  =  jr# 

For  all  the  ordinates  between  A  and  B  are  lefs  than  that  which  correfponds  -  to 
the  abfcifs  x  =  \a.  The  other  value,  a:  =  o,  being  fubftituted,  it  will  be 
y  zz  o,  from  whence  it  may  be  concluded,  that  this  value  will  be  of  no  ufe. 

90.  In  the  foregoing  Problem,  and  in  all  others  of  a  like  nature,  this  method 
ma>  be  made  ufe  of  to  difcover,  whether  the  queftions  propofed-are  concernixig 
a  maximum  or  a  minimum. 


PROBLEM    IV. 


91.  Among  all  the  parallelopipeds  that  arc  equal  to  a  giv^^n  cube,  and  of 
which  one  fide  is  given  ;  it  is  required  to  find  that  which  has  the  ieaft  furface. 

Let  the  given  cube  be  4*,  and  the  known  fide  of  the  parallelopiped  =  i. 
Let  one  of  the  fides  fought  be  x,  and  then  the  third  will  be  —^ ,    bccaufe   the 

p  produ& 
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produft  of  the  three  makes  the  given  cube  a^.  The  produfls  of  the  fides, 
taken  two  aAd  two,  that  is,  bx^  — ,  and  — ,  form  the  three  planes  which  are 
half  the  fuperficies  of  the  parallclopipcd,  and  therefore  the  fum  of  thefe,  that 
is^  tx  +  -^  +  -4- ,  mud  be  the  minimum  required.    Therefore,  taking  ^he 

fliizions,  we  (hall  have  bx  —  — ,  or  ~ — ^x.     The  fuppofition  of  the  nu- 

XX.  XX 

merator  equat  to  nothing  gives  ^  =  \/-^,  Therefore  the  three  fides  of  the 
required  parallelopiped  will  be  i,  v^-^»  and  p,  or  v/-7-*     Therefore 

the  two  fides  required  will  be  equal.  The  fuppofition  of  the  denominator, 
bein^  equal  tx>  nothing,  ierves  to  no  purpofe  ;  for  then  x  =  o,  which  contra- 
dicts the  Problem. 

If  we  would  have  a  parallelopiped  with  the  conditions  afligned,  but  without 
afifuming  any  fide  as  given  y  mailing  one  fide  =;:  Xy  the  two  others  will  be  equal,. 

and  each  =  ^  — .     The  fum  of  the  three  fides  or  planes,  which  is  to  be  a 

X 

I 

minimum^  will  be  ix^-^ — H  — ,  which,  by  differencing,  is  -^ — •  or 

x^ — 

X 

a^xx  —  a^xJ 

thus, ^ .    Here,  making  the  numerator  equal  to  nothing,  vC'C 

XX  J — 

^      X 

(hall  have  #r  =  a,   and,  in  like  manner,  the  other  two  fides  will  be  =  j  ^ 
&b  that  the.  cube  itfelf  will  be  the  parallelopiped  required. 


PROBLEM    V. 


92.  Among  the  infinite  cones  that  may  be  infcribed  in  a  fnhcrc,,  to  determine- 
that  whofe  convex  fuperiicies  is  the  greateft ;  the  bafe  being  excluded. 
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Fi^.  62.        _  E  _j^  In  the  femicircle  ABD  let  there  be  the 

triangles  ABC,  AEH,  and  let  a  femicircle 
revolve  about  it^s  diameter  AD.  At  the 
lame  time  that  ic  defcribes  a  fphere,  the 
triangles  will  defcribe  fo  many  cones.  Bur^ 
as  it  is  dem'onftrated  by  Archimedes^  that  the 
fuperficies  of  the  infcribed  cones  will  be  to 
each  other  as  the  redangles  A£  x  EHs 
AB  X  BC  ;  the  queftion  is  reduced  tothis« 

to  determine  fuch  a  point  C  in  tha  diameter  AD,  that  the  produ^  AB  X  BC 

may  be  a  maximum. 

Therefore  make  AC  =  x^  AD  =  4;  by  the  properly  of  the  circle,  it  will 
be  CB  =:  \/ax  —  xx^  AB  =   i/ax,  and  AB  x  BC  =  \/ax  X  \/ax  —  xx 


=  y/aaxx  —  ax\    Therefore,  taking  the  fluxions,  we  (hall  have  Jf^z^^^ 

And  making  the  numerator  equal  to  nothing,  it  will  be  ;ir  =  |if ,  and  4?  ir  o. 
Making  the  denominator  =  o,  it  will  be  jp  ;=  tf,  and  x  zz  o.  Taking,  there- 
fore, AC  IT  4^AD,  the  fuperficies  of  the  cone  defcribed  by  the  triangle  ABC 
will  be  the  greateft,  as  required.  The  other  two  values  x  zz  o^  and  x  ^  a^ 
can  be  of  no  ufe  in  this  Problem,  as  is  evident. 


V 


PROBLEM    VI. 


Fig.  63. 


93.  The  angle  FDG  being  given,  and 
the  point  A  being  given  in  pofition,  to 
find  the  leafl  right  line,  which,  in  the 
given  angle,  can  pafs  through  the  point  A. 

Let  CB  be  the  line  required,  and  let 
AQ^be  drawn  perpendicular  toFD,  FAP 
perpendicular  to  DG,  and  CK  perpendi- 
cular to  FP,  Becaufe  the  angle  FDG  is 
given,  and  the  angle  FPD  is  a  right  one, 
the  angle  AFQ^will  be  known.  But  the 
point  A  is  alio  given  in  pofition;  then 
the  lines  QA,  QP,  FA,  QD,  will  alfo  be 
QF  =r  a,    QA  =  r,   QP   =  ^,   and    QC  =:  x. 

Therefore  it  will  be  FA  =  ^  aa  +  Uy  CA  =  '/cc  +  xx,  FD  =  ^  +  tf,  and 
FC  =  ^1  —  X.     But,   becaufe  of  fimilar  triangles  FAQt   FDP,  it  will  be 

FA 


known. 


11/ 
Therefore  make 
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FA.FQj:  FD  .  FP.     Wherefore  FP  =  -^~,  and  AP.  =:    "{"'  . 

^  aa  +  cc  Sf  aa  +  cc 

Now,  bccaufc  of  fimilar  triangles  ACK,  ABP,  it  \vi\  be  AK  .  CA  ::  AP  .  AB. 
Therefore   AB    =   ^3  -  ..  x  ^cc  ^  :c:c     ^^^^  ^^^^^^^  ^^   _        ^        ^^ 

cc  +  ax  ' 

— I — \/cc  +  XX,  which  is  to  be  a  minimum.     Therefore,  takini  ihc  fluxions. 


it  Will  be    — ^=z=:    + : ^ .     And, 

"^CC  •{•  XX  cc    +   tfJf,*     X     cc    +    XX   i 

putting  the  numerator  n  o,  (firft  reducing  to  a  cooimon  denominator,)  it  will 
be  x^  -f-  H 1 -»  ic*  =  o,  which  is  a  loiid  equation. 

To  conftruft  it,  I  take  the  equation  to  the  parabola  xx  =z  ay ;  makin;^  the 
fubftitution,  it  will  be  .ry  +  —  A — ~  4 iz    o,    a  Iccns  to    the 

'^     ^       a  aa  na  a 

hyperbola  l^etween  it's  afymptotes. 

This  fuppofed,  on  the  right  line  QD  is  taken  QM  in  —  ,  and  drawing  the 
right  line  MN  z:  —  from  the  point  M,  and   parallel  to  AQ>  NS  is  drawn 

am 

parallel  to  QD,  and  between  the  afymptotes  NS,  NT,  the  hyperbola  HOV  is 
dcfcribed  with  the  conftant  redangle  "^  ^^  "  ^^- .     And,  on  the  right  line 

QF,  from  the  point  Q^let  the  ;^*s  be  taken,  and  the  _>''s  perpendicular  to  them, 
Tlien,  with  the  axis  AQ»^  vertex  Q^and  parameter  =  a^  let  the  parabohi  QO 
of  the  equation  xx  =z  ay  be  defcribed.  From  the  point  O,  in  which  the 
parabola  cuts  the  hyperbola,  let  OC  be  drawn  parallel  to  AQj  and  from  the 
point  C  let  the  right  line  CAB  be  drawn  through  the  point  A.  This  (liall  be 
the  minimum  required. 


And,  indeed,  by  the  conftruclion,  it  is  NS  •=.  x  •{-  —  ,  SO  =r  v  -f  ->— . . 
And,  by  the  property  of  the  hyperbola,  it  ought  to  be  NS  x  SO,  eqii.il  to 
the  conftant  reaansilc.     Therefore  xy  A ^  +  —  H —  ^=-  ; . 

°  "^  a  aa  u*  a^ 

But  CO  zsz  y  -=  — ,  by  the  property  of  the  parabola.     Therefore,  inPc;;:id  oi' 
y^  fubftituting  this  value,  we  Ihall  have  —  +  -—    +        ' 


a  (la        '       aa  a  aa  * 


that  is,  x^  +  — ^  +  —  4 ice  r=r  o,  which   is  the  very  equation  from 

a  a  a  j       x       . 

M'hence  the  value  of  x  was  to  be  derived.     Therefore,  &c. 
Vol.  II,  L  I  have 
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I  have  here  made  the  fuppofition^  that  the  numerator  of  the  fnijflton,  which* 
expreflcrs  the  minimum^  is  to  be  nothing.     The  other  ruppofition,  chat  the  deno* 

minator  muft  be  nothing,   will  give   cc  -i-  ax\^  x  \^cc  +  xx  -=r  o,  that  is^ 

a/cc  +  xjc  =  o,  cc  +  at  n  o.     But  \/cc  +  xx  =  o  gives  us  ;if  =  ^ —  cc,. 

which  is  imaginary,  and  therefore  of  no  ufe.    cc  +  ax  :=:o  gives  us  ;ir  =  —  — ^ 

Bur,  taking  Q£  =  ^  =: —^  and  drawing  Ac,  the  triangle  Qfiic  will  be- 

fimilar  to  the  triangle  QFA,  or  PFD,  and  therefore  the  angle  QcA  will  be 
equal  to  the  angle  FDP.  Whence  ^A  will  be  parallel  to  DP  j  which  is  as 
much  as  to  fay,  that  a  line  drawn  from  the  point  r,  and  through  the  point  A  ia 
the  given  angle  FDG,  will  be  infinite,  which  is  a  kind  of  maximum^ 

It  may  be  (hown  ftill  in  a  (horter  manner,  that  the  right  line  here  fought  wilt 

ai  —  cc 


be  infinite.    For,  in  the  expreffion  \^cc  +  xx  + 


cc  +  av 


\/cc  -I-  aw   =  CB, 


inftead  of  ;r,  if  we  fubftitute  it's  value 
thing,  and  therefore  the  line  is  infinite^ 


cc 


,  the  denominator  becomes  no^ 


SECT.    IV. 


Of  Points  of  Contrary  Flexure ,  and  of  RegrCj 


Fk^  64* 


^^?/ 


94.  In  Seft.  VI.  Vol.  I.  it  has  been  faid  already,  what  are  Contrary  Freziire» 
and  Regrcflions  of  Curves.     Suppofing,  therefore,  that  to  be  already  known, 

let  ADEM  be  a  curve  whofe  ordinates  are 
parallel,  and  which  in  E  has  a  contrary 
flexure  or  regreffion.  Taking  any  abfcifs,. 
AB  =  x^  and  it's  ordinate  BD  -=7,  and 
drawing  CF  parallel  and  indefinitely  near  to 
BD ;  it  is  plain,  that,  afTuming  x  =  BC  as 
conflant,  that,  as  the  abfcifs  AB  =  x  conti* 
mially  increafes>  the  fluxion  GF  of  the  ordi* 

9.  nate 


T  i  BC  A 


«•■ 
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nate  BD,  that  is,  y^  will  always  become  lefs  and  lefs,  till  the  ordinate  becomes 
HE,  wiiich  correlponds  to  the  point  of  contrary  flexure  or  of  regrefllon :  after 
which  point,  in  both  cafes,  the  fluxion  y  will  go  on  continually  increafing. 
Therefore,  in  the  point  of  contrary  flexure  cr  regrt-ffion,  y  will  be  a  minimum. 
Whence,  by  the  Method  of  Maxima  and  Minima^  y  zz  o,  or  elfc  j/  =  oo,  will 
be  the  formula  of  contrary  flexure  or  recrreflion. 


fig'  65. 


If  the  curve  fliall  be  firfl  convex,  and 
afterwards  concave  to  the  axis  AH;  the 
abfcifs  incrcafino  continuaHv,  the  fluxion  or 
difiercnce  of  the  oidinate  will  iiicreafe  to  tiie 
point  E  of  contrary  flexure  or  regreiTion, 
after  which  it  v.-:l!  go  on  decrealing.  There- 
fore, in  this  point,  y  is  a  max-imnm^  an  1,  t  )r 
that  reafon,  we  may  put  y  =  o,  or  elle 
y  =  00. 


The  fame  thing  may  alfo  be  inferred  from  this  confideration,  that,  in  a  curve 
fiifl  concave  towards  it's  axis,  the  fecond  fluxion  of  the  ordinate  y^  that  is,  y\ 
is  negative  to  the  point  E  of  regreflion  or  contrary  flexure,  after  which  it 
becomes  pofitive.  And,  in  curves  that  are  firll  convex,  that  fecond  fluxion  is 
pofitive  as  far  as  the  point  E,  after  which  it  becomes  negative.  But  no  quantity 
from  pofitive  can  become  negative,  or  from  negative  can  become  pofitive,  but 
it  muft  pafs  through  either  nothing  or  infinice.  Therefore,  in  the  point  £  of 
regreflion  or  contrary  flexure,  it  ought  to  be  y  zz  o,  or  elfe  y  =  00. 

Let  the  right  line  DT  (Fig.  64.)  be  a  tangent  in  the  point  D  to  the  curve 
AEM,  which  is  firfl  concave  towards  the  axis ;  and  alfo,  the  right  line  EP  at 
the  point  E.  As  the  abfcifs  AB  increafes,  the  line  AT,  intercepted  between 
the  tangent  and  the  origin  of  the  abfcifs  will  always  increafe  fo  far  till  the  point 
B  falls  in  H,  after  which,  in  the  cafe  of  contrary  flexure,  the  abfcifs  ftill  in. 
creafing,  that  intercepted  line  will  decreafe.      Therefore,  in  the  point  E  of 

m 

contrary  flexure,  that  intercepted  line  AP  =:  ~-  —  x  ought  to  be  a  maximum. 

Wherefore,  by  differencing,  taking  x  for  confl;ant,  it  will  be 

equal  to  nothing,  or  to  infinite  ;  that  is,  by  reducing,  and  dividing  by  — yx^ 
and  muhiplying  by  yy,  it  will  be,  finally,  y  =  o,  or  y  z=z  00,  In  cafe  tliat 
the  point  E  be  a  point  of  regreflion,  if  the  intercepted  line  AT  increafe,  the 
abfcifs  AB  will  alio  increafe,  till  the  point  T  falls  in  P,  and  the  abfcifs  fliall  be 
AH  ;  beyond  which  point  T  the  abfcifs  will  go  on  decreafing.  Therefore  AH 
will  be  a  maximum,  and  it's  difference  will  be  equal  to  nothing,  or  infinite. 
Therefore,  relatively  to  fuch  a  difference,  the  difference  of  AP  will  be  infinite, 
or  nothing.     Therefore  y  =  cc,  or  v  =:  o,  as  before, 

^L2  If 


•  •  • 

yvx 


V, 
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If  the  curve  be  firft  convex  to  the  axis, 

the  intercepted  line  AT  will  ht  zz  x  —  ^^ 

y 

and  the  difference  ^^^  "  */:    +/-*y^   ^y^^^  j,^ 


AT       BCPH 


yy 


yxy 


r-r;    and  therefore,   dividing  by  jx^    and 

multiplying  by  yy^    we  (hall   have  neither 
more  nor  lefs  than  y  =  o,  or  elfe  y  zr.  os>^ 


In  the  curve  DEM,  the  origin  of  the 
abfciffes  x  being  A,  and  E  the  point  of  con- 
trary flexure,  the  intercepted  line  AP  will  be 
equal  to  AH  +  HP.     But,  in  this  cafe,  the 


fubtangent  HP  is  negative,  that  is, 


21 
y 


Therefore  it  will  be  AP  =  x—  ^.    Hence 

y 

w«  fee,  that  in  no  cafe  the  intercepted  line. 

« 

AP  can  be  ;?  +  ^ . 

y 


gS.  The  formula  here  found  will  ferve  for  airves  which  have  parallel  ordi- 
nates,  or  fuch  as  are  referred  to  an  axis  or  diameter.  But  it  is.  different  in 
curves  that  are  referred  to  a  focus. 

Let  the  curve  be  ADE,  (Fig*  67,  68,) 
it*s  focus  C^from  whence  the  ordinatcs  QD 
pmcced  ;  and  let  Qd  be  mfinitely  near  to 
op.  Draw  Q[r  peipendicular  to  QD,  and 
and  Q/  perpendicular  to  Q^,  Draw  DT  a 
tangent  to  the  curve  in  the  point  D,  and  dt 
a  tangent  in  the  point  d.  Let  Q/  (pro- 
duced if  need  beO  meet  DT  in  the  point  o». 
Now  it  is  plain,  that,  as  the  ordinates  in* 
creafe,  if  the  curve  be  concave  towards  the 
focus  Q^  (Fig*  67.)  Q/  will  be  greater 
than  QJ\  But,  if-  the  curve  be  convex 
towards  the  focus  Qj^  (Fig,  68.)  Q/  will  be 
lefs  than  QT.  Therefore,  as  the  curve 
changes  from  being  concave  to  convex,  or 
vice  vrfd^  that  is,  in  the  point  of  contrary 
flexure  or  regreffion^  the  line  or  quantity  0/, 

from. 


Fig.  68. 
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from  being  pofitive,  ought  to  become  negative,  or  the  contrary,  and  there* 
fore  muft  pafs  through  nothing  or  infinite. 

Wherefore,  make  QD  =  y^  DM  n  a*,  and  with  centre  Q^  let  the  infini- 
tefimal  arches  DM,  TH,  be  defcribed.  The  two  triangles  ^»!D,  ^Q^I\  will 
be  fimilar,  as  alio,  ^Q£,  TH^,  and  therefore  it  will  be  ^M  .  MD  ::  ^Q^  (or 

DQ,)  .  QT.    That  is,  >  .  x  ::  ^  .  QT  =  ^ .     But  the  two  ledors  DQVI, 

TQH,  are  alfo  fitnilar  j  whence  QD  .  DM  ::  QT  .  TH.    That  \%,  y  .  x  :: 

•  •  • 

^  .  TH  —  -^  .     And,  becaufe  of  the  fimilar  triangles  rfO^,  TH^,  it  will  be 
y  y  . 

dOlJpx  DQJ  .  Q£  (or  QT)  ::  TH  .  l\o.    That  is,  j^ .  -<"-  ::  Al .  HO=  4  • 

y        y  J 

•  •  •       •  •• 

,  taking  ^ 


But  H/  (Fig.  67.)  is  the  difference  of  QT,  that  is,  H/  zi 


X\'r     —    t'Vl- 


}y 


for  conftant.     Therefore  to  =  /H  +  H^   rz 


yy 


which  muft  be 


equal  to  o,  or  ro  oo.     And  therefore,  alfo,  multiplying  by  yy^  and  dividing 
by  x",  it  will  be  yy  — yy  +  xx^  equal  to  nothing,  or  infinite. 

In  Fig,  68,  the  line  oi  becomes  ne2;ative,  and  therefore  zz   ""  ^-y  ^ ^^^  "  -^ 

Therefore,  dividing  by  —  x^  and  multiplying  by  Vy,  it  will  be  xx  +  \y  -^  yy 
equal  to  o,  or  to  cc. 


Fig*  69., 


Wherefore,  if  any  curve  be  referred  to  a  f')cus  Qi 
whofe  ordinarcs  are  QB  :z:  ^,  and  the  little  arches 
BC  =  .X',  and  (hall  l.ave  a  contrary  flexure  or  re- 
greflion  ;  the  general  fornii.iLx  to  determine  it  will  be 
Vy  +  XX  —  yy  zz  o,  or  =:  CO. 


yy. 


Here,  if  vve  fuppofe  y  infinite,  the  two  firfl:  terms 
of  the  formula  will  be  nothing  in  re! peel  ol  the  third, 
and  tlierefore  it  will  be  — yy^  equal  to  nothing,  or 
infinity  ;  and  dividing  by  —  y^  we  (hill  have  j^  =0, 
or  j' =  00  ;  which  is  the  formula  of  the  fi:ft  cafe  of 

curves  referred  to  a  diameter,  as  it  ought  to  be.     For,  fuppoiing  7  infinite, 

the  ordinates  become  parallel  to  one  another. 


96.  The  nature  of  a  curve  being  given  by  means  of  an  equation,  and  x 
being  fuppoled  conftant ;  by  differencmg:  twice,  if  the  curve  be  algebiaical,  or 
once,  if  it  be  a  difiercntial  of  the  fiift  dV-gree,  tha'.  vve  may  ha^e  the  value  oi  y 
expreflcci  by  x  ;  this,  compared  to  o  or  00,  will  give  thofe  values  of  the  abfcil's 
^,  to  which  will  correfpond  that  ordinate  _>»,  which  meets  the  curve  iti  ih  points 
of  contrary  flexure  or  rcgreflion.     Wherefore,  it  thole  values  be  lubftituccd  in 

tLt;- 


7^  AMALTTICAL     IHSTtTUTIOHS*  lOOK  IZ, 

the  equation  of  the  curve  mftead  of  *,  we  (Iiall  have  y  either  real  or  ima^narjr. 
If  jr  be  imaginary,  or  (hall  involve  a  cootradidion,  then  ibe  curve  will  have  no 
fuch  points. 

97.  To  diftinguifh  the  points  of  contrary  flexure  from  thofe  of  regrefGon, 
becaufe  this  method  gives  us  each  of  them  indifcriminately,  it  will  be  fufficicnt 
to  fee  the  progrefs  of  ihe  curve,  by  taking  an  ordinate  very  near.  And  this 
will  afford  liglit  enough  10  remove  any  doubt  about  it. 

98.  Curves  may  have  another  kind  of  regreflion,  different  from  this  which 
has  been  conMered.  And  that  is,  when  ihc  curve  returns  backwards  towards 
it's  origvn,  turning  it*s  cavity  the  fame  way  as  it  did  before  il*s  regreflion.  After 
I  have  firft  treated  on  the  Radii  of  Curvature,  I  (hall  give  a  general  formula, 
alio,  for  regreflions  of  tiiis  fccond  fort,  at  the  end  of  the  following  Seftion. 


EXAMPLE 


f'J.5 


99.  L.et  there  be  a  cubic  parabola  with 

the  equation  jf  =  a  +  if  a}  —  %aax  +  axx* 
which,  in  §  81,  has  been   found  to  have 
a  point  of  interfedion.     Now,  by  diffcr- 
-,,   ,        ■  —  l^x  +  ^axk 

encine,  it  will  be  y  =  —  .^, , 

and  differencing  again,  taking  ic  conftaDt, 

it  will  be  y  = ^^^i' — .    The 

fuppofition  of  j'  =  o  will  give  us  —  2axx 
:  o,  which  is  of  no  ufc ;  making,  therefore,  the  fuppofition  oi  y  ~  oe,  it  will 


be  9  X  a'  —  zaax  +  axx^~^  —  o,  that  is,  aa  —  2ax  +  **  =  o,  and  therefore 
X  =:  a.  This  value  being  fubflituted  infl:ead  of  x  in  the  propofed  equation,  ic 
will  he  y  ^  a,  and  therefore  the  curve  has  a  contrary  flexure,  or  rcgreffioo, 
which  correfponds  to  the  abfcifs  x  =  a,  to  which  belongs  the  ordinate  y  =  a* 
And,  becaufe  we  know  otherwifCj  that  this  is  alfo  a  point  of  interfedion;  ic 
<3Lnnot  therefore  be  a  point  of  contrary  flexure>  but  mufl  be  a  regrefTion; 


la 
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In  the  fame  cubic  parabolaj  taking  the 
abfcifs  AB  =  x  from  the  vertex  A,  and 
the  ordinate  BC  =  y;  the  equation  is  axx  =y, 
the  fluxion  of  which  is  laxx  =  3yyy.  And 
taking  the  fluxions  again,   making  x  con- 

^_    DV"  V      4*     ^OJCJC 

ftant,  it  will  be  y  =  — ^-^ .    But,  by 

...  ^^ 

the  equation,  it  is  ^xy  =  ^x^cax^  and,  by 

the  firft  differencing,  y  =  — 57 — .      There* 


—  2«ir.r 


iia49 


fore,  making  the  fubftitutions,  it  will  be  y  =  — -^ 

The  fuppofition  of  j^'  =  o  has  no  ufe.  The  fuppofition  of  j^'  =  00  will  give 
^4taax  =  o,  that  is,  »v  =  o ;  which  value,  being  fubftituted  in  the  equation^ 
gives  y  =  o.    Therefore  the  curve  has  a  regreffion  at  the  vertex  A« 


EXAMPLE    IL 


ICO,  Let  the  curve  be  DFM,  commonly 
called  the  Witch,  the  equation  of  which  is 

y  =  ^V/^-^,  AB  zi  ;c,  BF  =  ;»,  AD  =  tf  J 

by  differencing,  J^  =  —  — ; ;    and 

2xvax  —  XX 

taking  x  conftant,  and  differencing  again,  it 
Will  be  y  =  ~ . :,-     ,    . 

4*  X  ax—xx  i 

The  fuppofition  of  y  =  o  will  give  3^'  —  ^aax  =  o,  that  is,  x  =:  ^a ; 
which  value,  being  fubftituted  in  the  equation  of  the  curve,  gives  jr  =  a^^. 
Whence,  taking  AB  =  {a^  the  ordinate  BF  =  ^  V'-J-  will  meet  the  curve  in  the 
point  F,  which  will  be  a  contrary  flexure.     The  fuppofitioa  of  jr  =   oq  gives 

us  4V  X  ax  —  xx^^  =  o,  that  is,  ^  =  o,,  and  x  =  a.  The  firft  value  fubfti- 
tuted in  the  equation  makes  y  =  co^  the  fecond,  ^  =  o.  But  neither  the  one 
nor  the  other  cafe  infer  a  contrary  flexure^  but  only  that  the  afymptote  AQ^  as 
aifo  the  tangent  in  the  point  D,  is  parallel  to  the  ordinates. 


EX. 
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'Fig>  72i 


^*g'  73- 


^'i'  74. 


loi.  Let  AMF  (Fig.  72,  73,  74.)  be  a 
cycloid  with  the  equation  z  =  flf+^Z^^ 

§  47,    By  differencing,   it  will  be  ;S  = 

arx  —  tfrr  —  hrr 


h  X  arjr— jrxl 


X  XX. 


The  fuppofition  of  ;2  =  o   will  give 
arx  —  brr  —  arr  =  o,   that  is,  <c  *=  r 

+   —  •     If  ^  be  greater  than  bj  it  will  be 

the  protradled  cycloid.  Whence,  taking 
CE  from  the  centre,  and  equal  to  the 
fourth  proportional  of  BF,  the  femicircle, 
and  the  radius,  and  drawing  the  ordinate 
I^D,  (Fig.  73.)  it  will  meet  the  curve  in 
the  point  of  contrary  flexure  D.  If  ^  be 
lefs  than  bj  (Fig.  74.)  the  cycloid  will  be 
contradled.     But  when  a  <  b,   the  line 

^  =  r  H will  be  greater  than  2r,  that 

is,  greater  than  AB,  in  which  cafe  the 
ordinates  are  imaginary ;  becaufe  there  is 
no  part  of  the  curve  under  the  point  F* 
Therefore  the  curve  has  no  point  of  con- 
trary flexure  or  regreffion.  If  it  be  ^  =  i, 
it  will  be  the  common  cycloid,  (Fig.  72.) 

and  therefore  x  =  r  -i ^  =  2r  =  AB, 

and  ^  =  BF ;  which  gives  no  contrary 
flexure  or  regrefSon,  but  only  informs  us 


that  the  tangent  in  F  will  be  parallel  to  the  abfcifs  or  diameter  AB. 


The  fuppofition  of  .^,  ^  00  gives  us  3  x  2rv  —  xx\^  =  o,  that  is,  *  =  o, 
and  X  =i  2r.  The  value  ;c  =  p,  in  all  the  three  cafes,  gives  the  tangent  in 
the  point  A  parallel  to  the  ordinates.  The  value  .v  c=  2r,  in  the  firft  and 
f^;cond  cafe,  gives  the  langcnt  in  the  point  F,  in  the  (ame  manner,  parallel  to 
the  ordinates.    But,  in  the  third  cafe,  it  gives  us  a  contradiftion.    For,  the 

equation 
8 
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equation  being  i  =: 


^J'  * ,  inftead  of  x  fubftituting  it*s  value  ar,  it  will 

be  i?  —  o.    But  it  cannot  be  i;  =:  o,  and  at  the  fame  time  z  zz  oo  ;•  therefore 
fuch  a  value  ferves  to  no  purpofe  in  this  cafe. 


EXAMPLE     IV. 


102.  Let  the  curve  be  the"  conchoiJ  of  NicbomedeSy   confidered  above  at 
§  85,  the  eq^iatiOD  of  which  is  yy  ^  -^ ^         , 

.     Taking  the  fluxions,  it  will  he  y  =  r  ''•^'  "  ^^^•*'  - 


orjr  r: 


^   +   A-    X     'v/^tftf   —   J 


-^^4^   —   fl«j|.3   «.    ^fj^hx* 


xx*^  aa-^xx 


and  taking  them  again,  makrngi^  conftant,  jzi ■ ^^^y      X  •^'*'- 

As  to  the  three  ufual  cafes,  which  this  curve  may  have,  I  begin  with  the  firfl, 
when  azzh,  (Fig,  56.)     This  fuppofed,  it  will  be  y  =  "'  -^^'^_3^' 


XX. 


x'  X  0a  —  XX ,  * 


The  fuppofition  of  y  zz-  o  will  give  2a*  —  aax^  —  S^^xx  =  o,  that  is, 
^'  +  3^^*  —  la^  zz  o;  and,  refolving  the  equation,  it  is  ^  =  x^S^a  —  a, 
jt  z:  —  \^3««  —  a,  and  x  ziz  ^^  a.  The  firft  value  gives  us  the  abfcifs 
GE   zz   X    z=.    y/%aa  —  a^   to  which   belongs    the    ordinate    EM   zz  y    zz 

^laa  X  y^a^jaa  —  ^aa  ^  ^j^j^j^  meets  the  curve  in  M,  the  point  of  contrary- 
flexure  ;  the  fecond  value  is  of  no  fervice,  becaufe  it  makes  the  equation  of  the 
curve  imaginary ;  the  third  gives  us  a  regreflion  in  the  point  P, 

As  to  the  other  two  cafes,  the  fuppofition  of  j'  =  o  gives  laai  —  x^ 
—  ^txx  z=  o,  or  x^  +  ^ix*  —  zaab  zz  o.  Now,  to  have  the  roots  of  this 
equation,  I  make  xx  zz  iz,  a  locus  to  the  Apollonian  parabola ;  and,  making 
the  fubftitution,  there  arifes  the  fecond  locus  xz  +  ^bz  —  2aa  zz  o,  which  is 
to  the  hyperbola. 

Between  the  afymptotes  AQ»^  AD,  take  ACzzaa, 
the  perpendicular  CN  =  a^  AD  zz  3^,  and  taking 
the  abfcifs  x  from  the  point  D  on  the  afymptote 
AD,  let  the  hyperbola  GNF  be  dcfcribed,  with 
the  conftant  rectangle  =  zaa ;  it  will  pafs  through 
,the  point  K,  Then  railing  DM  perpendicular  to 
DA,  on  the  axis  DM,  with  the  vertex  D,  and 
parameter  =:  b,  let  the  parabola  of  the  equation 
XX  =  bz  be  defcribed. 

Vol.  U.  M  If, 
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If,  (hereforet  we  afliime  b  greater  than  a^  becaufe  AD  z:  3^,  AC  =  ta^. 
CD  will  be  greater  than  b.  Now,  taking  in  the  parabola  the  abfcifs  s  =  a 
=  CN,  the  ordinate  will  be  jr  1=  Vab.  But  if  a  be  lefs  than  b^  aifo  y/ab  will 
be  lefs  than  b^  and  thence  alfo  lefs  than  CDi  Therefore  the  parabola  will  ciu 
the  hyperbola  between  N  and  D,  fuppofe  in  the  point  I. 


Fig.  58. 


n 


Now,  if  we  affume  x  =  —  ^ ,  it  will  be  in  the  parabola  z  zz  —  ^  and  in 
the  hyperbola  z  —  ^^1   r ;  but  —  is  greater  than  ^  ^^  ^ ;  therefore  the 

parabola  will  cut  the  hyperbola  in  fuch  a  point  I,  as  that  it  will  be  HI  rr  -^  ;r 

lefs  than  a.  Therefore  this  abfcifs  will 
have  in  the  conchoid  a  real  ordinate^ 
which  here  determines  the  contrary  flezuFc 
in  the  point  N,  for  eacample,  of  the  lower 
branch  KN»  The  line  GM ,  drawn  from 
the  point  G,  another  interfedion  of  the 
parabola  and  hyperbola,  will  neceflarily 
be  greater  than  ir,  and  therefore  to  fuch  aa 
abfcifs  there  can  be  no  correfponding  real 
ordinate  in  the  conchoid  i  fo  that  this 
value  is  of  no  ufe.  Lafthr,  the  third 
value  TF  will  give  us  an  abfcifs,  to  which 
an  ordinate  belongs  in  the  upper  branch-i^ 

which  meets  the  curve  m  the  point  of  contrary  flexure  M. 

Fig.  76*  Let  b  be  lefs  than  a ;  then  CD  will  be 

lefs  than  b ;  and  in  the  parabola,  taking- 
2;  =  ^  =:  CN,  the  ordinate  will  be  xzz^ab^ 
that  is,  greater  than  b,  and  therefore  greater 
than  CD.  Whence  the  parabola  will  pa(s 
between  N  and  C :  fo  that  it  will  either  not 
cut  the  hyperbola,  and  the  two  negative 
values  of  x  in  the  equation  9i^  +  ^bx^ 
—  2aab  r=  o  will  be  imaginary  f  or,  if  ie 
cut  it,  they  will  always  be  greater  than  a, 
to  which,  in  the  conchoid,  (Fig.  57.)  ima- 
ginary ordinates  correfpond,  and  cnerefore 
are  of  no  fervice.     Wherefore  the  pirabola 

will  certainly  cut  the  hyperbola,  on  the  pofitive  fide,  in  the  point  F  for  example*. 

Whence  TF,  which  is  lefs  than  tf,  will  be  the  value  of  x,  to  which  the  ordinate 

correlponds  in  the  branch  AM  of  the  conchoid,  which  it  meets  in  M,  the  point 

of  contrary  flexure. 

I  faid  that  if  the  parabola  cut  the  hyperbola  between  N  and  O,  the  two 
negative  \alues  of  x  would  be  greater  than  a.    For,  taking  .v  =  —  ^  in  the 

parabola^ 


8ECT.  IV.  ANALYTICAL      INSTITUTIONS.  83 


it  will 


2/ltf 


be  2  =  -J- ,  and  in  the  hyperbola  z  zz    ■ .  _  - .     But  -y  is  Icfs  than 
-,  for  ^  is  Icfs  than  a.    Now,  if  fo  be  that  *•  negative  be  not  greater 


33  -  fl 

than  a,  the  parabola  would  not  cut  the  hyperbola ;  fo  thai  it  will  cut  it  in  a 
point  in  which  x  Ihall  be  greater  than  a.     Taking  x  pofitive  equal  to  a,  it  will 

be  in  the  parabola  2  rr  -^-,  and  in  the!  hyperbola  z  zz       ^    .     But  -^f-  is 

greater  than  -7-— — ;  fo  that  the  parabola  will  cut  the  hyperbola  in  fuch  a 
point  F,  that  TF  will  be  lefs  than  a. 

The  fuppofition  of  j'*  :=  00  gives  us  x*  X  ^^  —  xjp  *  =0,  that  is,  jr  =  o, 
and  X  zz  ±  a  \  which  is  as  much  as  to  fay  that  the  afymptote  and  tangent  ii^ 
A  are  parallel  to  the  ordinates  in  all  the  three  cafes,  as  likewife  the  tangent  in 
K,  in  the  fecond  and  third  cafe :  and  in  the  firft,  that  in  P  there  is  a  point  of 
interfeftion,  (as  the  regreflions  alfo  intimate,)  becaufe  the  fame  value  x  z=z  —  a 
has  alfo  been  already  fupplied  from  the  fuppofition  of  j^  =  q  ;  which  point  of 
interfeftion  has  alfo  been  found  before,  at  §  85* 

103.  The  fame  after  another  manner.  I  take  the  (ame  conchoidal  curve, 
but  with  all  it's  ordinates  proceeding  from  a  fixed  point,  or  from  the  pole  P. 
Therefore  make  PM  ==  jy,  (Fig.  56,  57,  58.)  and  draw  PF  infinitely  near  to 
PM.  Then  with  centre  P  defcribe  the  little  arches  MB,  DH  ;  make  MB  zzx, 
AG  =  a,  GP  =  ^,  and  make  PD  n  z,  HO  z:  z.  By  the  property  of  the 
curve,  the  equation  will  be  ^  —  z  i  a  j  that  is^  y  ^  z  +  a  in  refpeft  of  the 
curve  above  the  afymptote  GR>  and  y  zzl  z  ^-^  a  in  refpedt  to  the  curve 
below  it. 

Therefore,  finding  the  fluxions,  it  will  be  in  both  cafes  y  z=  z.  Becaufe  of 
fmiilar  triangles  PCD,  DHO,  (for  the  angles  GDP,  DOH,  do  not  differ  but 
by  the  infinitely  little  angle  DPH,  and  the  angles  at  H  and  G  are  right  angles,) 

we  fliall  have  PG  .  GD  ::  DH  .  HO  ;  that  is,  i  .  s/zz  -  bb  ::  —.z;  and 

y 

%        c  •    -_    »*«  V2JZ  -^  bb         T»    ^     •  •        I        r  •  xi'v  aas  —  hb  . 

therefore  z  zz  .- ,     But  z  zz  y^  therefore  y  zz  -« 7- ;    and 

taking  the  fluxions  again,  making  x  conllant  and  putting  z  inftead  of  ^,  y  zz 
byvA  ^    y  -^  z    — z  ^  ^^^^  ^^j  ^j^^^  putting  the  value  of  i,  we  fliall  have  y  zi 

bbyyVzz  •->  bb  *  o  . 

'^  ^ — ^TTT^ ^  ^  ^^  '  ^"^  laftly,  fubftituting  the  value  of  y  zz  z  ±:  a^ 

It  Will  be  y  =  ■    ^ X  XX. 

bb  X  9i±a]^ 

Mz  Thc> 
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The  formula  of  curves  referred  to  aftcus  has  been  found  to  be  xx  +  yy 
^^  =  o,  or  clfe  =  CO.     Therefore,  putting  the  values  of  y,  of  y,  and  of  y^ 


'        'II  I.      ""^^  4:  4^^  7  sax'  •  ■  if 

it  Will  be  ±-2-..    T.-^—  X  XX  =  o,  or  elfe 


oe.    The  fuppofttion  of 


the  foraiula  being  equal  to  o«  wilt  give  aH  +  3^^  ip  zz'  =  o.  la  the  firft 
place,  let  it  be  o  =  l>t  and  let  us  confider  the  upper  braoch ;  It  will  be 
z*  ~.  ±aaz  —  ■ia*  =:  o,   and  the  three  values  c^zarezs:    —  a,  z  ::i 

"~      "^^ ,  and  2  =r  "  "*"  ^^ ,     But  it  Is  y  =  z  +  a;   therefore  it  will  be 

y  =  o,y=  IL±.^  ,  and  :?  =  3-j^_v^  ^     -pj^^  ^j^j  ^^^^  j^  ^j.  ^^  ^^ 

beraufe  it  gives  the  ordinate  lefs  than  2d,  where  ibere  is  no  curve.  The  fe^ 
cond  gives  the  ordinate  y,  which  meets  the  curve  in  the  point  of  contrary 
flexure,  for  example,  at  M.  The  firft  is  alfo  fupphed  by  confidering  the 
lower  branch,  and  determines  the  point  of  regreffion  P ;  and,  in  refpeft  0?  the 
inferior  branch,  will  be  z'  —  ^az  +  ^a*  =  o.    Hence  the  three  values, 

2  =  a,  z  =:  T.."^..X.^~ .    But,  in  this  cafe,  ji  =  z  —  «,  fo  that  we  fliaD 


have  jf  =  o,  jf  : 


■  3"  ±  ^3*" 


The  two  laft  values  fervc  to  no  purpo^ 


Fig.  77, 


becaufe  they  give  y  negative,  where  there  is  no  curve. 

As  to  the  other  two  cafes,  (Fig.  57,  58.)  it  will  be  z*  —  ^ikt  7  ^hi  =:  flu 
To  obtain  the  roots  of  this  equation,  I  put  zz  ss  1^,  a  hciu  to  the  j^oSttuam 
parabola ;  and  making  the  fubftituiion,  there  arifes  a  fecond  locas  which  is  to 
the  hyperbola,  pz  —  $hi  =  ±  ^^  *  that  is,  the  bomegmtum  eempara/iaiij  ii 
politive  in  regard  to  the  upper  branch  of  the  curve,  and  negative  in  regard  to. 
the  lower.  Between  the  afymptotes  P<^ 
NM,  perpendicular  in  A,  are  defcribed 
the  oppofite  hyperbolas  (Fig.  77.)  in 
the  angles  PAN,  MAQ>^  if  the  inmo^' 
geneum  be  positive,  and  in  the  angles 
PAM,  NAQl  if  it  be  negative.  And» 
fuppo(ing  ^  to  be  greater  than  d,  make 
AB  =  by  BC  =  «i  the  hyperbolas  will 
pafs  through  the  point  C.  And  taking. 
AM  =  3^,  from  the  pcMot  M  in  tho 
afytnptoce  MN  let  the  p't  proceed* 
Then  at  the  vertex  M,  with  axis  MN» 
and  parameter  -^b,  let  there  be  delcribed 
the  parabola  LMD  of  the  equation 
zz  =  \bp.  Then  taking  p  z=  MB 
=  23,  the  ordinate  in  the  parabola  is  »  =  b,  greater  than  a,  that  is,  than  b<^ 
ihe  parabola  will  pafs  without  the  points  C,  awl  will.  cs&  the.  hyperbolas  DC,' 

CT, 


MKCT.  ir» 
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Fig.  58. 


CT,  in  the  points  D,  T,  I,  from  which  the  right  lines  DH,  TV,  lO,  being 
drawn  parallel  to  the  alymptote  QP>  will  be  the  three  roots  or  values  of  z  in 
the  equation  2*  —  ^bz  —  \abb  zz  o,  that  i«,  in  relped  of  the  upper  brincli 
of  the  conchoid.     But  y  zz  z   +  a,  then  DH  +  a  fhall  be  the  ordinate  y, 

which  meets  the  curve  in  the  point  of  con- 
trary flexure,  tor  example  in  M,  (Fig,  58.) 
The  other  two  roots  VT,  Ol,  ferve  to  no 
purpofe ;  for,  being  negative,  and  a  ad- 
joined to  VT,  the  difference,  or  y^  will 
be  negative ;  and  ay  adjoined  to  OI,  the 
difference  will  be  pofitive,  but  lefs  than  ai 
ind,  in  this  cafe,  the  curve  will  not  corre- 
fpond  to  y  negative,  or  lefs  than  a.  As 
to  the  inferior  branch  of  the  conchoid, 
that  is,  in  the  equation  2*  —  -^biz  +  ^abl^ 
s=r  o,  the  three  roots  will  be  OG,  VK, 
HE ;  but  if  from  the  firil,  and  from  the 
third,  a  be  fubtrafted  to  have  y^  the  difference  will  be  negative,  that  is,  y  ne- 
gative, to  which  the  curve  does  not  correfpond,  and  therefore  they  will  be  of 
no  ufc.  If  J  be  fubtraAed  from  the  fecond,  VK,  the  difference  LK  will  be 
the  ordinate  y,  which  meets  the  curve  in  the  point  of  contrary  flexure,  that  is, 
in  N. 

J^^  57^  SuppofltYg  b  lefs  than  tf,   the  parabola 

will  pafs  between  the  points  f,  C,  of  the 
hyperbolas  G^K,  ICT;  and  therefore  the 
two  negative  values  of  z  m  the  equation 
2*  —  ibbz  —  iabb  =  o,  by  adding  «,  will 
give  y  lefs  than  a,  to  which  the  curve  does 
not  correfpond.  The  third,  by  adding  a^ 
will  give  yj  which  will  meet  the  curve  ia 
the  contrary  flexure,  as  at  M,  (Fig.  57.) 

As  fo  the  inferior  branch,  that  is,  to  the 
equation  z^  —  ibbz  -f  -^bb  =  O,  from  the 
two  pofitive  robw,  which  are  lels  than  b^ 
fubtraft  a  ;  and  alfo,  being  fubtrafted  from 
the  negative  root,  we  (hall  always  have  negative  y  greater  than  PK,  to  which 
the  curve  does  not  correfpond.  Therefore  the  inferior  branch  of  tlie  conchoid,, 
when  b  is  lefs  than  ^,  has  neither  contrary  flexure  nor  regreflioa. 

The  fuppolition  of  the  formula  being  =  oc,  gives^  in  all  the  three  cafes, 
a  =  T  tf,  and  therefore  _y  =  o.  In  Fig.  58,  the  value  jr  =  o  ferves  to  no 
purpofe,  becaufe  there  is  no  curve.  In  Fig.  56,  57,  it  gives  the  tangent  in  P„ 
which  is  alfo  a  point  of  regreflion  in  Fig.  56,  but  not  fo  in  Fig.  57. 

9  EX. 
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EXAMPLE    V. 


Fig.  78,  104.  Let  the  circle  AED  be  dcfcribcd  with 

centre  B>  and  let  AFK  be  fuch  a  curve,  that, 
drawing  any  radius  BFE,  the  fquare  of  FE  may 
be  always  equal  to  the  rcftangle  of  the  corrc- 
fpondent  arch  AE,  into  a  given  right  line  b ;  and 
the  contrary  flexure  of  the  curve  AFK  is  re- 
quired. 

Let  the  arch  AE  be  called  2,  BA  =  BE  =  a^ 
BF  =  jr,  ancl  FG  =  x.  Drawing  Btf  infinitely 
near  to  61£,  and  with  centre  B,  radius  BF,  de- 
fcribing  the  little  arch  FG  ;  by  the  nature  c»f  .the 

curve,  it  will  be  bz  ^  aa  ^^  2ay  +  yy.    Then  taking  the  fluxions,  it  is  bz  =■ 

•         • 

—  zay  +  2jy,  whence  z  =  ^^^  "T  ^^  =  E^.  But,  bccaufe  of  iimilar  fedors 
BE^  BFG,  it  will  be  BE  .  BF  ::  E^  .  FG  j  that  is,  a  .y  ::  "-^  "J  '^■^"  .  x^ 
Whence  x  =  ^^^  "7  *^^^  .  And  taking  the  fluxions  again,  making  x  conftant^ 
it  will  be  4yyy  +  lyyy  —  zayy  —  %ayy  =  o,  whence  yy  = 


In  the  general  formtila  of  curves  referred  to  a  focus^  xx  +  yy  '^  yy  ^s  q^ 
fubftitute  the  values  of  xx  and    of  yy   given    by  j/,    and   we    fliall  have 

4^j»-8.,V  +  4.y;«  +  .e!!i!  -  '^Jlzjyil}  which,  reduced  to  a  common  dc 
nominator,  will  be 


=  o,  or  =  00, 


aabb  X  y  "^  a 

Wherefore,  this  equation  being  conftruded,  one  of  the  roots  will  give  the  value 
of  the  ordinate  y^  which  meets  the  curve  ia  the  point  of  contrary  flexure# 


SECT, 
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Of  EvoluteSy  and  of  tU  Rays  of  Curvature. 


F^.  79*  105.  Let  the  curve  be  BDF,  and  let 

it  be  involved  or  wound  about  by  the 
thread  ABDF ;  that  is»  the  threftd  being 
fattened  by  one  of  it's  ends  in  the  fixed 
and  immoveable  point  F,  let  it  be  con- 

ceived  to  be  ftreiched  along  the  curve 

BDF»  fo  that  the  portion  AB  may  fall 
upon  the  tangent  of  the  curve  AR  in  the 
point  B.  Let  the  thread  move  or  un- 
wind by  it's  extremity  A^  continually 
evolving  the  curve^  but  in  fuch  a  manner 
that  it  may  always  have  the  fame  degree 
of  tenfion.  By  this  motion,  the  point  A 
will  defcribe  the  curve  AHK, 

The  curve  BDF  is  called  the  Evolute  of  the  curve  AHK,  as  has  been  alreadf 
feid  before,  at  §  16.  And  the  curve  AHK  is  called  the  Involute  of  BDF,  or 
the  curve  generated  by  the  evolution  of  BDF  ;  and  the  portions  AB,  HD^  KF, 
of  the  thread  are  called  the  Rcys  of  the  Evolute,  or  R(ys  of  OJculatm. 

m 

io6.  Now,  becaufe  the  length  of  the  thread  ABDF  always  continues  the 
fame,  it  follows  from  thence,  that  the  difference  of  the  rays  of  ofculation  AB, 
HD,  will  be  equal  to  BD,  the  corrcfponding  portion  of  the  curve.  As  alfo, 
the  other  portion  DP'  is  equal  to  the  difference  of  the  radii  HD,  KF,  and  the 
whole  curve  BDF  is  equal  to  the  difference  of  the  radii  AB,  KF.  And  if  the 
radius  AB  (hould  be  none  at  all,  that  is,  if  the  point  A  fhould  fall  in  B,  the 
radius  HD  would  be  equal  to  the  portion  BD>  and  the  radius  FK  to  the  whole 
curve  BDF. 

107.  From 
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107.  From  the  generation  of  the  curve  AHK,  by  the  unwinding  of  the 
thread,  it  may  be  clearly  feen  that  every  radius  HD,  KF,  at  it's  extremities 
D,  F,  is  a  tangent  to  the  evolute  BDF, 

io8.  Let  llie  arch  HK  of  the  curve  AHK  be  an  infinitefimal ;  therefore, 
.alfo,  tlw  arcb  DF  of  tbe  evalt»&  will  be  M  lE^iutcfiflMli  aod,  w  it  b«  bees 
demonftrated  in  Coroll.  4.  Theor.  I.  §  6.  that  any  infinitely  little  arch  of  a  curve 
has  the  fame  properties  as  the  arch  of  a  circle :  and  in  Theor.  IV.  §  15.  that 
the  radius  HD  being  produced,  fo  that  it  may  meet  the  radius  KF  in  S,  the 
lines  SH,  SK,  differ  from  each  other  only  by  an  infinitely  little  quantity  of  the 
third  degree ;  therefore  thofe  lines  'JlH,  SK,  may  be  aflumed  as  equal :  and 
therefore  they  are  perpendicular  to  the  curve  AHK  in  the  points  H,  K.  But 
the  two  lines  HD,  HS,  differ  from  each-  odier  by  DS,  an.  infinitefimal  of  the 
firft  order,  and  HD  is  finite ;  therefore  they  may  be  alTumcd  as  equal.  Where- 
fore, to  determine  any  point  D  in  the  evolute,  that  is,  to  determine  the  length 
of  any  ray  of  olculation  or  of  curviwafe  HD,-  it  wttt  fuffice  to  have  given  in 
pofition  tlie  perpendicular  HS  of  the  given  curve  AHK,  (which  is  done  by  the 
Method  of  Tangents;)  thp  point  S  may  be  determined,  in  which  it  is  cut.  hy 
the  infi^it^ly  oeax  perpcndiculftT  KS*  This  may  be  dotie  in  the  foUbwiog 
manneiw 

109.  Firft,  let  the  curve  DABE  be 
referred  to  it's  axis ;  let  the  two  infinitely 
little  arches  be  AB,  BE,  the  perpendi- 
cular BQ^and  the  other  EQ*^  which  meets 
it  in  the  point  required,  Q^  Make*  as 
ufual,  DH  =  *,  HA  =  ;- ;  draw  AF, 
BG,  parallel  to  DM,  and  the  chord 
PABC  which  meets  ME  produced  in  C, 
and  draw  the  other  chord  EBR.  Now, 
with  centre  B,  and  diftances-  BE,  BP, 
the  little  arches  ES,  PO,  being  defcribed, 
it  will  be  AF  =  x,  FB  =  _y,  AB  =  i 

=  \/xx  +  yjf.  But,  by  Coroll.  2. 
Theor.  V.  §  19,  the  fetors  QBE,  BES,  are  fimilar.  Therefore  we  (hall  have 
.QB  .  BE  ::  BE  .  ES,  that  is,  QB  .  i  ::  s  .  ES,  (calling  the  element  of  the 

curve  i,)  and  therefore  QB  =  ~,     Now,  becaufe  the  little  arch  PO  iDty  be 

exprfifled  by  it's  right  fine,  (Cor.  i.   Theor.  III.  §  9.)    the  triangles  RPO, 
BEG,  will  be  fimilar,  and  therefore  BE  .  EG  ::  RP  .  PO ;  that  is,  i  .y  :; 

RP  .  PO  =-!JiM.    But  the  fetors  BPO,  BES,  are  atfo  fimilar;  and  there- 

w 
And 


Fig.  So- 


fore  it  will  be  BP  .  PO  ;:  BE  .  ES }  that  is,  ■ 


.ES  = 
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And  laftly,  QB  =  :■/  ^  ,  a  general  formula  for  the  rays  of  ofculation^  or  the 
ladii  of  curvature^  in  which  nothing  elfe  remains  to  be  done,  but  to  fubftitute 
the  value  of  RP,  the  fluxion  of  DP  =:  -^  —  ^,  according  to  the  different 

^ypothefis  of  the  firil  fluxion  which  is  to  be  taken  for  conflant. 

•  ••        • f» 

If  no  firft  fluxion  be  taken  for  conftant,  it  will  be  RP  zz  ^*  7.^^  >  and 

yy 

therefore  QB  =  SiSlI . 

•  •• 

If  X  be  aflumcd  as  conftant,  it  will  be  RP  =  —•???,  and  therefore  QB  =2 

yy  ^^ 

i'»j^y,y\i 

-  *7 

•• 

If  jf  be  aflbmed  as  conftant,  it  will  be  RP  =  ^^ ,  and  therefore  QB  = 


rr 

XX 


jx 

If  i  be  aflumed  as  conftant,  that  is,  \/xx  +  yy^  it  will  he  xx  ^  yy  zz  Oj 
and   -  >•  =  -^s    whence    RP  tz  y±}L!±±JL^    and  therefore   QB   = 

^y/yy  ^  XX  i  or  elfe,  fubftituting  the  value  x,  QB  =       ^^-t-xv  ^    There- 
forCf  in  the  expreffion  of  QB  =    f ..   ^- .  T  ,  in  which,  as  no  fluxion  is  taken 

*  ^**  jx  —  xy 

for  conftant,  it  will  be  fufficient  to  expunge  the  term  j^ic*,  in  the  fuppofition  of  x 
conftant;  to  expunge  the  term  xy^  in  the  fuppofition  of  y  conftant;  and  to  put. 


•   mt 
XX 


inftead  of  —  j'j  it's  value  -^,  in  the  fuppofition  of  i  conftant, 

no.  The  curve  may  be  referred  to  a  diameter,  or  the  co-ordinates  may  be 
inclined  to  each  other  in  an  oblique  angle.  Make  the  abfcifs  L)V  r=  Xy 
VK  =:  x,  the  ordinate  VA  =  v,  and  the  reft  as  above.  Becaufe  the  angle 
DKB  is  known,  the  angle  BNF  will  be  known  alfo.  Wherefore,  it  being 
NB  =  j^,  NF  and  FB  will  be  given,  and  therefore  AB,  or  i.  But  the  triangle 
RPO  is  fimilar  to  the  triangle  ABF,  for  the  angles  at  O  and  F  are  right  ones, 
and  the  angle  ORP  does  not  differ  from  the  angle  FAB  but  by  an  infinitely 
little  angle  RBP.  Wherefore  there  will  be  given  RP,  PO,  and  thence  ES, 
and  finally,  QB. 

•Vol,  II.  K  in.  From 
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w,      III.  From  the  extremity  of  the  radius  of  curvature  BQ^is  drawn  QT  parmlld 
"^*  to  the  axis  DM,  which  meets  in  T  the  ordinate  Bl  produced  j  the  right  hne  BT 


Suhofculatri 
or  Co'radiusj 

is  called  the  SubofculatriXy  or  the  Co-radius.  I'he  radius  BQ^being  given,  the 
co-radius  BT  will^  in  like  manner,  be  given  alfo  ;  for,  by  the  method  of 
tangents,  the  normal  of  the  curve  B«  is  given,  and  therefore  BT  will  be  givea 
by  means  of  the  fimilar  triangles  hmly  BQT. 


But  if  we  would  have  an  expreflion  for  the  co-radius  independently  of  the 
radius,  wc  may  make  BT  ir  z.  The  triangle  BTQ^is  fimilar  to  the  triangle 
BCG,  or  BAF;  for,  the  two  angles  TBG,  QBC,  being  right  ones,  take  away 
the  common  angle  QBG,  and  there  will  remain  the  equal  angles  TBQi_  CBG, 
and  the  angles  at  T  and  G  are  right  ones.     Therefore  it  will  be  x  •  i  ::  z  .  BQ 

zz  ^  =  ?^±ii.    But,  by  Theor.  IV.  §  15,   BQ^is  equal  to  EQj^bc- 

caufe  they  differ  from  each  other  only  by  an  infinitefimal  of  the  third*  degree; 
therefore  the  difference  of  QB  (hall  be  nothing ;  and,  by  differencing,  without 


•  •     ..    "TT 


affumm^ a  conftant  fluxion, ^ r.  ..         " ^-^   =  o. 

xxyx'x  +^y 

But  z  zzyj  becaufe  TB  and  IB  have  the  fame  diflference.    Therefore  z  rr 

"^  /"^  t./-^  =  BT,  a  formula  for  the  co- radius,  in  which  tia  fluxion  is  yet 
aflumed  as  conftant.  If  x  be  conftant,  the  term  yx  fliall  be  nothings  and 
therefore  the  formula,  on  this  fuppofition,  will  be  **^  P   =    BT.     If  jr    be 

conftant,  the  term  —  xy  will  be  nothing,  and  therefore  the  formula,  OA  thb 

•      •  •    «   •  • 

X  5^  X  X  *f*  V  V  av« 

fuppofition,  will  be  :.. — =^  =  BT.    If  the  element  of  the  curve  be  con- 

ftant,  it  will  be  — y  =  —^  and  therefore  the  formula,  on  this  fuppofition, 

■  •  •  • 

will  be  4?-  =:  BT,  the  value  of  y  being  fubftituted  :  or  elfe  —  4?^  =  BT,  the 

value  of  X  being  fubftituted. 

The  co-radius  being  given,  by  the  fimilirude  of  the  triangles  B/»I,  BQJ, 
the  radius  QB  will  be  given  in  a  like  manner. 

112.  If  the  co-ordinates  (ball  beat  an  oblique  angle  to  each  other,  m  the 
analogy  x  .  s  ::  z  •  BQ>^  inftead  of  x  and  i,  it  will  be  enough  to  put  the 
refpeftive  values,  which  in  this  cafe  agree  to  AF,  AB,  and  to  do  the  reft  as 
above ;  and  then  you  will  have  the  formula  of  the  co-radius  BT,  in  that  cafe 
when  the  co-ordinates  are  at  any  oblique  angle. 

113.  After 

4 
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113.  After  fcveral  other  manners  the  fame  formula  of  the  radius  of  curvature 
may  be  had.  As,  with  centre  Q»^  diftance  Qw,  defcribe  the  little  arch  mn. 
Affuming  the  infinitefimal  arch  mn  by  the  tangent  at  »,  the  two  triangles  BCG, 

rnnq,  will  be  fimilar,  and  therefore  BC  .  BG  ;:  w?  .  «»;  that  is,  y/xx  +  yy 
.  X  ::  mq  .  mn  =.   ^^  ^  "*. .  ■    But  mq  is  the  fluxion  of  Dm,  that  is,  of  the 

V.V.V  +jfy 

« 

fubnormal  !»,  with  the  abfcifs  DI  or  DH ;  that  is,  of  x  +  —•  Therefore, 
by  differencing  in  the  hypothefis,  that  no  fluxion  be  conftant,  it  will  be  mq  zi 
iMj2L+i£i=^.    Therefore  mn  =  j^+jfl+^Lz^ .     But,    becaufe 

XX  xyxx  "k- yy 

.BE::B)»(-?:^iS^).QB 


of  fimilar  feftors  Q^;f,  QBE,  it  will  be  BE  —  mn 


} 


that  is,  fubftituting  tbcir  analytical  values,  QB  =  lin-^4w-.    Which  formula, 

yx  "•  xy 

being  modified  according  to  the  fuppofition  of  fome  conftant  fluxion,  will  give 
an  eypreffioQ  for  the  radius  QB,  correfponding  to  that  fuppofition* 

114.  In  another  manner,  thus.  Let  EM  be  produced  to  /,  and  BG  to  L* 
Becaufe  the  triangle  EGL  is  fimilar  to  the  triangle  BI»,  the  angles  GEL,  IB/ti, 
being  different  from  each  other  only  by  the  infinitefimal  angle  BQB,  it  will  be 

•    •  •    •  a  ■    • 

GL  r:  ^ .  Therefore  BL  =  11^-=^.  But  it  has  been  feen,  that  mq  =: 
^  -^yy  -r^yy  ^jyx^  ^^^  ^y^^  fiaiilar  triangles  QBL,  Qmq^  give  BL  —  mq 
•  BL  ::  B/Ti  •  BQj^    Therefore,  fubftituting  the  analytical  values>  we  (hall  have 


yx  -  xy 


Fig.Zi 


115.  Now  let  us  refume  the  curves 
which  are  referred  to  a  focus.  Therefore 
let  the  curve  be  BEG,  the  /ecus  A.  And 
taking  the  two  infinitely  little  arches  BE, 
EG,  and  drawing  the  ordinates  AB,  AK, 
AG,  wiih  centre  A  let  the  little  arches 
BC,  EF,  be  defcribed,  and  to  the  chords 
GE,  EB  produced,  let  AI,  AD,  be  per- 
pendicular. Laftly,  let  the  chord  DE, 
produced,  meet  the  ordinate  AG  in  L, 
N  A  and 
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and  wiih  centre  £  let  the  little  arch  GR  be  defcribed.  Make  AB  =r  jr, 
CE  =  j^,  BC  z=  X,  AD  zz  />.  The  little  arch  DH  being  defcribed  with 
centre  A,  it  will  he  HI  zip.  But  HM  is  an  intinitefinial  quantity  of  the 
fecond  degree;  Theor.  111.  §  8.  Therefore  we  may  take  as  equal  HI,  IM, 
and  thence  it  will  be  MI  z=  />•     The  triangles  EBC,  EAD,  are  fimilar,  which 

« 

gives  ED  =  ^  r:  EF,   as  being  different  only  by  an  infinitefimal.     And, 

affuming  the  little  arch  GR  by  it's  tangent,  the  triangles  EIM,  EGR,  ViU  be 

•  •  • 
Jimilar.    Hence  GR  =  ^.    Now,  drawing  EQj^QG,  perpendicular  to  the 

curve  in  the  points  E,  G,  the  fedors  QEG,  EGR,  are  fimilar;  fo  that  QE  zs: 

•  •  • 

=^.    The  fimilar  triangles  EBC,  EAP,  will  give  us  />  =  ^  =:    ^.f*    .    ; 

and,  by  differencing,  without  affuming  any  confhint  fluxion,  p  wm 

yx  +  if  X  ix  +»  -  ix  +»•  X  jyi        J.  _  i*f  +.w*  +  *y'->i>ly'       Whence. 

fubftituting  this  value  inftcad  of  p  in  the  cxprefEoa  of  QE,  it  will  be  QE  = 

- .y  X  **  +»i*  ji  oeneral  formula  for  the  radius  of  curvature  of  curves 

referred  to  a  focus,  without  taking  any  fluxion  as  conftant. 

If  we  would  have  x  conftant,  taking  the  value  of  p  in  this  hypothefis,  and 
fubftituting  j  or,  without  any  thing  elfe  but  expunging  the  term  jtyx  in  the 

general  formula,  it  will  be  QE  =   j;.}  ^  —  _^- '  • 

If  we  would  have  y  conftant,  expunging  the  term  —  yxy  in  the  general 
formula,  it  wjU  be  QE  =  ^,  ^  ^  ^^:^  • 


And  laflly,  taking  i  for  conftant,  that  is,  s/xx  +  yy»  we  fhould  have  x  = 
.  ^- ;  and,  inftcad  of  x,  fubftituting  this  value  in  the  general  formuU,  it 


will  be  QE  =  .r-^Y''^  \P  ;  or  elfe,  fubftituting  the  value  of  y,  it  is  QE  = 

^~  XX  —  yy 

jyVx'x  +jy 
xy  +yx 

ii6.  If 
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n6.  If,  in  any  of  ihefc  formulie,  we  fliouhl  fuppofe  y  infinite,  all  thofc 
terms  would  vanilh  in  which  it  is  not  found,  and  the  formulae  will  be  the  fame 
as  thofe  found  for  curves  referred  to  an  axis;  which  ought  to  obtain,  bccaufe, 
if  j^  be  infinite,  the  point  A  will  be  at  an  infinite  diftancc,  and  therefore  the 
ordinares  will  be  parallel. 


Fig.  82. 


117.  After  another  manner.     In  the 
i^.  .^ point  E  let  ER  be  a  tangent  to  the  infi- 

^i<C        "'^^'y  '"^'^  ^''^'^  ^^'  ^"^  '^'^  ^'  QP» 

be  the  two  radii  of  curvature,  and  pro* 
duce  QG  to  R,  From  the  ftciis  A  draw 
AN  perpendicular  to  QG,  and  AK  pei- 
pendicular  to  QE,  and  make  EK  =:  /  ; 
then  is  KM  •=,  i.  Becaufc  the  triangle 
AKM  is  fimilar  to  the  triangle  QNM, 
and  this  is  fimilar  to  the  triangle  QER, 
it  will  be  QE  •  ER  ::  AK  .  KM  =  /• 
Bat,  becaufe  of  the  fimilar  triangles  ELC, 

or  EGC,  EAK,  it  is  AK  =:  4^  ,  and  ER 


may  be  affumed  for  EG.     Then  it  will  be  QE  .  i  ::  ^  .  /,  and  therefore  QE 

But  EK  z:  /  r:  •&.  Then  doing  the  reft  as  before,  that  is,  differ- 
encing the  value  of  /,  and  fubftituting  in  the  exprefHon  of  QE,  we  fliall  obtaia 
the  fame  formula  as  above. 


t 


II 8.  Making  QP  perpendicular  to  EA  produced  to  P,  the  tiiangles  EAK, 
EQP,  will  be  fimilar,  and  therefore  EA  .  EK  ::  EQ^,  EP.     But  it  has  been 

Ihown,  that  EQ  =  ^.     Then  jr .  /  ::  4-  .  EP  =  -^.    And,  inflead  of  /, 

fiibftituting  it's  value  4-,  and,  inftead  of/,  the  differential  "^+^^^!^ 

•  •  • 
without  afluming  a  conftant  fluxion,   it  will  be  EP  =    . . .   .  ^V.'. ^  = 

xss  +  jyw  —  yiy 
vx^  "4"  vxy  y 

rj  ,    ;.-  ■;'  •• — rrrr-,  a  general  formula  for  the  co-radius,  in  which  no  fluxion 

is  made  conftant;  from  which,  being  modified,  we  obtain  jhe  other  formula?, 
which  correlpond  to  the  fuppolition  oFa  conftant  differential.  And  if  in  thefe  we 
fliould  fuppofe  y  to  be  infinite,  that  is,  if  we  ftiould  cancel  the  terms  in  wujch 
it  is  not  found,  we  (hould  have  the  fame  formulae  which  have  been  fouiid  for 
curves  referred  to  an  axis  or  diameter. 

119.  Now, 
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119.  Now,  whatever  the  curve  may  be,  as  we  find  but  one  ezpreffion  only 
for  the  radius  of  curvature,  and  for  the  co-radius  ;  and  that  as  well  in  curvet 
referred  to  an  axis,  as  in  thofe  referred  to  a  focus ;  it  follows  from  hcoce^  tbat^ 
whatever  the  curve  be,  it  can  have  but  one  evolute. 


Fig.  83. 


KV. 


12a.  Therefore,  any  curve  being  given,  cxpreffed  by  any  equation  whatever, 
of  which  curve  the  radius  of  curvature,  or  the  co-radius  is  required  ;  it  will  be 

necelTary  to  difference  the  equation^  in  order  to 
have  the  values  of  y,  jjy,  and  y  given  by  jc  ;  or 
thofe  of  A',  &c.  given  by  y ;  and  to  fubilitutc 
them  in  the  formulas  now  found,  by  which  we  (hall 
have  the  expreflion  in  finite  terms^  and  quite  firee 
from  differentials,  of  the  radius  of  curvature,  or 
the  co-radius  of  the  propofed  curve. 


A^^- 


lis-  84. 


//..  £5 


121.  If  the  value  of  the  radius  of  curvature,  or 
of  the  co-radius,  be  pofitive,  they  ought  to  be 
taken  on  that  fide  of  the  axis  DM,  (Fig.  80.)  or 
of  the  /ecus,  (Fig.  81.)  as  has  been  hitherto  (up* 
pofed,  and  the  curve  will  be  concave  to  this  axb 
or  focus.  But  if  it  Qiall  be  negative,  they  oughc 
to  be  taken  on  the  contrary  fide^  and,  in  this  cafif^ 
the  curve  will  be  convex*  Hence  it  follows,  thar^ 
in  the  point  of  contrary  flexure  or  regreffion,  if 
the  curve  have  any,  the  co-radius,  from  pofitive^ 
will  become  negative ;  and  two  radii  of  curvature 
that  are  infinitely  near,  from  being  convergent  will 
become  divergent.  Bik  this  cannot  be,  without 
they  firft  become  parallel,  that  is,  the  radius  of 
the  evolute  mud  be  infinite  in  this  point ;  or  clfe 
they  mud  coincide  one  with  the  other,  and  thus 
make  the  radius  of  the  evolute  nothing.  It  is 
evident,  that  when  the  evolute  is  fucb,  as  that  the 
radii  go  on  always  incrcafing,  as  they  approach  to 
the  point  B  (Fig.  83,  84.)  of  contrary  flexure  or 
rtgrtfiicn,  to  pais  from  being  converging  to  be- 
come diverging,  ihty  muft  firft  become  parallel, 
being  then  AD,  FE,  the  evolute  of  the  curve 
ABK  But  if  the  evolute  of  the  curve  ABF, 
(F:g.  S3,  86.)  iball  be  DBE,  the  thread,  un- 
winding iilclf  from  the  point  B,  and  proceeding 
towards  A  in  retpeft  of  the  portion  JBA  of  the 
curve,  ar.J.  going  on  towards  T,  in  refped  of  the 

poitioa 
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Fig.  86.  ; 
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portion  BF  ;  bccaufe,  as  the  radius  is  always  lefs,  the 

nearer  it  is  to  the  point  B,  it  mud  of  neceflity  become 

nothing  before  it  pafles  from  being  poluive  to  become 
negative. 


£ 


EXAMPLE    L 


Fig.  87. 


122.  Let  the  curve  AB  be  the  Apollonian 
parabola  of  the  equation  ax  =  yy^  of 
which  we  would  find  the  radius  of  curva- 
ture at  any  point  B.  By  taking  the 
fluxions,  It  will  be  ax  =  2yy ;  and  taking 
the  fluxions  again,  making,  if  you  pleafe, 
X  conllant,  it  will  be   oyy  +   2yy  =  o. 


MOXX 


therefore  y  zz    -^ 
Wherefore,  thefe  values  being  fubftituted 
in  the  formula  for  the  co-radius  — — ^  , 

it  will  be  l!:l±i2:=BE;  orelfe,  by  putting, 
inftead  of  y^  it's  value  given  by  the  equation  of  the  curve,  it  will  be  BE  zi 

— ^ —  +  s/ax* 


From  the  point  B  let  the  tangent  BT  be  drawn,  which  meets  the  axis  in  T, 
and  from  the  point  T  is  drawn  TE  parallel  to  the  perpendicular  BM  :  this  will 
tncet  BP  produced  in  the  point  required,  E.  For,  becaiife  of  the  right  angle 
BTE,  it  will  be  BP  .  PT  ::  PT  .  PE ;  that  is,^  by  the  property  of  the  para- 
bola y/ax .  2x  ::  2:^.  PE  =  ^  =  Iflilff .     Therefore    BP  +  PE   =   BE 
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=  il^Lfl  4.  ^ax.    Now,  BE  being  determined,  draw  EQ^parallel  to  the 

axis  AP  ;  the  normal  BM,  produced,  will  meet  EQ^in  the  point  Qt  which  will 

be  a  point  in  the  evolute. 

Or  elfe,  becaufc  of  the  fimilar  triangles  BPM,  lEQ^  it  will  be  BP  .  PM/.: 
BK  .  EQ^    But,  by  the  property  of  the  parabola,  it  is  PM  rr  4^.    Then 

x/ax  .  ^  ::  ^^^  +  s/ax  .  E(^    Whence  ECL=  2*   +  itf  =  PK,  and 

MK  =  IX.  Wherefore,  taking  MK  double  to  AP,  or  PK  =s  TM,  and 
drawing  KQ^  parallel  to  PB,  it  will  meet  the  perpendicular  BM  produced  in  the 
point  Qr  which  will  be  in  the  evolute*     And,   becaufe  it  is    BP  •  BM  II 

BE .  BC^and  BM  =  iSI^f,  «  will  be  x^ax  ,  H^^tHi  ::  ^  + 
s/ax  •  BO  =  4^-^  +  ^^'*     the  radius  of  curvature. 


Taking  the  formula  '^"^     .^.      of  the  radius  of  curvatare,  aad  making  the 
fobfticutions,  it  will  be  OB  =  ^HB!  =  ^  + '"'^ ,  as  at  firft. 


Froceeding  to  the  fecond  fluxions  of  the  equation  ax  :=:  yy,  without  making 
any  conftant  fluxion  ;  becaufe  ax  zz  2^,  it  will  he  ax  =  %yy  +  ajy,  or  jr  =: 

^"^  "  ^^-^  .    Wherefore,  taking  the  formuhi  for  the  radius  of  curvature  -^l   ^^|.  \ 

whiclv  belongs  to  this  cafe,  and  making  the  fubftitution-  of  the  value  of  j?,  it 

will  be  QB  zi    -1^.  ^  ''^!..'^.-^-^-.. .  ;  and  laftly,  putting  the  values  of  jr  and  y^ it 

^  Oyjfx  '^  axx  +  %xyy  y»io  ••^ 

IS  QB  n  — ,  as  above* 

The  fame  thing  will  be  found  in  the  other  fuppofitions  of  j/  or  i  conftant;. 
which,  confnking  brevity,  I  (hall  here  omit. 

If  we  would  have  the  radius  of  curvature  at  any  determinate  point  of  tKe 
curve,  it  will  be  fuffjcient  to  fubftitute,  in  the  finite  expreflion  already  found 
for  the  radius  of  curvature  for  any  point,  rhe  value  of  x  agreeing  to  that  deter- 
minate point.  Thus,  if  we  would  have  the  radius  of  curvature  in  the  vertex  A,. 
or  in  the  point  N  in  which  the  axis  AN  of  the  parabola  touches  the  evolute 
NQj  fince,  at  the  vertex  A,  it  is  x  =  o,  by  expunging  the  term  /^x  in  the 

T — ^  3 

expieffion  ^ — ^  of  the  mdius  of  curvature,,  we  (hall  have  AN  =:  ^a% 

whid^ 
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which  cannot  be  otherwife,  the  radius  AN  in  this,  cafe  being  the  fame  as  the 
fubnormal,  which^  in  the  parabola^  is  known  to  be  equal  to  half  the  parameter. 

123.  Now  it  will  be  eafy  to  find  the  equation  to  the  evohite  NQ,  after  the 
ftianner  of  Des  Cartes^  or  the  relation  of  the  ordinates  NK,  KC^  in  the  follow- 
ing manner. 

Make  NK  =:  «,  KCL=:  /.    Since  KQ^=  PE  =  ^^,  we  fhall  have  the 

equation  /  =  ^^^ .  But  AK  =  AP  +  PK  =  3;^  +  -^,  and  AN  =  \a. 
Then  NK  zi  3.V  =  «,  and  x  —  \ui  therefore,  putting,  inftead  of  *•,  this 
taluc  in  the  equation  /  =  1^*,  we  (hall  have  /  =  lll^ifl,  and,  by  fquar- 
*ng»  27^//  =  i6«',  which  is  an  equation  to  the  fecond  cubic  parabola,  with  a 
parameter  ==  -j~- ;  which  exprefles  the  relation  of  the  co-ordinates  NK,  KQ^ 
and  is  the  evolute  of  the  propofed  Apollonian  parabola. 


Fig.  88. 


It  is  evident  that  the  whole  fecond  cu- 
bical parabola  will  be  the  evolute  of  the 
whole  Apollonian  parabola ;  that  is,  that  the 
branch  NQ^will  be  the  cvokite  of  the  upper 
part  AB,  and  the  branch  Ny  of  the  lower 
part  Ab :  and  that  the  two  branches  Nf, 
NQ*^  change  their  convexity,  and  have  a 
regreflion  at  N. 


124.  It  is  alfo  evident,  that  if  the  propofed  curves  be  algebraical,- their 
evolutes  alfo  will  be  algebraical  curves,  and  that  we  may  always  have  an  equa- 
tion in  finite  terms,  exprefling  the  relation  of  the  co-ordinates;  and  that,  befides, 
thofe  evolutes  will  be  reftifiablc,  or  we  may  find  right  lines  equal  to  any  portion 
of  the  fame;  for  example,  to  QN.  For,  if  the  propofed  curve  AB  be  alge- 
braical, we  may  always  have  the  radii  of  curvature  BQ»^  AN,  in  finite  teruj$^ 
and,  from  BQ^fubtracling  AN,  the  remainder  will  be  the  arch  NQ;^ 
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125.  Let  the  curve  MBM  be  the  hyper- 
bola between  the  afymptotcs,  whole  equation 
is  oa  =  xy.  By  diffcreticing,  it  is  )n  +  yx 
=  o,  and  by  differencing  againj  and  uking 

X  as  cDnftant>  it  is  j*  =  —  i^L,    Subfti- 

tuting  thefe  values  oiy  and  y  in  the  formula 

~ — rr^  for  the  co-radius,  \re  ftiall  have 

—y 

BE  =:  flil^,  a  negarire  value.  IF, 
therefore,  it  is  AP  =  *,  PB  =  y^  in  AB, 
produced,  taking  BN  =  4BA  =  iVjw+jj.^ 
and  rufing  the  perpendicular  NE,  which  may  meet  the  ordinate  BP,  produced 
in  E,  the  co-radius  will  be  BE,  as  was  required.  For,  becaufe  of  fimilar 
ifiangles  BPA,  BNE,  it  will  be  BP .  BA  ::  BN  .  BE,  that  is,  y  .  ^/xx-^yy 
"  tV^**  +  j:)"  .  BE  =  "  ^  i  and  therefore,  on  the  negative  fide,  it  muft 
be  BE  =  ~^~J^ .     Wherefore,  drawing  EQ^parallel  to  AP,  and  produdng 

to  Q^the  perpendicular  to  the  curve  FB  in  the  point  B,  the  radius  of  curvature 
will  be  BQ^  and  the  point  Q_will  be  in  the  evolute. 

To  determine  the  radius  of  curvature  at  the  vertex  of  the  hyperbola  D,. 

make  *  =  AH  =  a,  and  therefore  y  =:  HD  =  a.     Then  the  co-radius  ^--  ^ . 

ix.  the  vertex  D  will  be  equal  to  —  a,  and  the  radius  equal  to  —  Viaa, 

If  we  do  but  confider  a  little  the  6gure  of  the  curve  MBM,  we  fhall  find. 
that  the  evolute  will  have  two  branches,  with  a  point  of  regreflion  at  L,  ia 
which  the  radius  DL.  will  revert,  and  will  be  the  leaft  of  all  the  radii  BC^. 

Wherefore,  hy  differencing  the  formula  of  the  radius  of  curvature.  "— — ~^  , 

the  difference  or  fluxion  will  be  nothing,  or  inBnite  ;  that  is,  fuppofing  ;;  to  be^ 

conttant,  it  will  be  -  s-^iu^^^'^iT^  + -^  ^  ^'-  ±^  ~  q,  or  00.    And,  di- 


viding by  a/xx  +  yy,  and  multiplying  by  xyy,  it  will  be  xxy  +  jyjf  ~  ^yy 
8.-  =  Q,. 
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r:  O9  or  oo.    But,  by  the  equation  of  the  curve,  it  is   y  =: ^; ,  y  ~ 

■  ^^-  ,  j/  s  —  '^—  .     Therefore,  making  the  fubftitutions,  and  fuppoling  the 

faid  quantity  to  be  equal  to  nothing,  we  (hall  have  x  -=1  a  zz  AH.  That  is  to 
fay,  the  regreffion  will  be  in  the  radius  of  curvature  at  the  vertex  D  of  the 
curve.  But  it  has  been  fecn,  that  that  radius  is  equal  to  —  \/%aa  ;  therefore 
it  will  be  DL  =  —  i/  xaa  =  DA. 

In  the  formula  of  the  radius  of  curvature,  fubflituting  the  values  of  j^  and  y 

wc  (hall  have  BO  =  H+i^lL  -ll±ji^  ^  and  therefore,  differencing,  that 

we  may  have  the  lead  radius,  that  is,  the  point  of  regreffion  L,  it  will  be 
^xx  +  ggry  x   '^ xx  +  yy  =  o;  and,  inftead  of  j>,  putting  it's  value,  it  will  be 

y^xic  —  ^x  X  y/xx  +  ;ry  =  o,  that  \^  x  -=1  y  '=,  a.  And  fubftituting  this 
value  in  the  expreffion  for  the  radius  of  curvature,  it  will  be  =  —  »/ zaa  =: 
DL,  as  found  above. 

The  radius  B(^  may  alfo  be  conftruiled  in  another  manner.  For,  becaufe 
jf  1=  —  — ,  inftead  of  x  and  x<^  fubftituting  their  values  by  ^,  it  will  be  jr  = 

-=^  •  and  therefore  the  co-radius  BE  =  "ii^^^ — r^  .     And,   becaufe  of  fimilar 

triangles  BPF,  BEQ.  we  (hall  have  E<^=  -^  ^. ^ .    Now  draw  the 

tangent  BT  to  the  point  6,  and  from  the  point  T  the  line  TS  perpendicular  to 
BT,  or  parallel  to  BC^  and  make  BE  =  fBS,  or  PK  =  fFT.     Now,  if  E(^ 
be  ^rawn  parallel  to  AT,  or  KQ^  perpendicular  to  it,  they  will  meet  the  line 

BC^in  the  point  of  the  evoluie  C^  For  it  will  be  BS  =  ^J^i±^ ,  then  BE 
=  yJ±±^i.  J  it  will  be  alfo  FP  +  PT  =  FT  =  -  4-  —  4.,  and  there. 
foreEQ=  -4--4.. 

If  the  equation  be  y^  r:  x^  which  exprefTcs  all  parabolas  ad u^nttum^  when 
m  denotes  an  affirmative  number,  and  confequently  the  parabola  of  the  firft 
example  :  (and  it  expreflTcs  all  hyperbolas  between  the  afymptotes,  when  m 
ftands  for  a  negative  number,  and  therefore  that  of  the  prefent  example.)     By 

taking  the  fluxions,  we  (hall  have  wjb**""*  =  ^;   and  taking  the  fluxions 

€^n,  fuppofing  X  conftant,  it  will  be  mm  — m  Xj^/""**  +  ^yf'^^   =  o. 

O  a  Now, 
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Now,  dividing  by  wj-*"',  it  will  be  —  y  "=  ro  —  i  X  ^.  Wherefore, 
taking  the  formula  for  the  co-radius  — — i?^  ,  and  making  the  fubftitucion  of 
the  value  of  y,  we  ftiall  have  BE  =:  ^^i±_^-^  ,  and  therefore  EQ.  or  PK  = 


Fig.  87. 


t/     / 

n\m           1 

'\      A     P 

s                \ 

n 

i 

From  the  point  T  (Fig.  87,  89.)  in 
which  the  tangent  BT  meets  the  axis  AP, 
is  drawn,  in  like  manner,  TS  parallel  to 
EC^  a  perpendicular  to  the  curve,  which 
meets  in  S    the  ordinate   BP  produced. 

Then  take  BE  =  — -— ,  on  the  negative 

(ide,  if  m  be  a  negative  number,  as  in  the 
hyperbolas  which  are  convex  towards  the 
the  axis  AP,  (Fig.  8^.)  that  is,  to  .the 
afymptote.  But  BE  mud  be  taken  on  the 
pofitive  fide,  if  ra  be  a  pofitiye  number^ 
and  greater  than  unity,  as  in  the  parabolas 
(Fig.  87.)  that  are  concave  to  the  axis  AP; 
and  on  the  negative  prt,  if  m,  being  po- 
iittve,  be  lefs  than  unity,  in  which  cafe  the 
parabolas  are  convex  to  the  axis  AP. 

To  determine  the  point  in  which  the 
axis  of  the  parabola  touches  the  evolute,  I 
take  the  formula  of  the  radius  of  curva- 
ture, which  is  — — ^^,  from  whence,  by 
fubftituting  the  values  of  Jf  =  tnyy^~^, 
and  of  —  j!  =  *""  '  ^-^f  we  (hall  have 


Ic  is  here  underftood,  that  unity  may  fupply  any 


«X  w— i  Xji 

powers  lequirsd  by  the  law  of  homogeneity.  Whence,  fiippofing  m  to  be 
greater  than  unity,  for  that  reafon  the  parabolas  will  be  concave  to  the  axis  APj 
if  m  be  Icfs  than  2,  the  J  in  the  denominator  will  become  a  multiplier  in  the 
numcrstor,  and  therefore,  making  jr  =  o,  as  the  prcfent  cafe  requires,  tt  will 
be  B(^=  0,  that  is,  the  axis  will  bs  a  tangent  to  the  evolute  in  A,  the  vertex 
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of  the  parabola,  as  it  would  be  (for  inftance)  in  the  fecond  cubic  parabola 
axx  =  y.  Fig,  70. 


Fig.  90. 


Now,  if  m  be  greater  than  2,  the  y  of 
the  denominator  would  be  raifed  to  a  pofi- 
live  power,  and  therefore,  making  y  n  o-, 
BQ^ would  be  infinite,  that  is,  the  axis  of 
the  parabola  will  be  an  afymptote  to  the 
cvolute;  as  in  the  firlt  cubical  parabola 
AB,  (Fig.  90.)  whofe  axis  AP  is  an  afym* 
ptote  to  the  evolute  L(^ 


The  evolute  CLO  of  the  cubical  fcmiparabola  ABM  of  the  equation  aax:=.y^^ 
has  a  point  of  regrciiion  L,  and  therefore  two  branches  LQt^  LC ;  by  evolving 
the  branch  LQ^  the  portion  BA  will  be  generated,  and  by  evolving  the  branch 
LC,  the  infinite  portion  BM  will-  be  produced. 

To  determine  the  contrary  flexure  L,  take  the  value  of  the  radius  of  curva- 

ture,  which  in  this  curve  is  ^^  ^  , — ^,  which  ought  to  be  a  minimum;  and  there- 

fore,  by  taking  the  fluxion,  it  will  be 


=  o,  that  is,  45>*  —  tf*  =  o ;  whence  y  -=1  ^ 


6a^jy 

And  this   value,    being 


45 


fubftituted  inftead  of  y  in  the  equation  aax  =  y\  we  Qiall  have  x  zz  ^ 

Taking,  therefore,  AP  1=  y/  — — ,  and  drawing  the  ordinate  PB,  the  point 
of  regreflion  L  will  be  in  the  perpendicular  to  the  curve  at  the  point  B,  And* 
in  the  expreflion  of  the  radius  of  curvature,  putting  ^  —  inflcad  of  y,  we 
(hall  have  the  value  of  BL. 

After  another  manner.     By  differencing  the  equation   aax  =^',  or  j^  1= 

oTx^y  it  will  be  j^  =  -^a'^xx  ^,  y  zn  —  ^'^xxx  ,  y  =  i^a'^x^x  ^,  fuppof- 
ing  X  to  be  conftant.  Whence,  taking  the  formula  xxy  +  yyy  —  3^yy  =  c,  andL 

fubftituting  thefe  values,  we  fliall  have  AP  =  v/ >  as  before. 

o  9  ^    QI125 
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Fig.  91 


126.  Let  the  curve  ABD  be  an  ellipfis  or 
hyperbola,  the  axis  of  which  is  AH  =  a,  the 
parameter  AF  =  *,  AP  =  x,  PB  =  y,  and  the 

J^^^    equation  y  "ss^  ^  - — ±— ff .    By  difierencing,   it 

will  bc;^=  ,^^-^^-jj^,  and  j.=^^^^^^^^., 
taking  x  for  conftant.     Making  the  fubftitutions 

in  the  formula  ^  of  the  radius  of  curva- 

--jy 

ture,  it  wiU  be  BGQ^r:  4^*  ^  ^^^  +  ^^g:  4.^^.  +  ,hhxx\\  ^  g^^  ^^^^  ^^^^^ 
will  be  found  to  be  BG  =  4^^  T  4^***  +  ^g^*  ^4^  +4^  ^     Therefore 

la 

the  radius  will  be  BQG  =  ^^?/"^'  J  fo  that,  taking  the  parameter  h  for  the 

firft  term,  the  normal  BG  for  the  iecond,  and  continuing  the  geometrical  pro- 
portion^ the  quadruple  of  the  founh  term  will  be  the  radius  of  curvature  B(^ 

Making  a:  =  o  in  the  expreffion  for  the  radius  of  curvature,  it  will  b^ 
BGQj=  AM  =  ^k.    And  making  x  =:  AO  =  \a^  we  (hall  have  in  the  cllipfis 

BG(^=  DOC^r:  ^^^  ,  that  is,  equal  to  half  the  parameter  of  the  conjugate 

axis ;  and  in  Q^will  be  a  rcgrcffion;  and  the  evolute  of  the  portion  AD  =  DH 
will  be  MC^— of  the  portion  DH,  will  be  R(^  But,  in  the  hyperbola,  the- 
radius  is  extended  in  infinttum. 

In  the  ellipfis,  if  we  make  a  z:  i,  the  radius  of  curvature  BGC^will  be 
=  f^,  wherever  the  point  B  be  fituate.  Therefore  the  radii  will  all  be  equal  to 
one  another,  and  the  evolute  will  become  a  point;  that  is  to  fay,  that  the  ellipfis, 
in  this  cafe,  degenerates  into  a  circle^  having  the  centre  for  it's  evolute* 
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EXAMPLE    IV. 


co-radiusj  we  (hall  have  BE  z: 


Fig%  9a..  127.  Let  the  curve  ABD  be  the  com- 

mon logarithmic  curve,  the  equation  of 

which  is  —  =:  x. 

y 

By  Caking  the  fluxions,  making  x  con- 

ftant,  it  will  be  y  =  ^  =:  Jlif ,  by  fub- 

(lituting  the  value  of  j/.    Making  the  ufuai 

•  •   g   •  • 

fubftitutions  in  the  formula  ^"^    .r^  of  the 

-y 

y    ; 

and    becaufe,   in    the   logarithmic,   it    is 

•2L,  it  will  be  TLQjz  ^a  ~  ^. 

taking  PK  =  TH,  and  raifing  KQ^at  right  angles,  it  will  meet  the  normal. 
HBQTin  Qj^  the  point  of  the  cvolute  required. 

If  we  would  determine  the  point  of  greateft  curvature  in  the  logarithmic,, 
that  is,  the  point  where  there  is  tlie  lead  radius  of  curvature;  making  the  fubfti- 
tutions in  the  formula  "^-^  '*"-f:f!i  of  the  radius  of  curvature,  it  will  be  ^^  +^^  . 

-  ^  -€r 

and  taking  the  fluxions,  it  will  be  -  ^^yyy  ^  ^^^^' ^  +  ^>  >^  ^^LMlf  =  q,  and 

aayy 

therefore  PB  =r  j  =:  ^^aa. 


found  that  the  fubnormal  PH  =  — ,  it  will  be  E(^=:  —  ^ 


Therefore, 


Or,  taking  the  formula  of  §  125,  xx^  +  yy^  ^  ^yyy.  =  o,  and  making  the 
condufion  of  PB  =  jr  =  s/iaa. . 


fubftitutions  of  j/  =  ^,  jf  =  -^^  ,  and  7  =  •^,  we  fhallxome  to  the  fame 
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Fig'  93- 


128.  Let  ABD  be  the  logarithmic  fpiral,  the  property  of 
which  is,  that,  at  any  point  B,  drawing  the  tangent  BT,  and 
from  the  pole  A  the  ordinate  AB,  the  angle  ABT  may  always 
be  the  fame  :  therefore,  making  AM  to  be  infinitely  near  AB, 
the  ratio  of  MR  to  RB  will  be  conftant.  Wherefore,  putting 
AB  —  y,  the  little  arch  BR  =  x,  the  equation  will  be 
ax  :=z  ty  I  and,  by  taking  the  fluxions,  and  making  x  con- 
ftant, it  will  be  y  =  o.     Therefore,  taking  the  formula  of  the 

co-radius,  §  118,    .,  ,  ^!'..^''y. rrr-. 


for  curves  that  are 


referred  to  a  focus j  which,  being  managed  on  the  fuppofition 
of  X  being  conftant,  will  be    ^-^^  . /^-^i. .     And  in  this,  cx- 

punging  the  term  yy^  becaufe  the  curve  gives  us  here  y  =  o, 
end  making  the  fubftitution  of  the  value  of  x  or  y^  or,  dividing  the  numerator 
and  denominator  by  xx  +  yy^  the  co-radius  will  be  BA  =>. 

Therefore,  drawing  AC  perpendicular  to  AB,  it  will  meet  the  perpendicular 
6C  in  C,  the  point  of  the  e volute  required ;   and,  becaufe  the  fuboormal 

AC  =:  ^,  it  will  be  BC  =  ^^^f*^. 

Drawing  BT,  a  tangent  to  the  curve  in  the  point  B,  the  triangles  TCB, 
CBA,  will  be  fimilar,  and  therefore  the  angles  TBA,  ACB,  will  be  equal.  But 
the  angle  TBA  is  a  conftant  angle,  fo  that  the  angle  ACB  will  be  fo  too. 
Therefore  the  cvolute  AC  will  be  the  fame  logarithmic  fpiral  ABD,  but  in  an 

inverted  fuuation. 


EXAMPLE    VL 


129.  Let  ABD  (Fig.  93.)  be  the  hyperbolical  fpiral,  the  property  of  which 
is,  that  the  fubtangent  is  a  conftant  line. 

Do  the  fame  things  as  in  the  foregoing  example,  and  the  equation  of  the 
curve  will  be  ^  =  a,  or  j/x  =  ty.    Then,  by  differencing,  making  x  con- 
ftant. 
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ftant,  y  =  — .  Wherefore,  taking  the  formula  of  the  co-radius,  corrcfponJ- 
ing  to  the  hypothefis  of  jf  conftant,  that  is,  ^^^^^^'— ,  ar.d,  inftcad  of  v, 
fubftituting  ii's  value  -^^  and,  inftead  of  _y,  it's  value  ^  given  by  the  eiiiia- 
tion,  the  co-radins  will  be  =  — -*'^ — — , 

But,  btcaufe  the  fubtangent  AT  =  a,  and  the  fubnormal  AC  =  ~,  it  will 

be  TC  =  "■■  -^^ .    Therefore  the  founh  proportional  to  the  fubt.iLigcnt  TA, 

and  TC,  and  the  ordinate  AB,  here  determines  the  co-radius.  'Whence,  from 
the  point  C  drawing  CC^ parallel  to  the  tangent  BT,  which  cuts  m  Q_thc  ordi- 
nate BA  produced,  Bt^will  be  the  co-radius  required. 

For  the  triangles  BAT,  CA(^  are  fimilarj  fo  that  we  (hall  have  CA  .  A(^ 
;:  TA  .  AB;  and,  by  permutation,  CA  .  TA  :;  AQ  .  AB.  And,  by  com- 
pounding, TC  .  AT  ::  QB  .  AB  J  and,  by  iuverfion,  TA  ,  TC  ::  BA  .  BC^ 


EXAMPLE    Vir. 


%.94. 


130.  Let  ADN  be  a  feftor  of  a  cirtlle,  and 
from  the  centre  A  drawing  any  radius  ABP, 

let  it  be  ND  .  NP  ::  aF""  .  ABl™.  The 
point  B  (hall  be  in  the  curve  ABD,  which  is 
one  of  the  fpirals  ad  infinitum^  the  equation  of 

which  is  f  =  ^-~,  making  NPD  =  h,  NP 

=  z,  the  radius  AP  ~  a,  and  AB  ~  y. 
Then,    by  taking   the   fluxions,    it  will   be 

mjy  ~  zz  ^-f-^  Now,  drawing  the  radius 
Ap  infinitely  near  to  AP,  and  malting  BR  =  x ;  becaufc  of  finiilar  fcftors 
APp,  ABR,  it  will  be  2;  =  -^  . 
..   Vol.  II. 
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w  +  i. 

X 


in  the  fluxional  equation,  it  will  be  wyy"  =  ,  ^       "^  ;    and  therefore,  taking 


. .  m^l 


the  fluxions  again,  making  x  conftant,  we  fliall  have  mmyyy  "  +  my  y  zz  o^ 
that  is^  yy  =  —  P2yy.  Wherefore,  making  a  fubftitution  of  this  value, 
and  of  the  value  of  x,   in  the  formula  of  the  co-radius,  it  will  be  BE  =. 

y  X  mmbby       +  a      ^ 


tm 


— .    Make  T AC  perpendicular  to  AB,  and  draw  BT 


tangent  to  the  curve  in  B,  and  BC  perpendicular  to  it;  k  will  be  AT  = 


ily 


«r+I 


w  +  l 


a«   •   ^aiii+  2 


m+i 


,  AC  =  ,  and  therefore  TC  = 


mmhhy       +  n 


mb/"-"^    '  «^4"'+V' 


Whence 


the  fourth  proportional  to  TA  +  w  +  i  x  AC,  to  TC,  and  to  AB,  will  be 
yx»»>mi»     +" =  BE.    And  therefore,  drawing  ECLparallcl  to  TC,. 

it  will  meet  the.  perpendicular  BC  in  the  point  Q^  which  will  be  a  point  in  thft 
cvolute. 


EXAMPLE    YIU. 


^k'  9S 


131.  Let  the  curve  ABD  be  half  ©f 
the  common  cycloid,  the  equation  of 

which,  is  y  =  x-/  ^i-=^ ;  making  AC 
s=  a/»,  AP  =  «.  PB  =  jr.. 

By  differencing,  and  taking  x  fot 

conftant,  it  will  be  i?  =  — . " » 

and  fubftituting  thefe  values  in  the  for^ 
jj     mula  for  the  radius  of  curvature    _  ^  ^» 


it  will  be  BQ^z:  z\^j\aa  —  2tf;if^  But 
the  normal  BG  =  \/j^a  —  2^^,  which  is  equal  to  the  chord  £Ct.  Thcrefiw? 
ihc  radius  of  curvature  BQ  55  zBG  =  2ECi  ^  ^  , , 

a      ""  MlUl 
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Making  at  rr  o,  to  have  the  radius  of  curvature  in  the  point  A,  it  will  be 
BQ^=  AN  =  4^,  and  therefore  CN  =  CA  =  2a. 

Making  x  =  la^  the  radius  of  curvature  in  the  point  D  will  be  =  o,  and 
therefore  the  evolute  begins  in  D,  and  terminates  in  N. 

Becaufc  the  tangent  of  the  cycloid  in  B  is  parallel  to  the  chord  EA,  (§  47.) 
the  normal  RQ^will  be  parallel  to  the  chord  EC.  This  fuppofed,  complete  the 
rccVanglc  DCNS,  and  with  the  diameter  DS  =  CN  =  AC  delcribe  the  femi- 
circle  DIS,  and  draw  the  chord  DI  parallel  to  BQj^  or  to  EC.  The  angles 
GDI,  DCE,  will  be  equal,  and  confequently  the  arches  DI,  CE,  and  their 
chords.  Therefore  DI,  GQ»^  are  equal  and  parallel ;  and  drawing  IQ>^  it  will 
be  equal  and  parallel  to  DG,  But,  by  the  property  of  the  cycloid,  DG  is  equal 
to  the  arch  EC,  and  therefore  to  the  arch  DI.  Then  the  arch  DI  =  IQ»^  and 
the  femicircle  DIS  zz  SN,  Whence  the  evolute  DQN  is  the  fame  cycloid, 
DBA,  in  an  inverted  fituation. 


132.  The  radius  of  curvature  and  it's  formula  being  now  fufficiently  ex- 
plained, it  will  not  be  difficult  to  find  the  formula  for  the  regreffions  of  the 
lecond  fpecies^  mentioned  before  at  §  98. 

Let  the  curve  be  BAC,  with  a  contrary 
flexure  at  A,  and  let  it  be  evolved  by  the 
thread  beginning  at  any  point  D,  different 
from  the  point  of  contrary  flexure  A.     The 
evolution  of  the  portion  DC  generates  the 
curve  DG,  and  that  of  the  portion  AB  ge- 
nerates the  curve  EF  ;  in  fuch  manner,  that 
the  evolution  of  the  whole  curve  BAC  will 
form  the  entire  curve  FEDG,  which  has  two 
regreflions ;  one  at  D  of  the  ufual  form, 
becaufe  the  two  branches  DE,  DG,  turn 
their  convexity ;   the  other  at  E  of  the 
fecond  fort,  becaufe  the  two  branches  ED,  EF,  are  concave  towards  the  fame 
parts.     Let  NM,  N«w,  be  any  two  rays  infinitely  near,  of  the  evolute  DA, 
and  NH,  »H,  two  perpendiculars  to  the  fame  5  the  two  infinitefimal  fectors 
NwM,  HN»,  will  be  fimilar,  and  therefore  HN  .  NM  ::  N«  .  Mw.     But,  in 
the  point  of  contrary  flexure  A,  the  radius  HN  (^  121.)  ought  to  be  either 
infinite,  or  equal  to  nothing,  and  the  radius  NM,  which  becomes  AE,  con- 
tinues finire.     Therefore,  in  the  cafe  rfa  ^  A,  that  is,  in  the  point 
of  rcgreflion  E,  of  the  fecond  fort,  th  that  is,  the  ratio  of 
the  dijffeiential  of  the  radius  MN  to  i  ^rve,  ought  to  be 
either  infinitely  great  or  iDfinif^^-^  of  die   radius 

MN 


« 
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MN  is  ^ — —^    taking    x    for    conftanti    ihc    differential    of    which    is 

— =-^-^^=^^^ =^-rrn--i :^^i— ,  and  M»i  =  \/xx  +yym    Therefore  xr-  = 

^ — v.^  ^  ^^'''^  =  o,  or  00,  the  formula  for  the  points  of  regreifion  of  the 
fecond  fort. 

This  formula  is  the  fame  as  that  already  found,  §  125  ;  but  in  that  place  It' 
ferved  tor  the  reorcfTions  of  the  firft  fort  of  evolutts,  and  here  for  the  rc^ 
greffion  of  the  fec»*iid  fort  of  curves,  derived  from  evolutes  j  x  and  jr,  in  both 
cafes^  being  the  co-ordinates  of  the  curves  fo  produced* 


BND   OF  THE   SECOND   BOOK. 
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OF  THE  INTEGRAL  CALCULUS. 


THE  Iniegral  Calculus^  which  is  alfo  ufed  to  be  called  the  Summgi^y  latrodxiedon. 
Calculus^  is  the  method  of  reducing  a  differential  or  fluxional  quantity) 
to  that  quantity  of  which  it  is  the  difTerence  or  fluxion.  Whence  the  operations 
of  the  Integral  Calculus  are  jufl  the  contrary  to  thofe  of  the  DifTerential ;  and 
therefore  it  is  alfo  called  ^be  Inverfe  Method  of  Fluxions^  or  of  Differences. 
Thus,  for  example,  the  fluxion  or  differential  oi  y  is  y,  and  confequemly  the 
Jlueni  or  integral  of  y  is  v.  Hence  it  will  be  a  furc  proof  that  any  integral  is 
jufl  and  true,  if,  being  differenced  again,  it  fhall  reflore  the  given  fluxion,  or 
the  quantity  whofe  integral  was  to  be  found.  Differential  formulas  have  two 
different  manners,  by  which  their  integrals  are  iaveftigated.  One  is,  by  the 
help  of  finite  Algebraical  expreflions,  or  by  being  reduced  to  quadratures 
which  are  granted  or  fuppoGed.  In  the  other,  we  are  allowed  the  iife  of  infinite 
feries.  In  this  firft  Sedion,  I  fhall  deliver  the  rules  required  in  the  firfl  manner. 
In  the  fecond  Section,  I  (hall  treat  of  the  fecond  manner;  to  which  I  (hall  add 
a  third  Section,  to  fhow  the  ufe  of  thefe  Rules  in  the  Redification  of  Curve- 
lines,  the  Quadrature  of  Curve-fpaces,  &c.  And  laflly^  I  fhall  add  a  fourtha 
which  fliail  teach  the  Rules  of  the  Exponential  CaUulus. 


^ECT. 
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SECT.      I. 


The  Rules  of  Integrations  exprejed  by  finite  Algebraical  FormuU^  or  which  are 

reduced  to  Juppo/ed  ^adratures. 


I.  As  in  (imple  quantities  raifed  to  any  power,  their  differential  or  fluxion  is 
the  produft  of  the  exponent  of  the  variable  into  the  variable  itfelf,  raifed  to  the 
fame  power  leflened  by  unity,  and  multiplied  by  it's  fluxion  or  difference ;  fo 
the  fluent  or  integral  of  the  produdk  of  a  variable  raifed  to  any  power,  into  the 
difference  of  the  fame  variable,  is  the  variable  raifed  to  a  power  the  exponent 
of  which  is  increafed  by  unity,  divided  by  the  fame  exponent  fo  increafed. 
And  this  obtains,  whatever  the  exponent  (hall  be  of  the  power  of  the  variable, 
whether  pofitive  or  negative,  integer  or  fraftion.    Thus,  for  example^  the 

fluent  of  mx^'^^x  will  be  — ,  or  A    The  integral  of  *      *  x  wUi  be 


m 
n 


,  that  is,  — ==-  ;  and  fo  of  others. 


±J:L  +  x  ±m+n 


2.  Any  conftant  quantities,  fimple  or  complicate,  by  which  the  fluxions  may 
be  multiplied  or  divided,  will  make  no  alteration  in  the  rule;  for  they  remain 
in  the  fluents  juft  as  they  were  in  the  fluxions.      Therefore  the  fluent  of 


^"""     will  be  =^^ 


$nb  '^  cc 


«  +  !  X  mb^cc 


3.  Thus,  if  the  differential  formula  were  a  fraftion,  the  denominator  of 
which  were  alfo  any  power  of  the  variable,  multiplied  (if  you  pleafe)  by  any 


in  m  fft  • 

XX  XX 


conftant  quantity :  as  the  formula  ,  or  —-——;: ,  which  will  be 

aax     "—  box  aa  ^  DP  X  X 


XX 


the  fame  as  — ^^-rr ,  and  therefore  fubjeft  to  the  general  rule. 

4.  But 
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4.  But  here  we  are  to  obferve,  ihat,  in  order  to  have  the  integrals  complete, 
we  ought  always  to  add  to  theni>  or  to  fubtradt  from  ihem,  foiiie  conftant 
quantity  at  plealiirc,  which,  in  particular  cafes,  is  afterwards  10  be  determined 
as  occafion  may  require.     Of  this  we  Ihall  take  further  notice  in  it's  due  place* 

Thus,  the  complete  integral  of  Xy  for  example,  will  be  x  ±  a^  where  a 
fignifies  fome  conftant  quantity.  That  of  x\x  will  be  -^.v'  ±  a^  \  and  fo  of 
others.  The  reafon  of  which  is,  that,  as  conftant  quantities  have  no  differ- 
entials, but  X  may  as  well  be  the  difftrential  of  ^  +  j,  or  of  at  —  b^  &c.  as 
oi  x\  fo  Xy  or  AP  +  ^,  or  X  —  b^  &c.  may  be  the  integral  of  x.  The  fame 
obtains  in  any  other  formula. 

5.  The  fame  rule  of  integration  Terves  for  complicate  differential  formula?, 
or  thofe  compounded  of  many  terms ;  whether  they  have  a  denominator, 
whether  that  be  wholly  conftant,  or  contains  the  variable  in  it,  whether  it  be 
fimple  and  of  one  term,  or  whether  it  be  reducible  to  fucli.j 

For,  in  thefe  cafes,  the  complicate  differential  formula  may  be  refblved  into 
as  many  fimple  ones,  as  are  the  terms  of  the  complicate,  and  then  each  of  thefe 

comes  under  the  givea  rule.    Let  the  formula  be  -^^ ^^ ^ ;   this  wilt 


hx  X  «  aax        X 


be  equivalent  to  thefe  two,  -rr  and  — 'ZTT  >  ^^  therefore  the  integral  of 


cuk  ^  bb  aa  ^  bb 

hx'^+^ 


thefe  two  formulae  will  be  the  integral  of  the  firft  %  that  is, 


m'ir  1  X  aa  '^bb 


m 
ncLx  ^ 


m  X  aa-^bb 


Let  it  be  -^ ;  this  is  the  fame  as  thefe  two. 


axx  --  cxx  « -  c  X  »*         «  -  c   X  J^* 

» 

«r  as  thefe,  —^  —  — f — i- ,  and  therefore  the  integral  will  be 


2  X  S'^C 


±/,  that  is,  -^=—  +  =^ ±f. 


—  iXa— c  2«  —  2ff        fl— fX* 

Let  it  be       ^  "" — ^ ^;  this  is  cquivalfcnt  to  thefe  two,  bx^'^^x—aax^^^i^ 

ttid  therefore  the  integral  will  be  ^-^ ^ ±A 
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6.  Belidcs,  if  l^e  complicate  differential  formula  be  raifed  to  any  power,  the 
exponent  c^  which  is  a  pofitive  integer,  it  being  adually  reduced  to  the  given 
power,  every  term  may  be  integrated  by  the  fame  rule. 

7.  All  that  I  have  hitherto  faid  will  obtain,  when  in  (he  difTerentlal  formula 
there  is  no  term  in  which  the  exponent  of  the  variable  is  negative  unity,  fuch  ai 

ax  -I  «~*  +  * 

— ,  or  ««     X;  for,  according  to  the  rule,  the  integral  would  be    _^  ,  or 

—-,  ihat  is,  infinite;  and  which  therefore  teaches  us  nothing. 

8.  In  thefe  cafes,  therefore,  we  are  obliged  to  have  recourfe  to  other  methods. 
There  are  two  of  ihefe  which  will  aflift  us.  One  is,  by  means  of  a  curve  which 
is  called  the  Logarithmic  Curvfy  or  the  Lagijiie.  The  other  is,  by  means  of 
infinite  feriei.  As  to  infinite  feries,  of  which  we  fhall  make  very  great  ufe  in 
many  other  cafes  alfo,  I  fhall  treat  of  them  hereafter,  as  may  be  feen  in 
the  next  Sedlion, 

Fig'  97.  0,  9.  Now,  as  to  the  logarithmic  curve,  it 

is  a  curve  of  fuch  a  property,  that,  in  the 
axis,  taking  the  abfciffes  in  ariibmeticd 
progreflion,  the  correfponding  ordinates 
will  be  in  geometrical  pro^reflion.  Thsre* 
fore  let  the  axis  AD  be  divided  into  equal 
parts,  AB,  BC,  CD,  OE,  &c.  At  the 
paints  A,  B,  C,  D,  &c.  ereft  the  perpen- 
diculars AE,  BF,  CG,  DH,  &c.  fuch,  that 
they  may  be  to  each  other  in  geometrical 
proportion.  The  points  E,  F,  G,  H,  &c. 
will  be  in  the  curve.  And  again  dividing 
the  lines  AB,  BC,  &c.  into  eqwal  pans,  and  at  the  divifions  raifing  perpfln- 
diculari  in  the  fame  geometrical  proportion,  we  fhall  have  other  intermediate 
points.  And  ladly,  multiplying  the  divifjons  in  iri/Smtum,  we  fhall  have  infinite 
points,  or  the  very  curve  itfelf. 

Therefore,  the  axis  being  divided  into  infinitefimal  equal  parts,  let  one  of 
thefe  be  CM  ^  x,  the  ordinate  CG  =  y,  and  MO  infinitely  near  it ;  iherefbrc 
it  will  be  NO  ;=  j.  Let  there  be  another  ordinate  DH  =  z,  and  others  as 
many  as  you  pleafe,  correfponding  to  the  abfcifTes  that  are  arithmetically  pro- 
ponionals.  Therefore  thefe  ordinates  will  have  the  fame  proportion  to  each 
other,  and,  by  confequence,  their  diffferentials  alfo  will  be  in  the  fame  pr^ 
portion.  So  that  it  will  he  y  ,  z  '.'.  y  ^  x;  or y  .y  *.*  z  .  z}  whence  the  ratio 
of  j^  to  j^  will  be  a  conftant  ratio.    And  therefore,  affuming  x  con&uit,  it  »iU; 

he  y  ,;f:',  X  .  a,  or-^  =  x;  which  is  the  equation  to  the  curve. 

0  Here 
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Here  it  will  be  eafy  to  perceive  that  the  fubtangent  of  this  curve  will  always 

beconftant;  for,  in  the  general  formula  of  the  fubtangem  ^,  inftead  ofjF, 

fubftituting  it's  value  given  from  the  equation  of  the  curve,  we  (hall  have 

Jll.  ~  ^  =  a.    Now,  as  the  increafing  geometrical  progreffion  of  the  ordi- 

nates  may  be  continued  in  infinilum,  the  abfcifles  alfo  increafing  arithmetically 
in  injimtum ;  therefore  the  curve  will  go  on  infinitely,  always  receding  further 
■  from  the  axis.  And  as  the  fame  progreffion,  decreafing,  may  be  alto  continued 
in  infinitum,  the  axis  ftill  increafing  ihe  contrary  way,  the  other  part  of  the  curve 
will  go  on  infiniiely,  but  always  approaching  towards  the  axis  without  ever 
touching  it,  and  therefore  that  axis  will  be  an  afymptote  to  the  curve, 

g.  Among  many  other  ways,  the  logarithmic  curve  may  be  conceived  to  be 
described  in  this  maaacr  alfo. 


Let  the  incle6nite  right  line  MH  be 
divided  into  equal  parts  MN,  NB,  BK, 
&c. ;  and  taking  Nl  at  pleafure,  at  the 
point  I  let  the  perpendicular  lO  beercfted 
of  any  magnitude;  then  draw  NO,  and 
at  the  point  A  let  the  perpeodicolar  AC 
be  eretted  till  it  meets  NO  produced  to  C. 
From  the  point  B  draw  EC,  and  at  the 
point  E  let  the  perpendicular  £D  be 
erefted,  which  meets  BC  produced  in  D, 
From  the  point  K  draw  KD,  and  at  the 
point  F  let  the  perpendicular  FF  be  raifed, 
which  meets  KD  produced  in  the  point  P, 
After  the  fame  manner,  let  the  operation  be  continued  in  infinitum,  and  the 
points  O,  C,  D,  P,  &c.  will  be  in  the  logarithmic  curve.  To  have  the  inter- 
mediate points  between  O,  C,  D,  P,  &c  let  the  portions  MN,  NB,  &c.  be 
bi(e£ted,  and  the  fame  operation  being  repeated,  we  (hall  have  other  points. 
And  finally,  by  multiplying  the  equal  divifions  infinitely  in  the  right  line  MH, 
that  is,  by  fuppofing  the  equal  portions  MN,  NB,  8tc.  to  become  infinitefimals, 
wc  fliall  have  an  infiniie  number  of  points  which  will  mark  out  the  logarithmic 
curve,  the  fubtangent  of  which  (hall  be  always  a  conftant  line,  as  appears 
from  the  con(lrui5tion.  Making,  therefore,  Nl  =  a,  and  fuppofing  the  infini- 
tefimal  conftant  portion  of  the  axis  to  be  x ;  make  the  ordinate  GR  =^i 
GH  =  A-,  TSzzj;  by  the  fimilar  triangles  STR,  RGA,  it  will  be  ^k  .  *  :: 

y  .a;  that  is,  —  =:  x,  the  equation  of  the  curve. 


Vol.  n. 
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From  this  conAniAion  we  deduce  alfo  this,  which  the  firft  fuppofes  i  that  is> 
the  primary  property  of  the  logarithmic  curve,  that  the  ordinates  are  in  geome- 
trical proportion,  which  correfpond  to  the  abfcifles  in  arithmetical  proportion. 
For,  fuppofing  the  equal  portions  of  the  axis  to  be  inhiiitcfimals,  ihc  little  arch 
OC,  produced,  will  be  the  tangent  NO,  the  little  arch  CD,  produced,  will  be 
the  tangent  BC,  the  little  arch  BD,  produced,  the  tanoent  KD  ;  and  fo  ot  alt 
the  others.  Therefore  the  triangles  OIN,  CAN,  will  be  (imilar,  and  therefore 
it  will  be  01 .  CA  ::  NI  .  NA;  Thus,  alfo,  by  the  fimilitude  of  the  trianglei 
CAB,  DEB,  it  will  be  CA  .  DE  ::  BA  .  BE.  But  NI  =  BA,  NA  =  BE; 
therefore  it  will  be  OI .  CA  ::  CA  .  DE;  and  fo  fuccelfively.  Therefore  the 
ordinates  will  be  in  continual  geometrical  proportion,  Hente,  alfo,  if  we  con- 
ceive the  axis  to  be  divided,  not  into  infinitely  little  parts,  but  into  finite  and 
equal  parts ;  becaufe  the  intermediate  proportional  ordinates,  for  example, 
between  10  and  CA,  are  neither  more  nor  fewer  in  number  than  the  inter- 
mediate between  CA  and  DE,  and  thus  of  others;  therefore  10,  CA,  DE, 
will  be  in  geometrical  proportion,  correfponding  to  ihc  abfcifles  in  arithmetical 
proportion.  Therefore,  taking  any  two  ordinates  at  pleafure,  and  other  two 
alfo  where  you  pleafe,  provided  the  dittance  between  the  firit  and  fecond  be  the 
fame  as  the  diftance  between  the  third  and  fourth,  as  would  be  lO,  CA,  RG, 
SH  ;  then  the  firft  will  be  to  the  fecond,  as  the  third  to  the  fourth. 

The  logarithmic  curve  cannot  be  defcribed  geometrically,  but  only  organi- 
cally, and  therefore  it  is  called  a  mechanical  curve ;  and  the  impoffibility  of 
being  geometrically  defcribed  is  the  fame  as  the  impoffibility  of  the  quadrature 
of  the  hyperbolical  fpace,  as  will  be  feen  in  it*s  place.  Wherefore  the  integrals 
of  fuch  differential  formula  as  belong  to  the  logarithmic  curve,  are  alfo  laid  to 
depend  on  the  quadrature  of  the  hyperbola. 

Hence,  in  the  logarithmic  curve,  the  portions  of  the  axis,  or  the  abfcifTes 
taken  from  fome  fixed  point,  correfpond  to  the  ordinates  juft  in  the  fame 
manner  as,  in  the  trigonometrical  tables,  the  logarithms  correfpond  to  the 
natural  feries  or  progrefhon  of  numbers. 


Fig,  99. 


10.  This  fuppofed,  let  DC  be  the 
logarithmic  curve,  the  fubtangent  of 
which  is  equal  to  unity,  or,  if  yoir^leafc, 
is  equal  to  tlie  confbnt  line  a ;  and  let 
the  ordinate  AD  be  equal  to  the  fub- 
tangent, that  is,  equal  to  unity,  or  to 
the  conflant  line  a,  which  is  in  the  place 
of  unity.  Taking  any  abfcifs  AB  :=  x, 
make  BC   =  y.    But  the  equation  of 

the  curve  is  —  =:  *,  and  therefore  the 
integral 
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integral  or  fluent  of  -^  will  be  x.     But  x  =  AB,  and  AB  is  the  logarithm  of 

BC,  or  of  jr.  Now,  to  make  ufe  of  the  mark  /  to  fignify  the  integral,  fum, 
or  fluent,  all  which  mean  the  fame  thing ;  and  of  the  mark  /,  which  meajis  the 

logarithm,  it  wilt  be/—  =  /^,  in  the  logarithmic  curve,  the  fubtangent  of 
which  is  a.  After  the  fame  manner,  it  will  be/-^  =  ly^  in  the  logarithmic 
whofe  fubtangent  »  i  ;/—  zz  ly^  in  the  logarithmic  whofe  fubtangent  is  ^; 

A^  ■  :=:  I  if  +yy  in  the  logarithmic  whofe  fubtangent  is  equal  to  a.     That  is, 

taking,  in  the  logarithmic,  the  ordinate  BC  =  AH  =  y^  if  to  it  we  (hall  add 
HK  =  i,  and  if  we  draw  KG  parallel  to  the  afymptote,  and  draw  GE  parallel 

to  AD,  it  will  be  GE  =z  j^  +  ^,  and  then  AE  =  /  J"TJ- 

II.  From  the  nature  of  the  logarithmic  it  is  plainly  feen,  that  whenever  the 
quantity  is  infinite,  of  which  we  would  have  the  logarithm  ;  which  quantity  will 
be  rcprefented  by  an  infinite  ordinate  in  the  logarithmic ;  then  the  line  inter- 
cepted in  the  axis,  between  that  ordinate  and  the  point  A,  will  alfo  be  infinite^ 
that  is,  the  logarithm  will  be  infinite.  And  if  it  (hall  be  equal  to  the  firfl 
ordinate  AD,  that  is,  to  the  fubtangent,  the  logarithm  will  then  be  equal  to 
nothing.  And  if  it  (hall  be  lefs  than  AD,  as  if  it  were  flA,  the  logarithm  will 
be  OA,  and  therefore  negative.  And  laftly,  if  the  ordinate  were  =  o,  the 
logarithm  would  be  negative  and  infinite*     If  the  differential  formula  were 

—   — ,  the  integral  would  be  —  ly.    And  if  it  were 4— >  the  integral 

would  be  -~  /tf  +jf.     If  it  were ^ — ,   the  integral  would  be  /a  — y  J 

•i   *"  y 

m 

and  if  it  were  -^  ,  the  integral  would  be  —  la  —jr.  Thefe  logarithms  arc 
to  be  underftood  in  the  logarithmic  of  which  the  fubtangent  is  unity.  The 
reafon  of  this  is,  that  as  the  integral  of  —  is  ly^  fo  the  differential  of  ly  is 


•     And,  to  fpeak  in  general^  the  differential  of  a  logarithmic  quantity  is 

that  fraction,  the  numerator  of  which  is  the  produd  of  the  fubtangent  into  fhe 
differential  of  the  quantity,  and  the  denominator  is  the  fame  quantity.     Thus^ 

the  differential  o{  —  I  a  +y  will  be  —  —^ — .     The  differential  o(  I  a  — y 

% 
• tt 

will  be  —  -^  .    The  differential  of  —  la^  y  will  be  -^,  fuppofingthe 

Q^a  fubtangent 
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fubtangent  of  the  logaritlimic  =  i :  aad  whenever  it  is  not  To,  the  numerators 
of  the  differentials  mud  be  multiplied  by  the  given  fubtangent. 

12.  But,  becaufe  the  logarithmic  has  no  n^ative  ordinates,  it  would  fecm 

that  we  cinrot  iind  the  quantity  which  correfponds  to  the  expreffioa  la  — jr, 
that  is,  <Ahac  is  the  logarithm  oi  a  —  y,  when  a  —  y  is  a  negative  quantity, 
or  when  y  is  g'-eater  than  a.  But,  in  this  cafe,  it  may  be  obferved,  that 
I  a  —  y  and  /y  —  a  zrc  the  fame  thing;  and  that  in  fuch  a  fuppolition,  when 
jr  —  .3  IS  pofuive,  it  may  be  the  ordinate  in  the  logarithmic;  and,  iadeed,  if 

we  difference  the  fiift  logarithm,  we  (hall  have  —  — — ,  and  if  we  difference 
the  fecond,  we  fhall  have  — — ,  and  changing  the  Ggns  of  the  numerator  and 
denominator^  it  will  be  —  —^ — ,  the  lame  as  the  fiHt. 
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13.  Other  properties  concerning  logarithmic  quantities  may  be  deduced  from 
thefe  of  the  logarithmic  curve  ;  and  firft,  that  the  multiple  or  fubmuliiple  of  a 
logarithm  lliall  be  the  logarithm  of  the  quantity  raifed  to  the  power  of  the  given 

number.    Thus,  2/*  =  /x" ;  ^Ix  zz  Ix* ;  ilx  =  Ix* ;  -J/if  r:  /« » j  nix  r=  ix't 

—  /«  =  /*  «  ;  and  the  reafon  of  this  is,  becaufe,  in  the  logarithmic  curve,  if 
we  take  any  ordinate  whatever,  OP  =:  j, 
(Fig.  3.)  whofe  logarithm  is  AOj  if 
AO,  OS,  SV,  &c.  be  equal  to  each 
other,  then  AO,  AS,  AV,  &c,  will  be 
arithmeiical  proportionals,  and  the  ordi- 
nates  AD,  OP,  ST,  VI,  &c.  will  be 
geometrical  proportionals.  Wherefore, 
putting  AD  equal  ro  unity,  OP  =  jf,  it 
will  be  ST  =  /,  VI  =  y,  &c.  But 
AS,  the  double  of  AO,  is  the  logarithm 
of  y,  or  ly*  i  and  AV,  the  triple  of  AO, 
is  ly'.  So  that  ily  =  fy*,  3/?  =  ly*,  &c. 
Thus,  alfo,  making  AO  :=  ly,  and  bi- 

fcAing  it  at  M,  it  will  be  MN  =>», 
and   therefore    AM   =  tAO,    that   is, 

t^  =  Ij*.    In  the  fame  manner,  making  QR  =^,  and  dividing  AC^into 

three  equal  parts  in  M  and  O,  it  will  be  MN  =  ^^  =>^.    But  AM  =  ^ly, 

and  therefore  ^ly  zz  ly'^  ;  and,  in  like  manner,  of  all  others. 

We 
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We  muft  here  obferve,  that  the  integral  of  —  —  is  not  only  —  ^,  as  was 

fcen  before,  but  may  be  thus  expreffed  alfo,  / — ,  or  fy^  ;  for,  taking  in  the 

logarithmic  any  ordinate  OP  =yy  and  making  AH  zz  AO,  it  will  be,  by  the 

nature  of  the  curve,  OP  .  AD  : :  AD  .  CIA ;  that  is,  v  .  i  ::  i  .  HA  =  — . 

But  HA  is  the  negative  logarithm  of  OP,  that  is,  of  j',  and  is  alfo  the  logarithm 

of  HA,     Therefore  it  will  be  —  /y  iz  / —  =:  fy^^ ;  that  is  to  fay,  the  nega- 

live  logarithm  of  any  quantity  whatever  will  be  the  fame  with  the  pofitive 
logarithm  of  the  fraftion,  of  which  the  fame  quantity  is  the  denominator,  or  of 
the  fame  quantity  with  a  negative  exponent.     Thus  it  will  be   —  mly  = 

.    I       J  — w 

J' 

14.  Moreover,  the  fum  of  two,  three,  &c.  logarithms  will  be  equal  to  the 
logarithm  of  the  product  of  the  quantities,  of  which  they  are  the  pofitive  loga* 
rithms ;  and  the  difference  of  two,  three,  &c.  logarithms  (hall  be  equal  to  the 
logarithm  of  the  fraftion,  the  numerator  of  which  is  the  produdl  of  the  quan- 
tities, of  which  they  are  the  pofitive  logarithms,  and  the  denominator  is  the 
produd:  of  the  quantities,  of  which  they  are  the  negative  logarithms.  For, 
becaufe  it  is  OP  =  j,  QR  =  z,  it  will  be  AO  =  ly,  AQ^=  Iz.  Take 
QB  =  AO,  it  will  be  AB  ==  /y  +  Iz.  But  AB  is  alfl^  the  logarithm  of  BC, 
and,  by  the  property  of  the  logarithmic,  BC  is  the  fourth  proportional  to  AD^ 
OP,  QR,  that  is,  =  yz ;  therefore  it  will  be  AB  =  /jr  +  /z  =  Izy.  Let 
there  be  another  ordinate  MN  zz  p^  and  take  BV  =  AM  ;  it  will  be  AV  = 
AM  +  AB  =  Ip  +  fyz;  but  AV  is  the  logarithm  of  VI,  and  VI  =  fyz. 
Therefore  ip  +  ly  +  k  :z:  Ipyz. 

Now  make  QR  =  z,  OP  =^,  and  take  QM  =  AO  ;  it  will  be  AM  = 
AQ^—  AO  ZL  Iz—  ly.    But  AM  is  the  logarithm  of  MN,  and,  by  the  fame 

property  of  the  logarithmic,  it  is  MN  =  — .  Therefore  AM  n  /z  —  ^ 
r:  /—  .  Let  there  be  another  ordinate  BC  zz  p.  and  take  2A  =  BM.  It 
will  be  2A  =  —  AB  +  AM  r=  — .  /^  +  /^ .  But  SA  is  the  logarithm  of 
Sn,  and  Sn  =  — ,  (becaufe  it  is  the  fourth  proportional  to  BC,  MN,  AD,) 
therefore  /z  —  /y  —  /p  r:  /-^. 
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15.  As  in  other  cafes.  To  alfo  in  thefe  integrations  by  means  of  the  loga^ 
rithms,  fome  conftant  quantity  Ihould  always  be  added,  thatjs,  the  logarithm 
of  an  arbitrary  conflanc  quantity,  which  is  to  be  determined  afterwards  ms 
particular  cafes  may  require. 

16.  But  when  the  differential  formuise  propofed  to  be  integrated  are  fraAions 
with  a  complicated  denominator,  fome  cafes  may  be  given  in  wliich  it  is  eafy  to 
have  their  integrals  by  means  of  the  ]ogarithmic»  and  this  will  be  as  often  as  the 
numerator  of  the  fraction  (hall  be  the  exa<5t  differential  of  the  denominacor^  or 
as  often  as  it  is  proportional  to  it.  And,  in  this  cafe,  the  integral  of  the  formula 
ivill  be  the  logarithm  of  the  denominator,  or  it's  multiple,  or  fubmuhiple,  or 
proportional  to  that  logarithm. 

■ 

2XX  .,11  »  .  ^1         .     ^  t        #^  2xJt 


Thus,  the  integral  of  — — —   will  be  I  aa  +  xx;  the  integral  of 


will  be  I  aa  —  xx;  the  integral  of    ^       ^  will  be  /«'  +  x*i  the  integral  of 
-^*      will  be  2/  aa  +  xx.  that  is,  /  aa  +  xxY ;  the  integral  of  — ^^—  will 

4ut  +  X9  ^  aa  +  XX 

be  f/  aa  +  xx^  or  laa  +  xx'^^ ;  the  integral  of  ^tttTj  ^^'^  ^^  t'  «*  +  **»  or 
I^s^  +  **;  and,  in  general,  the  integral  of  ^ ^  will  be  ±  — /a"  ±  x% 

a    ±  X 


that  is,  ±  ot//±/1  *  ,  or  ±  /7±a^'  ""  .    Thus  the  integral  of  ^^^ 


ax  ^  XX 

—  XX 


will  h^  I  ax  --  XX  ^^  the  integral  of  ^-: will  be  ly/ax  — xx  5  and  thus  of 

*  ^  ax  -^  XX 

all  others  whatever,  taking  thefe  logarithms  from  the  logarithmic,  the  ful>- 
tangent  of  which  is  =:  i* 

17.  But  if  the  numerator  of  the  fraftion  be  not  of  the  form  we  have  now 
confidered,  though  the  denominator  may  be  fuch  ;  and  that  no  one  of  its  linear 
components  is  imaginary;  that  is,  when  all  the  roots  of  the  produ6l  from  whence 
it  arifes  are  real  ones ;  then  we  may  proceed  in  the  following  manner. 

i8.  And,  firft,  the  roots  of  the  denominator  are  all  equal  to  each  other,  or 
they  are  not.     If  they  be  all  equal,  as  in  the  formula  :r~~ »    make  *  ±  a 


X 


±TI« 


=  2,  and  therefore  x  zz  z,  x'"  zz  z^^  aT^  x  ±:  d\*  :z,  2*;   and  fubftituting 

thefe 


i 


•SCT«  I.  ANALYTICAL     IKSTITITTIONS*  XT^ 


thefc  values  in  the  formula,  it  will  be  ^^— ^.   Wherefore,  afhaally  railing 


n 


z  7  a  to  the  power  m,  each  term  can  be  integrated,  either  algebraically,  or, 
at  leaft,  tianfcendenrally,  by  means  of  the  logarithmic.  Whence,  inftead  of  z, 
relloring  it's  value  given  by  Xy  we  (hall  have  the  integral  of  the  formula  propofed 


X    X 


r±^' 


^3  *« 

Let  it  be,  for  example,  .     Put  x  -—  ^  =  IK,  and  therefore  x  :=:  z, 

X  —  a'. 


j^  =  z^  +  ^az^  +  ^aaz  +  tf',  x  —  ^1'  =  z'  i  and,  making  the  fubftitutions, 
it  will  be  '^^^  +  3^^*i^  -4-  ^aa^^  +  ^»i^ .    ^^j^    j^y  integration,    z   +   3/2;  _  ^ 

—  —  J  and,  inftead  of  z,  reftoring  it's  value  given  by  Xy  we  Ihall  have  at  laft 

/  zz  X  -^  a  +  I X  —  a"} ^ =r. ;  which  integral,  being 

differenced  again,  will  reftorc  the  formula  propofed  to  be  integrated. 

19.  Now,  if  the  roots  of  the  denominator  (hall  not  be  all  equal,  but  either 
all  unequal,  or  mixed  of  equal  and  unequal ;  then  it  will  be  neceffary,  firft,  to 
prepare  the  formula,  by  making  the  term  of  the  higheft  power  of  the  variable 
in  the  denominator  to  be  po(itive,  if  it  (hould  happen  to  be  negative,  and  then 
to  free  it  from  co-efEcients,  if  it  have  any*  Then,  if  the  variable  in  the 
numerator,  when  there  is  any,  be  raifed  to  a  greater  or  equal  power  to  the 
higheft  in  the  denominator,  the  numerator  muft  be  divided  by  the  denominator 
fo  long,  as  that  the  exponent  of  the  variable  in  that  may  be  lefs  than  in  this, 

Laftly,  the  roots  of  the  denominator  are  to  be  found  algebraically.     Take  this 

» 

formula  —  — — for  an  example.    Changing  the  (igns,  and  dividing  by  4^ 


i/T/JV  _  .  i< 


it  will  become  — ±-ii —     that  is,  ^ — =^  .     Again,   let  the    formula 


propofed  be  — = —       ,  ;  dividing  by  2,  it  will  be  — -^-2 — ^ . 

that  is,  *^^ •    If  the  variable  (hould  be  in  the  numerator,  and  raifed 

to  a  higher  power  than  in  the  denominator,  we  muft  make  an  a<5lual  divifion, 
by  which  we  (hall  have  both  integers  and  fra&ions.  The  integers  muft  be 
treated  in  the  manner  before  explained  ;  the  fra£tions  in  the  manner  fol- 
lowing. 

3  20*  Let 
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^aax 


20.  Let  the  fradion  be  ==? — ;   I  fay.   this  will  be  equal  to  two 

fraftions,  the  numerators  of  which  will  be  the  fame  as  of  the  firft,  and  the 
denominators  will  be  thcfe  :  Of  the  firft,  it  will  be  the  produdt  of  one  of  the 
roots  into  the  difference  of  the  conftant  quantity  of  the  other  root,  and  of  the 
conftant  quantity  of  the  fame  root:  Of  the  fecond,  it  will  be  the  produft  of 
the  other  root  into  the  difference  of  the  conftant  quantity  of  the  firft  root^  and 

of  the  conftant  quantity  of  this   fecond   root.     Thus, 


»  +  la   X  *  +  * 


.  And  if  the  roots  ftiall  be  three,  four,  fcc 

proceed  always  in  the  fame  method.  And  if  the  fraAions  found  after  thif 
manner  fliall  be  reduced  to  a  common  denominator,  they  will  reftore  the  firft 
fraftion  from  which  they  were  derived. 

Now  the  integrals  of  fuch  fradions  fo  fplir,  which  will  always  be  m  our 
power  to  find,  fuppoflng  the  logarithmic  curve  to  be  given,  will  be  the  integrals 

of  the  formula  propofed.    Thus,  it  will  he/         ^^^^ =     *^  ,  X  /ir+J 

__if-  X  iT+Tai  that  is,  -i^  x  /^=^,  or  -L^l^t±±^  bthe 

ta  '^  o  '  2a  ^  b  X  -^  2a  '         2a  -^  b        x  +  aa^ 

logarithmic  whofe  fubtangent  rr  a. 

t    *  I    * 

Let  it  be  z==?^^^r==  ;  this  may  be  fplit  into  thefe  two,  ^^^ 

x  +  ia  X  x'-ia  x+iax  -itf-i« 

^^^  f  or  ■  '^\     —  — ^^  9   and  therefore  it  will  be 

X  '^ia  X  ia-^ia  ^  -  U  *  +  J* ' 

x-i^ia  X  X 
the  fubtangent  =  a. 


/•=i^==  =  T^^^^.  or  =  /y?^%  in  the  logarithmic  of  which 


Let  it  be  — - — — - — — ==  5   this  may  be  fplit  into  three, 

x  +  aXx-^bxx  +  c 


"1    = 


X 


^a  X   ^b  ^a  X  c  "^  a        x  '^  b  X  a '\' b  x  c  +  b         x  -{-  c  x  a -^  c  X  -^  b-^c 

and  therefore / — == — : =: -.=  X  /.r  +  ^  +  ===— =^^. 

*  +  tfX*— ^X«+c         iz  +  ^xa  —  c  «+*  X  tf+^ 

X  Ix^b  —  ==-—==  X  Ix  +  r,   in  the  logarithmic  whofe  fubtangent 

m  ^  c  X  b  +  € 


zz  a. 


Let 
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Let  it  be  ■,  _^     ■" ,  that  is,  -— — —  — ;  this  may  be  fplit  into 


thefe  three. 


x+tfX«-aaxo— a        4p  —  ^2X2axo  +  j         jc+o  Xa— ox  — ^i— o* 


that  is,  — "*         —  =  H — ^ ;  and  therefore  it  will  be  /  ^  ^^     =  ^^ 


wmm  \4  XX  ^  aa,  that  is,  /    r,  in  the  logarithmic  of  fubtangent  =  a. 

22.  If  the  denominator  of  the  formula  (hall  be  mixed  of  equal  and  unequal 
roots,  as,  for  example,  ,  then  the  formula  mufl:  be  Conildered 

1*  '  I' 

as  if  it  were  ==zr-^A==' )  and  being  fplit  as  ufual,  ic  will  be 


+  ^  ■ ;  and  then,  multiplying  the  denominators 


JP  —  i^Xf  +  i  «  +  cx— ^  —  f 


by  *  —  ^,  the  other  root  of  the  propofed  formula,  it  will  be  •=  

=  ==r^~z=zr  + — —^ ===  5  but  the  firft  term  of  the  htmoze^ 

4P—  3J»Xf  +  *.r+tfX*  —  *x— 3— c 

meum  comparationis  has  all  the  roots  of  it's  denominator  equal,  and  the  (econd 
term  confifts  of  roots  all  unequal ;  fo  that,  both  of  them  being  managed  as 

before,  we  may  have  the  integral  of  =~^-==,  which  will  be  partly  algc- 

aa       ^     jX  +  c  a} 


braicaU  and  partly  logarithmical,  that  is,  ■  x  / .   —  — -  - 

taking  the  logarithm  from  the  logarithmic,  whofe  fubtangent  =  a. 

If  there  Qiall  be  a  greater  number  of  equal  roots,  the  operation  mud  be 
repeated  in  the  fame  manner,  as  often  as  (hall  be  neceflary. 

13,  That  cafe  remains  to  be  confidered,  in  which  the  fraftions  have  alfo  in 
the  numerator  the  variable  raifed  to  any  power ;  always  meaning,  as  has  been 
already  obferved,  that  the  power  of  this  variable  in  the  numerator  be  lefs  than 
the  greated  which  is  in  the  denominator ;  and  not  being  fo,  it  muft  be  made 
fuch  by  adlually  dividing. 

In  thefe  cafes  the  formula  muft  be  treated  in  the  fame  manner,  as  if  in  the 
numerator  there  were  no  power  of  the  variable,  fplitting  it,  in  the  manner  before 
explained,  into  fo  many  parts,  as  are  the  roots  of  the  denominator.  Then,  if 
the  exponent  of  the  variable  in  the  numerator  of  the  given  formula  be  an  odd 
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number,  let  the  figns  be  changed  in  the  numerators  of  the  fraiflions  found  i 
and  if  it  be  an  even  number,  iheir  own  figns  mull  remain  to  the  numerators. 
After  which,  every  numtrator  mud  be  inuhiplicd  by  fuch  a  power  of  ihe 
confiant  quantity  ot  that  root,  which  is  in  the  denominator,  as  is  the  power  of 
the  varial  I.;  in  t')e  numentor  of  the  propofcd  formula,  prefixing  fuch  a  fign  to 
^hai  conR^nr,  raifed  to  that  power,  as  ii's  natural  lign  requires,  which  it  has  in 
the  denommator. 

Let  ilic  example  be  ^^ .     This  being  confidercd  as  if  there  were 

X  +  a  X  X  ^  a 

If  • 

no  variable  in  the  numerator,  it  will  be  fplit  into  thefe  two, 


;  but,  becaufe  in  the  numerator  there  is  the  variable  raifed  to  the 


A*  —  a    X    2rf 

power  denominated  by  uniiv,  or  the  firft  power,  the  figns  are  changed  in  the 
numerators,  and  are  multiplied  relatively  by  the  conftant  of  that  root  which  is 
in  it's  denominator,  that  is,  the  firll  by  a,  and  the  fecond  by  —  a,  and  we  Qiall 

have  — — zi —  =;= ,    that  is, + 

*+tfXJf  —  tf  jf  +  tfX—  2fl  X  --  a  X  2a  2  X  X  +  a 

hhx  11  r  •  Ml    I  r  hhxK 


J  and  therefore  it  will  be  / •.;:;=-  r:  hly/x  +  tf  +  hl^x  —  a^ 

ax«  —  tf  «  +  tfX*— tf 

or  bl\/xx  —  aa^  in  the  logarithmic  of  the  fubtangent  z=  h.     Or  otherwife^  it 

will  be  hhls/ XX  —  aa^  in  the  logarithmic  of  the  fubtangent  z=z  i. 

But  it  was  needlefs  to  reduce  this  formula  to  two  fraAions ;  for,  as  it  was 
^^  ,  the  nunierator  is  exadlly  half  the  differential  of  the  denominator,  and 


therefore,  without  any  other  operation,  the  integral  will  be  bbly/xx  —  aa^  (as 
is  faid  at  §  17.)  in  the  logarithmic  whofc  fubtangent  is  unity. 

Let  it  be  ,  that  is,     ,     .  , — *- r  J  ^^^  dividing  the  nu- 

XX  ^  aa  X  X  -^ro  x   t  vx       uu^ 

merator  by  the  denominator,  we  (hall  have  xx  +  ^J_^  ^^  „  J"^  _  ^^^  i  ^^d 
dividing  again  the  term  —  bx^x  by  the  denominator,  we  fliall  have 
^-=  =  xx  ^  hx  +  ?ff^^^f!lri^ .    Now  the  two  firft  terms 


XX  ^  aa  X  X  •\'h  xx  -^  aa  x  x  ^  b 

are  integers,  and  the  laft  has  not  the  variable  in  the  laft  term  of  the  nume- 
rator, and  therefore  may  be  managed ;  fo  that  there  only  remains  the  term 

aa^bb  X  x*x^  ^jj  ^^  ^  reduced.    This  being  confidered  as  not  having  the 

variable 
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variable  in  the  numerator,  will  be 


aa 


'\-  bb  X  X       aa  '\-  bb  y^  X 


XX '^aa  X   X  -^  b  x  •{•  b    X    "^  aa  -^  bb 


aa   +   bb    X    X  .  aa  -{-  bb  X  x  ,       ,  -  .  'ii     1 

= —      ,      ,:=    +    '         i    and   therefore   it   will   be 


*  +  rt   X    —  2aj  4"  ^^^  X  —  a   X    iiib  +  laa 


ad  4-  b'}  X  xK'         at  -k-  lb  X  bh\-  na  -^  bh  X  aav 

+ 


X  -^  b  X  XX  ^  aa,  x  -{-  b  X    --  au  -f-  bb  Af  +  jX—  zab  +   zaa 


oa  4-  bb  X  a^x  ^x7L  1/11  ^^*  '  I  \  aabbx 

.     VVhence,  laltly, =  xx  —  bx  — 


K  —  a  X  2ab  +  2fl»  '      XX  ^aa   X  X  +  b  j?  +  ^X**— <w 


,  gj  +  bb  X  Ibx aa  +  bb  X  aax  aa  +  bb  X  aav ^         j  . /■ 

X  +  b  X    ^  aa  +  ob         x  •{•  a  x    —   lab  +  2d<i         ;f  —  tf    X   2ab  -f  a^^a 

would  ftill  fplit  the  term  —  ==^^— —==  ,  in  order  to  have,  finally,  the  integral 

X  +  b  X  xx'^aa 

x^x  f  •     .  i^x 


of  the  propofed  formula,  it  will  be  ^^  zz  xx  ^--  ix  + 


XX  ^aa  X  AT  +  ^  *^+3x  ^aa-\'bb 

a^x  a^x 


+  ^  '^  .  Then,  by  integration,  we  (hall  have 


jtr  4-  fl    X   lau'-^zab         x  -^  a   X    zab  +2aa 

x^x  t  ^*         ..   9 : — r     .  ^ 


-^  XX  --aa  X  x+  b  aa^bb  ^aa  -  tab 

X  Ix  —  a;  taking  fuch  logarithms  in  the  logarithmic  of  the  fub- 


taa  +  ^ab 

tangent  z=  i 


Now  in  this,  as  well  as  in  all  other  integrations  that  can  be  made,  we  are  to 
conceive  a  conllant  quantity  is  to  be  added,  though,  for  the  fake  of  brevity,  I 
h^reomit  it ;  but  it  will  be  enough  to  mention  it  here. 

24.  But  differential  formulas  may  have,  and  often  have,  fuch  denominators, 
of  winch  we  cannot  find  the  roots  algebraically;  yet,  notwithftanding  this,  we 
■may  make  good  ufe  of  the  Rule  of  Fradions  in  thefe  cafes  alio.  For  we  may 
treat  the  denominator  as  if  it  were  an  equation,  and,  by  means  of  the  inier- 
fediions  of  curves,  may  be  found  geometrically,  in  lines,  the  values  of  the 
variable,  jull  after  the  fame  manner  as  folid  problems  are  conftruAed.  And 
fach  values  or  lines  may  be  called  A,  B,  C,  &c.  with  pofitive  or  negative  figns, 
according  as  they  come  out  pofitive  or  negative.  Every  one  of  thefe,  being 
fubtraSed  from  the  variable,  will  form  a  root  of  the  denominator  in  fuch 
manner,  that  the  propofed  differential  formula  will  be  converted  into  one  of  this 


X   X 


form, — ,  and  with  this  we  may  proceed  in  the  fame 

;ir  —  A  X  ;ir  +  B    x  a-  —  C,  &c 

manner,  as  the  operation  has  been  performed  in  the  cafe  of  algebriiical  roots. 

R  2  25.  It 
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25.  It  may  be  ea(ily  obferved,  that  the  rule  here  produced  ferves  only  in  fuch 
cafes,  when  the  roocs  of  the  denominator  are  real ;  for  wheivit  is  otherwife,  the 
formula  being  fflit  into  other  fractions,  fo  many  of  iliele  will  be  imaginary, 
(and  confequently  the  integrals  will  be  imaginary,)  as  are  the  imagitiary  roots 
in  the  denominator  of  the  differential  formula  propofed. 


z6.  Therefore,  when  the  denominator  of  the  propofed  difTerential  formula  is 
compofed  of  imaginary  roots,  either  wholly  or  in  part,  there  is  a  neceffity  of 
having  recourfe  to  other  means.  And,  in  the  (ir(l  place,  let  the  given  formula 
have  their  denominators  of  two  dimenfions  only,  that  is,  of  two  imaginary 

root! ;  and  let  it  be,  for  example,  — '^ —  . 

The  integral  of  this  formula,  and  of  all  others  tike  it,  depends  on  the  reAi- 
fication  or  quadrature  of  the  circle  ;  I  lay  reftification  or  quadrature,  becaufe, 
one  of  them  being  given,  the  other  is  reciprocally  given  alfo. 


Fig.  too. 


Wherefore  let  ACG  be  a  quadrant  of  a  circle,  the 
radius  AC  =  a,  the  tangent  CD  =  x ;  it  will  be  AB  = 


^UM  +  XX ' 


CB  =  »  —  - 


*'«  +  J 


,  EB: 


Drawing  AK  infinitely  near  to  AD,  then  £0  will  be 
the  fluxion  or  difference  of  the  arch  CE.  And  from  the 
point  O  drawing  the  right  line  OM  parallel  to  EB,  and 
EH  parallel  to  AC,  then  will  HE  be  the  difFerenlial 
of  CB,  and  HO  the  differemial  of  EB,  and  therefore 


EH=  = 


,  and  HO  =  . 


VHEy  +  OHj,  will  be  =  • 
of  the  formula  - 


Thence  the  little  arch    EO    =r 
- .    Whence  the  integral 


will  be  the  arch  CE  of  the  tangent  CD  ==  x,  and  of 


radius  CA  :=  a. 

Now  1  refume  the  formula  - 


-  i  multiplying  the  numerator  and  denomi- 


nator by  aa.  it  will  be  —  X  ■  *"*—  :  but  the  mtegral  of  — - —  is  the  cir- 
cular  arch,  which  has  for  it's  tangent «,  and  it's  radius  =  « j  therefore  /jt^z^ 
=  to  the  fourth  proportional  of  aa,  of  hb,  and  of  the  arch  of  the  circle  with 
radius  =  d,  and  tangent  zz  tt. 

3  Let 
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Let  the  formula  be  — ^^^  .  ;  as,  by  mukiplying  the  numerator  and  deno- 
minator  by  i,  it  will  be  equivalent  to  this  other,  -^  X  ;^JX^»  ^^  ^'^^  '^ 
J- — 2f^f — .  zz  to  a  fourth  proportional  to  »^,  to  am^  and  to  the  arch  of  a 

circle,  with  radius  =  X^at,   and  tangent  =  x.    And  fo  of  all  others  of  a^ 
like  kind. 

27.  On  the  contrary,  therefore,  the  differential  of  any  arch  of  a  circle  is  the* 
prodiift  of  the  fquare  of  the  radius  into  the  fluxion  of  the  tangent,  divided  by 
the  fum  of  the  fquares  of  the  faid  radius,  and  the  fquare  of  the  tangent.. 

And,  as  a  conftant  quantity  is  always  to  be  joined  to  other  integrals  or 
fluents,  fo  alfo  to  this  of  the  redification  of  the  circle ;  to  have  the  integral 
complete,  we  mud  add  a  conftant  arch  of  the  fame  circle  ;  for  the  difference  by 
which  the  arch,  thus  compoied  of  a  variable  and  a  conftant.  can  increafe  or 
diminith,  can  never  be  any  other  than  what  belongs  to  the  differential  of  the 
variable  arch  ;  fo  that  to  the  fame  differential  may  belong,  by  way  of  integral, 
the  fum  of  the  variable  arch,  together  with  any  conftant  arch  of  the  fame 
circle.  Let  us  fnppofe  that  x  is  the  tangent  of  an  arch  of  a  circle  whofe  radius 
16  a,  and  that  b  is  the  tangent  of  another  conftant  arch  of  the  fame  circle ; 
we  know  that  the  tangent  of  the  fum  of  thefe  two  arches  (Yol.  I.  §  io8.)  will 

^^  —  ^   '^T*.     But  the  differential  of  this».  multiplied  by  the  fquare  of  the 

radius^  and  the  produdl  divided  by  the  fquare  of  the  radius^  adding  the  fquare 


aax 


of  the  fame  tangent,  is  found  to  be  — -; — y  which  is  the  differential  of  the 
variable  arch. 

Let  the  formula  be  — ; ~ — -—-,  in  which  xx  —  2ix  +  bb  is  a  fquare.. 

Make  x  —  ^  =  2,  and,  by  fubftitution,  we  fhall  have  — — — .     Therefore 

■^  aa  +  z9^ 

^aa  +  XX  ~  ^^^'^  ^^  ^  circle  with  radius  =:  a^  and  tangent  =  2.     But  z  = 
^  —  ^ ;  therefore  / \ r — —rr  =   arch  of  a  circle  with  radius  r:  tf, 

'^  ma  •\-  XX  ^  zbx  +  W  ' 

with  tangent  =  x  —  b^  when  x  is  greater  than  b.   But,  taking  x  lefs  than  3,  the 
integral  will  be  minus  the  arch  of  the  circle,  with  the  fame  radius  and  tangent. 

And,  indeed,  by  differencing,  we  (hould  have  — .  ,^^^ , — : 1  the  fame 

formula  as  at  firfl. 

Let 
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Let  this  formula  be  propofed,  -ifii — Ifi — .     Make  ibe  fecond  term  of 
tlie  denominator  to  vanifli,  by  putting  x  =  y  +  2a.     Making  the  fubftitutions. 

It  Will  be  •  y  ■ ,  that  is,  — -^ ^-^^—  . 

Therefore  the  integral  of  the  firft  term  will  be  a  third  proportional  to  a^ 
to  5^,  and  to  the  arch  of  a  circle  with  radius  iz  x/iaay  and  with  tangent  =  ji 

Of  the  fecond,  it  will  be  lyy  +  2aa^'^,  in  the  logarithmic  of  fubtangent   =  i. 
Then,  inftead  of  ^,  fubftituting  it's  value  x  —  2j,  the  integral  of  the  formula 

— ^— — ^-^ —  will  be  the  third  proportional  of  a,  c^,  and  the  arch  of  the 

circle  whh  radius  zz  s/  xaa^  with  tangent  n  a?  —  za\  with  I  xx  —  /^ax  +  tad^  ^ 
alfo,  in  the  logarithmic  of  fubtangent  ^  b. 

28.  We  will  proceed  now  to  fuch  differential  formula?,  as  contain  radical 
figns,  that  is,  quantities  raifed  to  a  power  with  a  fraflion  for  it's  exponent,  if 
the  formula  either  is,  or  may  be  reduced  to  fuch,  that  the  variable  quantity 
under  the  radical  does  not  exceed  the  firft  dimenfion  ;  and  out  of  the  radical  is 
a  poiitive  power ;  then  fuch  formulas  will  always  be  integrable  algebraically,  and 
yi\\\  obtain  their  integrations  by  making  ufe  of  a  very  fimple  fubftitution  ;  and 
that  is,  by  putting  the  quantity  under  the  vinculum  equal  to  a  new  variable. 

Wherefore  let  the  formula  be  axy/ax  —  aa.  Put  s/ ax  ^^  aa  r=  2,  and 
therefore  x  =  2! — f?  ^  ^  =:  £^  .  and,  making  the  fubftitutions,  we  (hall  have 
2Z2i;,  and,  by  integration,  \z^ ;  and,  inftead  of  2?,  reftoring  it's  value  given 
by  Xy  it  will  be  4^  x  <ix  —  a^ "»",  the  integral  of  the  propofed  formula. 


If  the  given  formula  were  — ==r ,  by  proceeding  after  the  fame  manner 

'^  ax  —  aa 


Y* 


we  fhould  have  2  x  ax  —  aa^^  for  the  integral. 


Let  it  be  xx^a  —  x  \  putting  \/ a  —  a:  =  x,  and  therefore  x  zz  a  —  z*, 
and  x"  zi  —  42^2;;  and  making  the  fubftitutions,  we  (hould  have  42*^  —  4^2*^?; 
and  by  integrating,  ^2^  *—  ^2}  j  and,  inftead  of  2,  reftoring  it*s  value  given 


by  X,  it  will  be  4^  X  a-^  9^^  —  —  X  ^  —  .vh' . 


If 
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If  the  formula  were  -^.i^z^z^  proceeding  after  the  fame  manner,  we  fliould 

Wd  —  X 


->.   7 


have  the  integral  |  x  ^  —  * i"^  —  —  X  ^  — ^z"^. 


Let  it  be  x^.':\/a  +  :v;  make  \/a  +  a;  zz  z,  and  therefore  x  zz  v^ ^^  a^ 

and  ;c  rr.  222;,  and  xx  =  22  —  ^1* ;    and  making  the  fubftiiutions,  we  fliall 

have  2z  —  a^  x  2222;,  that  is,  22*i;  —  4^2*2;  +  2^^2*i;  and,  by  integration, 
\7p  —  t^2*  +  \Aaz^ ;  and,  inftead  of  2,  reftoring  it's  vahie  given  by  Jf,  it  will 

be,  laftly,  ^  X  a  4-  jcl'i"  —  4^  X  J  +  x1*  +  ^tf  X  tf  +  ^tl"*',  the  integral  re- 
quired.* 


If  the  formula  were  ■ ,  the  integral  would  befx^+'^i*'  —  -^    X 

wa  +  A?  3 

a  4-  a:>  4-  2^*  x  ^  +  xV. 

Let  it  be  xxVa  +  ;irV,  that  is,  ;ifx  x  ^  4-  *  *.     Make,  as  ufual,  «  4-  x1* 
n  2,  and  therefore  »t  =  2"^  —  ^,  x*  zz  t^^"  ^i  ^^^  making  the  fubftitutions, 

it  will  be  2"3^  —  tf    X   T^J^i^j  that  is,  \7J2^  —  \az^2, ;  and  integrating,  ^' 

—  4^2"^" \  and,  inftead  of  2,  fubftituting  it's  value,   it  will  be  -J-  X  ^  +  x^^-% 

—  4^1  X  a  +  ;vl^. 

If  the  formula  were  ■ ^^ ,  we  (hould  have  for  it*s  integral  2  •a  +  J^  + 

2tf 


fir 


29.  In  general,  let  it  be  ax*x  X  « +  ^  "  ,  and  let  the  exponents  /,  w,  », 


JW 


be  pofitive  integers  j  make,  as  ufual,  ^  4-x)  "    =  2,  and  therefore 


tf  4-  *  = 


If  n  « 

lit        •              IX         w  •         t  tn 

Z       y   X    ZIL    2  2;,     a:     Z=    2 


;  and  making  the  fubftitutions,  the 

formula  will  be  2  *"  —  a\    X  ^az^ zi  and  aftually  railing  2 *"  -—  41  to  the 

power/,  it  is  plain  that  every  term  will  be  algebraically  integrable;  in  which 
terms,  being  integrated,  inftead  of  2;,  reftore  it's  value  given  by  ;r,  and  we  fliall 
have  the  algebiaical  integral  of  the  propofed  formula. 

30.  If 
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30.  If  the  exponent  m  were  negative^  fo  that  the  quantity  under  th6  vinculum 
would  pafs  into  the  denominator^  in  which  cafe  the  exponent  m  would  thea 

become  pofitive  j  that  is,  if  the  formula  were  ;  making  the  fame  fub- 


fl 


__  14  ft 

fiitutions,  we  (hould  have  z      — .  a«    X  — az'^        z;    and  adually  railing 


n 

m 


z      —  ^  to  the  power  /,  every  term  would  then  be  algebraically  integrable, 

excepting  fuch  cafes  in  which  the  power  z'^  z  (hould  infinuate  iifelf,  and  then 
we  (hould  be  obliged  to  have  recourfe  to  the  logarithms. 

But  if  the  exponent  /  were  negative,  the  two  foregoing  formulae  would  not 
then  be  algebraically  integrabie,  but  might  be  freed  from  their  radicals,  and 
reduced  to  the  quadrature  of  the  circle  and  hyperbola,  as  will  'be  feen  in  it's 
place. 

31.  But  when  the  variable  under  the  vinculum  is  raifed  to  any  power  greater 
than  unity,  provided  the  quantity  out  of  the  vinculum  is  the  exafk  differential, 
or  any  proportional  to  the  differential,  of  the  quantity  under  the  vinculum  ; 
then,  by  means  of  the  faid  very  (imple  fubftitution,  we  might  have  the  integral 
of  the  differential  formula,  which  faid  integrals  will  always  be  algebraical. 

Wherefore  let  the  formula  be  2xx\/xx  +  aa ;  make  x/xx  +  aa  zn  z, 
whence  A*Ar  +  tf^  =  zzj  ixx  zz  izz ;  and  making  the  fubftitutions,  we  (hall 
have  izzzj  and  integrating,  ^z^ ;   and  reftoring  the  value  of  2,  it  will  be 

^  X  XX  +  ad\^. 

If  the  formula  were  ,  we  (hould  have  for  the  integral  i^xx  +  aa. 

W  XX  +  aa 

Let  it  be    zax  —  4;^^:    X   \/^^  —  ^^  +  bb^    that   is,    2  x  av  —  xxx   x 

^/ax  —  XX  -{^  bb  \  put  \/ax  ^  xx  ^  bb  zz  »,  and  therefore  ax  —  xx  +  W 
=z  2z,  and  ax  —  2xx  zz  izz ;  and  making  the  fubftitutions,  we  (hall  have 
4ZZZ,  and  integr^ing,  it  will  be  ^z* ;  and,  inftead  of  2,  reftoring  it*s  value, 

it  is  4^  X  ^  —  XX  +  b^^. 

Let  the  formula  be  ■■  ^^  *"  ^^ffL-  ;  it's  integral  will  be  4  x  ax'^xx+bb\^. 

'^ax  —  A-4P  -k-hh 

Let  it  be  xxx  -  ^x  X  V**  -  «^»  "^^t  is,  2 x  V«*  —  ax' ; 

make  ^x'  —  ax*  =  z,  and  therefore  z«  =  «'  —  ax\  and  ycxx  —  zaxx 
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z=  ^z^z ;  and  making  the  fubftitutions,  we  fliall  have  >2*i;,  and  by  integrating, 
^-^z^ ;  and,  inftead  of  z,  reftoring  it's  value,  it  will  be  ^V  X  a'  —  axx^, ^. 

If  the  formula  were  ^^//  ~  ^-^ ^  the  integral  would  be  -J  x  x^  —  axx)^^. 

3  V  jpJ  —  axx 


Let  it  be  2Ji;x' y/xx  +  ^til %  that  is,  zxx  x  xv+^t-  put  xx  +  a^'^  r:  2, 

and  therefore  xx  +  aa  zz  z'^^  and  2;:X'  zi  ^-^J^""  zi   and  making  the  fubfti- 

tutions,  we  (hall  have  4-2J*;s.  and  by  integration,  42^  i  and,  inftead  of  2,  re- 
ftoring it's  value,  ^  x  xx  +  aa  x  ^ xx  -h^tfA** 


If  the  formula  were  y        — rr,  the  integral  would  be  34';v;c  +  oj. 


And,  in  general,  let  the  formula  be  fx^''  x  x  x'^  +  a"  ^  ^  in  which /and 


n$  may  alfo  be  fraftions;  put  x   +  a         =:  2,  and  therefore  z  »  =:«   +»  > 
and  mx  "  X  =  —  z  «        z;   and  making  the  fubftitutions,  we  (hall  have 

tLz  n  Zy  and  by  integration,  ^^^^  X  z   «    ;  and,  inftead  of  z,  reftoring 


it's  value,  the  integral  will  be  — ^; X^+^X^+tf'     • 

M«»I. 

If  n  were  negative,  or  if  the  formula  were  — ^^ ^ ,  in  which  n  is  now 


«— 1 


pofitive,  we  (liould  have  the  integral  ■■■  ^     ■   X  a:*  +  «* '  *  • 

*  '  °  f»tt  ^  mm 


Hence  we  may  form  this  general  rule,  that  the  integral  of  fuch  a  formula  will 
be  the  quantity  under  the  vinculum,  the  exponent  being  incrcafed  by  unity,  and 
dividing  it  by  the  exponent  fo  increafed  ;  or  the  integral  will  be  a  proportional 
to  this,  according  to  the  proportion  which  the  differential  quantity  out  of  the 
vinculum  will  have  to  the  precife  differential. 

Vol*  1L  S  32.  But 
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32.  But  dill  In  a  more  general  manner :  Lee  the  formula  he  px        x   x 

n 

x^  +  a*^  a  ^  fuppofing  r  Co  be  a  pofitive  integer.     It  will  be  equivalent  to  this 


other,  Z^/^""*  X  x^'^^x  X  at"  +  tf*"'  *  j  make,  as  ufual,  z  =:  **  +  a**  *  , 


u 


and  therefore  x    +  a     =r  2  «  ,  and  w;c  ""  ;c  =  — z  «        i;  and,  becaufe 


x^  rz  z  n    —  tf^,  it  will  be  /*'""'*=  z  n  ^-^a^^       .     Therefore,   making 


the  fubftitutions,  we  (hall  have  /^  X  z"«"  —  4«*        x  JL^  n  z.  Now,  fuppof- 


OTH 


ing  r  to  be  a  pofitive  integer  number,  then  alfo  r  —  i  will  be  a  pofitive  integer 

number  5  and  aftually  raifing  2  *  —  a^  to  the  power  r—  i,  each  term  will 
be  algebraically  integrable,  in  which  integral  refloring,  inftead  of  z,  it's  value 
given  by  x,  we  (hall  have  the  integral  required. 

ffff— I. 
If  n  were  negative,  that  is,  if  the  formula  were    ^*  ,    in  which  n  is 

f— r 


— T S 

itutions,^  it  will  be  jp  X  2  "    —  a  ' 


now  pofitive,  making  the  fubftitutions^  it  will  bejpX2«    —  a'  X 

If 
—  z  «        2?,  which  is  likewife  integrable. 

In  all  thefe  cafes,  if  the  quantity  under  the  vinculum,    inffead  of  being 

x^  +  a  ^  had  been  x    —  a"^  or  a"  —  x'"^  we  might  proceed  after  the  fame: 
manner,  without  hindering  the  operation. 

By  this  method  we  may  find  likewife,  that  it  will  be 
Jax'^^x  X  J e  +fx^  =  J^X  ^+/^^*- 
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/. ■                                    ^ /.  m  *— V  » 

2m  — I  .     /              -  f»                  4^  —  o/JP  ..^     ^     I     r  WIT 

ax         xs/  e  +fx    =  —  2^ ~r^   X  ^  X   i?  +  >'"'  • 


r*»' 


And  fo  we  might  go  on  as  far  as  we  pleafe. 

33.  Likewife  in  the  cafe,  in  which  the  variable  out  of  the  vincuhmi  (hall  be 
in  the  denominator,  the  formula  will  be  algebraically  integrable  by  the  help  of 
two  fubftituiions,  provided  the  exponent  of  that  variable  out  of  the  vinculum 


(hall  have  a  certain  condition;   thus,  let  the  formula  be 


X  X  X     -h  tf    ' 
rm  H 1-  I 


Thenmake;tf--y.,  ^^— — ,  ^    -  "IT*  ^     +^    ^     -  ^ 

Then  making  the  fubtlitutions,    tlie  formula  will  be 


zm    \     m  m\  u  mn 

yy  mn  "^ 


^  ,  that  is,  - /"- 'j/ X  "     +"•>'       J 


2mn 


am  +  — -  +  a  3r«+  f!!!: 

a  formula  which  has  the  conditions  here  required,  and  which  may  be  integrated 
algebraically,  by  means  of  the  fubftitution  mentioned  at  §  32. 

If  the  formula  propofed  were  — 7==  1  that  is,    ,.  .^  "^       ;    this  having 

the  conditions  required,  will  be  algebraically  integrable ;  which  is  alfo  to  be 
obferved  of  others. 

S  2  34*  But 
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34.  But  here  it  may  be  obferved,  that,  in  the  general  formula,  it  may  alfo  be 

«  z:  I,  in  which  cafe  the  power  of  x^  +  a     will   be  rational,  that  is,    intc- 
grable.  [qu.  integral.] 

Alfo,  in  this  cafe,  fuppofing  »  to  be  a  negative  number,  (for  when  it  is 
affirmative  there  will  be  no  difficulty,)  we  may  make  ufe  of  the  fame  fubfti- 
tution,  and  of  the  fame  method,  by  which  the  integrals  may  be  found  of  fuch 
formula?,  the  integrals  of  which  will  not  always  be  algebraical.  For  very  often 
they  will  depend  in  part  upon  the  quadrature  of  the  hyperbola,  that  is,  oa  the 
logarithmic  curve. 

Therefore,  by  a  known  method,  we  fhall  find  that 


W  —  I  .  -V 

/- n"  =z   —  .—    X  a;     +  a   '      . 


m    .       m\^  m 


jlm^j.  ^         ..^—  ffi 

V,  =  ■— ^^      +X      +  ==r 


««— -I.              m   ,     m              m  J  m    t     m  2« 

f  ST         X    _fl+#c  2a    la     -^x      «___ 


^    9C  X  ^  J 

r  *  X  t  .  a 

J  <:  — ===-  + 


a-i%;v'  mXa+iV  2OTX/I+X' 


aw— I.  ^   «  2.m 

r  ^         •*•  I    ;   «f    ,      m    ,  ag a ^ 


171 


35.  But  the  manner  of  proceeding  will  be  very  different  when  the  propofed 
differential  formulae  containing  the  radical,  arc  not  fuch  as  that  the  quantity  out 
of  the  vinculum  (hall  have  thofe  conditions  before  mentioned.  Thefe  formulae 
may  always  be  delivered  from  their  radical,  provided  they  contain  but  onc> 
which  is  that  of  the  fquare-root,  and  that  the  variable  under  the  fame  does  not 
exceed  two  dimenfions.  Now,  for  thefe  there  will  be  occafion  for  fome  caution 
in  the  choice  of  fuch  fubftitutions  as  are  to  be  made,  that  they  may  be  freed 
from  radical  figns.  When  this  is  done,  we  may  go  on  to  integrations,  cither 
algebraical,  or  fuch  as  depend  on  the  quadrature  of  the  circle  or  hyperbola,  after 
the  manner  already  explained,  if  they  come  under  the  given  rules.  If  not,  we 
mull  have  recourfe  to  other  methods*  which  are  to  be  giveo  hereafter. 

8  If 
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If  the  radical  of  the  propoftd  formula  were  \/ ax  ±  xxy  or  >/aa;  ±  ax  \ 
this  radical  may  be  made  equal  to  -^ ,  meaning  by  2;  a  new  variable,  and  by  h 
any  conftant  quantity  whatever. 


If  the  radical  were  \/aa  ±  xx^  make  it  iz  x  +  s,  or  ^  —  2. 

If  the  radical  were  \/ aa  —  xx^  or  \/fp  —  xv,  put  the  radical  =  */fp 
+  -^  ,  or  zz  t^fp  —  ^ .     From  fuch  equations  the  values  of  x  and  x  may 

be  derived,  expreffed  by  2  and  conftant  quantities  ;  which  values  are  to  be 
fubftituted  in  the  given  formula?,  and  we  (hall  have  other  formula?  free  from 
radicals,  and  given  by  2.  In  the  integrations  of  which,  if  they  can  be  had,  the 
value  of  z  by  x  being  reft:ored|  we  (hall  have  the  integrations  of  the  propofed 
formulae. 

36.  If  the  quantity  (hould  have  three  terms,  that  is,  the  fquare  of  the  variable 
with  the  redangle  of  the  fame  into  a  conftant,  and  befides,  a  term  which  is 
wholly  conftant ;  then  either  the  fecond  term  mufl:  be  taken  away,  after  the 
ufual  manner,  as  in  the  common  Algebra ;  or,  if  the  conftant  term  be  po(itivc, 

as  in  \/xx  -^^  ax  -^  aa  for  inftance,  however  the  others  may  be  po(Ttive  or 
negative,  provided  the  quantity  be  not  imaginary  ;  make  ^/ xx  +  ax  +  aa  zz, 
a  +  ^ ;  and  if  the  conftant  term  be  negative,  as,  fuppofe  \/xx  +  ax  --  aa. 


it  may  be  made  \/xx  +  ax  —  aa  zz  x  +  z. 

From  hence  it  may  be  feen,  that  the  whole  artifice  confifts  in  wmparing  the 
radical  quantity  to  fuch  other  quantity  compofed  of  the  given  variable,  and  of 
a  new  one  with  conftant  quantities,  as  that  an  equation  may  refult  from  ihencc> 
from  whence  we  may  have  the  value  of  x  and  of  x,  free  from  radical  ligns. 

Let  there  be  propofed  to  be  integrated  the  differential  formula  x^x^ax  —  xx. 
Put  \/ax  -^  XX  ^-^ ,  and  therefore  a  —  x  =  ^,  that  is,  x  =      ^'^  ,,  . 

and  X  =  —  ===i,  A*  =  ,,,  and  Vax  —  xx   =1  ~  =   -       ,,  , 

Make  the  fubftitutions  in  the  propofed  formula,  and  it  will  be  —   ^^'^""^^  ^  ^ 

formula  v^hich,  though  free  from  radical  (igns,  yet,  as  to  it's  integration,  will 
not  fubmit  to  the  ufual  methods. 

Let 
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Let  it  be      /^^  Make  »/ ax  -f-  xx  n  -^^   and  therefore  it  will    be 

*=iS^rri'^=  -wTlr'^''*'  ■*■**  =  T  =  S^rw-    Making  the 
fubditutions  in  the  propofed  formula,  it  will  be  —  -^j    and   by  integration. 


-^ ;  and,  inftcad  of  z,  rcftoring  it's  value  by  ^,   it  is  / 


x'^ax  4-  jfjc 


2at/ax  4-  j?a: 


Let  it  be  ■ .  ;  put  \/ax  +  ;r;c  =  -r- ,  and  making  the  neccffary  fub- 

wax  '^  XX  ^ 

(lituttons  as  before,  the  formula  will  be  — r-,  that  is,  —       _^  ^    ^  , 

But  we  have  already  feen  how  to  manage  this  by  the  Rule  of  Fraftions,  and  ic 
will  have  for  it's  fluent  ^  ^^  +  -Jj /^j-^,  in  the  logarithmic  the  fubtangcnt 
of  which  is  unity.     And,  inftead  of  z,  reftoring  it's  value  by  x^  it  will  be 


/-7=^=  zz  i/ax  -^r  XX  +  jai    .         :. ,    in  the  logarithmic  of  the 

Vax  +  XX  ^ax  +  xx  +  x 

fame  fubtangent  =  i. 


Let  it  be  — .    Make  ^xx  +  ax  -^  ea  =  x  +  z,  and  therefore 

Vxx  +  dTA'  —  aa 

It  Will  be  X  1=  -- — — ,  X  n  s, ,  and   \/xx  +  ax  —  aa    zz 

^  -f  z  iz  2f — ^'^  "".^ .     Make  the  fubftitutions,  and  the  propofed  formula 


Will  be  — ==r ,  that  is, ^t^»  and  by  integration,  (which  may  be 

a  —  J22)»  a  —  2a?i  o  \  y 


5/7lf 


performed  by  the  foregoing  rules,  it  is  —  —  ia  +  ^z  +  ^al  a  —  22, 

4    X  tf  —  2« 

in  the  logarithmic  with  fubtangent  ==  i.    And,  inftead  of  z,  reftoring  it's  valOfc 
by  X,  it  will  be,  laftly,  /-r-'*  =  ,,  ^  o^     ^  -  ^  -t* 


+  i\/^Ar  +  J.V  —  ^tf  +  t^/tf  +  2Af  —  2i/;vAr  +  ax  -«  iitf,  in  the  logarithmic 
whofe  fubtangent  is  unity. 

9  37-  As 


8BCT.  I. 
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37.  As  to  feme  radical  differential  formulse,  the  trouble,  indeed,  would  be 
fuperfluous  to  tranfmute  them,  by  means  of  ihefe  fubftitutions,  into  others  that 
are  free  from  radical  figns,  in  order  to  prepare  them  for  integration  ;  and  fuch 
are  all  thofc  which  of  their  own  nature  require  the  quadrature  or  redtification  of 

the  circle.     Wherefore  let  there  be  a  femi- 
circleGMD,  (Fig,  10 1.)  it's  radius  ADzr^ 


Fig.  loi. 


AB  =  Xy  whence  BF  z:  '/aa  —  xx  y  and 
drawing  CH  infinitely  near  to  BF,  it  will 


be  BC  =  X,  EF  = 


XX 


:.  Therefore 


Alfo, 


ax 


^y  aa  —  XX 

therefore  /      ^ 


*/  aa  —  XX 

the  expreflion  of  the  infinitefimal  reftanglc 
Ti     BCHE  will  be  x\/aa  — Icx^  and  therefore 

§ 

fx>/aa  — XX  is  equal  to  the  fpace  ABFM. 
will  be  the  exprcffion  of  the  infinitely  little  arch  FH,  and 


B  C 


Vaa  —  XX 

half  the  radius,  then 


=  =  arch  MF.     And  if  the  little  arch  FH  be  drawn  into 


dax 


2s/  aa  —  jpjr 


will  be  the  expreflion  of  the  infinitely  little 


fcdor  AFH,  and  therefore/ 


s/aa-^ 


=  to  the  fedtor  AFM. 


XX 


In  the  fame  circle  let  it  be  now  DC  =:  x,  and  CB  =  x.     It  will  be  CH  = 


V^  2ax  —  XX J  EF  = 


ax  ^  XX 
^  Zax-^xM 


Wherefore  Jx\/2ax  —  xx  will  be  equal  ta 


aax 


the  fpace  HCD.    And  thus/  .J_=r  =  arch  HD,  and  J—~ =  feftor 

V^ax^xx  %w%ax'^xx 

AHD.  Infuchasthefe,therefore,thetrouble  [of  transformation]  would  be  needlefsj. 


for,  in  the  firftcafe,  we  fliould  make  V  aa  —  xx  -=.  a 

2ah»  2ah^z  —  lahunz 


,  and  therefore  x  = 


%x  +  b&  ^ 


X  = 


,    \/aa 


OOP  ^  atsx 


making  thefe  fubftitutions,  it  will  be 


b  zsa  -{-  bb 


Now, 


ax 


^ahz 


%z  +  bb 


;  a  formula  for  the 


rectification  of  the  circle,  the  tangent  of  which  is  equal  to  z,  as  has  been  feen 
already  at  §  26. 


Alfo^ 
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Alio,  let  it  be  — ^^"^       =:          '^. .  ^    a  formula  which   requires  the   fame 

-v./.  Ti'1  •        •III-  — —  zttaBz   )c   9^  «-  azi* 

redincation.     In  hke  manner,  it  will  be  xv^aa  —  xx  ::=. -^,      ^  ,   a 

xz  +  SoY 

formula  wliich,  though  at  prefent  we  cannot  manage,  yet  afterwards  wc  ftiall 
find  to  depend  on  the  fame  circle. 


XZ  1     ^1 r  ^_  2abi 


X  :=, 


In  the  fecond  cafe,  I  put  s/iax—xx  zz  -7-,  and  therefore  .v  z:    — , 

^^_-!^    ,  and  x/2ax  ^xx  :::  —  zz  — t-ii  •     Making  the  fubftitu-* 


z% 

lions,  it  will  be        ''^        = 37-77 ,  the  reftification  of  the  circle. 


lax '^  XX 


Let  it  be  alfo  -— =^?1==  =  —  J'^ ,.  ^  the  reftification  of  the  circle,  as 


before. 


Sa^^'s^ 


In  like  manner,  it  will  be  x^iax^^xx  =  —  ^    ,  which  includes  the 

xz  4"  w  J 

iame  circle. 

38«  If  our  diiferemkil  formulae  (hall  be  compofed  of  two  radical  quantities, 
in  this  cafe  the  operation  will  be  double,  but  ftiH  it  will  fucceed  as  well.  For, 
in  the  radical  quantities,  the  fecond  term  may  be  wanting,  or  it  may  be  taken 
tfway,  and  the  formula  may  be  multiplied  by  an  odd  power  of  the  variable  ; 
and  that  by  putting  one  of  the  radical  quantities  equal  to  a  new  variable.  And 
thm  the  propofed  formula  will  be  reduced  to  another,  which  will  contain  one 
radical  only,  and  which  confequently  may  be  managed  in  the  ufual  manner. 


Let  it  be,  for  example,  v  ^^  ^  ^  j  j.  ^^^  -|-  xat  n  y,  and  therefore 
XX  znyy  —  aa^  xx  =  yy.     Making  the  fubftitutions,  it  will  be  ^^^  ^Tf  — ^^ 

'>^yy  ^aa  -^-bh 

that  is,  "^'^   ,         •—  '       ^^^'^? ,    each    of   which  we  know  how  to 

"yyj  -^  aa  +  bb  Vyy  ^  tta '\-  bb 

manage. 

39.  If  we  confider  a  little  this  manner  of  operation,  we  may  eafily  perceive, 
that,  in  thefe  radical  formulae,  it  will  not  fucceed  in  general,  that  we  (hall  be 
able  to  free  them  from  their  radical  vinculum,  except  when  it  is  a  fquare-root, 
and  the  invariable  under  the  vinculum  does  not  exceed  the  fecond  dimenfion. 
J  fay  in  general  \  becaufe,  in  feveral  cafesj  it  may  fucceed,  whatever  the  radical 

may 
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may  be,  and  whatever  the  power  of  the  variable  may  be,  which  is  under  the 
vinculum.     And  certainly  it  wiii,  in  all  cafes,  be  comprehended  in  the  two 

.±- 

following  formulae,  the  firft  of  which  is  this,  — — ^i ,    in  which  m^ 

ff^  ^  are  pofiiivc  integers,  and  may  alfo  be  nothiiig;   and  this  obtains,  bj 


making  /'  +  ^'" "l"    z:  z,  whence  jT  zz  z"  —  ^'*,  jf  =  2! 1;  and  making 

the  fubftitutjons,  it  will  be   — ,  that  fs,  **       "^  -LS ,    But 

hi/*"*"'"  _r+ixii 


my 


y  =2   —  ^   ^       i  and  when  /  is  an  integer,  the  power  /  +  i  will  be 

an  integer,  fo  that  the  propofed  formula  will  be  free  from  radicals. 

If  /  were  negative,  the  formula  would  be  the  cafe  confidered  above  at  §  31, 
which  has  an  algebraical  integration. 

In  other  cafes,  the  integral  will  depend  on  the  quadrature  of  the  circle,  and 
of  the  hyperbol^  as  will  be  feen  in  it's  place» 

-J ^±JL 

The  fecond  formula  is  y*y  X  y"  +  t^      ^9  which,  when  - — ^  is  a  whole 

number,  may  always  be  freed  from  it's  radical  (igns,  either  in  the  whole,  or,  at 
leaft,  from  radicals  of  the  complicate  quantity,  which  will  be  fufficient.   Where- 

±  ±^ 

fore,  make  y'^  +  b^  ^   rr  z,  and  then  it  will  be  jr*  —  2  ^     —  b^^  y   3 


,    and  y'  =: 

rt — \ 


Z 


t  A   I  P         ^  '  ^  ii 

~  -^—2  2X2       — b 

t  im\m.t 


42      —  ^   '       •    and  making  the  fubftitutions,    we    (hall   have   the  formula 
/**  '    "  i  X  2  -'  X  z~  —  r'"^  "^  "^  "  *.    But  when  ^L±J  is  an  integer. 


tm 

1  +  « 


the  power  i^  —  i  will  always  be  an  integer,  [ore,]  fo  that  the  formula  will  haVe 
Vol.  II.  T  only 
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only  radical  figns  of  the  complicate  quantities.   And  therefore,  when  ?-i-?  —  t 

is  a  pofitive  integer  number,  the  integration,  at  moft,  will  depend  on  the  quadra* 
ture  of  the -hyperbola,  or  on  the  logarithmic,  and  may  be  had  by  the  given  rules. 

And  when  —  i  is  a  negative  integer,  the  integration  will  depend  on  the 

quadrature  of  the  circle,  and  of  the  hyperbola,  and  may  be  had  by  the  rules 
which  will  be  given  in  due  place. 

40.  Now  let  us  go  on  to  fuch  formulae,  which  being  fraftions  free  from 
radicals,  the  variable  is  raifed  to  any  power  in  the  denominator,  which  I  will 
fuppofe  to  be  compofed  of  imaginary  roots,  becaufe  in  thefe  oply  there  is  any 
difficulty.  I  fay,  that  as  often  as  the  denominator  is  reducible  to  real  com- 
ponents, in  which  the  variable  does  not  exceed  the  fecond  dimenfion,  the 
formula  may  always  be  fpiit  into  fo  many  fradions,  as  are  the  forememiooed 
real  components,  each  of  which  will  be  integrable,  fuppofing  the  quadrature  of 
the  circle  and  hyperbola ;  and  confequently  the  propofed  formula  will  always 
be  reducible  to  the  faid  quadratures.    To  do  this,  let  there  be  propofed  this 

fqrmula,  ^^^  Take  a  fiftitious  equation, 


aax 


Ari  +  Bi  .         Cx'x  +  Di 


,  in  which  formutti 


xx-k-ax  -{^bb  X  XX -k-  ex -^  be  -^-^  -{-ax  +  bb  xx  -^  ex -i^  be 

the  capitals  A,  B,  C,  D,  are  conftant  arbitrary  quantities,  which  are  to  be  deter- 
mined by  the  procefs. 

Thus,  if  the  formula  were   ■  ■■  ,  we  (bould  make 

XX  i-  ax  +  Ifb  X  XX  ±,  aa   x  x  ±,  c 
.       .        1  ^       Axx  +  Bi        ,     Ckx  +  Dr      ,       Hir  .      1    ^1  j    . 

u  equal  to  — : --7?  +  r r-  •    And  thus  we  may  proceed  la 

*  XX  -i-  ax  +  bb  xx±aa  X  ±c  '    *^ 

the  fame  order,  if  the  components  in  the  denominator  were  more  in  number. 
When  this  is  done,  the  terms  of  this  equation  are  to  be  reduced  to  a  common 
denominator,  and  laftly^  by  tranfpofition,  the  equation  mud  be  made  equal  to 
nothing.  Then,  by  comparing  the  firft  terms  to  nothing,  the  value  of  the 
aiTumed  quantity  A  may  be  found.  And  fo,  by  comparing  the  fecond,  thirds 
fourth,  &c.  terms  in  the  fame  manner,  the  values  of  the  other  capitals  B,  C, 
D,  &c.  may  be  found,  cxpreffed  by  the  given  quantities  of  the  propofed 
formula;  which  values,  being  fubftituied  in  the  places  of  the  aiTumed  capitals 
A,  B,  C,  D,  &c.  in  the  equation,  will  fupply  us  with  fo  many  fraftions  as  are 
equivalent  to  the  propofed  formula ;  and  which,  being  reduced  to  a  commoA 
denotQUiacor^  will  exa4lljr  reflore  the  formula  at  6rft  propofed. 

9  Of 


.»  •■•  ' 
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Of  this  we  will  take  an  cxiimple.     Let  it  be  propofed  to  find  the  integral  of 


tills  formula  ===r==r — —         .   Therefore  I  affume  this  fidtitious  equation 

XK  -f  lax  —  aa  X  xx  +  aa 

Then  I  reduce  the 


aav  Axi+lVv  .     Ca:v  +  Dl 


equation  to  a  common  denominator,  and,  by  tranipofing  die  term  aaxp  I  reduce 
ic  to  o,  and  find  it  to  be 


Ax\i  +    Bv*A'      +     Aa.rxx  +  Baax 
+  zCax^x  —    Caaxx   —     aax 


} 


Wherefore,  from  the  comparifon  of  the  firft  terms  with  o,  we  (hall  have 
A  +  C  zi  o,  or  A  zz  ^^  C.  From  the  fecond,  B  +  D  4-  iCa  zz  o,  that 
is,  putting  —  A  inftead  of  C,  B  zz  zAa  —  D.     From  the  third,  Aa*  +  iDa 

—  Ctf*  zz  o,  that  is,  C  =  tf  H •      From   the   laft,    Baa  —  Daa  —  aa 

a 

s  o^   that  is,  putting,  indead  of  B,  it's  value  given  by  D  and  A,    it  will 
be  D  =:  Ail  —  f,  and  therefore  it  will  be  C  =s j  but  C  =  —  A, 

and  therefore  A  =:  — ,  D  r=  —  ;-,  B  =  4,  C  = ^  j  whence  we  (hall 


aax  XX  -{•  ^ax  xx  +  ax 


have  at  laft  === 

XX  4-  zax  -^  aa  X  XX  +  aa         ^a  X  xx  +  lax  '^  aa         4a  x  *•*  +  aa 

But,  by  making  the  fecond  term  of  the  denominator  to  vani(h,  where  there 
is  occafion,  the  bomcgeneum  ccmparationis  is  integrable  by  the  quadrature  of  the 
circle  and  hyperbola  ;  the  integral  of  which,  by  the  given  rules,  will  be  found 

to  be  —  l\/xx+2ax'^aa  -| j=:,l  \^x  +  a -^y^iaa ; — Iv^x  +  a+^iaa 

—  ^l^xx  +  aa,   fubtrafting,   befides^   from   thefe  logarithms  the  fourth 

proportional  of  4^7^,  of  unity,  and  of  the  arch  of  the  circle,  the  radius  of  which 
is  a,  and  the  tangent  =  x.  Therefore  the  integration  of  this  formula  depends 
on  no  higher  quadratures  than  thofe  of  the  circle  and  hyperbola, 

41.  If,  befides,  the  fradion  (hall  be  multiplied  into  any  power  of  the  variable, 
which  power  is  po(itive  ;  as  if  the  formula  were  ^^fLl —  ;  make 

XX  4*  lAiT  ^  aa  X  XX  '{'  aa 

It  equal  to V  : ,  and  let  the  values  of  the  capitals 

^  XX  '\'  zax  -^  aa  XX  +  aa  ^  * 

A,  6,  G,  &c.  be  found  in  the  fame  manner  as  above,  or  you  may  work  as  if  the 
faid  power  were  not  there ;  and  the  refulting  fractions  may  be  multiplied  by  the 

T  2  faid 
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fiud  power^  and  we  fliall  have,  in  like  manner,  fo  many  fra&ions^  wliicb  will 
not  require  any  higher  quadratures  than  thofe  of  the  circle  and  hyperbola^  and 
which  may  be  managed  by  the  rules  already  given. 

42 1  And  if  the  power  of  the  variable  (hall  be  negative,  that  is,  if  it  fhal!  be 
poiitive  in  the  denominator,  all  the  denominators  of  the  refulting  fractions  may 
be  multiplied  by  this  power,  and  they  will  acquire  the  form  following. 

— «. 
As,  for  example,  ^     ^ — ==.    This  being  refolved  as  if 

jcx  +  ax  +  Bb  X  XX  :j^aa  X  x  ±,  c 

9t       were  abfent,    and    then    multiplying    every  term    by  .v     ,  it  will  be 

*'""i  A;ri  +  Bi  .       C*ir+Dir  H* 

■  ■■■■iini  I  ^  — ■  ■  .  ■     «  I  ■     ^^      ■   ■  I.I  «|a      ■  .  ■  ■         ■»        1  ^  I     ^  na 

4ur  -f-  tf X  4-  hi  X  xx±.aa  X  x  ±.  c         xx  +  ax  -^  M  x  x^         xx±aaxx*         x  ±:  c  x  x^ 

underftanding  now  by  the  capitals  fuch  values,  as,  being  found  by  the  foregdilig 
method,  (hall  make  the  fum  of  thefe  fradions  equal  to  the  propofed  formuku 

The  laft  fraflion  will  have  no  occaiion  for  any  particular  artifice,  becau(e  it^ 
integration  is  known  by  the  common  rules. 

As  to  the  firft,  to  clear  up  the  example,  let  it  be  A  =  aa,  and  B  =  aH, 
whence  it  will  be  thus  expreffed,  — x —     ^bich  is  to  be  made  equal  to 

if;r  +  AJr  +  ^^  X  * 

— ,        ,  ,.  -i ' .    And  thus  we  muft  go  on  till 

MX  +  ax  +  U    *  n  ^ 

•  X 

the  laft  term  becomes  conftant,  that  is,  the  laft  power  of  the  variable  x  muft 
have  it's  index  =:  o.  When  thefe  fraftions  are  reduced  to  a  common  denomi- 
nator, and  all  made  =  o,  we  (hall  have  the  values  of  the  capitals,  as  waa 
done  before.     The  fame  thing  muft  be  done  in  regard  to  the  other  fraftion 

,  and  thus,  finally,  the  integral  will  be  found  of  the  propofed 

XX  ±,  aa  X  sP 

formula. 

"Wherefore  generally,  fuppofing  only  the  quadratures  of  the  circle  and  hyper- 
bola, we  may  always  have  the  incegral  of  the  foregoing  formula,  if  the  com- 
ponents of  the  denominator  be  real,  provided  in  them  the  unknown  quantity 
do  not  exceed  the  (econd  dimenfion. 

43.  But  if  tl^  denominator  of  tlie  propofed  formula,  or  fradlion,  may  not  be 
redlvahle  ^nio  it's  leal  components,  in  which  the  variable  does  not  exceed  two 
d'mer(ions,  nor  can  be  reduced  to  fuch  by  the  common  rules  of  Algebra;  yet 
k  may  always  be  reduced  no  fuck  by  a  little  further  artifice,  as  often  as  it  is  a 

convertible 
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convertible  formula,  or  the  product  of  feveral  convertible  terms.  I  fliall  call  A  convertible 
that  a  convertible  formula,  in  which  the  variable  has  the  greateft  exponent  of^*^™"^» 
it*s  dimenfioDS  an  even  affirmative  number ;  as,  fuppofe  n  were  fuch^  then  the 
laft  term  would  be  /z»,  and  the  terms  equidiftant  from  that  in  the  middle  rauft 
have  the  fame  co-efficient,  and  be  afFefted  by  the  fame  fign^  fupplying  the  di- 
menfions  by  that  conftant  quantity,  of  which  the  laft  term  is  formed.  Such 
would  be  the  formula  x^  +  a\  or  this,  •  +  ^x'  +  ccxx  +  aahx  +  a*,  or  this 
Other,   x^  —  ix^   +   /?V  —  a^ix  +  a\     Now,  if  it  were  **   +   ^.v*   +  a*x 

+  ^^,  it  would  be  written  in  this  equivalent  form,  x^  +  a"*  x  x  +  i^,  in  which 
;f*  +  tf*  is  a  convertible  formula,  and  x  +  b  \s  linear,  which  does  not  increafe 
the  difficulty.     The  fame  thing  is  to  be  underftood  of  inBnice  others. 

44.  Therefore  now  let  us  have  x*  —  a^  to  be  refolved  into  it's  real  com- 
ponents, in  which  x  may  not  exceed  two  dimenfions,  and  which  Ihall  not  have 
traAions  for  their  exponents  ;  and,  in  the  firft  place,  let  m  be  an  even  affirm- 

ative  whole  number.     In  this  cafe,  ir  will  be  divifible  into  x^     +  a^     and  x 

—  tf^*,  without  any  fraftions  in  the  exponents,  becaufe  of  m  being  an  even 
whole  number.     The  firft  divifor  may  be  refolved  by  the  rules  which  will  be 

foon  given  for  the  binomial  x    +  a^.    -The  fecond,  x^^ — tf*'",    if  fw   (hall 

be  an  ^ven  number,  may  be  again  refolved  into  x*     +  a^^  and  x'    —  ^ ^   , 

without  a  fraction  in  the  exponents.     But,  if  ^m  (hall  be  an  odd  number,  it 

m  m 

will  be  refolved  by  the  rules  that  will  be  prefcribed  for  the  binomial  x     —  ^  > 

when  m  is  an  odd  number. 

In  the  fecond  place,  let  it  be  x*  +  a^,  and  let  m  be  an  even  affirmative 
whole  number,   in  which  cafe  the  formula  is  convertible.      Let  us  fuppof^ 

x^  +  a  =r  o,  and  tlicn  let  there  be  formed  a  convertible  formula,  in  which  the 
greateft  exponent  of  x  may  he  m  —  2,  and  which  may  have  all  it's  terms,  and 

the  laft  term  may  be  ^  ""  ,  and  the  co-efficient  of  the  fecond  term  may  be  3, 
for  example,  thar  of  the  third  cc,  that  of  the  fourth  ^/',  and  fo  on  j  and  let  this 
be  compared  to  o,  vvhcntc  rtfuhs  an  equation.  Let  this  equation  be  mnliiplied 
by  XX  +  fx  +  aa 'y  the  produd  will  be  another  convertible  equation,  in  which 
the  greateft  exponent  of  x  will  be  =:  m.     Let  this  equation  be  compared,  term 

by  term,  with  the  fiditious  equation  x^  +  a  =  o,  in  which  the  co-efficiciis 
of  the  interme dia.e  terms  are  =  o  ;  and,  by  the  comparifon  cf  the  fecond 
terms  havirg  the  value  of  the  allumed  quantity  ^,  from  the  comparifon  of  the 
third  terms  the  value  of  cc^  from  that  ot  the  fourth  terms  the  value  of  d\  and 
fo  on  to  the  middle  term,  taking  this  in  alfo  ;  now,  from  that  cf  the  middle  the 
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Other  equations  will  become  the  fame,  becaufe  of  their  being  convertible  equa* 
tions  which  are  compared.  From  this  laft  term  will  be  found  the  value  of/ 
cxpreffed  by  an  equation,  which  will  have  -^m  for  the  number  of  it's  dimenlions, 
of  which  all  the  roots  will  be  real,  and  will  give  us  the  values  of/;  which  being 
fubilituted  in  the  tiinomial  xt  +  Jx  +  aa^  will  give  us  fo  many  trinomial5> 

the  products  of  which  will  reftorc  the  propofed  binomial  at*  +  a\ 

Let  the  example  be  jp*  +  tf*.  I  take  a  convertible  equation  of  the  fecond 
degree,  xx  -^  hx  +  aa  =  o,  which  1  multiply  by  aw  +  /v  +  <»tf  =  o,  from 
wlience  I  have  another  convertible  equation, 

^  +  bx^  +  zaax*  +  aafx  +  a^     \    _ 
+  /x'    +     i&A*   +  aabx  j    —  o. 

!  compare  this  with  the  fiftitious  equation  ;p*  +  «*  =  o,  and  from  the  compa- 
rifon  of  the  fecond  terms  1  find  h  +  f  zz  o^  or  b  zi  — /.  From  the  compa- 
rifon  of  the  middle  terms  I  find  2aa  -^  b/  zz  o,  and,  inltead  of  b^  fubllitutmg 
it's  value  — /,  it  will  be  j^ —  laa  =  o,  or  /=  ±  \/zaa. 

Let  it  be  x^  +  «*.     I  take  the  convertible  equation  x^  +  Ix^  +  rV  +  a^bx 
+  tf*  =  o,  which  I  multiply  by  a:*  +  /v  +  ^^  =  o,  and  the  refulting  equation  is 


x^  +  hx^   +  ccx^  +  %aabx^   +  tfV      +  ^*>  +  a^ 
+  /x*   +  hf9^  +    fccx^    +  a^bfx''   +  a^bx 


)" 


I  compare  this  with  the  fiditious  equation  Af*  +  «**  z=  o,  and  from  the  compsu 
rifon  of  the  fecond  terms  I  find  ^  +  /  =  o  ;  from  the  comparifon  of  the  third 
terms  I  find  cc  '\-  hf  ^  aa  -=:  o^  that  is,  fubftituting  the  value  of  *,  cc  — ff 
-f  ^i^  r:  o ;  from  the  comparifon  of  the  middle  terms  I  find  ^aah  +  fee  'si  o^ 
that  is,  inftead  of  b  and  cc^  fubftituting  their  values, '/'  —  ^aaf  zz  o. 

Now,  by  aftually  performing  thefc  operations,  we  (hall  find  that 

If  i»  =  4,  it  will  be  ^  —  laa  =  o. 

If  «i  =  6,  then  p  —  z^af  =  o. 

If  w  =  8,  then  /*  —  J^af^  +  2a^  =  o. 

If  »  =  ID,  then  P  —  s^^P  +  S^V  ~  o. 

U  m  =  12,  then/*  —  6aap  +  9^*/*  •—  2a'^  =  o. 

If  w  =  14,  then  f  —  jaaf  +  i^a^  —  7^7  =  o. 

And  fo  wc  might  proceed  to  the  other  even  values  of  m. 

Inftead 
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Inftead  of  a*  +  ^^  let  it  be  x^  +  ibx^  +  laabx  +  tf*,  which  is  alio  a 
convertible  formula.  I  multiply  the  convertible  equation  xx  ^  bx  -^^  aa  :=z  o 
by  XV   +  fx  +  tf^  r:  o,  and  I  fhall  have,  as  above, 

x^  +  bx^   +  laax'^  +  aafx   +  ^*     T     _ 
+  fx'    +    bfx''    +  aahx  j    -  o. 

I  compare  this  with  the  fiftitious  equation  x^  +  2^x'  +  laabx  +  fl*  =  o, 
and  from  the  comparifon  of  the  fecond  terms  I  find  b  +  /  zz  2^,  that  is, 
h  z=z  lb  — /;  from  the  comparifon  of  the  middle  terms  I  find  laa  +  bf  :^  o^ 
and,  inftead  of  h^  fubftituting  it's  value,  wc  (haU  have  2aa  +  2bf  —  j(/*  =  o, 
that  is,  //  —  2i/  —  zaa  :r  o. 

Let  it  be  jf*  +  a^x^  +  «*.  I  take  the  convertible  equation  x^  +  bx^  + 
€cx*  +  aabx  +  a*  =  o,  which  I  multiply  by  xx  +  fx  +  aa,  and  I  (hall 
have  this  produdl, 

x^   +  bx^  +  ccx^  +  laabx^   +  flV      •+  «!/>  +  ^*     1 
+  aai^  +  ^W  J 

This  being  compared  with  the  equation  x^  +  a^x^  +  «*  =  o,  I  find,  from 
ihe  comparifon  of  the  fecond  terms,  ^  +  /  =s  o  j  from  the  comparifon  of  tlie 
third  terms,  cc  +  bf  +  aa  zz  o^  and,  inftead  of  ^,  putting  it's  value,  it  will 
be  cc  -^ff  -{-  aa  z=i  o  ;  from  the  comparifon  of  the  middle  terms,  zaab  +  ccf 
rz  a^  \  and,  inftead  of  b  and  cCf  putting  their  values,  it  will  be  /*  — •  ^aaf 
—  tf*  =1  o.   .And  fo  for  as  many  others  as  you  pleafe* 

Now  let  us  have  X*  +  ibx^  +  laabx  +  a'*  to  refohre  injo  it*i5  real  compo* 
nentSy  in  which  x  has  no  fraflion  for  it*s  eicponent,  and  does  not  exceed  the 
fecond  dimenfion.  The  equation  which  (hould  give  us  the  vahies  of /is  there* 
fore  /f  —  2b/  =:  laa,  from  which  we  obtain  both  the  real*  values  of/,  that  is, 

f  =.  b  +  Viaa+bbj  2it\d  f  zz  i  —  ^^2/^a+bb.  Wherefore,  fubftitutinfc 
each  of  thefe  values  inftead  of/,  in  the  trinomial  xx  -^fx  +  aa^  we  ftiall  find 
that  **  +  2bx^  +   2aabx  +  d!^   is  the  produft  of  the  two  real  components 

jw  +  ^a:  +  xV^aa  -^bb  +  aa^  and  xx  ^  bx  —  x'/zaa  +bb  +  aa. 

Thus,  if  it  were  af^  +  aax*  +  ^V  +  tf*  =:  ©•  The  equation  which  gives 
the  values  of/  bein^  /'  —  2aaf  zz  o,  from  thence  we  ftiall  have  the  values 
of  /  all  real,  that  is,  /  =  o,  /  =:  ^/ xaa^  and  /  =  —  \/2tfij ;  fo  that 
»•  +  aa^  +  flV  +  tf*  is  the  produft  of  the  three  real  components  xx  +  aa^ 
ax  +  x^2aa  +  aa^  and  xx  —  xV2aa  +  aa. 

Let  us  have  *'^  +  rt*^.  The  equation  which  otight  Co  give  th€  values  of/ 
i»  /*  —  5^*  +  5«y  =  o.    Froai  whence  we  derive  the  vafucs  of /all  real. 
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/  =  —  a^^  *"  ^^.  Wherefore,  fubftituting  every  one  of  theft  values  inftead 
of/  in  the  trinomial  xx  +  fx  +  aa,  we  (hall  find  that  x^  +  n**  is  the  pro- 
du<9:  of  ihefe  five  real  components,  xx  +  aa^   xx   +  ax^^ ?   +  aa^ 

XX  —  axs/^^  ^'   +  aa^  xx  +  tfy\/^  "^  ^^  +  ^tf,  and  «»  —  ax^^^^^-^  +aa, 

mt  m  urn 

Whence  it  is  to  be  concluded,  that  the  integral  of  any  differential  formula, 
whofe  numerator  is  x  multiplied  into  any  conflant  quantity,  and  the  denominator 
is  of  a  like  nature  with  ihefe  here  confidered,  will  not  depend  on  quadratures 
higher  than  thofe  of  the  circle  and  hyperbola^  and  may  be  had  from  the  rules 
here  given, 

% 

45.  Now  let  X  ±  a  be  given  to  refolve  as^  above,  and  let  m  be  any  affirm- 
ative integer,  but  odd. 

The  formula  may  be  divided  by  x  ±  j,  and  the  quotient  (which  in  the  fird 
cafe  will  be  ^f**^'  —  ax""^^  +  a^x"^^^  -  a'x'^''\  &c.  to  the  laft  term,  which 
will  be  +  tf***  i   and,   in  the  fecond  cafe,  it  will  be   x*"*     +  ^at*""*  -^ 

a^x'^'^^  +  i^x^'^\  &c.  to  the  laft  term,  which  will  be  +  «*"*  9)  tnay  be  fup. 

pofed  =0;  and  let  this  fiflitious  equation,  which  is  a  convertible  one,  be 
compared,  term  by  term,  with  the  produdl  of  a  convertible  equation,  in  which 
the  number  of  dimenfions  of  the  variable  ;c  is  i»  —  3,  into  the  trinomial 
XX  +  fx  +  aa  I  and,  from  the  comparifon  of  the  fecond  terms,  we  (hall  have 
the  value  of  the  aflumed  quantity,  for  example  i ;  from  the  third  the  value 
of  cc,  from  the  fourth  the  value  of  ^%  &c,  ;  and  laftly,  from  the  comparifon 
of  the  middle  terms,  we  may  derive  the  values  of/,  expreffcd  by  an  equation 

of  which  the  number  of  dimenfions  will  be  ^■'*  ■  •    All  the  roots  of  which  will 

be  real,  and  will  determine  the  values  of/  all  real;  which,  being  fubftituted 
in  the  trinomial  xx  +  fx  +  aa^  will  fupply  us  with  fo  many  trinomials,  which, 
multiplied  together,  and  alfo  by  a;  ±  a,  will  reftore  the  propofed  formula 

By  this  method  we  may  find  the  following  equations,  which  will  ierre  for  the 

refolution  of  the  binomial  x^  +  a^,  when  m  is  an  odd,  integer,  and  pofitive^ 
number. 

If 
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If  w  z:  3,  it  will  be  /  -T  a  zz  o. 

If  m  —  5,  then  Jf  +  af —  ^^  ==  o. 

If  «  =  7,  then  P  +  a//  —  2aaf  —  «'  z=  o. 

If  »»  =  9,  then  /*  +  ^/'  —  3aaf/  -^  %a^f  +  «♦  =  o. 

If  «>  =  II,  then  /*  +  ap  —  A/iaj^  —^  ^a^f^  +  ^a^f  +  fl^  =  o. 

If  m  =  13,  then  f  +  ap  ^  s^T  —  ^^T  +  ^^Y*  +  3^7—  ^'  =  o. 

And  thus  we  might  proceed  to  find  the  oiher  values  of/,  if  m  be  an  odd 
hum  ben 

If  the  propofed  formula  were  %  —  ^  ,  and  m  were  an  odd  integer  affirm- 
iative  number,  dividing  by  a;  —  ^  as  before,  the  fame  cquatioils  would  be  had, 
only  changing  the  figns  in  the  fecond,  fourth,  and  fixth  term,  and  in  all  others 
in  even  places. 

46.  If,  inftead  of  ^'"  ±  ^  ^  fuppofing  m  to  be  any  odd  affirmative  integer, 
the  formula  were  any  other,  but  fuch,  as  that,  dividing  by  a?  +  fomc  conftant 
quantity,  that  which  refults  fliould  be  a  convertible  formula;  as  x^  +  hx^  —  aax^ 
— -  aabx^  +  a^x  +  a^hy  which,  being  divided  by  ;c  +  i',  will  give  .v^  —  aaif' 
4-  ^*;  this  lad  being  managed  as  ufual,  and  the  values  of/  found  and  fubfti- 
tuted  in  the  trinomial  xx  +  fx  +  aa,  we  fliould  have  fo  many  trinomials, 
which  being  multiplied  together,  and  alfo  by  a-  +  A,  would  reftore  the  pro- 
pofed formula. 

Let  it  be  required,  for  example,  to  refolve  x^  +  a^  into  it*s  real  components, 
in  which  x  may  have  no  fradional  exponents,  and  may  not  exceed  the  fecond 
dimenfion.  The  equation  which  is  to  give  the  values  of/  (according  to  what 
goes  before)  will  be  ^  +  of  ^  aa  zz.  Oj  from  whence  we  derive  thefe  values 

t>(/,  fzz  *"  ^      ^"^^ .    Thefe  being  fubftituted,  inftead  of/,  in  the  trinomial 

^x  +/x  +  aaj  we  (ball  have  the  two  real  trinomials  xx  -^  ftf a?  +  iax^g  +  aa, 
and  XX  ^—j;ax-^'iax\/^s  +  ^^»  ^^^^  produdt  of  which,  togetlier  with  x  +  a^ 
will  reftore  the  formula  propofed. 

Let  it  be  required  to  refolve  into  real  components  the  formula  x*  +  bx^ 
r^  aax*  —  aabx^  +  a^x  +  a%  which,  being  divided  by  ^  +  ^,  will  give 
pt^  —  aax*  +  a\  The  equation  that  gives  us  /  will  be  ^  =  $aa^  and  the 
values  of/  will  be  /  =  ±  s/^aa.  Thefe  being  fubftituted  inftead  of /in  the 
trinomial  4cx  +  fx  +  aa,  we  (hall  have  thefe  two  real  trinomials  xx  +  xy/^aa 
«f  aa,  and  xx  —  x\^3aa  +  aa ;  the  produft  of  which,  together  with  x  +  b, 
will  reftore  the  formula  propofed. 

Vol.  II.  U  47-  ^^^^ 
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47.  From  hence  I  conclude,  that  the  integral  of  any  differential  foriniila 
whartvcr,  the  numerator  of  wliich  is  x  into  any  conftant  quantity,  and  ihc 
tknominaror  of  a  nature  like  to  thefc  here  coofidered,  will  not  depend  on  qua- 
dnuurts  higher  than  thofe  of  the  circle  and  hyperbola,  and  which-,  may 'be 

obtained  by  the  rules' here  given, 

48.  But,  becaufe  in  higher  dimcnfions  the  value  of/  cannot  be  obtained  by 
n6tu:U  ieparation,  from  the  equations  before  cited  ;  in  fuch  cafes  it  will  be 
enough  to  have  recourfe  to  the  geometrical  conftruftion  of  the  fame  equations. 
Thus,  to  find   the  components  of  x'   +  tf%  and  thence  the  integral  of  the 

formula  -y-j — j,  the  denominator  being  divided  hy  x  +  a^  the  quotient  will 

be  A*  —  ax^  +  aax^  —  ^V  +  a^x*  —  a^x  +  a^.  The  values  of/  for  the 
icfoliition  of  this  formula  muft  be  furnifhed  by  the  equation  /*  +  of*  —  zaaf 
—  t.^  =:r  o.  Wherefore,  by  the  ufual  methods  of  Algebra,  by  means  of  the 
inrcift*ctions  of  two  curves,  or  by  any  other  way,  having  found  the  values  of/ 
affirmative  and  negative,  which  are  to  be  all  real;  for  example,  let  one  be  A» 
another  —  B,  the  other  —  C  ;  the  quantity  x^  +  a^  will  be  the  produft  of 
X  +  a  into  xx  +  Kx  -{-  aa  into  Ar;i^  —  }ix  +  aa  into  xx  —  Cx   +  aa;  and 

the  quantities  A,  B,  C3  will  be  real  and  given.     Then  we  may  proceed  to  the 

• 

integration  of  the  formula  ^  ^  ^  ,  by  the  quadrature  only  of  the  circle  and 
hyperbola. 

49.  By  the  fame  artifice  by  which  we  find  the  equations  for  the  refolution  of 

the  binomial  .v*  ±  ^%  we  may  find  them  for  the  refolution  of  the  trinomial 

X  ±  o.aax  +  aa^  fuppofing  im  to  be  an  even  afiirmative  integral  number. 
And  thus,  in  general,  as  often  as  it  is  propofed  to  refolve  a  formula  which  is 
convertible,  or  is  the  produd  of  a  convertible  into  a  linear  quantity,  and  which 
has  not  a  fradion  in  the  exponents ;  they  may  always  be  reduced  by  the  method 
here  explained. 

The  cafe  of  the  produft  of  a  convertible  formula  into  a  linear,  wc  (hall  have 
when  m  is  an  odd  number,  and  otherwife.     Let  this  be  an  example,  nt*  +  lAi^ 

—  a^x^  —  a^i^,    that  is,    x^  +  b^   x  x^  —  ^*>  or  x^  +  b^  X  xx  +  aa    X 


XX  —  aa.     Wherefore,  the  divifor  x^  +  b^  being  refolved  into  it's  real  com* 
ponents  of  two  dimenfions,  which  may  be,  for  example,  xx  +  Ax  +  bb^  and 

XX   +   Bat   +    bb^    it   will    be   x^  +  b^  X   x*  —  ^^   =    xx  +  hx  +  bb    X 

XX  +  lix  +  bb   X   XX  +  aa   x   xx  — aa.     And  if  it  had  been  x^  +  b^  x 

;t*  +  a*,    then,    by  the  refolution  o^  x^  +  «♦   into   xx  +  Cx  +  aa^   and 

XX  +  T>x  +  aa^    it  would   be   x^  +  b^  X  a:*  +  ^*    =    xx  +  hx  +  bb    x 

XX  +  B.v  +  bb    X  XX  +  Cx  +  aa  X  xx  +  Dx  +  aa. 

50.  Ta> 
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m 
tra  X 


50^  To  have  the  integral  of  the  formula  — '- ,  in  which  ;;;  deootes  any 

affirmative  integer  number,  let  A,  B,  C,  &c.  reprefcnt  the  ftveral  values  of  / 

with  their  figns,  which  ferve  for  the  refohition  of  the  denominator  x^  Hh  iT . 
And  it  muft  be  obferved,  that  of  thefe  values  one  may  fomctimes  be  zr  o^ 
which  will  obtain  as  often  as  m  is  a  term  in  this  feries  4^  8,  12,  16,  &c.  ic 

being  jt*^  —  «     in  the  given  formula*    And  as  often  as  w  is  a  term  in  this  feries 

2^  6,  10,  14,  18,  &c.  when  it  is  a?     +  «  .     This  being  fuppofed,   the  in- 

tegral  required  will  be   ±   — l^/xx  +  hx  +  aa    ±  — l\/xx  +  B.v  +  aa 


C 


±    — Is/ XX  +  Cx  +  ^^9  &c.  taking  thefe  logarithms  from  the  logarithmic 
curve,  the  fubtangent  of  which  is  =  ^ ;  adding  to,  or  fubtrafting  from  this 


■ '  m 


aggregate  of  logarithmic  terms,  (according  as  the  fign  of  the  term  a  in  the 
denominator  (hall  be  +  or  <— ,)  twice  the  fum  of  fo  many  arches  of  a  circle, 
as  are  the  values  A,  B,  C,  &c«  of  which  arches  thefe  arc  the  radii  in  order, 

^tftf  —  ^AA,   \/aa  —  -JBB,  \/aa  —  ^CC,  &c.  and  the  tangents' are  in  the 

lame  order,  .v  +  -J^A,  x  +  fB,  x  +  fC,  &c*    Such  will  be  the  integral  of 

fif. 

the  formula ,  if  m  (hall  be  an  even  affirmative  number.     But  in  the 

fii       ffi 

X       +  ^ 

fame  formula,  if  m  fhall  be  an  odd  affirmative  number,  it  will  be  neceflary  fo 
add  to  the  whole  the  logarithm  of  x  +  a^  becaufc  the  denominator  has  alfo  the 

real  root  x  +  a.     And  if  the  formula  fliould  be  — — ^,  wbein^  an  odd  af- 

m         m  ° 

X     —  a 

firmative  number ;  inftcad  of  the  logarithm  of  j?  +  ^,  that  oi  x  —  a  muft  be 


ma   X 


added.     And  laftly,  the  formula  being  '- — ,  and  m  being  an  even  aflirm- 


m         m 


ative  number,  it  will   be  neceflary  to  add  the  logarithm  of  .v  -—  ^,  and   to 
fubtradt  that  of  .v  +  a^  ftill  taking  thefe  logarithms  from  the  logarithmic  with 


fubtangent  zz  a. 


51.  But  if  in  tlie  propofed  formula  the  number  m  (hould  be  a  ne- 


m    t,    m 
X     z:  a 


gative  nwmber,  that  is,  if  it  were ,  it  would  be  cxprcfled  thus. 


U  2 
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—  f  which,  reduced  to  a  common  denominacor^.is  equivalent  to  this^ 


m  m 

X  a 


a  .•*■  X 

jn  J.    m 
a    ^  X 


;  and  dividing  the  numerator  by  the  denominator  till  the  greateft  power 


of  the  variable  is  lefs  in  this  than  in  that,  we  (hall   have  at  lafl:    ±  a^x 

y  in  which  m  will  be  a  politive  number.     And  what  has  been  faid 


2ffir. 
a     X 


X     ±,  a 


before  will  alfo  take  place,  in  the  formula ,  when  I9»  is  an  ii^eger  nega* 

live  number. 

52.  Moreover,  if  the  fraAion  — ^ be  fuppofcd  to  be  multiplied  by  x\ 

x"  ±a" 

n  being  an  integer  number  either  affirmative  or  negative,  the  denominator 
being  refolved  into  it^s  real  components,  in  which  x  does  not  exceed  the  fecond 
dimenfion;  this  will  be  the  cafe  already  confidered  by  me  at  ^  41^  42^  and  is 
therefore  reducible  to  the  quadrature  of  the  circle  and  hyperbola. 

53.  But  when  n  is  negative^  it  may  be  reduced  more  expeditiously  thus* 
Firft,  let  n  be  lefs  than  m.    The  formula     ■  may  be  thus  exprefled 


X     +  a     X  x 


X  X 


by  equivalents,  ■;  ^     — ===.   And  likewife,  the  formula 


»*  a    X  X     •\'  a  X     -^  a     X  X 


X  .  XX 


by  —     ^     H '^ —  •     Secondly,  let  n  be  greater  than  m.    The  formula. 


m  n 


m  . .    m        jn 


^   ^  a'  X  x"  —  a 

may  be  exprefled  by  the  equivalent  feries      ^      — + 


m  n  zm  n^m 

*"•  +  a"  X  *"  a  X  a     X 

— ,  &c.  till  we  come  to  that  term,  in  which  the  exponent 

of  X  is  but  juft  greater  than  m  j  ±  ^ •     Here  the  fign  mud  be 

X     +  fl     X  a  X 

+  or  — ,  according  as  the  alternate  change  of  the  figns  (liall  require  ;  and  r  is 
the  fame  exponent  of  the  quantity  tf,  as  in  the  antecedent  term,  and  /  is  the 
remainder  of  the  divifion  made  of  the  number  n  by  the  number  w,  taken  as 
often  as  it  can  be  done« 

Now 
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Now  if  it  were  ,., ,   fuppofing  n  to  be  greater  than  w;  all  the 


X     —  a     XX 


terms  of  the  feries  ou^^ht  to  be  affeded  by  the  negative  (ign,  and  the  term  out  of 
the  feries,  that  is,  •— ,  ought  always  to  have  the  affirmative  fign 


m         m   ^,     f   t 
X     —  a      X  a  X 


prefixed.     Thus,  if  the  formula  were  ^ ,  it  would  be  equivalent  to 


X 


•     But  we  know  that  —  ^    is  equal  to 


6«.a 


arx 


•  •  •  ■  * 

^^         .     Therefore  it  will  be  '^ rz  —  —  -^  H "^^ 

all  which  are  quantities  that  may  be  managed  by  the  given  rules. 

54.  But  if  m  (hall  be  a  fraftion  either  affirmative  or  negative,  let  /  be  the 
numerator  of  the  fraftion  which  is  equal  to  m^  and  reduced  to  the  fimpleft 

terms,  and  let  p  be  the  denominator  of  the  fame  :  fo  that  the  given   formula 

•  _ 

may  be  thus  expreffed,  — j-^ — --  •  Put  x  —  y^  and  a  =  b^^  and  the  for- 
mula  will  be  converted  into  this,  — — —^  which  has  no  fra(flions  for  it's  expo- 

y    ±b 

nents,  and  may  therefore  be  refolved  by  the  given  rulesr 

Let  the  formula  be,  for  example,  —r-^ — r- ;  make  .v  =  ^7,  a  -zi  lb,  and  it 

will  be  ;v  =  2yy  %  and  making  the  fubftitutions,  the  formula  will  be  changed 
into  -T-T^Tr>  which  has  no  fraftions  for  it's  exponents. 

y'  ±  Cf* 

n- 

55.  Now  if  the  given  formula  be  — — — ,  in  which  m  and  n  are  broken 

numbers  ;  making  r  the  numerator  of  the  fraflion  »,  and  p  the  denominator  of 
the  fame ;  and  thus  making  /  the  numerator  of  the  fradlion  /w,  and  q  it's  dcno- 
minator,  (fuppofing  theic  fradions  to  be  reduced  to  their  fmalleft  terms,)  the 

r 

formula  will  be  — ^  f  "^ ^    j^  which   r^  jpj  f,  /,    will  be  integer  numbers, 

*  y   ±  tf  ?. 

pofitive  or  negative. 

'  Now 
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Now  let  It  be  made  x  =  >^^,  and  a  =  i^^ ;  the  formula  will  be  converted 

.     qr  -^pq  —  i . 

into  this,  n^— JL^  which  has  no  fraftions  in  ii*s  exponents.    Let  it  be, 

for  example,  the  formula  -r— --t">  niake  x  n  j'%  J  =:  i'**j   it  will  be  x  z= 

14' 

lojr^',  a:*"  zh  y^\  x'^  =>*  i  and  making  the  fubftitutions,  the  formula  will  be 
changed  into  ^rrn^P  which  has  no  fradionai  exponents. 

«• 
56.  Ladly,  if  the  formula  (hall  be    ,    ^  **  ■     »  the  exponents  n^  m,  ir,  being 

pofitlve  integers,  we  may  always  have  it's  integral,  fuppofing  only  the  quadra- 
ture^  of  the  circle  and  hyperbola.  And  the  integral  will  be  compofed  of 
algebraical  quantities,  and  of  one  fluential  quantity ;  which  will  be  done  in  tbc 

following  manner^ 


Suppofe  the  formula  / 


If* 

X  X 


X    ±tf     * 


jj^n+«w-2w+i    ^  Q^n  +  ufft'^im    ,    jyji  +  tfm^im^i  ^^ 


X     :!t  a 


as  far  as  to  a  conftant 


term,  or  to  that  term  in  which  the  exponent  of  x  is  o,  and  let  this  be  K  j  then 


ft-  n* 

XX  ,  .        .  /I    ,  ^       ^         X  X 


mud  be  added  A/ 3  that  is,  it  muft  be  made/ 


+  A/ 


f//_,      m  *<•*  '  ^    .M*"  -*-  »^ 


Difference  the  equation,  make  it  =  o,  and  fct  the  terms  in  order.  From 
making  the  firft  terms  zz  o  we  (hall  find  the  value  of  the  aflumed  quantity  B. 
Making  xhe  fccond  terms  :=  o,  we  (hall  have  the  yalue  of  C-  And  fo,  one  by 
one,  ihe  values  of  the  others  ;  which  values  being  fubdituted  inftead  of  the 


n 

X   X 


capitals,  as  the  fluent  of  — — —  will  depend  only  on  the  quadratures  of  the 


M    .      m 
,v     It  a 


circle  and  hyperbola,  and  the  oiher  terms  in  the  bomogtmum  comparationis  arc 
puicly  algebiaical,  lb  the  propofed  formyla  will  require  no  higher  quadratures. 

57.  Sometimes  it  may  happen,  that  fome  one  of  the  co-efficients  B,  C,  D, 
&i:.  may  come  put  ^bitrary,  or  to  be  determined  at  pleafure ;  but  it  will  t>p 

8  only 
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only  when  n  is  greater  than  m  —  i.  And  it  may  alio  be  oblci  vtd,  ih:u  as  often 
as  it  is  OT  =  »  +  ij  the  co-efficient  A  will  be  found  =  u,  and  conrcqucnily 
the  integral  of  the  propofed  formula  will  be  algebraical- 

58.. But  if,  in  the  propofed  differential  formula,  the  exponent  n  fliould  be  a 
negative  integer,  fo  that  it  might  be  reduced  to    ^^  ;  in  which  it  is 

now  pofitive ;   the  integral  would  be 


^ -i^ — ■+  A/ ==s.     which 

X  X  X     zsza  X     X  X    dt  a 

co-efficients  B,  C,  D,  &c.  will  be  determined  in  the  fame  manner  as  before. 

As,  for  example^  — ==- ;  in  which  cafe  we  have  n  :z  i.  m  zz  7,  u  zz  2. 
Wherefore  it  will  be/=.=^  =  ^''  t^\^  ^  +  AZ-r^.     And  talcing 

the  fluxions,  -■  zz ^^ ^ -S—  +  — 


Then  reducing  to  a  common  denominator,  fetiing  the  equation  in  order,  aiul 
making  it  equal  to  o,  it  will  be 


2Bx^x  +    Cx^x  ~  jK;^*A-  +  aB^'.v;^   +  Ca'x 
—  ^Bx^x  —  ^Cpt^x  +    Aa^xx 

+    Ax^x  —  XX 


>    =:  o. 


Now  making  the  firft,  (econd,  third,  &c.  terms  =:  o  fucceffively,  we  (hall 
find  A  —  B=o^orBi=:AiC=:o,  K  =  o;  zBa^  +  Aa^  —  1=0,  or 

Aa^  zz   I  —  2Btf' ;  and  putting  A  inftead  of  B,  it  will  be  A  z:  —  =  B, 
Whence,  laftly,  it  is  /=^  = -1=  +  -^  X  /-i±- .    But  /-^, 

=  TJS  ^^"^  —  ^x  +  aa'—Ix  +  a;  together  with  —    muhiplied   into    the 
arch  of  a  circle  with  radius  =  i^iaa^  and  tangent  =  ;c  -~  -J^.     So  that  it  will 

+  ^   X  arch  of  a  circle  with  radius  \^-^,  and  tangent  n  ;<•  —  i^  :  taking 
ihe  logarithms  from  the  logarithmic  with  fubtangent  =;  a. 

59.  Bu; 
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59.  But  if  the  exponent  m  be  negative,  the  formula  muft  be  changed  into 
another  that  is  equivalent  to  ir,  in  which  the  exponent  is  pofitive;  according  to 
the  manner  fhown  at  §51  of  this  Book* 

60.  And  if  both  m  and  n  fliould  be  fractions,  the  fubftitutions  muft  be 
made  according  to  §  ^^  of  this  Book* 

61.  Again,  if  the  exponent  //  were  not  an  integer,  but  a  fraclion  either 
affirmative  or  negative,  it  will  fuffice  that  the  formula  be  one  of  tho(c  cafes 
confidered  at  §  39,  Forafmuch  as  it  may  be  tranfmuted  into  another  form, 
which  is  capable  of  being  managed  by  the  given  rules. 


n 

X   X 


Thus  the  formula  -==_=^  ,  the  exponents  ;/,  »i,  «,  being  pofitive  or  neg^« 


tive  integers,  or  elfe  rational  fraftions  of  any  kind,  with  the  figns  +  and  — 

at  pleafure ;  it  will  be  integrable,  or,  at  leaft,  may  be  reduced  to  known  qua- 

^  dratures^  as  often  as  the  faid  exponents  (hall  have  fuch  a  relation  to  one  another^ 

that  one  of  thefe  two  quantities  compofed  of  them,  that  is,  .«  —  —  -^  i 
—  — ,  or 1+  — ,  (hall  be  equal  to  any  integer  number.     If  this 

tn  ttt  tn 

integer  number  (hall  be  pofitive,  the  formula  will  admit  of  an  algebraical  intc- 


—I  . 


gration,  except  the  cafes  in  which  the  power  x^  x  fhall  intrude,  which  obliges 
us  to  recur  to  the  logarithms.  If  this  integer  number  (hall  be  negative,  the 
formula  will  be  reduced  to  the  quadrature  of  the  circle,  or  of  the  hyperbola. 

To  obtain  our  purpofe  as  to  the  firft  cafe,  in  which  u —  i   is 

m 

equal  to  an  integer,  make  x    +  a    -=1  zx   i  then  x    —  ■  ^  ■,  x  r:  , 

as  —  i\m 

x^  =  — i ,   a:*       =  — ^ — ;  and  therefore  ^  ^  = 


n     '  i+»  m 

«  —  i]  m  X  —  i^    m 

— »  — 1— /» 


m  ' >  jhtk  u 


m  ^  jmu  \ 

m    ,      m  m  a  z  j^i^|«  ax 


z  —  1]       ^       .     But  X     +  a     z=  2r.v    = ,   and  a:    +  ^  '    =  =— -* 

Therefore,  making  the  nece(rary  fubftitutions  in  the  propofed  formula,  it  will  be 

—  ^ ^ X  2 —  il~         ^'^'*,    which  is   plainly  feen   to  be  alge- 

braically  integrable,  (except  the  excepted  cafe,)  when i  +  «  is  equal 

3  to 
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to  a  pofitive  integer  number.     And  that  if —  i   +  ir   is  an  integer 

number,  but  negative,  by  what  is  advanced  in  the  foregoing  articles,  the  inte- 
gration of  this  formula  will  depend  on  no  higher  quadratures  than  thofe  of  the 
circle  and  hyperbola. 

T  #ff 

I  come  now  to  the  fecond  cafe,  when i  +  —  is  equal  to  an  integer 

number.     Make  x^  +  a^  zz  z,  and  then  it  will  be  Af**   r:  z  —  a  ,  x  = 
I «^  i-f  « 

'"^"         'm\m  n  """""         m\  m        n+l  m)  m  «•     » 

z— ^         ^    X      =2— a»        ^  zz    z  — a   '       ,xa:   =    ~x 


m 

z  —  a 


''  ^         •     But  x"  +  a^  =  Zy  and  x'"  +  a^-^  zz  z^  i  therefore,  mak- 


ing   the    fubftitutions    in    the    propofed    formula,    it    will    become    —    X 

,  or  elfe  -^ — —  x  z  —  ^*''  '"^       t  which  is  algebraically  intc* 


%  ^  a  ,r      %       Si  m}  m 


u 
z 


n+  I 


grable,  (excepting  in  the  cafe  excepted,)  when  —  i  is  equal  to  a  pofitive 

integer,  or  a  negative;   for  then  the  integration  will  depend  on  the  known 
quadratures  of  the  circle  and  hyperbola,  as  appears  by  the  foregoing  articles. 

62.  Now  if  the  denominator  of  the  propofed  fraftion,  raifed  to  any  integral 
power,  fliould  not  be  a  binomial,  as  has  been  confidered  hitherto,  but  (hould 
be  any  multinomial  whatever ;  provided  it  be  reducible  into  it's  real  compo- 
nents, in  which  the  variable  does  not  exceed  the  fecond  dimenfion ;  either  by 
means  of  convertible  equations,  or  fome  other  manner  5  the  formula  may  always 
be  reduced  to  known  quadratures. 

• 

Let  it  be,  for  example,  -j!        r- ;  raifing  aftually  the  powers 

of  the  denominator,  make  a  fidlitious  equation  thus : 

X _       Ax^Jc  +  Bx\<  +  Cxi  -h  Dx ¥j^x  +  Gxx  +  Hi     ^ 

xx+bx  +  aa\*  X  T+7^*  ""  x^-\-2bx^+2aajt^  +  lfbs^  +  2aabx  +  a*  "*"  ;v»  +  yx*  +  3^^*^  +  ^*  ' 

Here  are  fo  many  terms  taken  in  general,  as  are  the  components  of  the  denomi- 
nator ;  and  in  ihcfe  terms  fo  many  capitals,  as  is  the  higheft  power  of  the 
variable  in  it's  refpeftive  denominator,  multiplying  alfothe  firft  capital  in  each 
term  by  the  higheft  power,  leflened  by  unity,  of  the  variable  in  it's  denomi- 
nator, the  I'econd  capital  by  the  fame  power  diminiOied  by  2,  and  fo  on  to  the 
Vol.  II.  X  •  laft 
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lad  conftant  quantity.     Thefe  atffbtned  conftant  quantities  are  to  be  determined 
in  the  ufual  manner,  and  the  firft  term  will  furni(h'fo  many  fradions  divided  by 

xx+ifx+ad\*  i  in  which  denominator  making  the  middle  term  to  vanilh,  the 
fiadions  will  be  a  particular  cafe  of  the  general  canon  ^     .     And  the 

fecond  term  will  give  us  fo  many  fraftions  divided  by  x  +  ?)*,  which  may  be 
reduced  to  the  ufual  rule  of  denominators  compounded  of  equal  roots* 

63.  Moreover,  if  the  numerator  of  the  propofed  formula  be  multiplied  by  a 
pofuive  or  negative  power  of  the  variable ;  having  found  the  values  of  the 
capitals,  and  operating  as  if  the  fradlion  had  not  been  multiplied  by  any  fuch 
power ;  the  refulting  terms  may  be  multiplied  by  the  faid  power,  and  the  reft 
may  be  done  as  ufual. 

« 

64.  I  (hall  finifh  this  Seftion  by  fulfilling  my  promife  made  to  the  reader, 
concerning  the  Method  of  Multinomials,  of  Sig.  Count  James  Riccati^  which 
b  as  follows* 

By  the  name  of  Differential  Multinomials  I  call  fuch  fractions,  as  have  for 
their  numerators  the  fluxion  x^  and  for  denominators  an  aggregate  of  powers^ 
the  exponents  of  which  conftitute  an  arithmetical  progreffion,  which  proceeds 
till  it  terminates  in  nothing.  And  till  this  condition  is  fulfilled,  the  abfent 
terms  muft  be  fupplied,  and  their  co*efEcients  made  equal  to  nothing.    Suppofe 

we  had  this  exprcffion  -7 ; .     At  firft  view  it  might  feem  to  be  a  trino- 


Jf^+OJ?'+fl 


miaU  but  is  really  a  quadrinomial,  and  is  thus  to  be  compleated  :  -j— 

In  any  multinomial  expreffed  by  a  fradion,  the  denominator  of  which  is 
raifed  to  the  power  p,  being  a  pofitive  integral  number,  there  is  a  method 
which  would  be  general,  if  it  were  not  frequently  made  ufelefs  by  the  inter- 
vention of  imaginary  quantities.  But  there  are  fome  particular  artifices,  which 
often  come  opportunely  to  our  affiftance. 

1  begin  witn  the  trinomial  ^^  =z  y,  becaufe  to  fuch  an  exprefiion 

X  +    4fA-        +    ^' 

as  this  every  trinomial  may  eafily  be  reduced.  Make  x  zz  2  +  A,  where  z 
b  a  new  variable  afl'umed,  and  A  is  a  conftant  ro  be  afterwards  determined. 
The  neceflary  computations  being  made,  to  arrive  at  the  fubftitutions  we  (hall 
Ixave  as  follows, 


X 
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^5S 

2m 
m 


*     =22  +  2A2  +  AA,  and  confcquentlj 
ox     =  az  +  ak 

b      ~  .     h 


*""  +  "*"  +  ^^  =  22  4-  2A  +  tf  X  z  +  AA  +  flA  +  *y. 

It  ought  to  be  contrivtc'i  in  fiich  manner,  that  the  quantities  AA  +  0A  +  f 
may  difappear,  by  putting  them  =  o,  and  in  cafes  in  which  A  is  na  imaginary 
quantity,  this  rcdudion  fucceeds  very  well.     It  is  therefore  «*  =  2  +  A  • 


I 


and  taking  the  fluxions,  mx'    'a-  =  2,   and  x  =  r+D  "  .    Then   x  = 


«  _  i 


w**"""'  m-i    • 


m  X  a  +  A1    « 


In  proceeding  to  the  neceflary  fubftitutions,  in  our  principal  formula,  inftead 
of  X  and  it's  powers,  aie  to  be  fubftituced  the  aflumed  variable  z    with  it's 


funftions ;  and  we  (hall  find  = 


X     +jj:     +^^  ^ ^. 

and  freeing  it  from  the  quantity  z,  which  multiplies  the  binomial  z  +  2A  +a 
under  the  vinculum,  it  will  be  ^         ^ 


X      -j-ax    +b'  -■      . .. ^ 

m  X  »  +  Al  «      X  »+  2A.  +  ar 

The  moft  fmiple  cafe  is,  when  the  exponent  p  is  equal  to  unity,  the  other  being 
when  m  is  any  number,  integer  or  fraftion, affirmative  or  negative;  and,  for  brevity, 
making  2A  +  a  =  g^  the  general  expreflion,  [when  p  =  i,]  will  become  this 

—  I- 

particular  one, =  my. 

*  W— I  HI— I  -^ 

^  X  «  +  Ai    «»     +  K  X  x+A^    w 

ft 

I  make  a  firft  divifion  by  dividing  the  numerator  of  the  fraftion  by  it's 

—  I. 
denominator,  and  the  firft  quotient  will  be  * — ^ — ;^—  ;  and  making  the 

g  X  a  +  A\     «» 

multiplication  and  the  fubtraftion,   according  to  the  ufual  method,  the  re- 
maindcr  will  be  —  — ,   to  be  divided  by  the  denominator ;   and  therefore 


—  I.  —I. 

%       %  %       z 


i  X  jT+AT)"*"  +  «  X  «  4-  A)1ir        i'XSB+Aj"^         ^x»+A)  m    +^x»+Al   m 

X2  The 
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The  firft  term  of  the  fecund  tncnaber  is  already  reduced  to  known  quadra* 
tures,  and  the  other  term  may  eafily  be  reduced,  by  making  z  +  A  =:  ir,  and 
performing  the  neceffary  fubftitutions.    For  then  we  (hall  have 

— «+i 
•  fit      • 


«  — I  m-^l        ii'^iA.+gu* 


gg  X  »  + AV  m     +  g»  X  «  + A^   m 

To  purfue  our  inquiry,  let  the  exponent  p  be  equal  to  any  pofitive  and 
integer  number;  to  obtain  our  de(ire  ic  will  be  fufficienc  fomething  to  produce 

the    operation.     Refuming,   then,   the  general  formula 


-Pi 


m—i 


=  y.     And,   for  example-fake,    making   f  =   2, 


j»x  «  +  A)  m    X  «  +  ^r 

this  will  be  reduced  to  the  following, 


«-^i 


»— I  m  — I  m 


—  ~^y' 


gg  X  »+A^  m     +  2^  X  «+Al  i»     +  a»  X  »+Al   « 

Then,  as  before,  I  divide  the  numerator  of  this  fraftion  by  it's  denominator, 

—a. 

and  the  firft  quotient  will  be —  ;   and,  after  the  neceffary  opera«- 

gg  X  «  +  Al  ;» 


az      X 


tions,  we  Ihall  have  the  remainder —  — ,   to  be  again  divided  by 

the  whole  denominaior.     Then  I  make  a  fecond  divifion  with  the  fraftion 


—  2Z  Z 


w—  I  m  — I  «r— I 

g^  X  »  +  Al   OT     +  2gg  X  2  4-  A^    /»     +  ^zz  X  »  +  A) 


.     Here,  after  the  necef- 


m 


fary  operations,  we  fliall  have  the  remainder  —  +  — ,  to  be  divided  by  the 

o  00 

whole  denominator.     Whence  there  will  arile  the  following  equation, 
— 2«  —a.  — !• 

g  g  —  *  ^  2Z         Z  32 


iw— I  w— I  w— I  «r— I 

*+A1   OT     X  z+^*         gg  X  z+A^i  ;»  ji  X  »  +  A]  «i  ^»x»  +  A    «r    x  »+^* 

2ZZ 


m— I 


^»  X  r+Al    M      X  M^,* 

The 
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The  two  firft  terms  of  the  homo^eneum  comparationis  are  two  binomials,  and 

the  other  two  may  ealily  be  reduced  to  the  form  of  binomials,  by  making 

2;  +  A  rz  //,  or  2  4-  ^  =  ^«     In  cafes  more  compounded,  in  which  are  made 

/  =:  3,  or  4,  or  5,  &c.   the  tedioufncfs  of  calculation  will  indeed  increafe, 

but  the  method  will  dill  be  ihe  fame. 

This  method  may  be  extended  to  all  multinomials  in  infinitum^  fuppofing  p  to 
be  a  pofitive  integer;  for,  if  it  were  a  negative  integer,  the  matter  becomes  (b 
eafy  that  there  is  no  need  to  mention  it.  To  apply  the  method,  nothing  elfc 
is  required  but  to  repeat  the  fubftitutions  x  zz  z  +  A,  2;  =  «  +  B,  &c. 
always  making  thofe  terms  to  vanifh,  in  which  only  conftant  quantities  arc 
found  ;  by  which  means  quadrinomials  (for  inftance)  may  be  reduced  to  tri- 
nomials, and  thefe  to  binomials,  it  will  alfo  be  needful,  from  time  to  time, 
to  make  ufe  of  a  partial  divifion,  that  we  may  not  be  interrupted  by  negative 
exponents,  which  will  often  intrude  in  the  numerator  of  the  fradlion.  After  all, 
the  manner  of  operation  will  be  better  perceived  by  examples  than  by  precepts, 

• 

Let  us  take  the  quadrinomial  =  y.     The.  conftant 

quantities  n,  b,  may  be  =:  o,    I  fuppofe  x^  zz  z  +  A\  then  we  (hall  have 

;,3«  ^  ^/«  +hx^  +  c  zz  z'  +  3Az*  +  3AA2J  +  A} 

+    az*     +  2a?iz    +  ak^ 

+       bz    +  A^  +  r. 

I  make  A^  +  ^A*  +  Ai  +  ^  =:  o,  and  thus  I  determine  the  value  of  the 
aflfumed  conftant  quantity  A.   Then  repeating  the  operations  as  in  the  trinomial, 

I  find  --— — ^ •  •    The  letters  gj  b,  denote  conftant  quantities, 

as  +  A      m     X  z»  +^a  +  ^5^^ 

which  are  fubftituted  in  the  place  of  others  more  compounded.  And,  fup- 
pofing /)  to  be  a  pofitive  integer,  I  raife  the  trinomial  zz  +  gz  +  b  to  the 
power  p. 

After  this^  I  make  ufe  of  as  many  divifions  as  are  neceflfary,  to  make  the 
exponent  of  the  variable  in  the  numerator  to  be  negative ;  and  in  the  deno- 

minator,  that  no  other  quantity  (hall  enter  but  the  binomial  z  +  a]  «  .    And 

I  fet  afide  luch  fraftions,  as,  neglefting  the  co-efficients,  (hall  be  analogous  to 

— «• 
this,    ^— ;  fuppofing  n  to  be  any  pofitive  integer.    The  other  terms  are 

»  +  A\  m  reprefcnted 
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If 
z  % 


reprefented  by  the  general  formula  — ; — > .      Then  I  repeat 

the  operation,  making  z  =  «  +  B,  making  the  lad  term  to  vanifb  as  ufoal, 
and  railing  tlie  binomial  «  +  B  to  any  po^ver  »  +  J,  and  fubftituting,  inftead 
of  2;  and  it's  powers,  their  values  expreffcd  by  the  new  variable  u;  all  the  parts 
will  appear  under  the  afpeft  exprcHed  by  the  following  formula, 

U  ^  il 


»  +  A  +  BT"^  X    u  -{-  ffi 


When  p  is  greater  than  »,  (6  that  the  exponent  n — />  is  negative,  then 
the  divifions  muft  be  put  in  practice,  and  the  formula  thence  arifing  will  be 
— «.  fi. 


^ ;  then  »  — f,  being  pofitive,  we  (ball  have 


«i— I 


«  +  A  +  B^  «  «  +  A+Bl"lir  X  r+T/ 

And  laftly,  making  «  +  >&  =  w,  and,  as  well  »  as  p  being  integer  numbers, 
the  binomials  that  will  arife  from  the  forementioned  operations  will  always  be 
reducible  to  more  fimple  quadratures. 

It  is  true,  that,  upon  the  account  of  imaginary  quantities,  this  method  re- 
mains limited  ;  but  very  often  the  roots,  cither  in  the  whole  or  in  part,^  arc 
real ;  and  befides  that,  in  many  particular  cafes,  thefe  imaginary  quantities 
may  be  eliminated.  Nor  ought  we  to  defpife  the  much  we  may  have,  becaufc 
we  cannot  obtain  all. 

Let  us  take,  for  example,  the  trinomial  =r-:.  .  Make  x^  zzz  +  A, 

then  X  -f  2\/x  +  2  =:  zz  +  2A2  +  2z  +  A  A  +  2A  +  i\  By  making 
A  A  +  aA  i-  2  3:  o,  we  find  A  3:  v/—  i  —  i.  Now  here  we  have  a 
magnitude  made  up  of  real  and  imaginary  quantities  5  therefore,  prbceeding 


—A.  I—/ 


according  to  the  method,  we  (hall  have  ^ _  

«+^  ""'  X  %  +  2ATa^/       %  +  av^-iY 

+  "  r^^=:-.     N-^w,  that  the  imaginary  quantities  may  be  avoided,  let  us 

change  our  manner,  and  in  the  magnitude  22  +  2 A  +  2  X  z  +  AA  +  2A  +  2, 
let  us  bring  it  about,  that  the  middle  term  2A2:  +  iz  may  be  deftroyed,  by 
putting  it  rz  o  ;  whence  it  is  A  n  —  i,  and  AA  +  2A  +  ^   =  I*     So  that 

the  formula  will  be  as  follows,  j^^^^ 


22 


^-1;     -xi^iTiy        ««  +  i)^        «»-fT|/ 


^  —I 


And  now,   in  the  two  binomials  of  the  homogeveum  comparafionis^  which  are 
equivalent  to  the  two  others  already  coafidered,  we  (hall  meet  with  no  difficulty. 

4     .  SECT. 
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SECT.    II. 

Of  the  Rules  of  Integrationy  halving  recourfe  to  Infinite  Series^ 


65.  Now,  to  proceed  to  the  other  manner  of  Integration,  or  of  finding 
fluents,  which  was  mentioned  at  the  beginning,  that  is,  by  means  of  infinite 
feries  j  it  is  neceffary  to  premife  thefc  Rules  following. 

Rule  J.  To  reduce  a  fradion  to  an  infinite  feries. 

Divide  the  numerator  by  the  denominator,  according  to  the  ordinary  method 
of  divifion,  and  let  the  remainder  be  again  divided,  and  thus  from  term  to  term 
in  infinitum ;  and  you  will  have  a  feries  confiding  of  an  infinite  number  of 
terms,  which  is  equal  to  the  propofed  fraftion.  Therefore  it  muft  be  obferved, 
to  make  that  term  the  firft  which  is  the  greateft,  and  that  as  well  in  the  nutiie- 
rator  as  in  the  denominator  of  the  fraction  propofed.  Wherefore,  by  operating, 
after  this  manner,  we  (hall  have  as  follows : 

m  +  n  m  m^      *     m*  m*  m^   ' 


m 


--n  ~    m     "^    m»    "*"    w3    "^    in*    "*"    «»  * 


^f        ^  3L  ZTz^j!!!  A,^  3:^  -U?^*      iirr 
m*  ±  ii»  ""    «»    T    «♦    "*"    «*    "♦"  ««    """  ««o  >   ^^* 


w  m^  m"  m' 


Here  the  figns  of  the  feries  muft  be  alternately  +  and  — ,  when  the  fecond 
term  of  the  denominator  is  pofitive ;  and  all  the  figns  muft  be  pofitive  when  it 
has  a  negative  fign. 

In  like  manner,  it  will  be 

m^  ±mn  m*    ^    m^    ^    m^    ^   m^     ^    m^  ^    ^^* 

7:^7.    =    I    — .  AT*    +  X*   —  ;tf^     +  *•,    &C. 

2X^    —    ap*  X  S  .  5 

=  2Af»  —  2X  +  7-^*   —  I3X*    +   34^^  ,    &€• 


«r^^'  '^    ml    —    m^    '^    m^    —    m^      "*"  "iiT' ^  ^^* 


Lec 
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Let  there  be  a  fradion,  of  which  the  numerator  and  denominator  are  each 
'  an  infinite  feries }  for  example,  this  following : 

I  +  iax*  —  \aak*  +  tV***  —  t4^«V,  &c. 


I  —  ^bx"  —  \bbx*  —  tV^V  —  ^^b*x\  &c. 
The  quotient  will  be 


■s\a'l?'x'    J      &c. 


66*  Rule  II.  To  reduce  a  complicate  radical  quantity  into  an  infinite  feries. 


Take,  for  example,  \/aa  ±  xx ;  let  the  fquare-root  of  the  firft  term  be 
extraded,  and  then  let  the  operation  be  profecuted  in  infinitum^  in  the  ufual 
manner  of  the  extraction  of  the  fquare-root,  and  we  (hall  have 

i         A         J  * 


.f3   .    **         x^    ,     x^  5** 


v/tf^  ±  ;^;c  =  tf»;c»  jh  ~  —  ^  ±  ^ ^ ,  &c. 

2a*         8tf*  i6^  128*^ 

It  may  here  be  obferved,  that  in  each  of  thefe  two  feries,  if  the  numerator 
and  denominator  of  each  term  be.  muhiplied  by  3,  beginning  at  the  fourth, 
the  numerical  co-efficients  of  the  numerators  will  be  in  order,  3,  3  X  5i 
3  ^  5  ^  7>  &c.  arifing  from  the  continual  multiplication  of  the  odd  numbers. 
Then  in  the  denominators,  beginning  at  the  fecond,  they  will  be  2,  2  x  49 
2  X  4  X  6,  2  X  4  X  6  X  8,  &c.  arifing  from  the  continual  multiplication 
of  the  even  numbers. 

67.  Rule  III.  All  this  may  be  done  more  generally  by  the  help  of  the 
following  canon  : 


m  m 


P  +  l^Q^  '    =P"   +  J^  ACL  +  ^-^^  BCt  +  ^^  CCL  +  ^=^DQ>^&c. 


In  which  P  +  PQ^is  the  given  quantity,  —  is  the  numeral  exponent,  P 

reprefents  the  firft  term,  Q^is  the  quotient  of  all  the  other  terms  divided  by  the 
firft,  and  every  one  of  the  capitals  A,  B,  C,  D,  &c,  fignify  the  preceding  terms 

3  refpcdivcly 
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m 


refpeflively  ;  fo  that  by  A  is  underflood  P  "  ,  by  B  is  meant  —  AQ^  by  C^ 


2/1 


BQ»^  and  fo  on. 


Let  the  formula  x/aa  ±  xx  be  propofed  to  be  reduced  into  a  feries ;  tliea 
it  will  be  P  z=  aa,  Qjn  — ,  w  =  i,  »  =z  2  ;  therefore 


>% 


x^      .      jfi  $x* 


\/aa  +  XX  zz  a  + 5—  -\ — ^-r- ^rr- ,  &c. 


Let  it  be  {/a^  +  a^x  —  x^,  that  is,  a^  +  tf*;f  —  **"*.!  ;  it  will  be  P  1=  ^ % 
Q^zz  ^- ^  7  ^  >  w  =  I,  »  =  5;  therefore  a*  4-  tf*A?  —  ;ir''^^  =:  ^  -j-  ^  ''^  ^    ' 


25a<> 


,   &C. 


Let  It  be  =  ^  X  y  —  aay\''^ ;  it  will  be  P  =/,  O  =  —  — ^ 

i»  =  —  I,  »  =  3  ;  therefore 

^  X  y'  —  tfw    ^  = — p  H +  -s^,  &c. 

Let  it  be  ^-,  which  would  be  cxprefled  thus,  ^  x  tf  +  x^»      ,   and 

the  reft  would  be  done  as  before. 

Let  it  be  ^  x  a  +  x]  ""^;  then  P  =  ^ ,  Q^rz  — ,  w=—  3,  «=:ij 
therefore  i  X  a  +  x^^^  =  -r  —  ^  H — 7-  —  — ^  >  &c. 

68.  Let  us  have  a  complicate  quantity  to  raife  to  a  given  power,  or  ht  a  +x 
(for  example)  be  raifed  to  the  power  m.  Then  P  =  tf,  0^=^  ~  9  tn  zz  m^ 
»  =  1 5  therefore 

Nt»  m     ,    ma         x      ,     fn  X  w—  i<i         x*     ,     m  X  m-^i  X  m^2a    ""^jp*    . 

J  '  1X2  1x2x3 

Let  us  have  an  infinite  feries  to  raife  to  a  given  power.  For  example,  let 
y  +  ^y*  +  h^  +  ^y^  +  dy^9  &c.  be  railed  to  the  power  m.  Then  will  2  zzy^ 
Qj=^  ^y  +  ly^  +  cy  +  dy^  &c.  i»  z:  w,  »  =  i  ;  wherefore 

Vol.  n.  Y  y  + 
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^  Hf  +  I 

m  m     .     may 


1  X  z  ^        "x  2x3 

,      mby                                  .      m  y.  M'-x  aby    ^^ 
+    -—  +    


+   "HfL 


I    X   X 


J-    >"  X  w— I  X  m«^i  X  m^ia^y^'^^    « 

■^  I  X  2  X  alTlf        ~       • 

m  X  w— I   X  w  — 2  tf»3y^'''+ 


+ 


+ 


I   X   2  X   I 

W  X  w^gfy^^^ 
i  X  1 


+    ^ 


1   X  a 

w+4 


69.  This  being  now  fuppofed,  let  the  differential  formula  — --^  be  propofed 

10  be  integrated.     The  fradion  being  reduced  to  a  feries,   and  every 

numerator  being  multiplied  by  x^  we  (hall  have  — ^-  zz  —  —  -^  +  -^ 

Ix^x      .    hx^x        o  All- 

-^ — I J- ,  &c.     And  by  integration, 

70.  Let  the  formula  be  ^.     Making  ;c  =  *  +  z,  where  3  denotes  any 

•  _  ■_ 

conftant  quantity  at  pleafure,  and  %  a  new  variable  ;  it  will  be  —  =  Y^' 


The  fraftion  t^—    being   reduced  to  a  feries,  and   multiplied   by  2:,    it 
will  be 
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az      az  azz     ,     az*z  az^z      ,     az^z       ^  a      1  1       • 

iTZ  -  "T  ""  "F  +  7i F  +  -F"»  ^^-    ^^^  by  integration, 

f^    nz      dz  az*  az^  az^      ,     az^        «  , 

^"T^--^ — iF  +  pr  —  :iF- +  5ir »  Sc'-^ ;  that  IS, 


^  or    _^  <i  X  y  —  3  __  a  y.  X  —h*        a  X  X  —  b)^        ax  x  —  i>      «. 

71,  Let  the  formula  be  ;  this,  reduced  to  a  feries,  is  '  ^  -..  it 
—.  -  ^  +  n-  -   — TT  I  &c-     And  by  integration,  /  ,7==^  =  -r 

—  5-^  +  i^-4^  —  T~7i  >  ^^«     And  the  fanie  may  be  done  by  any  other 
propofed  formula. 

« 

72.  If  the  feries  thus  found,  which  exprefs  the  fluents  of  propofed  differential 
formulae,  and  which  are  conxpofed  of  an  infinite  number  of  terms,  (hall  be 
infinite  in  value  ;  the  fluents  or  integrals  of  the  propofed  fluxions  will  be  infi- 
nite. And  if  thefe  feries  (hall  be  finite  in  value,  and  alfo  fummable,  that  is  to 
fay,  if  we  know  how  to  find  the  values  of  thefe  feries,  though  compofed  of 
terms  infinite  in  number,  and  which  very  often  may  be  done;  we  ftiall  have 
them  in  a  finite  quantity,  and  therefore  the  algebraical  integral  of  the  propofed 
differential  formulae.  But,  if  the  feries  fliall  be  finite  in  value,  and  yet  not 
fummable,  the  more  terms  (hall  be  taken  of  the  feries,  fo  much  the  nearer  we 
fliall  approach  to  the  true  value  of  the  formula ;  but  we  cannot  arrive  at  the 
€xad  value,  except  we  could  take  in  the  whole  feriest 

^  73.  In  order  to  know  what  feries  are,  infinite  in  value,  what  •are  of  a  finite 
value,  and  which  are  fummable ;  the  treatife  of  Mx.  James  BemoulH  de  Seriebus 
infinitis^  may  be  confulted,  and  other  authors  who  have  written  exprefsly  on  this 
fubjeft. 

74.  But  whenever  the  differential  formula  (hall  be  compofed  of  two  terms 
only,  we  may,  in  general,  and  with  expedition,  make  uTe  of  the  following 
canon  ;  in  which  the  exponents  niy  n,  /,  may  be  integers  or  fradions,  affirm- 
ative  or  negative ;  and  which  may  be  continued  to  as  many  terms  as  we  pleafe ; 
for  from  thefe  four  terms  fet  down,  the  law  of  continuation:  is  fufficienily 
manifeft. 

Y  2  /ay 
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/ 


fay      yy.b^rcy\     zz  b  ^  c^    ^    mto  ^ ITT^  ^  /W  •''  + 


/^* 


,  &c. 


The  manner  of  finding  this  canon  is  this.     Take  the  iiftitious  equation 
fay     y  y,  b  ^  cy^\    -r^^  b  \  cy^   ^    into  Ajr   +  B)r         +  Cy         +Dy     ^ 

+  Ey"*"^,  &c.}  in  which  the  affumed  quantities  A,  B,  C,  D,  E,  &c.  arc 
arbitrary  and  conftant,  to  be  determined  afterwards  as  occafion  may  require. 
Then,  by  taking  the  fluxions  of  this  fiditious  equation,  we  Qiall  have 

tf/""  J'  X  b  +  cy"^  =  iw+i    X  ncy^^^y  x  b  +  cy^^  into  Ay    +  By'**    + 

Cy+*\  &c.  +  y+7r)''  +  '  into  /Ay/"'  +  7T^  X  Bj7'+""'  +  7+^    x 

Gxy  *""\  &c.  Then  dividing  all  by  b  +  r?"!'*,  and  fetting  the  terms  in 
order,  it  will  be 

-jy-'  =  /M^y^'  +7+^  X  ^By+''""'  +  rr^  x^cj/y+""-',  &c.; 

+        /rAj/y+"-'  +7ir«  xTBy+'^-s  &c. 


'+«— I      ,     i^ ^^     ^D--    '  +  2«  — I 


+  OT  +  1  XwAy/"^"    *  +  »+iXwB>y^        ,  &c. 


Here  the  term  ayy  might  be  tranfpofed  to  the  other  fide  of  the  equation 
by  which  the  whole  will  be  equal  to  nothing,  and  therefore  the  co-efHcients  of 
each  term  will  be  equal  to  nothing,  by  which  we  fhould  have  as  many  equations 
as  there  are  arbitrary  quantities  A,  B,  C,  D,  &c.  by  which  they  will  be  deter- 
mined.    Or,  making  the  firft  terms  on  each  fide  equal,  it  will  be  tbA  =  a^  or 

A   =:  -^.     Then  /  +  »  X  ^B  +  tck  +  w+  1  X  ncA  =  o,  and  fubftituting 
the  value  of  A,  it  is  ibB  +  nbB  +  --  4.  -— -  +  — -  r=  o,  or  B  z=  — — 

If  to  to  'X* 

>«/*  aai^in^Ba^^wMa*  SMiai^^Ba^HV^M  ^^H^MM^iMa«aBB«>  • 

X  —  -77  ♦    Again,  t  +  an  x  i>C   +  /  +  »  X  f B  +  »>  -j-  i  x  wB  =  o,  or 


C  =  <  +  "X-rB  +  m  +  ix-«.B  ^  ^^j  fubftituting  the  value  of  B,  it  will  be 
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have  the  vaUies  of  as  many  as  we  pleafe  of  the  feveral  aflTumcd  conftants;  and 
thefe  values,  fubftitutcd  in  the  fiaitious  equation,  will  fupply  us  with  the 
aforefaid  canon. 

If  the  exponents  w,  »,  /,  of  the  propofed  formula  (hall  be  fuch,  that  the 
canon  or  infinite  feries  will  break  off,  or  that  any  term  (hall  become  iz  o, 
(in  which  cafe  all  the  others  that  follow  will  alfo  be  =  o,)  the  feries  becomes 
finite  and  terminated,  or  we  (hall  have  the  algebraical  integral  of  the  propofed 
differential  formula.  But  it  is  necelTary  that  the  feries  (hould  firft  break  off  in 
the  numerator,  or  that  the  numerator  (hould  become  equal  to  nothing  before 
the  denominator.  For,  if  the  denominator  be  equal  to  nothing  firft,  that  term 
and  all  that  follow  after  will  be  equal  to  infinite.     Now,  that  the  feries  (hould 

break  off  in  the  numerator,  it  is  neceffary  that  — m  (hould  be  equal  to 

feme  integer  affirmative  number. 

But  if  the  exponents  /,  w,  »,  of  the  propofed  formula  fliould  be  fuch,  that 
the  feries  never  breaks  off  $  then  the  expreffion  of  ihe  formula  (hould  be 
changed  into  another  equivalent  to    it.      Thus,    for  example,    the    formula 

tf//""'  X  T+o^"^  ftiould  be  changed  into  this  other,  ayy^^'^'"''  xTJFv)'", 
which  is  equivalent  to  the  firft,  and  it  (hould  be  tried  whether  or  not  this  will 
anfwer  our  expedation.    If  not,  the  formula  will  not  be  algebraically  inte- 

grable,  at  Icaft  not  by  this  canon.    If  the  formula  were  ayy        X  b  —  O'")    , 

then  all  the  terms  of  the  canon  would  be  pofitive. 


9 

't7 


Let  it  be  ^ — r-^^,  that  is,  a^xrT*  X  M^  * ;  it  will  be  /  —  i  =:  - 

iirri,»i  =  t,  rr:i;  whence  the  quantity  /  +  f»»  +  ^n  will  be  equal  to 
nothing,  and  confequently  the  fourth  term  z=  o,  and  the  others  of  the  feries 


that  follow.     Therefore  we  (hall  have  j^]zJL^±^fL  =  Ja^xx^^  X  r+T^t. 


Let 
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Let  it  be 


fly 


;  then  /  =  —  I,  »  =  2>  »!=:—  f,  c=si,  i  zz  aa; 


and  therefore  the  fecond  term  of  the  fcries  will  be  zi  o.      Hence 


/ 


ay 


—  ay 


—  I 


yy^/aa  +yy 


—  a^ 


X  aa  +yy 


-\ ^^  ^aa  '{rjy 


SECT.    IIL 

^e  Rules  of  the  foregoing  SeSions  applied  to  the  Re^^CMtion  of  Curve^Utes^ 

the  ^adrature  of  Curvilinear  Spaces,  the  Complanation  of  Curve 

Superficies  J  and  the  Cubature  of  sbeir  Solids. 


Fig.  I02, 


75.  To  fliow  the  ufe  of  the  foregoing  Rules  of  the  Integral  Calculus,  bjr 
applying  it  to  the  quadrature  of  fpaces,  to  the  reftification  of  curves,  to  the 
complanation  or  quadrature  of  fuperficies,  and  to  the  cubature  of  folids ;  let 

there  be  any  curve  ADH  referred  to  an  axis 
AB,  with  the  ordinates  parallel  to  each  other, 
and  at  right  angles  to  the  axis.  Draw  CH 
parallel  to  the  ordinate  BD,  and  infinitely 
near  to  it,  and  alfo  DE  narallel  to  BC ;  the 
mixtilinear  figure  BDHC^vill  be  the  fluxion, 
the  differential,  or  the  element  of  the  fpacc 
ABD;  and  becaufe  the  fpace  DEH  is  nothing 
in  refpedt  of  the  reftangle  BDEC,  we  may 
take  that  re(5langle  for  the  element  of  the  faid 
fpace  ABD.  Therefore  the  fum  of  all  thefe  infinitefimal  reftangles  BDEC  will 
be  ihe  fpace  comprehended  by  the  curve  AD,  and  by  the  co-ordinates  AB  and 
BD.  Wherefore,  making  AB  =  a?,  BD  =  jp,  it  will  be  BC  =  a-,  EH  zz  j>, 
and  the  reftangle  BDEC  zzyx  will  be  the  formula  for  fuch  fpaces.  There- 
fore, in  this  formula,  inftead  of  ^,  if  we  fubftiiute  it's  value  given  by  .v,  and  by 
the  conftant  quantities  of  the  equation  of  the  curve  ^  or,  inftead  of  x,  it*s  value 

4^  given 
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given  by  y  and  y^  and  the  conftants,  and  then  integrate  the  formula,  this 
integral  will  be  the  required  fpace  ABD. 

Other  expreflions  or  formulae  may  be  had  for  the  elements  of  fpaces,  by 
means  of  feftors,  or  of  trapezia,  which,  on  certain  occafions,  are  fometimes 
more  convenient  than  re6langles;  we  (hall  hereafter  fee  the  ufe  and  manner  of 
them  in  fome  examples. 

76.  For,  if  the  curve  be  referred  to  a  fccus^  that  is,  to  a  fixed  point,, 
fuppofe  to  JM,  from  whence  all  the  ordinates  proceed  ;  drawing  MH  infinitely 
near  to  the  ordinate  MD,  the  infinitefimal  fpace  MHD  will  be  the  element  of 
the  fpace  AMD.  Then  with  centre  M  and  radius  MD,  drawing  the  infinitely 
little  arch  DK,  the  little  fpace  DKH  will  be  nothing  in  refpedt  of  the  fpace 
MDK ;  and  alfo,  becaufe  the  little  arch  DK  may  be  affumed  for  the  tangent 
in  D,  or  in  K,  it  thence  follows  that  the  fpace  MDK  (hall  be  the  clement  of 
the  fpace  AMD. 

Wherefore,  calling  MD  zz  j,  KD  =  i?,  it  will  be  ^%  for  the  general 
formula  of  the  fpaces,  in  curves  referred  to  a  focus.  And  in  this  formula, 
inftead  of  j^,  or  of  2;,  if  the  refpeftive  values  be  fubftituted  from  the  equation 
of  the  curve,  the  integral  will  be  the  fpace  required  AMD. 

77.  But  if  the  curve  (hall  be  referred  to- 
a  diameter,  fo  that  the  ordinates  (hall  not  be 
at  right  angles  to  their  abfci(res;  drawing 
HG  perpendicular  to  AG,  the  produd:  of 
HG,  or  of  FG  into  BC,  will  be  the  little 
parallelogram  BCED,  and  confequently  the 
element  of  the  area  ABD*  Therefore  the 
angle  DBG  being  given,  and  confequently^ 
the  ratio  of  the  whole  fine  to  the  right  fine, 
which,  for  example,  may  be  that  oi  tnion  y 

making,  as  ufual,  AB  =  jf,  BD  =^,  then  will  HG  or  FG  be  =  —  ^  and  the 


Fig.  103 


nyx 


parallelogram  BCED  will  be  -^^ ,  a  general  formula  for  this  fpace. 

78.  It  is  plain,  that  the  fum  of  all  the  infinitefimal  portions  DH  of  the 
curve  will  form  the  curve  itfelf,  and  therefore  that  DH  will  be  it's  element.. 
Making,  therefore,  AB  =  x^  (Fig.  102.)  BD  ==  j,  and  thence  BC  1=  Xy 
EH   1=  J/ ;    in   fuch  curves   as  are  referred  to   an    axis,    that  is,    with   the 

co-ordinates  at  right  angles,    it  will  be  DH  =   \/xx  -^  yy^  a  general  for- 
mula for  the  redification  of  thefe  curves^ 


79 


As« 
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79.  As  to  fuch  curves  as  are  referred  to  a  focus^  making  alfo  MD  =7i 
KD  zz  2;,  we  (hall  have,  in  hke  manner,  \/yy  +  xz  for  a  general  formula. 


Fig.  103. 


80  But  as  to  the  curves  with  the  co-ordi- 
nates ac  oblique  angles,  the  given  angle 
being  HCG,  the  ratio  of  the  whole  fine  to 
the  fine  of  the  complement  is  given,  which 
fuppofe  is  that  of  iw  to  ^ ;  whence  it  will  be 


CG  =  iL 

m 

DH=  1/ 


,  and  EF  zr  — 
XX  +yy  +  -^. 


and  therefore 


81.  Now  in  each  of  thefe  formulae,  inftead  of  j?,  or  x,  or  i,  fubftituting 
their  refpedive  values  given  by  the  other  variable,  and  their  differentials  from 
the  equation  of  the  curve,  and  then  making  the  integrations,  we  (hall  have  the 
length  of  the  curve  required. 


Fig.  I02* 


82.  Let  the  plane  AHC  be  conceived  to 
move  about  the  right  line  AC,  the  curve  AH 
will  defcribe  a  fuperficies,  while  the  plane 
AHC  defcribes  a  folid.  But  the  infinitcfimal 
ponion  DH  will  defcribe  an  infiniteiimal 
zone,  which  will  be  the  element  of  the  fu* 
perficies  defcribed  by  the  curve  AH,  And 
the  infinitcfimal  plane  DBCH  will  defcribe  a 
folid  alfo  infinitcfimal,  which  will  be  the 
element  of  the  folid  defcribed  by  the  plane 
AHC,  Now,  as  to  curves  referred  to  an  axis  with  the  ordinates  at  right 
angles;  let  the  ratio  of  the  radius  to  the  circumference  of  a  circle  be  that  of  r 

to  r  5    the  circumference  defcribed  with  radius  BD  =:  y  will  be   —  ^ 


and 


therefore  ~\/xx  +  yy  will  be  the  expreflion  of  the  infinitcfimal  zone,  and 
confequently  the  general  formula  for  the  fuperficies. 

83.  Alfo,  ^  will  be  the  area  of  the  circle  defcribed  with  radius  BD  zz.y^ 

m 

and  therefore  -^^  will  be  the  expreflTion  of  the  infinitely  little  cylinder  defcribed 

by  the  reftangle  BCED.     Now  this  does  not  differ  from  the  folid  generated  by 
the  plane  BCHD,    but  by  an  infinitcfimal  quantity  of  the  fecond  orders 

therefore  the  general  formula  for  thefe  folids  will  be  — . 

84.  But 
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84.  But  as  to  the  cafe  of  Fig.  103  ;  that  15,  when  the  co-ordinates  make  a 
given  oblique  angle  to  each  other ;  the  radius  of  the  ciiclc,  on  which  the 
little  zone  and  the  little  cylinder  infift,  it  is  jiot  CH  =r;r,  but  indeed  GH  = 

^ ;  as  likewife  the  element  DH,  which  forms  the  zone,  is  not  \/xx  +  yy^ 
hut  sf  XX  +  yy  +  —- ;  and  the  height  of  the  little  cyhnder  is  not  BC  n  x^ 
but  FD  =r  ji'  +  ~ .    Therefore  ihe  formula  iot  the  fuperficies,  in  this  cafe, 

will  be  'J!Lj XX  +yy+*-^. 

85.  The  produd  of  the  circle  with  radius  GH  into  the  height  FD,  that  is, 

^^^  X  ^  +  —  f  is  the  element  of  the  folid  generated  by  the  plane  AGH- 
Therefore,  from  this  fubtrafting  the  element  of  the  folid  generated  by  the 
triangle  HCG,  that  is,  ^^^21  ^  — ,  what  remains  will  be  the  elemeoc  of  the 

folid  generated  by  the  plane  ABD,  and  therefore  will  be  fSSf^  the  general  for- 
mula  for  tbefe  folids. 

86.  As  to  the  curves  referred  to  a  focus,  becaufe  of  the  variable  angle  DMB, 
(Fig.  102.)  and  <:onfequently  becaufe  we  cannot  have  the  value  of  BD  or  CH, 
the  radius  of  the  circle,  which  mud  neceflarily  enter  the  formula  of  the  quadra* 
ture  of  the  fuperficies,  and  the  cubature  of  the  folid  ;  it  will  be  neceflary,  from 
the  equation  referred  to  the  focus,  to  derive  the  equation  of  the  fame  curve 
referred  to  an  axis,  and  then  we  are  to  proceed  in  the  manner  before  -fpecified ; 
obferving  that,  in  the  cubature,  it  will  be  neceffary  to  fubtraft  from  the  integni 
the  cone  generated  by  the  triangle  MHC,  to  have  the  folid  generated  by  the 
plane  AMD. 

87.  From  the  differential  equation  of  a  curve  to  the  focus,  to  obtain  the 
•equation  of  the  fame  curve  to  an  axis,  the  manner  is  this  following. 

Let  the  curve  ADH  (Fig.  102.)  be  confidered,  at  the  fame  time,  both  as 
related  to  the  focus  M,  and  alfo  to  the  axis  AMB.  It  is  certain  that  the  fquare 
of  HD,  the  element  of  the  curve,  is  equal  as  well  to  the  two  fquares  DK,  KH, 
as  to  the  two  others  DE,  EH  ;  and  moreover,  that  the  fquare  of  MD  is  equal 
to  the  two  fquares  MB,  BD.  Making  MB  =  x,  BD  =  y^  MD  =  z,  and 
the  little  arch  DK  =:  rV,  wc  Ihall  have  zz  -^  im  zz  xx  -{-  yy^  and  xx  +  yj 
zz  zz. 
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Now  the  equation  of  the  curve  to  the  focus  is  exprefled,  in  generaU  by  the 
formula  fx  =  u^  in  which  ^  is  a  known  fundion  or  power  of  %  \  and  it  will  be 
zz  ^  pp%z  zz,  XX  +  yy.     And  putting,  inftead  of  ji',  it*s  value  arifing  from 


the  equation  xx  +  yy  :s:  zZj  that  is^  y  =    ^ISlHL^  wo  (hall  find  zz+fpzz:z 

XX  +  ^^ — — ,  which  may  be  reduced  to  this  following^  ppzz  x  zz  ^  xx 
=  zzxx  —  2XZXZ  +  xxzz ;  and  extradling  the  fquare-root»  it  will  bt  pz  zz 


KX  —  xk 


Vax  — 


XX 


It  is  neceffary  to  clear  again  the  foregoing  equation,  by  freeing  it  from  a 
mixture  of  unknown  quantities^  by  making  x  =:  -^^   and  therefore  x  ziz 

?^'  J  ^-  •  By  the  help  of  this  aflumed  fubfidiary  equation,  make  x  and  it^s 
functions  to  vaniih^  and  we  (hall  have  -^  ss      ^     ,  .    la  this  equation,  if 

the  value  of  p  given  by  z  (ball  be  fuch,  that  the  quantity  -^  may  be  reduced 

to  the  differential  of  a  circular  arch  by  due  fubftitutions  ;  and  that,  making  the 
necefTary  integrations,  the  two  circular  arches  (hall  be  to  each  other  as  number 
to  number  i  then  the  curve  (hail  be  a^ebrftkal^  and  we  (hall  find-  it's  equation 
to  the  axis  by  a  formula,  after  the  manner  of  Carious.  In  every  other  caile  the 
curve  will  be  tranfcendentaU 


9» 


EXAMPLE. 


Let  the  equation  of  a  curve  referred  to  a  focus  be  *^  =s  u.    We 

fhall  have,  in  this  cafe,  p  ss  -;■      ^     •=. ;  and  in  the  equation  ^  zz  '     f 

•  •  • 

fubftituting  the  value  of  py  it  will  be  -=:    =    ■      ^.     ■■.     Make 

i  +  2  =:  /,  then  W  +  2A2;  +  xz  =  //,   and   bb  ^^  tt  zz  —  2*2  —  zz  ; 
wherefore,  making  the  fubftitution,  it  will  be     ,  =  =     .    ^        • 

For 
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For  a  particular  cafe,  let  it  be  cc  +  ii  zz  bby  on  which  fuppolition  it  will 

bx 

be  /  =  jTy  that  is,  i  +  2  =  j  =  — •    Therefore  bz  +  zz  =  bx^  and,  in- 

(lead  of  Zy  fubftituting  it's  value,  the  equation  of  the  curve  will  be  b\/xx  +  yy 
^  XX  +  yy  zz  hx. 

88«  The  afligned  canon  alfo  teaches  us  the  manner  of  palling  from  the 
differential  equation  of  a  curve  to  the  axis  to  that  of  the  focus^  in  the  way 
following. 


EXAMPLE    I. 


Fig.  104. 


Let  it  be  propofed  to  find  the  equation  to 
a  focus  in  a  circle,  taking  the  focus  ia  a 
point  of  the  circumference  A« 

Make  AH  =  A,  AG  =  j^,  AC  =  « 
=   \/bx.     Refume   the   formula  -^  = 

z 
hx 


^-1 ,  where  is  taken  9  =  —  •    Be- 

caufe>  by  the  local  equation  of  the  circle,  it 
is  bx  zz  zzy  it  will  be  q  zz  z.  Then  mak« 
ing  q  to  vanilh,  by  fubftituting  it's  value  2» 

it  will  he  £^  =  '  ,  or  p  =  *  .  Therefore,  in  the  formul* 
pi  =  «,  if,  inftead  of  p,  we  fliould  fubftitute  it's  value  now  found,  it  will  be 
^^^  —  ifj  an  equation  of  the  circle  to  the  focus,  which  is  taken  in  A, 

a  point  of  the  circumference. 


EXAMPLE    U. 


89*  Let  it  be  propofed  to  find  the  equation  of  a  conic  feiaion,  referred  to 
it*s  umbilicus  M^  that  is,  to  it's  focus  (Fig,  102.) 

Z  a  Make 


17^  AMALTTICAtlNSTITUTIOirti,  M^fOt' ttK 

Make  MB  zz  x,  BD  =_y  ;  the  general  equation,  which  comprehends  all  ibe 

TX 

J 


fcdions  of  a  cone,  will  be  this;  a  ±^  ^  zz  \/x9c  +  yyi  io  the  parabola  with 


ihe  parameter  2^,  when  c  zn  b  ;  to*  the  ellipfis  with  Cranfverfe  axis  zi  .^       > 
if  b  be  greater  than  c ;  to  the  hyperbola  with  tranfverfc  axis  zz  ?-  •  with- 

^  ce  ^-^  bb 

conjugaitc  axis  =  ■    ^^       ,  diftance  of  the  vertex.fron»  the  focus  ir  r~r  >  if 
b  be  lefs  than  c.     If  c  zz.  o,  it  will  be  to  the  circle  with  diameter  s  za.    Put 


\^xx  +  yy  zz  zr  therefore  «  *  -r-  =  as.  And  befide;,  i&x  =  z^ ;  thei> 
^  +  f^  =  z,  or  -+-  —  +  ^  =  y. .  And  wking  the  fluxions,  ±  f*f**  =  ^. 
and  qq  -^^-  2f****  +  ff^y  and-**  _  yy  =  M  -  ***i  +  2f*f**  -. 

.    Hence        ^         =  — . =  ^^-,  and 

^^"*  V  hb  -^  q^      •   r«  V  j^/v^xat  —  bbbbzz  +  labbbbz  —  aabbbb  ,  » 

therefore  />  =  -       "" ''  —      ,     -    And  as  it  is  pi  =  u^  we 

Vbbccxx   —  ^i&«»  -f  labbbbx  —  ^tf/^M^    * 

(hall  have  the  equation  required^  ii  zz 


*/  bbcezx  —  bbbin.^  -f  zabbbbx  —  tf«5^^& 


The  negative  (ign  ferves  when  the  abfciflcs  are  taken  from  the  focus  toward^- 
the  vertex,  and  the  pofitive  are  the  contrary  way, 

90.  I  faid  we  ought  to  reduce  the  equation  of  the  curve  to  the  focus^  ta 
another  referred  to  the  axis;  not  becaufe  this  is  abfolutely  ncceffary  for  the 
complanation  of  fuperficies,  or  for  the  cubature  of  folids ;  for  the  whole  may 
be  obtained  by  means  of  this  known  theorem  :  The  periphery  of  the  curve, 
drawn  into  the  line  defcribed  by  the  centre  of  gravity  of  that  periphery,  is  equal 
to  the  fuperficies  of  the  folid  which  is  generated  by  it's  rotation.  And  the  area 
of  the  curve,  drawn  into  the  line  defcribed  by  tl^  centre  of  gravity  of  the  faid 
area,  is  equal  to  the  faid  folid.  But  here  we  muft  not  fuppofe  our  readers  (b 
flcillful  as  to  be  acquainted  with  the  theory  of  Centres  of  Gravity. 

Fig.  105.  Now,  to  have  a  competent  notion  o£  curves  referred 

to  a  focus,  I  (hall  make  an  attempt  at  finding  out 
their  conftrudion.  Let  BCD  be  one  of  thefe ;  the 
co-ordinates  infinitely  near  are  AC,  AE,  which  pro- 
ceed from  the  point  A,  and  may  be  called  2,  their 
difference  FE  =  z^  and  the  little  arch  CF,  defcribed 
with  centre  A,  may  be  =:  u.  The  nature  of  the 
curve  is  commonly  exprefied  by  the  differential  equa- 
tion 
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tion  pz  r:  u^  in  which  p  is  any  how  given  by  z.  Wherefore  it  mud  be 
obfcrved,  that  the  firft  member  pz,  having  the  variable  z,  all  which  take  their 
Origin  from  the  pole  A,  is  integrable  either  algehiaically  or  iranrcendentally. 
But  the  other  member  u  cannon  be  integrated  without  failing  into  a  parall  >gifm^ 
as  not  being  yet  the  complete  fluxion  of  the  arch  u.  For  that  clement  u  in- 
creafes  or  decreafcs  in  a  double  refpeft,  that  is,  in  itfelf,  and  alfo  by  the 
increafing  or  diminilhing  of  the  ordinates  AC,  AE.  To  proceed,  therefore, 
with  accuracy,  with  any  ridius  at  pleifure,  AI  =:  r,  let  a  circle  IGH  be 
defcribed,  and  in  the  periphery  let  any  determmate  pv^int  I  be  taken,  from 
which,  as  from  a  fixed  point,  the  increafing  a.ches  IG,  IH,  have  their  origin. 
And  producing,  if  neceflary,  the  variables  AC,  AE,  to  G  and  H,  the  fedFors 
ACF,  AGH,.  will  be  fimilar,  and  therefore  it  is  z  .  u  ::  r .  GH,  which  may 

be  called  y .  Then  -^  =:  u.  But,  by  the  general  equation  of  the  curve,  it 
i%  pz  '=^  u;  then  —  =:  pz,  and  therefore  21  ^-  y.     Now,,   by  finding  the 

fluent,  it  will  be  /-^  =  j  =  IG.     The  adding  or  taking  away  of  the  con* 

ftants  in  the  integration,  will  have  na  other  efFedt,  but  to  diverfffy  the  fituation 
of  the  point  I. 


EXAMPLE    L 


Let  the  logarithmic  fpiral  be  to  be  conftrufted,  the  equation  of  which  is 

^*.  •        -       •  •  •    , 

-^  =  ».     But  »  =  •-^,  therefore  -^  =  -^.     Or,  becaufe  the  radius  AI 

#  r    '  or 

is  ^flumed  at  pleafure,  making  b  zz  r,  and  taking  a  as  unity,  it  will  be 
—  zi  q.  And  by  integration,  Iz  zz  q,  the  geometrical  conftruftion  of  which 
KS  tranfcendental,  but  yet  is  very  fimple. 


EXAMPLE    IL 


Let  it  be  the  hyperbolical  fpiral,  with  the  conftant  fubtangent  =  ^,  and 
therefore  the  equation  is  —  =  u.  But  i  =:  -^  ,  therefore  —  =:  y ;  and  by 
integrating)  it  will  be  ^  —  —  =r  {• 


ki 
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In  fiich  conftrudlions  we  have  always  the  circular  arch  IG,  which  forms  the 

homogeneum  comparationis ;  the  other  member/-^    may  be   analytically  intc^ 

grable,  as  in  the  fecond  example,  or  tran(cendentally,  by  means  of  the  quadra* 
ture  of  the  hyperbola,  as  in  the  firft,  or  by  any  other  method  more  compounded. 
Whence,  in  one  cafe  only,  our  curves  may  be  algebraical,  and  that  is^  when  the 

quantity  /—  may  be  reduced  to  the  reftificatioD  of  an  arch  of  a  circlcj  which 

to  it's  correfpondent  IG  is  as  number  to  number.  If  the  proportion  happen 
to  be  furd,  then  the  curve  will  indeed  be  mechanic,  as  BCED,  but  not  dc« 
pendent  on  the  quadrature  of  the  circle,  being  reduced  to  a  different  problemj 
confiding  in  the  dividing  circular  arches  in  any  given  ratio ;  which  may  be 
obtained  by  means  of  the- helix  or  ipiral  oi  JrcbimedeSy  or  of  the  quadratrix  of 
Vinojlratus. 

The  things  afore-meniioned  furnilh  us  with  another  manner  of  pafling  from 

expreffions  of  curves  to  a  focus,  to  thole  which  are  referred  to  an  axis,  or  on 

•  • 

the  contrary.  For,  becaufe  ^  =  ^  =:  ^^  ,  making  the  tangent  IK  :=:  /, 
(§  26.)  this  tangent  /  will  be  given  analytically  or  tranfcendeBtally  by  x. 
But  AI  =  r,  AK  =  y/rr  +  //,   AM  =  *,   MC  =  jr.    Therefore  —  = 


rv««  — 


y/rr  +  //,  and,  after  due  reduftions,  • =  /  =  ^ .  But  /  is  given 

by  z,  and  z  —  \/xx  +  yy  ;  fo  that  we  are  arrived  at  the  curve  in  refpeft  to 
the  axis,  which  may  foon  be  reduced  to  the  ufual  co-ordinates  x  and  y.  By 
going  the  fame  fteps  backwards,  we  may  pafs  from  the  equation  to  the  axis,  tp 
that  in  refped  of  the  focus. 

I  refume  the  example  of  §  87 ;  that  is,  the  curve     .  -  1 — :   =  «   re* 

ferred  to  a  focus,  to  reduce  it  to  the  axis.  Now,  if  pz  =  u  be  taken  for  a 
general  equation  of  curves  referred  to  a  focus,  it  will  be,  in  this  particular  cafe, 

p  =  "^  .     So  that,  fubftituting  this  value,  inftead  of  ;>,  in  the 

equation   ^  =  y  =  -^^ ,  it  will  be      ^V==  ^  TT^TTt  •     ^^^^ 

i  +  z  :::  Sj  z  zz  s^  ilf  +  ihz  ^  zz  zn  ssi  whence  —  ziz  ^  zz  za  ii  ^-^  ss. 


rs  rrt 


And  fubftituting  thefc  values*  it  will  be    ■■  ■-?:=;:    =    ZTTT**     Making 

tc  +  ti^  bb,  it  will  be     /        =  -7^=  =  TTTTr   ^^^  *^  '^^^^^^  ^^ 

the 
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the  firft  member  will  be  rhe  arch  of  a  circle^  the  radius  of  which  is  b^  and  s  is 

the  fine  of  the  complement  (§  37.)  multiplied  by  the  conftant  fraftion  -r-; 

and  the  integral  of  the  fecond  is  an  arch  of  a  circle  wirh  radius  :=  r,  and 
tangent  equal  to  t-  Wherefore  the  firft  ach  will  be  to  the  fecond  as  b  to  r, 
or  they  will  be  to  each  other  as  their  radii  refpeftivelv  ;  then  they  will  be 
^miiar,  and  therefore  their  tangents  alfo  will  be  in  the  fame  ratio  as  their  radii. 


Therefore  the  tangent  of  the  firft  arch  is  — \/bb  —  ss ;    and   it  will  be 
'—y/bb  —  ss  .  t  \\b  .Ty  ox  t  -zz  — \/bb  —  ss.    So  that,  reftoring  the  value 

of  /,  and  putting  -2L  inftead  of  /,  we  (hall  have  ^  =  rj/^ZIFUtE^  ^ 

which  is  an  equation  reduced  to  the  axis,  and  which  may  be  exprcfled  by  the 
co-ordinates  x  and  y  only,    by  putting,  inftead   of  22,    it's  value  xx  +  yy^ 

Then  the  equation  will  be  by  +  y\/xx  +yy  zz  x\/^hb'^bb^zb'/xx+yy  ^xx^yyy 

which  is  the  fame  as  that  found  at  §  87,  as  before  cited. 

• 

To  pafs  from  equations  to  an  axis,  to  thofe  belonging  to  a  fociK,  I  take 

Example  1.  at  ^  88,  the  equation  of  which  to  the  circle  is  2  =  ^/bx  (Fig.  104.) 

The  tangent  given  by  z  of  the  arch  0Q>  defcribed  with  centre  A,  and  radius  r» 

was  found  to  be r:  t.     Then,  in  the  canonical  equation  j  =  , 

inftead  of  /  and  i^  fubftituting  their  refpedive  values,  we  fhall  have  —  y  = 
•—    ;■  '         .     I  put  it  —  y,  becaufe>  as  AC  =:  z  increafes^  the  arch  OQji  j 


will  diminifti.     But  y  n  — :  wherefore  —   =  — == ;  that  is, 
=:  iiy  which  is  the  £ime  equation  as  that  found  at  §  88. 


91.  The  particular  formulae,  which  are  found  in  the  cafe  of  curves  having 
their  co-ordinates  at  oblique  angles,  are  not  lefs  ufeflil,  becaufe  fuch  equations 
may  always  be  changed  into  others^  which  have  tlieir  co-ordinates  at  righc 
angles ;  and  after  that  we  may  make  ufe  of  ch^  ordmary  formulae. 


To  fliow  this,  make  HG  zz  p^  (Fig.  103.)  AG  =:  q  ;  then  it  is  p  =:  -^^ 

f  =  ^  +  — ,  naming,  as  before,  AB  =:  Xy  BD  =  y^   and  the  ratio  of  the 
whole  fine  to  the  right  fine  that  of  m  to  e.     Therefore    it  will   be  y   ~ 

•^ ,  and  X  zz  Q'^-^  =:q ^,    Wherefore,,  inftead  of  x,  and  y^  fubftt^ 

S  tutiog„ 
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tnting,  in  the  propofed  equation^  tbefe  values  given  by  p  and  q^  we  (hall  have 
the  equation  of  the  curve  with  tbe  ordinates  at  right  angles  to  each  other.  But 
tr  will  often  happen  that  the  primitive  equation  will  be  fimple ;  and  yet,  by 
transforming  it,  it  may  become  fulficiently  compound.  Alfo,  though  the 
variables  are  feparate  in  tbe  propofed  equation,  they  may  not  be  fo  in  the 
transformed  equation;  and  what  may  increafe  the  difEculty,  they  cannot  be 
feparated  by  the  ordinary  rules  of  Diviflon,  Extraction  of  Roots,  &c.  How- 
ever, in  many  particular  cafes,  perhaps  it  may  not  be  amifs  to  try  each  method, 
-that  we  {nay  4iiake  choice  of  that  which,  in  the  given  cafei  fhall  be  moft 
convenient. 

But  now  k  will  be  time  to  proceed  to  Examples,  in  which  it  is  always 
undcrllood,  except  when  warning  is  given  to  the  contrary,  that  the  co-ordinates 
are  at  right  angles  to  each  other. 


EXAMPLE    I. 


Thcqnadra-  f#gr.  iq5. 
turc  of  curvi- 
linear fpacea. 


92.  Let  ABC  be  an  jfyolionian  parabola^  with 
the  equation  ax  =  yy^  any  abfcifs  AD  =  a?,  it's 
ordinate  DB  =  j,  and  the  fpace  ADB  is  to  be 
fquared.  Therefore  it  will  be  jr  =  \/ax  5  and 
this  value,  being  fubftituted,  inftead  of  jr,  in  the 
general  formula  for  fpaces^x,  it  will  be  x^/ax  5  and 
by  integration,  it  will  be  ^x^ax  +  b.  The  quan- 
tity b  is  the  ufual  conftant,  which,  in  the  integration,  ■ 
ought  to  be  added,  and  which  now  ought  to  be 
determined.  In  the  point  A,  that  is,  when  jf  =  o,  the  fpace  is  nothing,  and 
therefore  the  integral  ^x*/ ax  +  ^,  which  expreffcs  this  fpace,  ought  alfo  to 
be  nothing.  Therefore,  making  a;  n  o,  it  will  be  4.0  x  y/a  X  o  +  ^  =  o, 
that  is,  ^  z=  o  ;  which  is  as  much  as  to  fay  that,  in  this  cafe,  no  conftant 
quantity  is  to  be  joined  to  the  integral.  Therefore  the  fpace  ABD  =:  ^^ax. 
But  \^ax  =  y.  Whence  ABD  =  ^xy^  that  is,  is  eqiial  to  two  third  paits  of 
the  rcftanglc  of  the  abfcifs  into  the  ordinate. 

Now,  if  we  (hould  require  the  fpace  comprehended  by  an  affigned  and 
determinate  abfcifs  and  ordinate,  for  example,  when  it  is  x  =  aa;  as,  by  the 
equation  of  the  curve,  it  is  in  this  cafe  y  :r  x^aaa,  this  fpace  will  be  =  ^aa^a^ 
If  the  abfcifl'es  of  the  parabola  (hould  not  begm  at  the  vertex  A,  but  at  fome 
given  point  D ;  making,  for  example,  AD  =  a^  any  line  DE  =  x^  the  para- 
meter =:  /,  the  equation  *^ill  be  af  +  fx  zz  yy^  and  y  =  \/a/  +fx.    Subfti- 

tutin^ 
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tuting  this  value  in  the  formula  yx^  it  will  be  xy/af  +  /c,  and  by  integraiing, 

|.  X  ^  -f  Af  X  \/af  ±fx  +  b  will  be  equal  to  the  fpace  DECB.  But,  to 
determine  the  conftant  quantity'^,  it  muft  be  coniidered,  that  at  the. point  D, 
where  AT  =:  o,  the  fpace  will  alfo  be  zr  o ;  fo  that^  in  the  integral^  making 
;^  =  o^  it  will  be  ^^af  +  ^  zr  o,  and  therefore  the  conftant  b  z=,  —  \asf  af* 
So  that,  to  have  the  integral  complete,  inftcad  of  adding  by  we  muft  fubtrad 

\a^/ af^  and  therefore  the  fpace  required  will  be  DECB  rz  4-    x   ^  +  x    x 

Let  AE  =:  a^  and  let  x  begin  at  E  towards  A^  and  take  any  line  ED  z:  ir; 
the  equation  will  be  af  ^fx  zz  yy,  and  y  =  \/af  —  /x.'    Whence  yx  zz 

xs/af  — fx^  and  by  integration,  it  will  be  — ^Xtf  —  xX  \/a/  ^  /x  +  b. 
But  when  x  zz  o^  the  fpace  alfo  zz  o.  Therefore,  in  the  integral,  making 
X  :^  Of  it  will  become  —  ^ax/af  +  b  zz  o,  or  b  zz  \ay/af.     Therefore  the 

fpace  EDBC  =  4^1/ a/  -  \ir^xy/af  ^fx. 

It  may  be  obferved,  that,  in  general,  the  parabolical  fpace  AEC  =  ^-AE  x 
EC  ;  wherefore  the  fpace  ADB  =  j-AD  X  DB ;  fo  that  the  fpace  DECB  will 
be  =  |AE  X  EC  —  4.AD  x  DB ;  which  agrees  with  the  calculus  in  both 
cafes,  when  the  origin  oi  x  is  in  the  point  D  towards  E,  and  in  the  point  E 
towards  D. 

I  take  the  general  equation  to  all  parabolas,  of  what    degree  foever, 

m      fi 

ii"^f    =  y  I  whence  it  will  ht  y  zz  d^  x^  ^  and  therefore  the  formula  yx  zz 

a     X     x;  and,  by  integration,  the  fpace  will  be  =  — ^-^7^ 1-  b.     But, 

Caking  x  =  o,  it  is  found  that  ^  =  o ;  fo  that  there  is  no  conftant  quantity  to 
be  annexed  to  it,  but  the  integral  before  found  is  complete.    Now,  putting  y 


m       n 


% 

inftead  of  a  *"  *  '^  ,  it  will  be  -^  =  to  the  fpace  required, 


Vox.  II.  A»  EX- 
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93.  Let  the  curve  he  y  zz  x/x  +  a ;  therefore  it  will  be  j^x  =  x^x  +  a^ 


and,  by  integration,  the  fpacc  will  be  — ^  X  ^  +  ^  X  x  +  iii "  +  i*  But, 
making  x=  o,  it  will  be  3  =:  —  — —-  x  a^a.  Therefore  the  complete 
integral  or  fpace  requirfed  zz  — ^  X  *  +  ^  X  \/x  +  «  —  — r—  X  ^  v/^* 


EXAMPLE    III. 


J7^t  107. 


94.  Let  FED  be  the  hyperbola  between  the 
afympiotes,  and  piake  AB  =  x,  BE  =  7,  and 


IM 


the  equation  is  ;c}f  =  m.    Then  jr  =  — ->  and 


therefore  jr;c  =  —  5  and,  by  integration,  the 

fpace  will  be  =  alx  +  h^  taking  the  logarithm 
from  the  logarithmic  curve  with  fubtangent 
z=  a.  But,  putting  at  z:  o,  the  logarithm  of 
o  is  an  infinite  negative  quantity,  and  therefore 
the  fpace  is  infinite  which  is  contained  by  the 
curve  EF  continued  in  infinitum^  by  the  afym* 
ptote,  and  by  the  co-ordinates  AB,  BE. 


Let  there  be  a  hyperboloid  of  this  equation  a^:^  xyj;  then  y  =:%/ — ,  and  there* 
fore>v  sr  ^V —  ;   and,  by  integration,   the  fpace  will  be   iz   2\/a*x  +  b. 

Now,  putting  ^  =  o,  it  is  ^  zr  o;  therefore  no  conftant  quantity  need  be 
added  to  complete  the  integral.  So  that  the  fpace  ABEF,  infinitely  produced 
upwards,  will  be  the  finite  quantity  zVa^Xy  or  from  the  equation  of  the  curve 
=z   ixy. 


Let  there  be  a  hyperboloid  of  this  equation,  a*  :z:  xxy  ;  then  y  =  — ^ ,  and 

jw  =  —  J  and,  by  integration,  the  fpacc  will  be  =  —  —  +^.    But,  putting 

»  =:*o. 
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jp  =:  o,  it  will  be  — ,  an  infinite  quantity,  and  therefore  b  is  infinite.    Where- 

fore,  to  have  the  integral  complete,  an  infinite  quantity  ought  to  be  added  to 
it,  and  therefore  tlie  ^ace  itfelf  is  infinite. 

Let  the  equation  be  a*       zz  -x^y^^  which  is  to  all  hyperboloids  in  general ; 

then  y  z=z  a  ^  X     *"  ,  and  therefore /vi  =  — b^»   Now,  ifmzzi^ 

n  =  I,  that  is,  xy  =  aa,  we  fliould  have  fyx  =  —  +  ^,  an  infinite  quan- 
tity ;  whence  the  fpace  will  be  infinite,  as  was  feen  before. 

If  iw  n  I,  w  =  2,  that  is,  a^  =  xyy,  then  fyx  =  2\/a^x  +  *.  But, 
putting  X  zz  Qy  it  will  be  alfo  i  zz  o ;  therefore  the  complete  integral,  or  the 
(pace  required,  will  be  zz  2*/a^x  zz  zxy^  by  the  equation  of  the  curve i  which 
is  therefore  finite^  though  infinitely  produced  upwards  towards  F. 


If  »  =  2,  i»  =  I,  that  is,  a^  =  xi^^  it  will  be  fyx  zz  -^  —  +  b.     But, 

making  ^  =  o,  ^  will  be  infinite;  fo  that  an  infinite  quantity  is  to  be  added  to 
the  integral,  and  the  fpace  itfelf  will  be  infinite. 


4  » 


•  If  n  =  I,  w  =  3,  that  is,  a^zz  xf;  it  will  be  fyx  ss  ia^xr  +  h.  But, 
making  a?  =  o,  it  will  be  ^  =^  o,  and  therefore  the  integral  is  complete^ 
That  is,  the  fpace  will  be  =:  \^u^xx  zz  ^,  a  finite  quantity,  however 
infinitely  produced  upwards. 

If  «  rr  3,  w  =  I,  that  is,  a^  zz  x^y  ;  it  will  be  fyx  r:  —  —  +  b.  But, 
making  x  zz  o,  jk  will  be  infinite,  and  therefore  the  fpace  is  infinite; 

If  »  =  I,  m  =  4,  that  is,  a^  zz  xy* ;  it  will  be  fyx  zz  ^  X/a*x*  +  b.  But, 
making  x  =  o,  it  will  be  ^  zz  o  ;  fo  that  the  integral  is  complete,  and  the 
whole  ipace  n  ^  x/tf*^'  =  ^xy,  a  finite  quantity* 

If  «  =  4,  »»  =  I,  that  is,  a*  zz  x^y  i  it  will  be  fyx  r:  —  -^  -{b.     Now 

making  ^  =:  o,  ^  will  be  infinite,  and  therefore  the  fpace  is  infinite.  In  the 
lame  manner  we  might  proceed  to  other  cafes,  as  far  as  wc  pleafe« 

Now  let  us  take  the  abfcifles  from  the  point  B,  to  find  the  ipace  BCDE. 
Make  AB  =  ^,  BC  =:  jf,  CD  zz  y^  and  let  it  be  the  fame  Jpollonian  hyper- 
bola, whofc  equation  is  iy  -^  xy  zz  aa.    Then  it  will  hz  y  zz  ^—^ ,  and 

A  a  2  -therefore 
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therefore  yx  =  ~^  .     Then,  by  integration,  fyx  =  al  i  +  x  +  /,  taking 

the  logarithm  from  the  logarithmic  with  fubtangent  =  a.     But,  to  deterniinc 
the  conftant  quantity/,  making  at  zz:  o,  it  ought  to  bc/=  •-  sit;  fo  thar 

the  complete  integral  or  fpace  BCDE  will  ht  ai  ^  +  x  —^  alb. 


If  we  take  x  negative  =  BA  =  —  ^,  then  al  b  -^  x  is  equal  to  a  multi- 
plied into  the  logarithm  of  o.  But  the  logarithm  of  o  is  an  infinite  negative 
quantity;  fo  thar,  in  this  cafe,  the  fpace  is- negative,  that  is,  towards  M,  and 
aifo  infinite,  as  has  been  feen  above ;  and  therefore  the  (pace  between  the 
ApoUoKian  hyperbola  a^d  it's  afymptotcs  is  mfinite,.  being  iirfinitely  produced 
both  wivs. 

Let  it  be  the  cubical  hyperboloid  whofe  equation  is  lyy  +  xyy  =  cf.  It  will 
be  jp  =  ^fV"*  whence  jpx  =  •^^j"3r">  ^"^  ^y  integration,  fyx  zr 
2 \/^a^o  -i-  a^x  +/•.    But,  making  x  =  o,  it  will  be  /=  —  iv^^i'^j  fo  that 

the  complete  integral  or  fpace  EBCD  will  be  =  2^a^b+c^x  —  24/^'*;  and 
faking  x  infinite,  the  fpace  EBCD,  infinitely  produced  towards  C,  will  be 
infinite  alCb; 

Taking  x  negative  =:  BA  rr  —  ^,  the  integral  will  be  —  z^aH^  fo  that 
the  fpace  will  l^  negative;  that  is,  it  will  be  FEBAM,  and  will  be  finite^ 
however  infinitely  produced  towards  M  ;  as  is  alfo  (een  before. 

Let  it  be  the  hyperboloid  of  this  equation  X+HS*  X  J'  =  ^*  It  win  be 
1  =  f=^^ ,  whence  yx  =  f^^^•    And,  by  iniegrating»/KX  =  —  j^  +/• 

Now,  putting  a:  rz  o,  it  will  be  /=  -^,  and  therefore  the  complete  integral^ 

or  the  fpace  EBCD,  will  be  4"   —   r^—  •     Taking  x  infinite,  the  t«-m 

—  T-— -  will  be  =  o ;  fo  that  the  fpace  will  be  finite,  though  in&iitely  pro- 
duced to>yards  C.  Let  x  be  negative  =  BA  =  —  ^;  the  integral  will  be 
-^ —  .     But  —  -f~    is  infinite  and   negative,   and   therefore  the  Ipacc 

towards  M  wi41  be  infinite.  By  proceeding  in  this  manner^  we  may  find  tha€ 
the  fpace  between  the  Apollonian  hyperbola  and  it^s  afymptotes,  produced  both 
ways  infinitely,  will  be  infinite ;  between  the  firft  cubical  hyperboloid  and  it's 
afymptotes,  it  will  be  finite  towards  M,  and  infinite  towards  C;  between  the 
fecond  cubical  hyperboloid  and  it's  afymptotes,  it  will  be.  infinite  towards  M* 
and  finite  towards  C  \  between  the  firft  hyperboloid  of  the  fourth  kind  and  it's 

afymptotes^ 


ucTt  in. 
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afymptotes,  it  wilt  be  6nite  towards  M,  and  infinite  towards  C ;  between  the 
fecond  hyperboloid  and  it's  afympcotes,  it  will  be  finite  towards  C,  and  infinite 
towards  M.    And  fo  on. 

Now,  to  have  recourfe  to  infinite  feries :  I  take  the  expreflion  of  the  fpace 
BCDEy  of  the  aforefaid  Apollonian  hyperbola,  that  is,  —^  .     This,    reduced 


a*x 


a^jfx 


a*x*x 


mx^x 


into  a  feries,  will  be  =  -^ ^  "^  "ii> i*"  »  *^^     And,  by  integra* 


tion. 


tf*x 


^ ^^  +  ^  —  jjj- ,  &c. ;  which  feries,  infinitely  continued,  will* 


be  accurately  equal  to  the  fpace  BCDE.  And  if  it  were  fummable,  it  would: 
give  us  the  fpace  required  in  finite  terms,  that  is,  algebraically :  and  this  would 
be  the  true  quadrature  of  the  hyperbola.  But  as  this  is-  not  fummable,  the 
more  terms  we  take  of  it,  beginning  with  the  firft,  the  nearer  approach,  we. 
Oiall  make  to  the  jufl  value  o£  this  (pace.. 

Now  I  take  the  abfcifs  BT  on  the  negative  fide,  and  the  equation  of  the- 
curve  will  be  i^  —  xy  =  aa^  and  therefore  yx  z:  r— — ;   and,  reducing  to^  a 


a'x 


trxx 


feries.  It  will  be  j'x  =  -y  +  — -  +  -^  +  -^  +  -^r",  &c.    And  by  m- 


ii'x 


fl*** 


11***    .    fl*jr* 


9vS^ 


fl».V 


tffgration, /yx  =^+-— +—  +  —  +^,  &c.  which  is  equal  to  the- 

fpace  BTPE.  Taking  BT  =  BA,  the  fpace  FEBAM,.  infinitely  produced 
towards  M,  will,  be  =:  4W  +  iaa  -f-  ^a  +  ^aa  +  ^aa^  &c, ;  the  value  of: 
which  feries  being  infinite,,  the  fpaA:e  it  denotes. will  be  infinite  alfo. 


EXAMPLE    IV. 


Fig..  1 08. 


95.  Let  OC  be  an  equilateral  hyperbola, 
between  the  afymptotes  AS,  AB,  and  make 
AB  =  BG  =  ^,  BI  =:  —  AT,  Let  the  me- 
chanical  curve  BEF  be  conceived  to  he  de- 
fcribed,  fuch,  that  the  rectangle  of-  AB  into 
any  ordinate  IE  may  be  equal;  to  the  corre— 
fponding  hyperbolical  fpace  BCOL  The 
indeterminate  fpace  SABEF  is  required.. 
Make  the  ordinate  IE  =  z.  It  has  beeai 
found  already^  tbat.the  fpace  BCOI  is  equal 

to» 


a^ 
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to  the  ferics  tf*  +  i«»  +  —  +  ^  +  77,  &c.  making  a  and  ^  equal,  Then, 

J<*  T*  J" 

+  -^  +  -^j  &c  and 


by  the  property  of  the  curve,  it  will  he  z  ta  x  + 


%a 


jt^x     .    *»i      /    x^x 


•therefore  zx  =  ;^;^  +  ^^  +  ^  +  ^ ,  &c.    And  filially,  by  integration,  the 
fpace  BIE  will  be  =  ^  + -^  +  ^  + -^.^ -^.^  ^^^    Now,  taking 


i%a^ 


X  =  a  z=  BA,  as  to  the  whole  fpace  SABEF  infinitely  produced,  it  will  be  == 
iaa  "t-  iaa  +  -r\aa  +  ^^a  +  ^W^,  &c.  which  feries  is  fummable,  and  is 
=  aa\  fo  that  it  is  algebiaically  quadrable,  and  the  fpace  SABEF,  infinitely 
produced,  is  equal  to  the  fquare  of  BA. 


EXAMPLE    V. 


JF!f.  1 09; 


96.  Let  ATC  be  a  hyperbola,  it's 
tranfverfe  axis  AD  =  2^,  the  parameter 
=  ^,  EB  =  X,  BC  =  jf,  and  therefore 

the  equation,  xx  '--^  aa  zz  ^,   and  let 

the  fpace  ABC  be  required*.  It  will  \st 

therefore  j  =   v/^— -^-^f    and  the 

formula  will  be  yx  s  y^^      "^  ^^ . 

Now,  if  we  proceed  to  integration,  we 
(hould  find,  after  the  ufual  manner,  that 
the  integral  is  partly  algebraical,    and 

partly  logarithmical ;  fo  that  the  fpace  ABC  of  the  hyperbola  depends  on  the 

dcfcription  of  the  logarithmic  curve. 

If  we  would  have  the  fpace  ACHE  ;  making  MT  infinitely  near  to  BC,  it*s 
element  will  be  the  infinitcfimal  fpace  ITCH;  and  therefore  the  formula  will  be 
*y,  in  which,  inftead  of  at,  fubttituting  it's  value  given  by  y  from  the  equation, 

it  will  be  xy  ^n  yV^^ — — ,  the  integral  of  which,  in  the  fame  manner,  de- 
pends upon  the  logarithiQic  curve. 

And,  as  well  in  the  formula  yx  of  the  firft  fpace,  as  in  xy  of  the  fccond,  if, 
inftead  of  x  in  that,  or  of  ji'  in  this,  we  ihould  fubftiture  their  refpedtive  values 
given  from  the  equation  ;  we  (hould  likewife  find  integrals  of  the  fame  nature. 

Now, 
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Now,  to  return  to  infinite  feries.  I  take  the  formula  of  the  Tpace  AC  HE  A, 
that  is,  xy.  Then  xy  z:  y\^-^ — —f  and,  for  greater  facility,  making  lazzp^ 
(for  the  conftants  make  no  alteration  in  the  method, )  (hat  is,  fuppofing  the 
hyperbola  to  be  equilateral,  it  will  be  xy  -rzyVyy  -i-  aa\  and,  reducing  the 


y^ 


yy 


yty 


5v!r 


radical  to  an  infinite  feries,  it  will  bt  xy  zz  ay  +  ^^ 4»  +  'tH TTT  ^ 

mm  V^* 

&c.    And  by  integration,  Jxy^  or  the  fpace  ACHEA,  =  ^   +  ^  - — ^ 

+    ■'  ^  ^  , ^  ^  ■,  &c.  a  ferie$,  th€  fummation  of  which  is  unknown. 

And  fubtradling  this  feries  from  the  redangle  xy,  we  ftiould  have  the.  fpace 
ABC. 

From  the  centcc E  let  the  lines  ET,£C,  be drawn-iflfiiniccly  near,  and  let  AKP' 
be  a  tangent  at  the  vertex.     With  centre  E  let  the  little  circular  arches  K(^TR, 

bedrawn.    It  will  be  AK  =  -^  ,  KP  =  t±:zJ2!L  ^  ET  =  \/xx  +  yy,  EK  =: 

0^ XX  *^  yy 

— -.     And,  becaufe  of  fimilar  triangles  PKQ^  KEA,  or  TEM,  it  will 

>€  KCt=  24=^-     And,  becaufe  of  fimilar  fedors  EKQi  ETR,  it  will  be 

TR  =  4=^JL\   and   iberefore  it  will  be   fET  x  TR  =  ±ZJ±^  the 

clement  of  the  feAor  ETA.     And,  infltead  of  jr  and  j,  fubftituting  their  values, 
given  from  the  equation  of  the  curve  y  zz  \^xx  —  aa^  (fuppofing  the  hyperbola 


to  be  equilateral,)  it  will  be 


a4x 


2YXX  —  aa 


;  and  by  integration,/ 


aav 


y  XX  —  aa 


.,  that 


is,  the  fedor  ETA,  will  be  equal  to  —  \dx  ^  f^ xk  —  aa  in  the  logarithmic 
with  fubtangent  ==  a ;  which  (pace  is  therefore  expreffed  by  a  negativa  quarts 
tity,  becaufe  it  is  affumed  on  the  negative  fide. 

By  reducing  the  formula  into  a  feries,  we  (hall  find 


aax 


a^x 


aax  ^..^ 


Xtx 


32X7      ^     2<fisfi 


Now,  to  integrate  the  firft  term  of  the  feries,.  there  would  be  occafion,.fiift,. 
to  reduce  it  to  an  infinite  feries.  Therefore  it  would  be  better  to  do  it  more 
cxpeditioufly  after  the  following  manner.  Make  EM  =  *•,  MT  n  y,  AK  ziar, 
then  KP  =  z.     Make  K£  =  ;^j  AE  =:  ^ ,    the  tranfverlc  femiaxis,  and  tha 

8:  (emir 
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fctni-conjugate  ■=  t.    Therefore  it  will  be  KQ^=  — ,  ET  =  -^ ,  TR  = 
— ,  and  therefore  -JET  x  TR  sx  — .    But,  by  the  equation  of  the  curve. 


it  is  J  =  — \/xx  —  aai  and  by  £milar  triangles  EAK,  EMT,  it  will  be  jr  = 


a 


aaih 


.     Therefore  zx  =  i\/xx  —  ^a,  and  xx  =  jr— — ,  and  confequentiy  the 


iahbz 


az 


iH 


formula  will  be  rr >  which,  reduced  to  a  feries,  will  be  —  +  — n-  + 


mK^k 


affix 


^  +  ^  +  ^.  &c. ;  aiid  by  integnttion,  /Jf^ ,   that  is,    the  fpace 


ETA,  will  be=^  +  g+^  +  ^  +  ^,&c. 


i83) 
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97.  Let  ABD  be  a  circle  defcribed  with 
diameter  AD  =:  ^  and  let  the  area  <^  any  half 
fegment  AHE  be  required.    Make  AE  s:  x, 

EH  =  jf ;  the  equation  will  he  y  =  •«*  —  jc-r, 

and  therefore  yx  =  x^ax  —  xx.    Here  it  would 

be  to  no  purpofe  to  free  the  formula  from  it's 

radical,  or  to  try  any  other  methods,  in  order 

to  change  it  into  fome  other  formula,  which 

may  admit  of  an  algebraical  integration,  or  by 

means  of  the  logarithms.     For  this  would  be 

an  ufclefs  trouble,   becaufe  we  (hould  flill  be 

brought  to  a  formula  of  quadrature  or  reftification  of  the  circle ;  as  has  been 

obferved  at  §  27*    And  therefore  we  (hall  thus  proceed  by  way  of  infinite 

feries. 


JL   JL  . 

a*x*x 


JL 
2^» 


Rcfolving  the  formula  into  a  feries,  it  will  be  x^ax  —  xx  = 

J. 
t 7"  >  *^c.    And  by  integration,  fyx,  or  the  fpace  AEH  = 


x^x 


i  I  ^ 


Sa^ 
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jza' 


Now 
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Now  make  the  radius  CA  =  a,  and  let  CE  =  x,  EH  z=  y,  and  the  equa* 
tion  will  be  ^  =:  \/aa  —  xxs    Therefore  yx  =  x\/aa  —  xx  j  and  reducing 

this  to  a  fcries,  yx  =  ax  —  ^  —  ^4 zri  —  r^  ♦  &c.     And  by  inte- 

gtation,  fyXf  that  is,  the  fpace  CEHB   =  «;?  —  —  —  — j.  —  ~  ^ 

-^,  &c.  '  . 

1152^7  »  ^ 

And  making  x  :=z  a,  in  refpedb  of  the  whole  quadrant,  it  will  be  aa  -*  iaa 
—  -^a  —  -maa  —  -rVri^^*  &c.  the  quadruple  of  which  feries  will  be  the 
area  of  the  whole  circle. 

Now,  by  means  of  a  feftor.    Make  CA  zr  tf,  AQ^n  x,  and  drawing  CK 

infinitely  near  to  CQl  ^^  ^^^^  ^  OS  -^  ^»   CQ^=   \/jtf  +  ;cx;   atid  with 
centre  C  defbribing  the  infinitefimal  arch  QS  ;  becaufe  of  fitnilar  triangles  KSQ^ 

QAC,  it  will  be  QS  =    ,  "^       ,  and  therefore  MN  =   -ffi—  .    Whence 
the  little  fedor  CMN,  the  element  of  the  feftor  CAM,  will  be  = —- , 

2  X  aa  +  xx 

which,  reduced  into  a  feries,  will  be  =:  ~  —  2-^  +  — ^  —  ^-^.  &c. 

2a*  2a*  2ar  2a*    ' 

And  by  integration,  it  will  be  /    *"*.  "^^   ■ ,  or  the  feftor  CMA  =:  -^  —  ~ 
+  Y5^  —  — f  +  jg^ ,  &c. ;  and  fuppoling  the  arch  AM  to  be  half  the 

quadrant,  that  is,  taking  x  ^  a^  the  feries  is  ^ —-  4.  —  — ~,    &c. ; 

and  the  double  of  this,   or   aa  —  \aa  +   \aa  —  \aa^  &c.    will  be  the 
.quadrant  ABC. 

Inftead  of  taking  the  radius  CA  =t  ^,   if  I  had  taken  it  =:    »/ \aa^  the 

quadrant  would  have  been  ABC  '=.  ^ ^!^  4-         u ^ ,  &c. :  and 

•^  8         3x8'5x8        7x8'  ' 

afbually  fubtradling  every  negative  term  from  the  pofitive  term  before  it,  [and 


multiplying  the  refult  by  4,]  it  would  be  -^ — I-  —  H h  • — »  &c.£=thc 

area  of  the  whole  circle  j]  which  is  the  fame  feries  as  is  inferted  by  Mr.  Leibmtz 
in  the  Leiffic  Ads,  for  the  year  1682. 
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98.  Let  BCD  be  an  ellipfis,  the  tranC 
verfe  femiaxis  AB  n  /?,  the  fcmi-tonjugatc 
AC  =  bj  AE  =  AT,  EH  =  J'  f  whence  the 

equation  will  bt  -^^  Y,  aa -^  xx  zzyy^  and 


aa 


hx 


therefore  yx*  =  —  >/ aa^xx^  the  element 

11 


D 


»; 


of  the  area  AEHC,  But  x^  aa  —  xx  is 
the  formula  for  fquaring  the  circle  BOD, 
the  diameter  of  which  is  the  tranfvcrfc  axis 
of  the  ellipfis  ;  fo  that  the  quadrature  of 
the  ellipfis  will  depend  on  that  of  the  circle. 

And  becaufe  /-—-v/^tf  —  xx  =  EHCA,  and  Jxs/aa  —  xx  —  EMOA,  any 

fpace  of  the  ellipfis  to  the  correfpondent  fpace  of  the  circle  on  the  -diameter 
DB,  will  be  as  b  to  a^  that  is,  as  the  conjugate  femiaxis  to  the  tranfverfc  femi- 
axis ;  and  confequently  the  whole  ellipfis  to  the  whole  circle  will  be  in  the  fame 
ratio.  But,  as  circles  are  to  each  other  as  the  fquares  of  their  diameters  or 
radii,  if  we  take  a  circle  the  radius  of  which  is  =  ^ ab^  that  is,  a  mean  pro- 
portional between  the  two  femiaxes  of  the  ellipfis  BCD,  this  circle  will  be  to 
the  circle  BOD  as  ab  .  aa  \\  b  .  a.  But  the  area  of  the  ellipfis  BCD  is  to  the 
fame  circle  BOD,  in  this  very  ratio.  Therefore  the  area  of  the  ellipfis  will  be 
equal  to  the  area  of  the  circle,  the  radius  of  which  is  a  mean  proportional  be- 
tween the  two  femiaxes  of  the  ellipfis. 


hx  "~~ 

Now,  by  the  help  of  feries.     The  formula  — s/aa 


XX,  being  reduced 


hx  x^ 

to  a  feries,  will  be  =  —  into  «  —  — 

a  2a 


-fl 
Sa» 


iba^ 


^,&c.    And  by 


hi 


integration,/ — \/aa  —  xx,  or  area  ACHE,  =  bx 


6a* 


hx^ 
400^ 


liza^ 


th   9 

—^ ,  &c.     And  making  x  :r:  a,  the  area  ACE,  or  a  fourth  part  of  the 


5 

TTT 


T»    &C. 


ellipfis,  will  be  :=z  ab  into  i  —  ^  —  ^  — 

In  the  fame  ellipfis,  taking  any  arch  DS,  let  DP  be  a  tangent  in  D,  AI  =  x, 
IS  =:  j^ ;  and  through  the  point  S  drawing  AP  infinitely  near  AK,  which  cuts 
the.  ellipfis  in  T.    With  centre  A  Ice  the  little  arches  of  a  circle  KQj^  TR,  be 

defcribcd» 
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defcribed.  Then  it  will  be  AS  =  \/xx  +yy  =  AT,  DP  =  -^,  AK=AP 
_.  ajJTTT]^^  j^p  _.  -  ^  +  ViL^  PK  being  a  negative  difference.  And  by 
the  fimilitude  of  the  triangles  PQK,  PAD,  it  will  be  KCL  =    "  /^  "*"  "''■  • 

And  by  the  fimilitude  of  the  feaors  ATR,  AKQ.  it  will  be  TR  =  "^  '*'^', 
and  therefore  fTR  x  AT,  tliat  is,  — 2Li.21  ^   ^yill  be   the  formula  for  the 

mm 
J  • 

fpace  ACT.     This  will  be  finally  —7-^  ^ .     ^  by  fubftituting,  inftead  of  y  and 

aVaa  —  XX  '^ 

y^  their  values  given  from  the  equation  of  the  curve. 

But/— =^=r  is  the  rcftification  of  the  circle,  as  was  fccn  at  §  37,  and 

as  will  be  here  feen  alfo.  Therefore  the  quadrature  of  elliptical  feftors  will 
depend  on  the  re&ification  or  quadrature  of  the  circle.  It  would  fignify  nothing 
to  take  pains  to  free  the  formula  from  it's  radical,  becaufe,  notwithftanding  this, 
we  fliould  dill  fall  upon  a  formula,  which  would  depend  on  the  fame  circle. 

Now,  by  the  means  of  feries,  we  (hould  find  it  to  be  —;====-  =  —  + 


+  ^  +  ^  +  W*  *""•    ^"^  ""y  integration,  the  fpace  ATC  = 


±L  +  ±1  +  1*5.  +  J*^  +  3i*fl,  &c.     And  making  x  =  a,  in  refpeft 
to  the  whole  fpace  ADC,  a  fourth  part  of  the  entire  elliptical  fpace,  it  will  be 

2  13  80      '      224  2304' 

If  we  would  free  the  formula  from  the  radical  vinculum,  making  the  fubfti- 
tution  of  \^aa  ^  xx  zz  a  ^^  — ,  it  would  be  changed  into  this  other,  — - — , 

which,  being  reduced  into  a  feries.  Would  be  found  to  be  bz  —  -jj-  -|-  —^ 

—  -5-  +  --5- ,    &c.     And  by  integration,   ^2  —  — +^-^  +  ^ 

&c. ;  and  making  x  =  a,  in  which  cafe  it  is  alfo  z  =  ^»  it  will  be  ai  —  4^ 
+  ^ak  —  |ai  +  ^b,  &c.  in  refpeft  of  a  quadrant  of  the  cUipfis. 

B  b  2  And 
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And  if  we  fuppofc  ^  =  ^^  the  cllipfis  becomes  a  circle  with  radius  zz  a^ 
and  the  feries  will  be  as  at  §  97,  which  will  exprefs  the  quadrant.  And  there- 
fore^  from  hence  k  may  alfo  be  feen^  that  the  area  of  the  ellipHs  is  to  the  area 
of  the  circle,  the  diameter  of  which  is  equal  to  the  tranfverfe  axis  of  the 
ellipiis,  as  the  conjugate  axis  is  to  the  tranfvprfe  axis  of  the  lame  ellipfis. 


EXAMPLE    VIII. 


JRg^  1I2. 
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99.  Let  NAM  be  a  cycloid,  it's  ge- 
nerating circle  ARH,  and  make  AHrza, 
AB  =  X,  BC  zzx,  BE  =r  jr,  DF  zz  y. 

The  equation  will  be  j^  =  ^     = 

^  ax  —  XX    ' 

'^*  ~  *.    But  the  little  fpace  QEFP  is 


^x 


the  element  of  the  fpace  AEQj,  and  therefore  FP  x  PQi  that  is. 


xs/ax  —  Ar;i?  wlU^be  it's  formula,  ^wx  fx^/ ax  —  xx  is  the  circular  fegment 
ASB;  therefore  the  cycloidal  fpace  AEQ^willbe  equal  to  the  correfpondent 
circular  fpace  ASB,  and  the  whole  fpace  AMK  will  be  equal  to  the  fcjnicircle. 
But  the  rcftangle  AHMK  is  quadruple  of  thefemicircle,  becaufe  it  is  the 
prod uft  of  the  femiperiphery  into  the  diairteter.  Therefore  the  fpace  AMH 
will  be  triple  of  the  feniicircle,  and  xherefore  the  whole  cycloidal  (pace  will  be 
triple  of  the  generating  circle. 

If  we  would  have  the  fpace  AFC  immediately  \  as  the  little  fpace  FCBE, 
that  is,  j^,  is  it's  element,  and  from  the  equation  of  the  curve  we  have  y  = 


I  let  the  bomogeneum  comparationis  be  reduced  into  a  feries,  firft  multi- 


plying the  numerator  and  denominator  by  */x  y  whence  it  would  be 


x*/ax  —  XX 


X 

JL 


jr»Jt 


2a 


X 


4. 

3 

8ii»" 


xtjax  —  XX  ^^       ^^^ 


JL    JL 


X^X 


,   &c. ;    and  therefore,   by  integration. 


— -7 —  =  y  =  2^*^*  — 


7 


20a' 


—  — r,   &c.     Whence  yx  zz 


5 


(J' 


aa 


tBCT«  Sib 
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^ 


X  X  . 


4. 


ABE  = 


3a' 
1  t 


it* 

—  — J-,  &c.    And  laftly,  by  integration,  fyx  ir 


2oa 


a**  **  * 


A  1  J  >   **^* 


ijtf* 


70fl' 


2sza' 


AS 


■«» 


EXAMPLE    IX. 


Fig.  113. 


100.  Let  ADR  be  the  conchoid,  CB  =r 
BA  =  /7,  CM  =  X,  MD  =  j^,  and  let  the 
fpace  ADGB  be  required.  Make  CG  =  z, 
which  will  alwap  be  given  by  x  and  y  of 
the  propofed  curve,  as  is  plain  enough. 
Lee  CE  be  infinitely  near  to  CD,  and  with 
centre  C,  intervals  CG,  CD,  let  the  two 
liule  arches  GI,  DF,  be  dcfcribed.  It  will 
Be  HI  n  z^  and  the  trapezium  FDGI  will 
be  the  element  of  the  fpace  required.  By 
the  firaiiar  triangles  HIG,  BGC,  it  will  be 


GI  = 


a% 


CGI,  CDF,  it  will  be  DF  =    '*^  "^ '±. , 

%vxz  —  aa 


bF  +  GI    X    tGD 


;  and  by  the  fimilar  fcftors 

V  jBss  ^  aa 

But   the  trapezium    FDGI    = 
t^  +  -I^ ,  that  is. 


i£±±^  .      Therefore  /  — -.^ 

2%V%%  —  aa  2x^zz  —  aa 


[alk  +  x/zz  ^  aa  —  ala  +  ^^  x  arch  of  a  circle  of  which  the  radius  = 

and  the  tangent  =:  \/zz  —  aa,"]  (taking  the  logarithm  in  the  logarithmic  witiv 
fubtangent  =  a,)  will  be  equal  to  the  fpace  required. 

• 

Alfo,  the  whole  fpace  may  be  had  of  the  fame  conchoid,  and  likewife  th^ 

parts,  by  confidering  the  curve  in  relation  to  it's  axis.     In  the  fame  Figure 

make  AB  :=  DG  =:  BC  =  a.  BM  =  x,  MD  =  y;  and  from  the  point  G 

let  there  be  drawn  GO  perpendicular  to  the  ordinate  MD  j  it  will  be  DO  = 

i/aa  —XX,  becaufe  of  the  right  angle  GOD;  and  by  the  fimilitude  ©f  the 
triangles  CBG,  GOD,  it  will  be  BG  =  IJ^I^  «  MO.    Therefore  MD 
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=  \/ 


aa 


XX  + 


s/aa  — 


aw  aa  —  xx 


=  y.    Whence  yx^  that  is,  the  dement  of  the 


fpace,  will  h^  kh/aa  —  xx  +  Sii^^EiEE.    The  fluent  of  the  firil  term  dc- 

*  X 

pends  on  the  quadrature  of  the  circle,  and  of  the  fecond  on  that  of  the 
hyperbola. 


EXAMPLE    X. 


Fig.  1 14, 


10 1  •  Let  AMI  be  the  ciflbid  of  DihUs^  the  equation 

x^ 

di  which  is  jjy  =      ^    .    Therefore,  fubftituting  the 
value  of  y  given  by  the  equation,  the  formula  will  be 


4.. 


,  the  integral  of  which  depends  on  the  quadra- 

ture  of  the  circle.  To  have  the  relation  of  the  whole 
fpace  of  the  ciflbid  to  that  of  the  generating  circle,  it 
mufl:  be  conddered,   that,  the  equation  being  yy  = 

,  it  will  be  alfo  yy  y,  ax  ^  xx  zi  ;r%  and  there- 


—  X 


fore  y^/ ax  —  xx  ==  xx.    This  fuppofed,  by  differencing  the  propofed  equation 
ayy  —  xyy  —  x\  there  arifes  lajy  —  zxyy  —  yyx   =  ^xxx,  that  is,   2y   x 

And,   becaufe  xx  zz  y^ax  ^^  xx,  therefore   2y  X 


xxxx 

yx:=:lj- 


a  —  X  —  j'X'  sr  ix\/ax  —  xx.     But  y  x  a  —  ;r  is  the  element  of  the  fpace 
AMQB,  and  yx  is  the  element  of  the  fpace  AMP ;  then,  by  integrating,  as 

to  the  whole  fpace,  it  is  /y  X  ^  —  ^  =  Jyx.    Then,  in  this  circumftance,  it 

will  be  2/y  x  «  —  ^  —  fyx  =  Jy  x  a  —  x,  and  therefore  /y  x  a  —  x 

=  3/k\/ax  —  XX ;  and  becaufe,  in  the  cafe  of  the  total  fpace  of  the  ciflToid, 

/x\/ax  —  XX  is  the  area  of  the  femicircle  ABN  ;  thence  the  fpace  of  the  ciflbid, 
infinitely  produced,  will  be  triple  of  the  generating  circle. 


EX. 
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EXAMPLE    XL 


Pig.  1 15* 


102,  I^t  HBD  be  the  logarithmic  to  the 
afympiotc  MQ»^  and  let  AB  z:  ^  =  fub- 

tangent,   KH   =  j^,    AK   rz   Xy    and   the 

• 

equation  ^  zz  x.    Then  the  formula  will 

be  yx  =:  ay,  and  by  integration,  fyx  =  ay 
+  bb.  But,  fuppofing  y  =  ^f  it  will  be 
bb  -=.  ^  aai  fo  that  the  integral  complete^ 
or  fpace  AKHB  =  ^jr  —  aa.  Taking  any 
other  ordinate  MN  =  z,  it  will  be  alfo 
AMNB  zzaz  —  aa,  fo  that  MKHN  z= 

ay  —  az*    Let  there  be  an  ordinate  EF  Icfs  than  AB,  and  equal  to  y,  AE  =: 

• 

—  x;  in  the  fame  manner,  the  equation  will  be  —  =  ^j  becaufe,  x  being 

negative,  it*s  difference  will  be  negative  alfo.  But  the  abfcifs  x  increafing,  the 
ordinate  y  decreafes,  and  therefore  y  muft  be  negative.  Now,  becauTe  the 
element  of  the  fpace  will  alfo  be  negative,  this  element  will  be  — yx,  that  is, 

—  ajfi  and  by  integrating,  —  ay  +  bb.  But  when  y^a^k  will  be  bb  zz  aai 
therefore  the  complete  integral,  that  is,  the  fpace  AEFB,  will  be  =:  ^7^  •—  ay. 
And  making  ^  zz  o,  that  is,  when  it  is  infinitely  produced  towards  Q»^  it  will 
be  =:  ^itf •  And  confequently  the  fame  fpace,  infinitely  produced  towards  Q» 
but  which  begins  from  any  ordinate  EF  ==  y,  will  be  =  ay. 


BBta 
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F/f.  116. 


Q  *'  K 

*  .•■• 

••••  • 

«  • 

t — N 


103.  Let  the  curve  ABF  be  the 
traffrix,  the  primary  property  of  which 
is  this,  that  the  tangent  BP,  at  any 
point  B,  is  always  equal  to  a  conftant 
right  line  given.  Make  any  abfcifs 
ED  =:  Xy  the  ordinate  DB  z=  7,  the 
arch  of  the  curve  AB  ==  u,  and  the 
given  right  line  =  a.  Becaufe,  as  the 
abfcifs  ED  increafes,  the  ordinate  DB 
diminiflies,  it*s  element  will  be  nega* 

live, 


292 

tive^  that  is, 
the  equation 
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y.    Whence,  from  the  property  of  the  curve,  we  (hall  have 


y    — 


n  a ;  and,  inftead  of  »,  putting  it's  value  \/xx  +  yy^ 


•   • 


It  IS  X 


^yy/aa  ^  yy 


This  being  done,  in  the  formula  for  areas  yx,  inftead 

of  X,  putting  it's  value  givpn  by  the  equation  of  the  curve,  we  (hall  have 

'-^ys/aa  —  yy  for  the  element  of  any  fpace  ABDE.  But,  fuppofing  the  firft 
of  the  ordinates  AE  =  a,  and  with  radius  EA  dclcribing  the  quadrant  AQM, 
and  drawing  BQ^parallel  to  MH ;  becaufe  DB  =  EC  =  y,  and,  by  the  pro- 
perty of  the  circle,  CQ^=  Vaa^^yy^  the  element  of  the  circular  fpace  C(^ 

will  alfo  be  — y^aa  ^--^yy.  Whence  the  fpace  CQA  will  be  equal  to  the 
fpace  ABDE  J  and  fo  of  others.  And  confequcntly  me  fpace  infinitely  pro- 
duced, comprehended  by  the  iraarix  ABF,  by  the  afymptote  EH,  and  by  the 
right  line  AE,  will  be  equal  to  the  quadrant  AME. 


EXAMPLE    XIIL 


Bg.  II7- 


104.  Let  ACB  be  a  fpiral,  and  AB  =  ^  the 
radius  of  the  circle  BMP,  the  periphery  of  which 
=  by  any  arch  BD  =  x,  AC  =  y ;  the  equation 
will  be  /y  =  ax.  Drawing  AE  infinitely  near  to 
AD,  it  will  be  ED  =  xi  and  with  centre  A 
defcribe  the  infinitefimal  arch  CH.  Becaufe  of 
fimilar  fedlors  ACH,  ADE,   it  will  be  CH  = 


a 


,  and  therefore  the  fecior  ACH,  the  element 
of  the  fpace  ANCA,  will  be  =  ^^Zl .     But,  by  the 


equation  of  the  curve,  it  is  ^^  = 


ax 


therefore 


that  element  will  be  =  ^^  ,   and  by  integration,  and  omitting  the  conftant 

quantity  as  fuperfluous,  the  fpace  ACN  will  be  ^ ;   and  making  a?  =  ^,   m 
refped  of  the  whole  (pace  ANB,  which  will  be  =  iab. 

Lee 


••ECT.  nu 


Air  AL  YTX'C  AX      X  «rs  Tl  T  U  T  I  0  Ml. 


^98 


m  n 


Let  the  equation  be  general  to  infinite  fpirals  ax    :=z  by   i  then  it  will  be 


2» 

aax  ^ 

max    ^ 

2n 


and  the  formula  of  the  fpace  will  be 


2« 


av'"  X 


in 
ai  « 


-> 


and  by  integration. 


;  and  making  x  =  b,  the  whole  fpace  will  be  =r 


ntai 


4n  +  2m 


411  +  2111  X  b^ 

It  is  eafy  to  perceive,  that  the  fpace  ABMDCNA,  terminated  by  the  radius 
AB,  the  circular  arch   HMD,  and  the  portion  of  the  fpiral  ANC,   will  be 

£IX  iufi 

—  —  gl^ ;  becaufe  it  is  equal  to  the  feftor  ABMDA,  diminifhed  by  the  fpace 

ACN.     But  if  we  would  have  it  by  means  of  the  differential  formula,  it  is 
enough  to  obferve,  that  it's  element  will  be  the  infinitefimal  trapezium  ECHD, 


which  is  known  to  be  =  DE  +  CH  x  xCD,  that  is,  x  +  -^  X 


^  -y  _ 


aax  --  yyx 
la 


And,  inftead  of  jjy,  putting  it's  value  -tt-  given  by  the  equation. 


it  will  be  —  - 

2 

conftant  quantity. 


^^;  and  by  integration,  — |tt,  omitting  the  fuperfluous 


A 


EXAMPLE    XIV. 


Fig.  ii8« 


Vol.  II. 


105.  Let  ABM  be  the  parabola,  whofe  equa<» 
tion  is  ax  =  jjy,  and  make  AC  =  *,  CB  =  y^ 
and  let  the  ratio  of  the  whole  fine  to  the  right 
fme  0/  the  angle  BCD  be  that  of  ^  to  ^;  to  the 
fine  of  the  complement  be  that  of  a  to  /$  then 

it  will  be  BD  =  ^,   and  CD  =  -:^.    Let 

a  a 

CH  =  X,   then  CH  x  DB  =   CHMB,  the 

element  of  the  fpace  ACB,  and  therefore  the 

formula  will  be  — .  And,  inftead  of  y^  put- 
ting it's  value  given  from  the  equation,  that  is, 
y/ax^  it  will  be   l^L^fL  .  and  by  integration, 

Cc  EX- 


^9A 
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EXAMPLE    XV. 


Fig.  119 


1 06.  Let  ACM  be  a  parabola  referred  to^ 
the  focus  B,  the  equation  of  which  will  be 

=  i,  making  BC  =  z,  CD  =  «r. 


azz 


an  infinitely  little  arch  of  a  circle,  and  tks 
parameter  n  %a.  Then  the  infinitelimal 
fedtor  BMC,  or  BDC»  will  be  the  element 
of  the  fpace  ABC,  and  therefore  ^tsm^  or 

,  will  be  the  formula ;  the  integral  of  which  will  be  found  to  be 

Zviaz  —  aa 

—r—\/2aZ'^aa  +  mm.  Now,  taking  z  zz  BA  =:  fj,  in  which  cafe  the 
fpace  ought  to  be  nothing,  it  wilt  be  mm  =  o,  and  therefore  the  complete 
integral,  that  is,  the  fpace  ABC,  is  — ^\/2J2;— o^. 

And  in  faft,  from  the  point  C  letting  fall  CQ^ perpendicular  to  AQi^  the 
fpace  BCA  is  equal  to  the  fpace  QCA  leflened  by  the  triangle  BQC.     But^ 

making  BCL=  o^  QC  =  ^,  it  will  be  Q^A  —  QCB.  =.  ^  X  ia  +  x  x  J 


—  ^^  +  ^ 


da  +  « 


^  =  — ^  X  y.    Therefore  BCA  =      ^ 


X  y.    But,  by  the  pro- 
perty of  the  parabola,  BC  r:  AQ^+  AB  =  ^  -|-  ^^  that  is,  2  =  *  +  ^,  and 

Therefore,   thefe  values  being  fubftitutcd 


y  =i  \/aa  +  2ax  =:  \/%az  —  aa. 

inftead  of  k  and  jr^  we  (hall  find  BCA 
above. 


2tf  +  « 


XJ'  = 


g  +  g 


x/aaz^moa,  as 


EXAMPLE    XVL 


107.  If  the  fourth  part  AC  of  the  periphery 
of  a  circle  be  conceived  to  be  flretched  out 
into  a  right  line  (ac),  and  taking  any  portion; 
(ae)  equal  to  the  arch  A£,  let  there  be  raifed 
the  perpendicular  (ed)  equal  to  the  right  fine 
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DE ;  the  curve  (ai)  which  pafles  through  all  the  points  (d)  Co  determined,  is 
called  the  line  of  right  fines.  Producing  {ac)  till  it  be  equal  to  the  femicircum- 
ference  of  the  circle,  the  curve  will  have  another  branch  beyond  (c/),  fimilar 
and  equal  to  the  iirft. 

Let  the  radius  be  =:  r,  any  arch  AE  =3  *  =  (ae)^  the  correfponding  fine 
DE  zz  y  zz  [ed)  ;  becaufe  the  fluxion  or  differential  of  the  arch,  exprefled  by 

means  of  the  fine,  is  found  to  be        ^        j  we  fliall  have  x  r=  -^~=,  which 

is  the  equation  of  our  curve.  Therefore  the  formula  yx^  by  fubftituting  the 
value  of  A',  will  be       ^-^      \  and  by  integration,  —  r^/rr  — yy  +  ;?.     But, 

putting  ^  =  o,  it  is  «  =  rr.  Therefore  the  complete  integral  is  rr  —  r^rr  -r-yy 
zz  fpace  (ade)  ;  and  making  y  zz  r^  it  will  be  rr  =  to  the  whole  fpacc  (aU). 
Whence,  making  TH  the  fquare  of  the  radius,  and  producing  the  fine  DE 
to  M,  the  fpace  (ade)  will  be  equal  to  the  reftangle  DH,  and  the  whole  fpace 
(ate)  equal  to  the  fquare  TH. 

108.  The  Examples  now  .produced  mayfuffice  to  (how  the  ufe  of  the  method. 
It  only  remains  to  obferve,  that  often  the  equations  of  the  curves,  the  areas  of 
which  are  to  be  fquared,  (and  this  is  alfo  to  be  underftood  in  refpeft  to  rcftifi- 
cations,  quadratures  of  fuperficies,  and  cubatures,)  may  be  fuch,  that  they 
have  not  the  varriable  quantities  feparate,  nor  can  they  be  feparated  by  divifion 
only,  and  confequently  are  not  reducible  to  the  formulas  required.  Such  would 
be  the  curve,  whole  equation  is  x^  +  y^  zz  »xy,  for  example. 

In  thefe  cafes  there  is  occafion  to  take  the  advantage  of  fome  proper  fubfti- 
tution,  by  means  of  which  the  equation  may  be  transformed  into  another,  in 
which  the  variable  quantities  are  feparate,  or  at  leaft  are  fcparable.  But  it 
cannot  be  determined,  in  general,  what  thofe  fubftitutions  ought  to  be.  There 
is  need  of  praftice,  and  perhaps  many  trials,  to  know  when  this  may  be  fuc- 
cefsfuUy  performed. 

As  to  the  propofed  equation  x^  +  y^  zz  axy,  make  y  —  — i  and  making 

the  fubftitution,  the  equation  will  be  ;c*  +  ^4"  =  "~  >  ^^^^^  ^^»  ^'  —  — li —  • 

Then,  by  differencing,  x^x  zz  lf!iliz±!f .     Wherefore,   taking  the  formula 

3 

for  fpaces,  which  is  yXy  becaufe,  by  fubftitution,  it  is  y  zz  ^ ,  this  formula 
will  be  ^i    and    fubflituting,    inftead    of   xxx,    it's    value    now  found, 

±2fijpL^,  it  will  be  yx  =  lff±zi^;  and  by  integration,  /yx  =  ^z% 

Cc  2  — 
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,^  ^.  and,  Miftead  of  zz,  rcftoring  it*s  value  ~,  it  will  be  finally  y>i  =i. 

zaxx         x^ 
17"  ""2^" 


EXAMPLE    XVII. 


109.  Let  the  curve  be  a^xY  —  ^*  =  a^y,  whofe  area  is  required.    Pat 
y,zz  —9  and  the  equation  will  be  transformed  into*  this  other,  a^z  --.  x^z^ 


a^  aa%  —  a*  1    1        r  «*« 


=  tf*.  from  whence  we  have  x  =  ;  and  therefore  x  zz        ^^ 

-  ^JL^Zflji.  and  y  =  f2JL^Hf!i.    Hence  we  ftiall  have  the  ele- 

ment  of  the  area  yx  zz  -^  —  "iT  ^  ^^^  ~  ^  ~  "ISi  ""  1?^  *  ^  therefore,, 
by  integration,  /yx  =s  -^^  +  ~ .  And,  inftead  of  z^  reftoring  it's  value 
~,  the  area  will  be  — -;j^  +  "9?^- 

To  this  purpofe  may  be  feen  the  Method  of  Mr.  Craig^  in  his  Book  D^. 
Calculo  Fluentium. 


EXAMPLE    XVIII. 


curves. 


The  reaifi-       '^^:  ^^^  ^^^  ApollontM  parabola  be  given  to  be  rcftified  ;  that  is,  to  find  a 
cation  of      right  line  equal  to  any  arch  of  the  fame  parabola,  the  equation  of  which  is 

ax  =  yy.    It's  fluxion  will  be  ax  =  2jjy,  and  xx  =  2^2L,     Now  the  formula 

for  reftification  is  \/xx  +  jy ;   fo   that,  fubftituting   here,    inftead  of  xx, 
it's  value  given  from   the    fluxional  equation,    it  will  be    ^xx  +  yy   zr, 

— ^^^  ^  g^yj^  _  2^^^  ^  ^^  ^^  element  of  the  Apollmian   parabola 
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m^  zz  yy.     Proceeding   to  the  integration;    by  making   the   fubftitutioa   of 
'v^4Xy  +  ^^  =  2)r  +  z,  in  order  to  take  away  the  radical,  we  fhall  find  it  to  be 


'—S^Ayy  +  aa  ::z  —  rr  ~  ~  —  "gj*  ^^^  integral  of  which  we  may  fee  is 

partly  algebraical,  and  partly  logarithmical ;.  and  therefore  the  reftification  of 
the  parabola  depends  on  the  quadrature  of  the  hyperbola  j  which  truth  may  be 

difcovered  after  this  other  manner.     Let 
Fig.  I  a  I.  ADE   be  an  equilateral  hyperbola,   with 

jlj; ^  femiaxis  =:  a,   BC  =  x  from  the  centre, 

CD  =  2y,  the  equation  of  which  will  be 
XX  —  aa  zz  457.  Drawing  GE  infinitely 
near  to  HD,  then  HGED  will  be  the 
element  of  the  fpace  ADHB.     But  we 

-^— g know  HGED  to  be  ^jix/Ayy  4-  aa^  which 

"  is  the  fame  formula  as  that  for  the  redid- 

cation  of  the  parabola^  excepting  the  conftant  denominator  2a.  Therefore,  &c. 

By  the  help  of  infinite  feries.    I  take  the  above-written  formula  for  the 
redification  of  the  parabola,  that  is^  ^\/^yy  +  m^  which,  being  reduced  to 

a  feries,  will  be  j?  +  ^^  —  ^~  +  ^^  —  ^-^^^  &c.     And,  by  integration, 

f^^/Affy  +  M  =^+^  —  ^-2  +  rT  —  ^^  f  &c.  will  be  any  arch 
whatever. 


In  the  general  formula  y/xx  +  yy^  inftead  of  fubftituting,  in  the  place  of  Xy 
k*s  value  given  by  y  from  the  equation  of  the  curve  \  if  we  (hould  fubftitute, 

in  the  place  of  j/,  it^s  value  given  by  x,  it  would  be  iii^ — ff  ^  or  i^ii^i— fli, 
which  is  not  indeed  more  manageable  than  the  other. 

If  the.  parabola  was  not  that  of  AplloniuSy  but  the  fecond  cubic,  the  equation 
of  which  is  axx  zz  y^ ;  by  taking  the  difference,  it  would  be  xx  zz  ^SZ  ^  and 


—  *;  y9y  +  4? 


therefore  the  formula   \/xx+yy  =  y\/^ — ^f  the  integral  of  which  is 

9fly  +  ^^^\/gay  +  ^aa  +  m.     But,  putting;^  =  o,   it  will  be  w  =— -/t^; 
therefore  the  complete  integral,  or  the  length  of  the  arch,  will  ber 

Ini 


t^fi 
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Fig.  Ill* 


In  the  ApoUoman  parabola  ADM»  if  it  (hall 
be  AC  =  4^,  and  taking  any  line  CK  =  j^ 
the  parameter  i=  |tf ;  it  will  be  AK  r=  |tf  +  jr, 

XM  =  ^^  +  9^,    Whence  the  element  of 
the  area  MKCD  will  be  j/^lfl±i2:,  which  is 

the  fame  with  the  element  of  the  length  of  the 
fecond  cubical  parabola,  except  the  tonflant 
quantity  a.  And  therefore  the  redification  of  this,  and  the  quadrature  of  that, 
is  the  fame  thing.  Whence,  becaufe  the  quadrature  of  that  may  be  found 
algebraically,  this  is  :airo  algebraically  redtifiable.  And  hence,  in  general,  if 
the  exprefiion  of  the  element  of  any  given  curve,  divided  by  the  difference  of 
the  unknown  quantity,  be  put  for  the  ordinate,  and  the  unknown  quantity  be 
put  for  the  abfcifs ;  a  new  curve  will  thence  arife,  the  quadrature  of  which  will 
.give  the  re£tification  of  the  given  curve. 


EXA.MPLE    XIX. 


-X.    «L  . 


III.  Let  AEM  be  a  circle,  It^s  diameter 
AM  =  tf,    AB  =z  XI   it  will  be   BF  =:  jp 

=  y/ax  —  XX.    Then  y  zz  ^^  ^  **  ^  yy  = 
¥^'  -  ^*^  +  ""'*,     And  therefore  the  ele- 


ax  —  XX 


ment  of  the  curve   FH  =    ^xx  ^  yy    = 
,  and  reducing  it  to  a  feries,  it  will  be 


1  + 


i. 

3**;^ 


%^  ax  —  XX 


r  + 


7 


2  X2fl*        2x2x4a*  ax2X4x6fl*         aX2X4x6x8a* 


,  &c.    And 


X    i 


by  integration,   it  will    be    a^x^  + 


2  X  3^' 


7   + 


3^ 


15* 


2  x4  x5a 


t        2x4x6x7^* 


lOJ** 


7  > 
aX4x6x8x9tf* 


&c.    Or,  becaufe  it  is  xx  =  /^  "^"^7!! i  that  is,  by  fub- 


ilituting  yy  inftcad  of  ax  —  xx,  xx  =  -r^^ —  j  then  putting  this  vvaltie,  !»- 


iaa  -sf 


Aead 
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Head  of  xx  in  the  general  formula,  it  will  be  \/xx  +  jy  =:  --7==== ; 
which,  being  reduced  to  a  (cries,  will  be  found  to  be  =  y  +  ^^  +  -^   + 


%Oy^j      .      JOyy 


-^  +       t  •  ^  &c.     And  by  integration,  it  will  be  finally  the  arch  FA  =:  y 

+  4  +  ^  +  i^  +  22^,  &c. 
But  if  the  radius  were  mad'e  =  a,  the  feries  would  be  ^  + 


ar' 


^  + 


ij^» 


+ 


lOJy* 


2.x  3« 


r  + 


2x4x5a*        2x4x6x7^^        jX4x6x8x9d 


1»  &C. 


Laftly,  if  it  were  DB  z=  x^  the  radius  DA  =  a,  it  would  be  jf  =  •^  —  x;^. 


and  j^  iz  ■       ^* ,  '  ;  therefore  \/xx  j^  yy  :=.  ;  and,  reducing  to  a 


ax 


feries,  it  will  be  -v 

&c.    Whence  the  arch  EF  =  *  +  ^-^^  + 

I2i?! &c 

2x4x6  X  8x9tf'^ 


20^    '    2    X  4a*     '     2X4X60^     '     2x4x6x8a*' 

3fL +  _iifl_  . 

2  X  3«*  "^  au  X  4  X  s^        2x4x6  X-74* 


EXAMPLE    XX. 


^/^.  124. 


hhxxxx 


112.  Let  ADC  be  an  ellipfis  with 
tranfverfe  femiaxis  BA  =  a^  and  conju- 
gate femiaxis  BD  =  *,  BE  =  x^  EO=jr; 

the  equation  will  be  -^  zz  aa  —  xx^, 

—  hhxx 


^     and  therefore  yy  = 


aa 


,  and  )7  = 


cay.  am  ^  XX 


9  and  the  general  formula  ^xx  +yy  =  ^  xx  + 


hbxxxk       .. 


4|4  .  fuue^f 


X^a^  -  fl»«*  +  b^a^ 


\^m^ 


XX 


Inftead 


# 
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Inftcad  Q£fubftituling  the  value  of  jf  given  by  ic  from  the  equation,  u  we 

■ _ 

fliould  fubftitute  the.yalue  of  ^,  it  would  be  \/xk  +  yy.  ^      ^hJhhmJ * 

But  botli  of  the  expreffions  fo  found  would  want  one  of  the  conditions  of  §  38, 
without  which  it  may  be  feen,  that  thefe  formulas  cannot  be  freed  from  radical 
figns,  and  fo  prepared  for  integration.    Then  to  proceed  to  feries,  I  take  one 

of  the  two  fornuilas,  for  inftance  ^^^-"^*^*±i!f!  ^  ^hich  alfo  may  be  thus 

oy  aa  —  xx 

expreffed,  idj  i  +  -;  ^^"""^  ;  and  this  being  reduced  to  a  fcries,  will  be  = 
r  +       \i^^^;^  V^^'^        ,        ^\^'-'- li?^^,  &c.     And 

again^  reducing  every  term  of  this  into  a  feries,  beginning  at  the  fecond,  it  wili 

U^    ^    A      ,  hhxx  .       .     ifibxxx   .    ^  I         I       **       I       **       i^     *^         %tr> 


into 


^+7-  +  '^  +  &.«='- 


221- —  into  -r- +  ^  +  IT  +  -IT  ^  *f^ 


And  by  integration,  the  arch  DO  will  be  /^v  ^  +    4  ^  ^»^*  == 

*  +  —  into  '-r  -^ r  H s"  +  — r  >  &c. 

—  o-T  into  — r-  H s  +  ^  +  -^-TS  >  «c. 

l6tf*  7fl*  ga^     '     iitf*®  ^ 

—  -~i  into  —J-  +  -^-rr,   &C. 

And  laftly,  reducing  the  homogeneous  terms  into  the  fame  denomination,  we 
(hall  find  DO  = 

6  Now, 


tscT.  <ir. 
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tot 


Now,  if  we  (hould  fuppofe  a  zz  t^  m  which  cafe  the  cUipfis  would  become  a 

circle,  we  (hall  have  the  arch  DO  =  jp  +  ~  +  -^  +  -^  H ^^4-T>  &<^* 

jiift  as  was  found  before,  at  §  1 1 1  • 

After  another  manner,  thus.     In  the  formula 


aV^*  —  «**•  +  i^x*    . 


W  —  tf a  =  m^  cc,  fo  that  it  may  be 


Xya^  —  ccxx 


a  '^faa  —  xx 


,  if  we  make 


folved  into  ferics,    it  will  be 


5rV 


,  the  two  radicals  being  re- 


i    •   ^       %         ^.v*        r*jr*         cV  crV        « 

—  into  d    — —  —  •-  ^  At 


.—  -_  -fl  ^^  gar*         „ 

2tf  8tf»   ""  iSS*  ~  1284^ »  ^^* 


;    and    at^ually  making   tho 


diviiion  of  the  numerator  by  the  denominator,  after  a  very  long  calculation  wc 
Ihall  find  another  feries,  which,  being  integrated,  and  the  value  of  cc  reftored 
ill  it's  place,  will  give  us  the  fame  feries  as  above,  which  exprcfles  the  value  of 
the  arch  DO. 


EXAMPLE    XXL 


fig^  X25« 


113.  Let  BD  be  an  hyperbola  with  tranf- 
verfe  femiaxis  AB  =  tf,  conjugate  femiaxis 
AE  =  *,  CD  =  jr,  AC  =  X  J  the  equation 

Then,  by  taking 


will  be  $cx 


the  fluxions,   it  will  be  ^  = 


ajy 


whence •ir+5  =  ^7TT^=  4"  X  ""^S^*"-  ^^"f"'' 


this  being  reduced  ii^o  a  feries,  after  either  of  the  ways  before  made  ufe  of  for 
the  cllipfis,  we  (hall  find  it's  integral,  or  the  arch  BD  =  ;r  +  ^  —  —^^y 

feries  as  that  for  the  ellipfis,  excepting  the  figns,  and  the  change  of  the  con- 
(lants  a,  b. 


Vol.  !!• 


Dd 
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SOS 


JlirAt.TTieAL     XirSTITVTIOiri. 


BOOK  IXI» 


EXAMPLE    XXII 


Fig.  112.  ' 


114.   Let  it  be  the  cycloid  of  Ex- 
ample VIII.  of  Quadratures,  the  equation 

of  which  we  know  tohc  y  zz  x^ 


—  * 


therefore  the  formula  will  be  \/xx  +jy 

=  xv/~,  and  therefore,  by  Integra- 

tion,  it  will  be  the  arch  EA  =  2\/aXy  or  the  double  of  the  chord  AS  of  the 
correfponding  circular  arch  AS.  And  putting  x  zz  a,  AM  will  be  the  double 
of  the  diameter  of  the  generating  circle,  and  therefore  the  whole  cycloid  will 
be  quadruple. 


EXAMPLE    XXni 


Fig.  116. 


115.  Let  ABF  be  the  traffrix^  whofe 
equation  is  (§  103.)  ^-^—^ssa.    There- 

fore  »  =  —  — ,  and,  by  integration, 

any  arch  AB  =  «  =  —  fy  ±  »,  in  the 
logarithmic  curve  with  fubtangent  =  a. 
But,  making  n  =:  o,  it  is  jf  =  tf,  and 
/y  zz  o ;  therefore  »  =  o,  and  the 
complete  integral  will  he  uzz  ^^fy.  Therefore,  if  the  logarithmic  AKS  be 
defcribed  through  the  point  A,  with  the  fubtangent  AE,  to  the  afymptote  MH; 
taking  any  point  B  in  the  traSlriXj  and  drawing  to  the  logarithmic  BK  parallel 
to  the  afymptote,  and  letting  fall  the  perpendicular  KN,  the  intercepted  line  NE 
will  be  equal  to  the  arch  AB. 


£X. 
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Fig.  117. 


11 6,  Let  ACB  be  the  fpiral  of  Archimedes  of 
I  104.  the  radius  of  the  circle  =  a^  the  circuin* 
terence  =  ^,  the  arch  BMD  =  a?,  and  AC  =  y. 
Let  A£  be  infinitely  near  to  AD,  and  therefore 

DE  =  X.    With  centre  A  let  the  arch  CH  be 

• 

defcribed;  then  it  will  be  CH  =  — ,  and  OH=j^. 
Therefore  CO,  the  element  of  the  curve,  is  equal 

to  — :2!iii£2Z.    But  the  equation  of  the  curve 

=  hy^  and  therefore  xx  =  -^;  whence. 


IS  ax 


making    the    fubftitution,    it    will    be    CO    = 


-^s/a^  +  blr^.    The  integral  of  this,  after  a  long  calculation,  which,  to 

avoid  being  tedious,  I  (hall  omit,  will  be  found  to  depend  on  the  logarithms^ 
or,  which  is  the  fame,  on  the  quadrature  of  the  hyperbola* 

Now,  by  infinite  feries.    Firfl,  I  make  a^  —  btrnmi  whence  the  formula  will 
be  this,  M^x^mm  +  jjy,  which,  being  reduced  to  a  feries,  will  be  —  into 


m  + 


2m 


£i  +  !&•  ~  77S^ »  ^^' »  *°^  therefore,  by  integration,   the 


arch  AC  =  ^  +  ^' 


hy 


lyl 


s¥ 


aa 


6a^m 


hm  ah 

a  6m 


9  X  iiSa^m^ 


,  &c.   And  making 


y  :=i  a,  the  whole  curve  ACB  =  -^  +  -zr  —  ~t  + 

Ma 


iiim^  9  X  ia8M^  ' 


&c.    Then,  inftead  of  w,  reftoring  it's  value  -y- ,  it  will  be  ACB  zz  a  + 


3*       ,       i« 
+ 


Sh' 


40a'  1120*  9  X  128a' 


I   &C» 


*!•• 


Ddz 


If 


fa4 

Fig.  126 
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yooK  nm 


If  the  curve  ABC  were  the  logarithmic 
fpiral,  whofe  equation  \%  ay  '=1  bx ;  making 
KB  r:  y,  and  the  infinitely  little  arch 
BD  =  X ;  putting,  in  the  general  formula 

i/xx  -^  yy^  the  value  of  x  given  from  the 

equation^  it  will  be  —^ 9  and  by  i 

tegratiofl,  the  curve  AB  =  -^^y/aa  +  bb. 


in«^ 


Let  the  curve  ABC  be  the  hyperbolical  fpiral,  in  which  the  fubtangent  is 
always  conftant;  and  tbisrefore^  retaining  the  fame  names  as  above,  the  equatioa 

will  be  yx  n  ^.     Therefore  ii  will  be  y/xx  -{-jyiZ'^  y/aa  +  jy  ;•  the 

integral  of  which  formuia^  freed  from  die  radical  (ign,  will  be  found  to  depend 
on  the  log^ithmic. 


By  means  of  feries  we  (hall  find  -^y/aa  ^  yy  ^  y  into  —  +  ^ 


8ai 


i2ii '  *^^*    ^^  ^  ^^  would  proceed  to  the  int^ratitfn,  tlRr  fifft  terni 

cannot  be  integrated,  buc  by  the  help  of  another  infinite  feries.  Wherefore, 
the  fum  of  the  faid  feries  being  integrated,  all  but  the  firft  term,  together 
with  the  integral  of  fhe  feries  expreffing  that  firft  term^  will  form  a  feries  whicti 
will  be  the  value  of  the  curve  proppfcd. 


EXAMPLE    XXV. 


Fig.  115. 


E     A=rna — k 


1 1 7.  Let  HBD  be  the  Ic^rithmic,.  AR 
the  fubtangent  zz  a,  AK  zz  x,  KH  =  jr, 

and  the  equation  -^  =  x.  The  value  of 
X  being  fubftituted  in  the  general  formula^ 
it  will  be  ^y/aa  +  yy^  of  which  the  in- 
tegral depends  on  the  fame  logarithmic.  I 
fliall  forbear  to  apply  infinite  feries,  becaufe 
their  ufe  may  be  fufficiently  fcen  in  the 
former  Examples. 


»KCT.  Uh  AllALVTI04ft     I  If  8  TIT  V  Tl  Oir  f,  ftOjT 


EX  AMPLE    XXVL 


ii8.  Let  the  curve  be  the  Apollonian  parabola,  with  it*s  co-ordinates  at  any 
oblique  angle,  and  whofe  equation  is  ax  —  yy.  This  being  differenced,  and 
fubftituted  in  the  general  formula  for  rcdifications,  when  the  ordinates  are  at 

oblique  angles;  that  is,  in  the  formula  ^J  xx  +  yy  +  i^,  inftead  of  x^  it's 

value  given  by  jf  being  fubftituted,  we  (hall  have  —Jyy  +  —  +  \aa\  the  in- 

*, 

tegral  of  which  will  be  partly  algebraical,  and  will  depend  partly  on  the  qua- 
draturc  of  the  hyperbola. 


EXAMPLE    XXVIL 


■■ 


119.  Let  the  equation  be  x    =  yy  which  is  to  infinite  parabolas,  and  ta   , 
infinite  hyperbolas  between  the  afymptotes.     By  differencing,  it  will  be  *  ^  .v 
=  j^,  and  x^^'^'^xx  -=1  yy  \  whence  ^^xx  -^  yy>  or  the  element  of  the  curve, 

will  be  Xsl  x^'^^  +  i.    Proceeding  to  the  integration,  I  (hall  have  recourfef^ 
to  the  method  of  §  61,  and  (hall  exhibit  the  formula  in  the  following  manner. 


IK 

X   X 


The  canonical  formula  of  the  faid  article,  or  .    $  i« 


algebraically  integrable  when  ^  -*'t^  jg  ^j^  integer  affirmative  number  1  and  if 
it  be  an  integer  negative  number,  it  will  be  reduced  to  known  fiitiple  quadra- 
tures.    Now,  by  comparing  this  formula  ^      _j^.  with  the  canonical,  wc 

have  ;i  =  o,  2/  —  2  =  w,  and  a=:  i.    By  which  it  will  be  neceffary  that 
'^^'*'^  fliall  be  an  integer,  which   I  call  b.     Then  '  ^  ^  ^  -f  that  is,. 

|^~  =  b,  and  confequenily  f-J-||  =  U  the  determining  exponent  of  the 

infinite  curves*. 

Let 


"^06  ANALYTICAL      IIISTITI^TIOKf.  BOOK  tl^. 


Let  i&  be  a  pofitive  integer,  beginning  from  o.     Now,  if  it  =  o,  it  wil 
/  =  ^ ;  if  ^  =  I,  it  will  be  /  =  4.  J  if  i&  —  2,  it  will  be  /  =  ^,  &c.     I 


will  b« 
,  LctA 

be  any  one  of  the  feries  of  natural  numbers,  o,  i,  2,  3,  4,  5,  &c.  the  innu- 
merable values  of  (he  exponent  /  will  be  exprefied  by  the  following  progreffion, 
/  zz  A,  ^,  T,  7,  T^*  -It,  &c.  the  law  of  which  feries  is  manifeft  ;  and  in  all  thcfe 
cafes  the  parabolical  curves  will  be  algebraically  rcftifiable ;  the  firfl  of  which  is 
the  fecond  cubical  parabola. 

Let  b  be  equal  to  an  integer  negative  number ;  and,  firft,  make  ib  ir  —  o, 
in  which  cafe  the  fame  cubical  parabola  arifes,  becaufe  —  o  and  +  o  are  the 
fame  thing.  Make  i>  n  —  i,  and  the  exponent  /becoming  =  4^  it  is  con- 
fequently  infinite.  Make  b  =  —  2,  then  /  =  t»  Make  ib  =  —  3,  then 
/  =  ^.  And  fo  on.  Therefore  the  infinite  values  of  the  exponent  /  will  be 
exprefled  by  this  progreflion,  /  =  ^,  ^,  4,  4.,  -rVf  &c»  and  the  parabolical 
curves  thence  arifing  will  be  rcdlifiable  by  means  of  known  quadratures. 

The  firft  curve  which  prefents  itfelf  is  the  conic  parabola,  the  redification  of 
which  requires  the  quadrature  of  the  hyperbola,  §110. 

The  other  cafe,  in  which  the  general  formula  of  §  61  is  either  redifiable 
algebraically,  or  by  means  of  known  quadratures,  is  when  «  —  —  —  1  — .  — 
is  an  integer.  That  is,  by  fubftituting  the  particular  fpecies  of  this  example, 
^J^J^  ^  =  b,  and  therefore  ^  J]  ^ ,  =  /,  the  determining  exponent  of  the 
infinite  curves. 

Let  A  be  a  pofitive  integer  number,  beginning  at  o  ;  we  (hall  have  the  fol- 
lowing progreffion,  /  =  4,  ♦,  «,  4,  4.*,  &c. 

Let  ^  be  a  negative  integer,  and,  firft,  let  i&  =  —  o.  Then  the  fame 
exponent  /  =  t  returns  upon  us,  becaufe  —  o  is  equivalent  to  +  o.  Let 
/^  iz  —  I,  the  exponent  /  becomes  equal  to  the  fraction  ^,  and  confequently  is 
nothing.  Let  i&n—  2,  ^zi— 3,  &c.  and.  we  (hall  have  this  following 
progreJTion,  /  =  ?.,  |,  -f-,  |,  ^-^,  &c. 

The  fraflion  which  gives  the  value  of  the  determining  exponent  /,  is  the 
fame  in  both  cafes,  only  that  in  the  fecond  it  is  the  reciprocal  of  the  firft;  fo 
that  the  progrefTions  ought  to  come  out  reciprocal,  as  in  effeft  they  do. 
Therefore  the  curves  determined  by  means  of  each  formula  are  the  fame,  but 
with  reciprocal  exponents,  that  is,  they  are  referred  to  two  different  axes.  As 
for  example,  the  two  exponents  t  and  x  belong  to  the  Apollonian  parabola^ 

which  offers  iifelf  in  two  manners,  x^  =7,  that  is,  x  =:jgf,  and  likewife  x^  =/,  or 
XX  =  y  ;  both  local  equations  to  the  parabolical  trilineum. 

Wherefore 
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Wherefore  thefe  curves,  which  are  included  in  the  foregoing  progreffion«, 
are  either  algebraically  integrabie^  or  do  not  require  quadratures  beyond  the 
circle  or  hyperbola.  But  the  other  curves,  infinite  in  number,  require  quadra- 
tures of  a  higher  order. 

It  appears  from  our  progreffions,  that  the  value  of  the  exponent  /  is  never 
negative.  Hence  no  hyperbola  admits  of  a  reftification,  either  algebraical,  or 
depending  on  the  forementioned  (impie  quadratures. 


EXAMPLE    XXVIir. 


Fig.  111. 


120.  Let  ACGKA  be  an  ereft  cone,  AB  rr  ^,  BC  =  ^  ;0f  cubatoret. 
let  AD  =:  ;i^   be  any  portion  of  the  axis  AB ;  it  will  be 


bx 


DE  =  J'  =  —  >  and  therefore,  fubftituting  this  value  inflead 


of  y  in  the  general  formula,  ^^,  it  will  be  L-iff ^  and  by 

integration,"  ^ — .,  in  refpeft  to  any  portion  taken  from  the 

vertex ;  omitting  the  conflant  quantity,  which  here  is  need- 
lefs.     And  making  x  :=-  a^  the  whole  cone  ACGKA  will  be 

=   —-  =  ^ —  X  — ,  that  is,  equal  to  the  produft  of  the 
bafe  into  a  third  part  of  the  altitude. 

And,  becaufe  the  folid  content  of  a  cylinder  is  the  produft  of  the  bafe  into 
jt*s  height^  the  cylinder  will  be  to  the  infcribed  cone  as  3  to  i. 

The  cone  ACGKA  is  therefore  ^^  and  the  cone  AIEMP  =  ^  j  there- 
fore  the  fruftum  of  the  cone  IMCK  will  be  ^   x  ^  —  -^,  and  therefore  will 


Gr 


aa 


be  to  the  whole  cone  in  the  ratio  of  a^  —  x*  to  a*.  Whence,  for  example,  if 
we  (hould  make  AD  =:  fAB  =  f^,  the  fruftum  will  be  to  the  whole  cone  as 
a^  —  4^%  or  I^S  to  tf',  or  as  7  to  8  ;  and  to  the  cone  AEMPI,  as  7  to  i. 

Therefore,  as  often  as  we  are  to  meafure  any  folid,  it  is  neceflary  to  confider, 
of  what  elements  we  defign  to  have  it  compofed,  according  to  the  different 
fed  ions  that  may  be  adapted  to  it;  varying  it  fometimes  one  way,  fometimes 
another,  as  circumQances  and  conveniency  may  require.  Then,  among  the 
aforefaid  elements,  to  cboofc  thofe  which  may  be  managed  with  the  greateft 

focility^ 


Ao8 
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facility,  and  to  which  the  calculation  may  be  mod  naturally  adapted.  In  the 
eredt  cone  for  example,  of  which  we  are  treating,  we  have  as  many  circles  as 
we  pleafe  parallel  {o  the  bafe ;  and  alfo  as  many  triangles,  which  have  their 
vertex  the  fame  as  the  cone,  and  for  a  bafe  the  parallel  ordinates  of  the  circle 
CGK.  We  may  alfo  cut  the  cone  according  to  fo  many  parabolas,  which  are 
^quidiftant  from  each  other,  and  with  axes  parallel  lo  the  fide  AK  i  and  many 
other  fedions  may  be  made. 

Neverthelefs  it  is  true,  that,  to  find  the  folidity  of  the  cone,  fuch  means  as 
thefe  are  to  be  confidered  as  not  to  the  purpofc,  as  being  too  compounded  for 
the  cafe  propofed.  But  it  may  be  propofed  to  cut  the  cone,  or  other  folid, 
according  to  any  plane  whatever,  and  then  to  meafure  the  two  fegments  into 
which  it  is  divided ;  and,  in  this  cafe,  it  is  convenient  to  make  ufe  of  fuch 
elements  as  (hall  correfpond  to  that  fedion;  as  may  be  feen  in  Examples  XXXVIL 
and  XXXVIII.  following. 


EXAMPLE    XXIX. 


F$g.  128. 


2eaxx  —  cx^ 
6? 


121.  Let  CDK  be  a  femicircle,  which  is  converted 
about  a  fixed  radius  DB,  by  which  a  hemifphere 
will  be  produced ;  and  make  DB  =  tf,  DA  =  x^ 

and   it  will  be  AE  =  ^   =   y/iax^xx.     Then^ 
fubdituting  this  value  in  the  general  formula,  it  will 

be  —  X  ^ax  —  XX ;  and,  by  integration,  the  foli- 
dity of  the  indefinite  fegment  AEM  will  b?  = 
And  making  x  =  a^  the  folidity  of  the  hemifphere  will  be  = 


~ ,  and  it's  double,  4~-  >  will  be  the  whole  fphere. 

And  becaufe  the  cylinder,  the  height  of  which  is  equal  to  the  diameter  of  the 
bafe,  or  a^,  is  -^ ;  the  cylinder  circumfcribed  will  be  to  the  fphere  infcribed, 

as  —  is  to  ,  or  as  3  to  2.    And  confequently  the  half  cylinder  will  be 

Co  the  hemifphere  in  the  fame  ratio.     But  the  cone  alfo,  whof^  height  is  equal 
to  the  radius  of  the  bafe,  (or  equal  to  /i,  the  radius  of  the  fphere,)  is  =  ^j 

therefore  the  hemifphere  will  be  to  the  cone  infcribed  a$  t  to  i« 

8  Furthermore, 
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Furtherirorc,  as  it  is  known  that 


^laa 


is  the  radius  of  the  bafe  of  an  equi- 


lateral cone  infcribed  In  a  fphere,  the  radius  of  which  is  =  ^ ;  and  the  height  of 

the  fame  being  =  —  ,  the  cone  will  be  =z  ^^>  and  the  fphere  will  be  ^^, 

and  therefoie  the  fphere  to  the  cone  as  ^  to  ^Vi  or  as  32  to  9.  In  like  manner 
may  be  dcmonftraied  as  many  Theorems  of  Archimedes  as  we  pleafc,  which  arc 
of  a  like  nature. 

Hence  the  manner  is  plain,  of  obtaining  any  feftor  of  the  fphere,  which  is 
generated  (for  example)  by  the  fcftor  of  the  circle  BEDM.  For  to  the 
^gment  of  the  fphere  generated  by  the  figure  AED,  which  we  know  to  be  =z 

yaxx  -  ff.  ^  jj^^f^  j^g  added  the  cone  generated  by  the  triangle  EB A^  and  which 


6r 


coax 


is  found  to  be  =  -2~  X  zax  -^xx  X  a  —  *,  and  the  fum,  ,  will  be  the 

Or  y 

fcftor  required. 


EXAMPLE    XXX. 


Fig.  129. 


2M  — 2 


ca 


X  ^  X 


122.   Let  there  be  a  parabola  of  any  order, 

whofe    equation    is    y"  =  a  '^  x  \    which,  being 
converted  about  the  axis  AM,  generates  a  para- 

m— I       I 

bolical  conoid.    Then  it  will  bt  y  -  a  ""  x  '"  , 

an— 2      2 

and  yy  ^  a    ^    x  ^  ;    and   therefore,    fubftitut- 
ing    this   value,     the    general    formula    will    be 

2/»— a    m«|-2 


ir 


S  and,  by  integrating. 


of  the  indefinite  conoid.    Or  elfe,  becaufe  x      = 


will  be  the  folid  content 


2+m 

,  and  therefore  x  "w 


2«  — 2 

a    ^ 


xyy 


2m 


a    ^ 


3^,  by  fubftituting  this  value  in  the  integral  now  found,  it  will  be 


mcxyy 
«r  X  iw-f  2 

Vol.  II. 


Ec 


Make 
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Make  «v  s  2,  that  is^  let  it  be  the  Ap^llman  parabola ;  the  conoid  will  be 

=  ^^  ^  that  is,  the  produft  of  the  bafe  into  half  the  height ;  and^  by  coofe- 

quence,  the  faid  conoid  will  be  half  a  cylinder  of  the  lame  height^  and  of  the 
fame  bafe. 

If  we  would  have  the  folid  content  of  the  Aitti^  or  of  the  folid  generated  by 
the  figure  ACD,  converted  about  the  axis  AB  s  from  the  cylinder  defcribed  by 

the  rectangle  ABCD,  which  we  know  to  be  =  ^^,  we  mad  fubtrad  the  pa- 
rabolical conoid     '^^'^^     ,  the  remainder,      ^^  - »  will  be  the  content  of  the 

di(h.  And  making  01  =z  2,  in  refped  of.  the  ApoUman  parabola,  the  difli  will 
be  ^ ,  which  is  half  the  cylinder,  jufl  as  it  ought  to  be,  the  conoid  being  al£i> 
half  of  the  fame  cylinder. 

Let  the  figure  move  about  the  ordinate  MO,  and  make  AM  =  ^,  MO  zzf^ 
AB  =  *,  BC  =:  7,  CK  =  *  —  *,  KO  =  /  -  ;^.     The  circle,  with  radius  CK, 

will  be  =:  —  X  ^  —  *^%  and  therefore  the  produft  of  this  circle  into  y  will  be 

ihe  differential  of  KM;  that  is,-—  X  biy  —  ^J^xy  +  xoy  will  be  the  element 
ef  the  folid  generated  by  the  figure  MACK»  Therefore,  by  integrating, 
and,    inftead    of  at,    putting    it*^8   value  given    by  y^    it    will    be    —    x 


iiy  -.  ^ +        ^ — —  y  equal   to  the  indefinite  folid.     Or, 

I  X  a  2m+i  X  a 


putting  X  in  the  place  of  — ,  it  wilt  be  ~  X  %  —  zr^  + 


ibxy  xxy 


a 


w— I  '  2r     ^       -^         w+i  2m  •\r  I 


Nowi  putting  X:=L  b^  y  z=L  fj  in  refpeA  to  the  whole  folid  generated  by  the  figure 
ACOM,  it  will  be  ^  xbbf^^  +  ^^.  that  is,  _!!!"^^  x  - 


or 


And  if  we  would  have  the  parabola  to  be  tliat  of  Jpollonius,  that  is,,  if  19  =:  2,. 
Aen  the  folid  will  be  =  If^ . 


^5^ 


It  is  eafy  to  perceive,  that,  in  the  Apollonian  parabola,  a  cylinder  on  the  fame 
bafe,  and  of  the  height  of  the  faid  folid,  (hall  be  to  the  folid  as  15  to  8  ;  and 

fbu  the  folid  generated  by  the  figure  OAP  (hall  be  =  ^^. 

^  L4et 


WCT»  nit  AyAI^YTICAL    XKITITITTIOVtt  211 

Let  the  figure  move  about  the  right  line  AP,  and  let  it  be,  as  before, 
AB  =  AT,  BC  =  y  ;  then  — -  will  be  a  circle  with  radius  DC,  and  — ^  will  be 
the  element  of  the  folid  generated  by  the  figure  ACD.  And,  inftead  of  at, 
putting  it*s   value    given    by  y,   and   then  integrating,    it   will   be X 

2Mr-f-t 

-     -^      ■■.■■.  that  is,  —  X  '  ^^     1   equal   to  the  indefinite  folid.     And 
making  x  ^  b^  y  =^  f,  it  will  be ^       ,   in  refpcft  to  the  whole  folid, 

2r  X  2m+  I 

generated  by  the  figure  AOP. 

But  the  cylinder  on  the  fame  bafeand  altitude  is  =  ^-^;  therefore  the  folid 
generated  by  the  figure  AMO  is  =  —  X  ^^      . 

But  dill,  in  another  manner,  we  may  obtain  the  folid  generated  by  the  figure 
AOM,  revolving  about  the  axis  AP,     Make  AM  =  i,  MO  =/.     A  circle 

with  radius  DC  will  be  =  — ,  and  the  circle  with  radius  DK  will  be  equal 

to  — .     Therefore  —  X  ^^  —  xx  will  be  the  annulus  defcribed  by  the  line 

CK,  and  ^  x  ^^  —  xx  will  be  the  element  of  the  folid  generated  by  the 
figure  CKMA ;   and,  inftead  of  x,  putting  it's  value  given  by  y^  it  will  be 

aw.  %mi-i 

—.   y^    hhy -^  ^   ,  and   by  integration,   —  X  ^^  —         ^ 


2m— £  * 


a"'     *  "  2/11+ 1  xa 

L^ftly,  making  y  —  f^  in  refpeft  of  the  whole  folid,  generated  by  the  figure 
AMO  A,  it  will  be  —  X  bhf  —  — ^^ .     But,  when  y  =  /,   becaufc 

ar  ''  -—  ^    2«— 2 

2i»-hi  X  a 

of  the  parabola,  it  will  be  .v  =  ^  =  -^ — ,  and  bb  =  — .   Therefore,  m 

^w-i  ^2«-a 

the  integral,  fubftituting  the  value  given  by  ^,   the  folid  will  be  —  X  ^^ 
—  :  ■    .  ^  =  T"  X  r-^  >  as  above. 
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EXAMPLE    XXXI. 


Fig.  124, 


123.  Let  ADC  be  an  cllipfis,  AB  =  ^, 
BD=*,  AE=;c,EO=jf ;  and  therefore  the 

equation  is  -^  X  lax-^xx—yy.  There- 


aa 


fore,  in  the  general  formula,  fubftitiuing 
the  value  of  y  given  from  the  equation, 

it  will  be  ^ —  X  '^^axx  —  xxx- ;  and  by  in- 


chh 


zaar 


tcgration,  it  will  be  -^^  X  axx  —  ^x^^  equal  to  the  indefinite  lolid  generated 
by  the  figure  AEO,  turning  about  the  axis  AC.     Making  x  :=:  a^  it  will  be 

,  half  of  the  fpheroid ;  and  putting  x  =  aa,  it  will  be  ^^— ^,  the  whole 

fpheroid* 

And,  becaufe  the  cone  of  the  fame  altitude  AC,  and  of  a  bafe  the  radius  of 
which  is  the  conjugate  femiaxis  BD,  is  =  ^-^ ,  and  the  cylinder  is  =  ^— ^  , 
the  fpheroid  will  be  two  third  parts  of  the  cylinder,  and  double  to  the  cone. 


EXAMPLE    XXXII. 


Fig.  121. 


124.  Let  AD  be  an  hyperbola,  which  is 
converted  about  BC,  and  let  it's  tranfverfe 
femiaxis  be  BA  =  -^tf,  the  centre  B,  and 
it's  parameter  =  3,  AC  =  x,  CD  =  jr, 

and  the  equation  \s  ax  +  xx  X  —  =  JJX* 

Subftituting  the  value  of  j  in  the  general 

formula,  it  will  be  —  X  ax  +  xx;  and 

by  integration,  it  will  be  ^  X  ^axx  +  ^x\  equal  to  the  indefinite  hyperbolical 

conoid,  generated  by  the  figure  ADC. 

Make 
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Make  BC  =  x,   and  the  reft  as  above.    The  equation   will  be 


X 


cix 


XX  —  ^aa  =  x^9  and  therefore  the  formula  will  be  —  X  xx^  -^aa,  and  by  in* 


2ar 


2ar 


tegration,  -—  X  t*^  —  ^^ax  +  /.     I  add  the  conftant  quantity  /,  which,  in 

this  cafe,  will  be  fomething.     To  determine  what,  it  muft  be  obfcrved  that  in 
the  point  A,  when  x  =  t^,  the  folid  ought  to  be  nothing.     Wherefore,  inftead 

of  X,  putting  ia  in  the  integral,  it  ought  to  be  /+  —  X  tV^'  —  W   =  0> 


2ar 


and  therefore  /  =: 


Therefore  the  complete  integral  will  be  -^    x 


2^ 


zar 


•JJ^  —  t^^    +    TT^'- 


Let  the  hyperbola  be  converted  about  the  conjugate  femiaxis  HB,  and  make 
the  tranfverfe  femiaxis  AB  :=  a^   the  conjugate  femiaxis  zz  b^   BC   1=  x^ 

m 

CD  =  y.    The  circle  with  radius  HD  will  be  =  ^^ ,  and  therefore  ^^    wiH 

be  the  element  of  the  folid  generated  by  the  plane  or  figure  BHDA.    And, 
inftead  of  xXj  fubftituting  it*s  value  given  from  the  equation  of  the  curve,  we 


fliall  have  -^  x  ^^^^ i   and  by  integration, 


c 
2r 


making  y  :=:  b,  the  folid  will  be  = 


zeaah 
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L~P i> 


M 


125.  Let  KHF  be  an  hyperbola  between 
the  afymptotcs;  AD  =  a,  DE  =:  by 
AP  =  ^,  PH  =:  jr,  and  the  equation 
xy  =:  ab.  Let  the  curve  revolve  about 
the  afymptote  AB.     Then  the  circle  with 


radius  QH  will  be  =  — ,  and  therefore 

^^^  will  be  the  element  of  the  folid  gene- 
rated by  the  figure  AQHFMA,  infinitely 
produced  towards  M.  And,  inftead  of  Xy 
putting  it's  value  given  from  the  equation, 

it 
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it  will  be  ffi*^,  and  by  intwation,  /—  - — .  Now,  to  determine/,  it  may 
be  obfcrvedj  ihat^  when  it  is  jr  ==  o»  the  folid  ought  to  be  nothing,  and  there** 
fore  /  =s=  -^ — ,  an  infinite  quantity,  and  therefore  the  complete  integral  will 

be  -^  ^^^  +  oo  ;  fo  that  the  folid  is  of  an  infinite  value.    - 

Inftead  of  fubftituting  in  the  formula  the  value  given  by  y  from  the  equa« 
tion^  in  the  place  of  xx,  if  we  fliould  fubditute  the  value  of  y;  it  would  be 

—  ^-^ ,  and  by  integration,  —  ~i  +  /.    But  the  folid  cannot  be  nothing 

except  when  x  is  infinite,  and  then  the  conftani  quantity /to  be  added  ought  to 
be  infinite,  and  therefore  the  folid  will  be  infinite. 

To  have  the  folid  generated  by  the  plane  or  figure  BAPHK  infinitely  pro* 
duced  towards  B,  it  will  be  enough  to  confider,  that  as  -^  is  the  periphery  of 

the  circle  whofe  radius  is  QH  z:  ^,  then  ~  will  be  the  fuperficies-of  the  cy- 

linder,  genentted  by  the  plane  AQHP,  and  confequently  ^^  will  be  the  folid 
content  of  the  hollow  cylinder,  generated  by  the  infinitely  little  redangle 
IPHO*    Therefore  the  fum  of  all  thefe,  or  /^^ ,  will  be  the  folid  required. 

Therefore,  inftead  of  y^  putting  it's  value  —  ,  the  integral  will  be  ^^,  a  finite 
quantity,  although  the  folid  be  of  an  infinite  altitude. 

In  the  expreflion  — -  of  the  folid,  inftead  of  ab  putting  it's  value  ary,  given 

from  the  equation  ;  it  will  be  -^^  .     But  -^^  is  the  cylinder  generated  by  the 

reftangle  APHQ^  Therefore  the  hyperbolical  folid  will  be  double  to  tl^is 
cylinder.  And  therefore  the  folid  generated  by  the  figure  BQHK,  infinitely 
produced,  will  be  equal  to  the  cylinder  which  ferves  it  for  a  bale.     Therefore, 

taking  x  =  tf,  and  confequently  y  =  b,  this  cylinder  will  be  =:  -^^ ,  which  is 

equal  to  the  folid  erefted  upon  it. 


EX- 
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126.  Let  HCD  be  the  logarithmic  curvet 
It's  fubtangent  CA  =  ^  AB  =:  x,  BD  =:  y^ 

Let  it  be  con- 


—  ^ 


and  it's  equation  x  =: 

verted  about  the  afymptote  EB.     In  the  ge- 
neral formula^  infl^  of  x^  putting  it's  value 

given  from  the  equation,  it  will  be  ^221;  and 


by  integration,  it  will  be  —  +/•    Bbt  when. 

'  J. 

it  is  y  =  AC  =  a\  the  folid  will  be  =  o.    Therefore  it  muft  be  /  =  —  — ; 

and  the  complete  integral,  that  is,  the  folid  generated  by  the  indefinite  plane 
ABDC,  will  be  =  SSLlifi . 

Let  the  abfcifs  AE  be  negative,  and  therefore  r:  —  x\  and  it's  fluxion  alfo^ 
will  be  negative,  or  -—  x.  And  becaufe,  as  the  abfcifs  increafes,.  the  ordinate 
will  diminifh,  therefore  the  fluxion  of  EH  will  alfo  be  negative,  or  —  j/;  fo 

that  the  equation  of  the  curve  will  be  ftill  the  fame,  ^  =.— .    But,  becaufe  x 


is  negative,  the  general  formula  will  be  negative  alfo,  or =^^.  Subftituting, 

therefore,  the  value  of  x,  it  will  be  —  ^^^ ,  and  by  integration,  —  -^^  +  /• 


Ci^ 


But  when  the  folid  is  nothing,  it  will  be  /  =  4;  therefore /s  ^^^  and  the 
complete  integral  will  be  ffLJliflZ  ^  equal  to  the  folid  generated  by  the  plane 
ACH£«  Putting  y  zz  o,  that  is,  fuppoflng  the  folid  to  be  infinitely  produced 
towards  M,  the  integral  will  be  =  -^ ,  and  then  the  folid  itfelf,  infinitely  pro- 

duced,  will  be  zr  — .    But  the  folid  generated  by  the  plane  ACHE  we  have 
fccn  to  be       --^^y  .  ^^^^  ^^  folid  infinitely  produced^. generated  by  the  plane 


4^ 


LEMH,  is  ISL  „ 

4n 


Now,, 
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Now,  becaufe  the  cylinder,  the  radius  of  whofe  bafe  is  AC  =  tf,  and  it's 

height  alfo  =  a^  is  — ;  the  folid  of  the  logarithmic  curve,  infinitely  produced 

towards  M,  on  the  bafe  with  radius  AC  zz  a,  will  be  to  the  faid  cylinder,  in 
the  ratio  of  -^  to  f,  or  as  i  to  2. 


EXAMPLE    XXXV. 


%•  114. 


127.  Let  the  curve  AMI  be  the  cifToid  of  Diodes, 
which,  by  revolving  about  the  right  line  AB,  defcribes 
a  folid.     Make  A?  =  x,  ?M  =  y,  AQ  =  a,  and  the 

equation  will  be  yy  =:  -^ .     Therefore,  the  value  of 

yy  being  fubftituted,  the  general  formula  of  folids  will 

be  — '— — ^  and  by  integration,  — 


2r  X  a-^x 
caax         caaa 
2r  ir 


6r 


cox* 


X  la^x  +/.     But,  making  ;c  =  o,  the 


folid  ought  to  be  nothing,  and  therefore  /  =  — ^  la. 


cx^ 


^^A  •u^  ^^.^    !*.•-.  1   (ooaj  caaa  ,  caax         caxx  cx»    .  , 

And  the  complete  integral  — la la^x  — — —  -rr-  is  equal 

*  °  2r  ar  ar  4r  or  ^ 

to  the  folid  generated  by  the  figure  APM.     And  making  x  —  a^  the  whole 


folid  will  be  =  — -/^ 


caaa 
%r 


caaa 


/O 


llca^ 


But  the  logarithm  of  o  is  an  infinite 

2r  izr  ° 

quantity  and  negative,  which,  multiplied  into  —  — "*,  makes  an  affirmative 

quantity  ;  fo  that  the  intire  folid  will  be  infinite.  It  is  to  be  obfervcd,  that  the 
aforefaid  logarithms  are  to  be  taken  from  the  logarithmic  curve,  the  fubtangent 
of  which  =  a. 


By  the  help  of  infinite  feries,  it  will  be 


cx^x         __    cx^x 


2ar 


+ 


cx^x 
%raa 


cx^x 
ira^ 


+ 


c^x 
2ra 


2r  X  a^x 

-^ ,  &c. ;  and  by  integration,  the  folid  generated  by  the  plane  APM  will 

■ 


ex' 


cx^ 


c:fi 


exf 


^^  =  i^  +  iS?  +  75^  +  I^;;^  &C.     And  making  x  ^  a,  in  refped  of 


ca^ 


the  intire  folid,  it  will  be  -^^^  into  ^  + 
which  feries  is  infinite. 


+  t  +  t*  &^*  ^^^  ^^^^  ^^^^^  ^^ 


EX- 
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128.  Let  the  traclru  ABF  be  con- 
verted about  the  afymptote  EH.     In 

the  general  formula  25!i-^   fubftituting 
the  value  of  x  given  from  the  equation 

§  103,    we    (hall 


•  _         yVaa  - 


X  zz 


yy 


have  —  2L-fi — ?l .    And  by  Integra- 

tion,  it  will  be  —  X  w jy)"*",  equal  to  the  folid  generated  by  the  figure 
AEDB^  omitting  the  addition  of  a  conftant,  which  is  here  unneceflary. 
Wherefore,  making  jr  =:  o,  the  folid  infinitely  produced  will  be  =  ^.  But 
the  folid  content  of  the  fphere  whofe  radius  is  AE  zz  a^  (§  121.)  will  be  =: 
— — ;  and  therefore  the  folid  infinitely  produced  will  be  a  fourth  part  of  that 
Sphere. 


EXAMPLE    XXXVII. 


Fig.  132. 

a 


129.  Let  QBMCPT  be  a  cylinder, 
from  which,  by  a  plane  through  the 
diameter  BC,  and  in  the  diredjtion  AP, 
a  portion  or  ungula,  BMCPB,  is  cut  off; 
the  folid  content  of  this. is  required* 

Make  BC  =  QM  =  2j,  MP  zz  QT 

=  *,  AD  =  *,  and  DH  being  drawn, 

(hall  be  an  ordinate  in  the  circle   = 

x/aa  —  XX.  From  the  point  H  let  the  right  line  HO  be  drawn  parallel  to  MP 
or  QT,  which  (hall  be  in  the  fuperficies  of  the  cylinder.  Then  from  D  to  the 
point  O  let  the  right  line  DO  be  drawn,  which  (hall  be  in  the  plane  BOPC. 
Then  we  (hall  have  formed  in  the  folidity  of  the  unguia  the  triangle  DHO, 
Vol,  II,  F  f  which 


ai8 
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which  is  fimilar  to  the  triangle  AMP,  and  therefore  it  will  be  HO  s  v^^-^f^ 
But  the  aggregate  of  all  thefe  triangles,  DHO,  is  juft  the  folidity  required  of 
half  the  ungulay  and  therefore  it  will  be  =  /—  X  ^a  —  xx;  and  by  integra- 
tion, f-f  —  ^ .     And  making  x  =:  ^,  the  aforefaid  half  ungula  will  be  finally 


=  ^aab^  and  the  whole  =  ^aah. 
Fig.  133. 


....-•-1^' 


In  another  manner,  and  more  ge* 
nerally,  thus.  Let  DiVCHEG  be  half 
of  a  cylinder,  which,  through  the  dia- 
meter CD,  is  cut  by  a  plane  in  the 
direction  D£,  whence  arifes  the  ungula 
DBCEAD,  the  folidity  of  which  is 
required.  Make  BA  =  4,  A£  =  b^ 
BQ^=  X,  QM  =  jF ;  it  will  be  qK  = 

— ,  and  therefore  the  reftangle  PONM 
""  *  ^  •    And  this  being  drawn  inta 


x,  or  -2 — ,  will  be  the  element  of  the  folidity  of  the  ungula. 


Let  the  curve  DAC  be  a  fcmicircle ;  then  y  =  ^aa  —  xn^.  and  the  formula^ 

will  be  ^-^y/aa  —  xn \  and  by  integration,  —  ii  X  aa^xx^  +  m.   Now*, 
by  putting  ^  =  o,  the  conftant,  w,  will  be  found  to  be  =  ^aa^  and  therefore 


2h 


the  integral  of  the  folid  complete  wDl  be  \baa  —  -^  X  aa — xx\^  ^  and  mak* 
ing  X  '=:  a,  \n  refpedt  of  the  whole  unguTa^  ic  will  be  ^aa^  as  before. 


Let  the  curve  DAC  be  one  of  the  parabolas  adinfinitum^  and  it's  equation 

tlxx 

a 


y^  —  a  —  X.   ^Subftituting  the  value  of  y^  the  formula  will  be  =^  x  a — ;rl«  ^ 


which  being  integrated  according  to  §  29,  and  a  conftant  being  joined,,  and 

for    the    folidity    of  the  whole 


ihft^a    m 


making  x  zz  a\  it  will  give 

%m  -|"  1^  K  OT  4*  1 

mgula.    And   taking  171  =  2,   or  the  Apollonian  parabola,   it  will  be  ^ 

NoW)  fuppofing  that,  when  x  zz  o^  it  is  BC  =  jf  =  r  s  it  will  be  a*  ~  r,  and 

therefore 
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USTITUTIOXS. 


2ig 


therefore  the  tin^ula  ~  -?y*ht.  After  tlie  fame  manner  we  may  find  the  unguU 
of  the  eltiptical  cylinder  to  be  -Jrt^c,  fuppofing  the  iranlVerfe  fctiiiaxis  ~  a^ 
and  the  conjugate  fcmiaxis  =  c. 


EXAMPLE    XXXVIII. 


%.  134- 


130.  Let  the  parabolical  conoid  BAG  be  cut  by  any 
plane  lEH,  perpendicular  to  the  circular  bale  BICH  ; 
It  is  required  to  find  the  meafure  of  the  fegment, 
comprehended  by  the  fcAion  lEH,  and  by  the  plane 
parallel  to  it,  through  the  axis  AD. 

Make  the  parameter  =  a  of  the  generating  parabola 
BAG,  the  given  abfcifs  AD  =  h,  then  the  ordinate 
,f-  DB  =  ii/ab.  Let  the  co-ordinates  be  DF  =  ar, 
FE  =  y^  and  therefore  the  equation  of  the  aforefaid 
curve  BAG  will  be  ab  —  xx  =.  ay.  By  the  nature  of 
the  circle  BIGH,  the  reflangle  CFB  =  ai  —  «■*,  equal  to  the  fquare  FH  =  zz. 
But  ah  — XX  =  iTf ;  therefore  ay  z=  zz,  and  confequently  the  feftion  lEH 
will  be  a  parabola,  with  the  fame  parameter  as  the  principal.  Wherefore  the 
reflangle  EFH  remains  fixed,  :=:  yz  =  y^ay  ;  and  bccaufe  this  is  to  the  area 
]£H,  as  3  to  4,  this  area  will  be  =  ^yC^ay,  and  the  produA  of  this  area  lEH 
into  the  infinitely  little  height  x,  the  fluxion  of  DF  =  .v,  will  be  the  element 


of  the  folid  in  queftion,  that  is,  ^yxy/ay.    But  y  =  - 
element  will  hz  \k  Y.-    ~  ' 


-  \/<ji  —  xxy  or  ^bx\^ab  —  **  - 


therefore  the 
J~^^xx^al>~xx. 


The  fluent  of  the  firft  term  depends  on  the  quadrature  of  the  circle  BHC ; 
the  fccond  is  reduced  to  known  quadratures,  by  means  of  the  firfl  formula 
of  §  61. 

131.  I  forbear  from  giving  examples  of  folids  generated  by  curves  with  the 
co-ordinates  at  oblique  angles  to  each  other;  becaufe,  the  formula  for  thefe  cafes 
being  different  from  the  ufual  and  ordinary  ones,  only  by  conflant  quantities, 
no  difficulties  can  be  met  with  of  a  different  nature  from  thefe  already 
produced. 

Thus,  alfo,  I  omit  examples  of  folids  generated  by  curves  which  are  referred 
to  Sk/actts,  becaufe  I  am  not  willing  to  introduce  the  Theory  of  the  Centers  of 
Gravity,  as  I  have  faid  before.  The  given  curves  may  be  reduced  to  others 
referred  to  an  axis,  about  which  I  have  aheady  treated. 

N,  B.  llie  letter  D  is  omitted  in  the  center  of  tbe  bafe  of  fig.  1 34. 
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The  com-     Fig.  127. 
plination  of  .  ^ 

curved  fur- 
beet. 


132,  Let  ACGK  be  an  crcft  cone,  AB  =  ^ ,  BC  =:  h^ 
any  portion  of  the  axis,  as  AD  =  x ;  it  will  be  DE  =  y 

Therefore  this  value 


=  ~,  and  ;r  =  ~,  J3^  = 


aa 


of  yy,  being  fubftituted  in  the  general  formula  ~^xx+jy^ 

•11  i_       ^y      ^  aaxx  +  hhxx  cyx^aa  +  bh  ,    .  ,  _ 

It  Will  be  -^\/ ^ r:  -^ ;  and  the  value  of 

r  aa  or 

y  being  fubftituted,  that  is,  — ,  it  will  be  ^  ^^  ^_  — — ,  and 


aar 


by  integration. 


cbxxVaa  +  bb 


zaar 


,    in   refpeft  of  the  fupcrficies 


ch^aa  +  bb 


%r 


of  the  cone  AEMPI.      And  making  a;  =  tf,   it  will  be 
,  in  refpedt  of  the  fupcrficies  of  the  whole  cone,  and  therefore  it 
is  equal  to  the  reilangle  of  half  the  circumference  of  the  bafe  into  the  fide  AC^ 

The  fame  conclufion  would  have  been  had,  if,  inftead  of  fubftituting  in  the 
general  formula  the  value  of  j^,  we  had  fubftituted  the  value  of  xx. 

Wherefore  the  furface  of  the  fruflum  of  the  cone  IMKCG  will  be   = 

ch      J ; — 77         chxx       .  «        •       cbJaa  -{-  tb  X  aa  ^  xx      ^    j  ^1        r 

— \/aa  +  /?/f  —  '—jL^aa  +-  bb.  that  b,  — ^ ;  and  therefore 

%r  zaar  ^  •         '  »  iraa 

it  will  be  to  tlie  furface  of  the  whole  cone,'  z^  aa  ^  xx  to  aa^ 


F'g^  ^35' 


A/  >:   r  X^V 

— ■■    -. ...  -  .f.  .*  .« ....^  _, 


/ 


y  - .. 


133.  But  if  the  cone  be  fcalene,  it  is 
neceflary  to  proceed  after  another  man* 
ncr.  Let  PAFBM  be  a  fcalene  cone, 
the  bafe  of  which  is  the  circle  AFBM  ; 
and  on  the  diameter  produced  (if  need: 
be)  let  fall  PD  perpendicular  to  the  plane 
of  the  circle,  or  the  bafe.  Let  two 
points  F,  /,  be  taken  in  the  periphery  of 
the  circle,,  infinitely  near  to  each  other, 
and  let  the  two  fides  of  the  cone  FP,/P, 
be  drawn.  It  is  plain  that  the  infini- 
lefimal  triangle  PF/will  be  the  difference 

.  or. 
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or  clement  of  the  fuperficies  of  the  cone.  Then  to  the  point  F  let  the  tangent 
TFQ^be  drawn,  to  which  let  DQ^bc  perpendicular,  and  let  the  points  P,  Qj^ 
be  joined  by  the  right  line  PC^ 

Now,  becaufe  the  plane  of  the  triangle  PDQ^pafles  through  the  right  line 
PP,  which  is  perpendicular  to  the  plane  of  the  bafe  of  ihe  cone,  the  plane 
PQp  will  alfo  be  perpendicular  to  the  lame  plane  of  the  bale.  But  the 
tangent  TQj^  which  is  alfo  in  the  plane  of  the  bale,  makes  a  right  angle  with 
op,  the  common  feftion  of  the  two  planes,  and  therefore  will  be  perpen- 
dicular to  the  plane  PQD,  and  confequently  to  the  right  line  QP  ;  and  there* 

fore  the  triangle  PF/  =  ?^=1^. 


rr 

X 


Make  the  radius  CA  =  r,  CD  =  *,  CE  =  « ;  it  will  be  FE  =  s/rr^xx\ 
and  becaufe  the  angle  CFT  is  a  right  one,  TF  being  a  tangent  to  the  circle>' 

the  triangles  CFE,  TCF,  will  be  fimilar.     Whence  it  will  be  CT  = 
But  CT  •  CF  ::  CF  .  CE  ::  TD  .  DQ^    Therefore  IX^=  ^^-^ .     Make 

the  given  line  PD  =  />.     Therefore  it  will  be  PQ^=  J j>p  i-'EZilll.     But 
the  element  of  the  circle  F/  we  know  to  be  —        ^"^       ;  therefore  tF/  X  PQ«; 

'yrr  —  xx 


be  ——Vi 


rr  +  hx^ 


the  element  of  the  fuperficies,  will  be 'J  VP  + '"  -5-  V^''"  —  ^^'^ 

a  formula  which  hitherto  has  not  been  reduced  to  the  known  quadratures  of 
the  circle  or  hyperbola,  becaufe  it  cannot  be  freed  from  radical  figns,  as  has 
been  feen  at  §  38,  and  as  we  have  alfo  feen,  in  our  attempt  to  re^ftify  the 
cllipfis. 

If  we  have  recourfe  to  infinite  feries,  the  numerator  mufl;  be  reduced  tO' 
a  feries,  and  alfo  the  denominator ;  then  we  rauft  proceed  in  the  fame  manner 
as  was  done  ia  the  fecond  method  concerning  the  ellipfis,  in  Example  XX^ 
§  112. 


EX- 
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Fig*  128.  134^  Let  there  be  a  hemifphere,  the  generating 

'V  femicircle  of  which   is  CDK,    which  is  converted 

^'N,^^^  about   the   radius   DB   =  a,   and   make  any  line 

/Nil  DA  rz  x;  k  will  be  AE  ^y  —  v^IjjT^^I^,  and 


•  • 


a  —  *i*  X  XX 


therefore  yy  z: .    And  making  the  fub« 

-^•^  lax  ^  XX  ®  ^ 

emSp 


(litutions  in  the  general  formula,  it  will  be  =  -—  » 

and  by  integration,  —  =  to  the  fuperficics  of  the  fegment  of  the  fphere, 

generated  by  the  arch  EDM.     And  making  x  zz  a^  the  fuperficies  of  the 

hemifphere  will  be  =:  — ,  and  therefore  ^^  will  be  the  fuperficics  of  the 

whole  fphere.  Therefore  the  fuperficies  of  any  fegment  will  be  equal  to  the 
produft  of  the  periphery  of  the  generating  circle  of  the  fphere,  into  the  alti- 
tude of  that  fegment ;  of  the  hemifphere,  equal  to  the  reAangle  of  the  fame 
periphery  into  the  radius ;  and  of  the  fphere,  equal  to  the  reftangle  of  the 
periphery  into  the  diameter;  and  therefore  thefe  fuperficies  will  be  to  each 
other  in  the  ratio  of  their  refpeAive  altitudes,  the  radius,  and  the  diameter. 


And  becaufe  tlie  area  of  the  generating  circle  of  the  fphere  is  =  —  ,   the 

fuperficies  of  the  fphere  will  be  to  the  fame  area  as  4  to  i,  that  is,  quadruple 
of  the  greateft  circle. 

And  becaufe,  alfo,  the  fuperficies  of  the  cylinder,   (excluding  it's  bafes,) 
which  is  circumfcribed  to  the  hemifphere,    is  equal  to  the  produft  of  the 

periphery  of  the  bafe  into  the  height ;  it  will  therefore  be  =:  — ,  and  confe- 
quently  the  fuperficies  will  be  equal  to  that  of  the  hemifphere.  Now  the  cone 
infcribed  in  the  hemifphere  has  alfo  it's  fuperficies  =:  li^i^.  therefore  the  fu- 
perficies of  the  cylinder,  or  of  the  hemifphere,  to  the  fuperficies  of  the  in- 
fcribed cone,  will  be  as  2a  to  V'aa^,  that  is,  as  the  diameter  to  the  fide  of 
the  cone* 


EX- 
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I35,    If  the   parabola  ACO  of  the   equatioa 
ax  =:  yy^   turns  about  the  axis  AM  ;    it  will  be 

ax  zz  lyy,  and  xx  =:  ^^f  ,  and  therefore,  making 


aa 


•  _ 

the  fubftitution,  the  formula  will  be  —\/^y+aa,. 

ar 

and  by  integration,  — ^  X  437  +  a(t\^^  equal  to 
the  [fuperficiesof  the]  indefinite  parabolical  conoid, 

equal  to  the  fourth  proportional  of  6^,  ^ ^y  +  aa^  and  the  area  of  the  circle 

whofe  radius  is  =z  v^  4jy  +  aa^ 

f 
136.  More  generally,  let  — -  =^  be  the  equation  of  the  parabola  ACO, 

(Fig,  129.)  with  it's  abfcifs  AB  =  Xy  and  with  it's  ordinate  BC  '=-y\  which' 

I 

equation  for  the  trilineum  ACD  will  be  x/1  ^   =  jr,  if  we  lake  AD  zz  x  z%  ab- 
icifs,  and  DC  =  ^  as  ordinate.     At  §  119,   Example  XXVII,   it  has  been 

6en,  thai  the  element  of  the  curve,  which  I  call  //,  was  =  ^    , ;  and 

X         +1' 

•  •• 

die  diflOsrential  formula  for  the  fuperficiea  is  -^  •    Then  it  will  be  -^   =z. 
^"^     ^_-,    But,,  by  the  local  equation,  it  is  -~  =  jr.    Then  it  will, be. 


ex  X 


To  proceed  to  the  integrations  or  quadratures,  I  lhall'  make  ufe  of  the 
method  explained  at  §  61,  and  applied  to  the  aforefaid  Example  XXVII;. 

Bur,  firfl:,  it  is  to  be  obferved^  that  c,  being  the  periphery  of  the  circle  whofo 

• 

radius  is  r,  the  integral  /—  will  give  us  the  Airface  of  the  conoid.    But .  if  c 

reprefents  any  right  line  whatever,  we  (hall  have  the  meafure  of  the  furface  of 
the  ungula^  when  a.cylindroid.is  erefted  upon  the  bafe  CAB,  which  is  cut  by  a- 

plancL 
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phne  paffing  througli  the  axis  AB,  and  with  the  fubjea  bafe  CAB  forms  aa 
angle,  oi  which  tlie  right  fine  is  to  that  of  the  complement,  as  c  is  to  r. 
Then  the  ungular  fuperficies  is  to  that  of  the  round  folid,  as  a  given  right  line 
is  to  the  circumference  c. 

Opernting,  therefore,  as  explained  above,  at  §  6i,  that  our  formula  may 
be  algebraically  integrable,  or  reducible  to  known  quadratures,  we  (hall  find 

.that  it  muft  be  /  =  L±i|,  or  elfe  /  =  i±i,  where  b  denotes  any  integer 

number,  pofitive  or  negative. 

The  firft  condition,  or  /  =  7"3r^  >    making  b  any  integer  number,   firft 
poficive  and  then  negative,  will  give  us  thefe  two  progreffions  : 

■»•    *    —    T>    T*     T*    TJ       9   9    ^*V,«  il«    f  -^    -p,    -J-,    J,    y,    -y,    Tlf     OCC, 

The  fecond  condition,  or  /  =  j-~-,  making  i  any  integer  number,  firft 
pofitive  and  then  negative,  will  give  us  thefe  other  two  progreffions  : 

III.    /    Z:    ■*•        *         5        *         5        a^c  TV       /    —     *         ?        4         5        6       ©.p 

To  this  I  (hall  fubjoin  a  few  (hort  obfervations. 

I.  As  the  two  progreffions,  the  firft  and  the  third,  contain  the  exponents  of 
all  thofe  parabolas,  which,  by  circulating  about  the  axis,  generate  conoids,  the 
fuperficies  of  which  are  analytically  quadrable,  fuppofing  only  the  reftification 
of  the  circular  periphery  ;  and  confequently  all  the  ungul^t  above  dcfcribed,  of 
a  given  altitude,  admit  an  algebraical  quadrature  :  So,  in  the  cafes  of  the 
fecond  and  fourth  progreffions,  fomeihipg  more  is  iatendt^dj  as  they  require  1I19 
quadrature  of  the  hyperbola, 

IL  It  is  obfervable  that,  the  firft  feries  being  compared  VuJi  the  fecond, 
and  the  third  with  the  fourth,  the  exponents  are  reciprocal,  and  belong  to  the 
fame  curve.  This  fliows  that,  as  the  parabolical  area  may  be  converted,  either 
about  the  axis  AB^  or  about  the  axis  AD,  and  in  each  cafe  may  produce  very 
different  fuperficies ;  if,  in  the  firft  cafe,  it  generates  a  fuperficies  that  is  abfo* 
lutely  quadrable,  at  leaft  cpn(idered  in  the  ungnla^  in  the  fecond  cafe,  on  the 
contrary,  the  values  being  reciprocal,  the  above-faid  fuperficies  will  arife,  which 
are  only  hypoiheticaily  quadrable.  For  example,  the  conoid  formed  from  the 
firft  cubical  parabola  bting  turned  about  AD,  furniOies  us  with  the  furfaceof  ah 
ungula  which  is  algebraically  quadrable,  and  alfo  that  of  the  round  folid,  pro* 
vided  we  have  a  right  line  equal  to  the  circumference.  But  if  it  be  converted 
about  the  axis  AB,  then  quadratures  are  required.  The  fame  thing  obtains  in 
ilie  fecond  cubical  parabola,  and  quite  the  contrary  in  that  of  AfoUonius. 

9  III.  Com- 
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III*  Comparing  thefe  feries  with  thofe  of  $  119,  we  may  difcover,  that  among 
thcfe  there  is  no  parabola  of  the  firft  or  fecond  feries,  that  is  reftifiable  either 
analytically,  or  by  the  means  of  known  quadratures;  on  the  contrary,  thofe  of 
the  third  and  fourth  are  all  reftifiable,  and  comprehend  all  that  are  contained 
in  the  progreffions  of  §  119. 

rV,  Among  the  hyperbolas,  the  common  one  only  between  the  afymptotes 
admits  a  fuperiicies  reducible  to  the  quadrature  of  the  faid  hyperbola  ^  becaufe 
no  other  negative  exponent  appears  in  the  progreflions,  except  —  i, 

V.  The  exponents  which  are  not  found  in  the  faid  feries  are  thefe,  /  =:  4, 
^,  6,  &c*  7,  {.,  &c*  for  which  higher  quadratures  are  required,  to  meafure 
the  conoidal  furfaces  thence  arifing. 


EXAMPLE    XLII. 


Ftg.  124. 


137.  Let  ADC  be  an  ellipfis,  which 
is  converted  about  the  ai;is  AC,  and  make 
AB  =  tf,  BD  =  t,  AE  =  ^,  EO  =  j; 


^    =    2ax  ^  KX. 


and  the  equation  is  -^ 
Therefore,   by  differencing,   it  will  be 

,    and  therefore   xx  zz 


X  =  - — ^ 


^yyJJ 


bb  X  tf— « 


«♦  X  tf 


==— ;  and,  inftead  of  —  lax  4-  xx^  putting It^s  value  —  ^  given  by 

*  • 

the  equation,  it  <vill  be  icx  =  — f2^_-.    Then  fubftituting  this  value  in 


bh  X  bb  -jyf 


the  general  formula,  we  (hall  have  S2_iljL^^=r-^  •  and,  for  brevity-fake, 

rbVbb^yy  ^ 

making  aa  -^bb  zz  ff^  fuppofing  a  to  be  greater  than  &,  or  that  the  axis  about 
which  the  ellipfis  circulates  to  be  the  greater  axis  (for,  if  a  were  fefs  than  ^,  we 

ought  to  make  aa  —  bh=  — jJO,  the  formula  will  be  "^   ._ t:^,  which,  for 

rbv  bb^yy 

feafons  already  mentioned  in  their  place,  may  be  freed  from  radicals;  and  the 
integral  of  which,  by  means  of  the  canon  of  §  56,  we  (hall  find  to  depend  on 
the  quadrature  of  the  circle.  But  if  a  (hall  be  lefs  than  b^  or  the  axis  about 
which  the  ellipfis  turns  be  the  iefier  axis,  the  fuperficies  of  the  fpheroid  will 
Vol,  IL  G  g  "  depend 
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Fig*  136. 


depend  on  both  the  quadratures,  that  of  the  circle  and  that  of  the  hyperbola. 
Wherefore  the  fuperficies  of  the  ungula^  in  the  firfl;  cafe,  is  equal  to  a  portion 
of  the  elliptic  fpace,  which  is  eafily  determined  by  means  of  the  perpendicular 
to  the  curve.  But,  in  the  fecond  cafe,  thefe  perpendiculars  will  give  us  an 
hyperbolical  fpace  equal  to  the  fame  fuperficies  of  the  ungula.     That  this  may 

be  plainly  feen,  let  ACF  be  the  curve  on  which  a 
cylindroid  is  fuppofed  to  be  ereded^  which  is  to 
be  cut  by  a  plane  which  paiTes  through  the  axis 
AB,  and  forms  with  the  fubjacent  plane  CAB 
half  a  right  angle.     It  is  evident  that,  making  h 

the  element  of  the  curve,  fyk  will  be  the  fuper- 

__  > 

ficies  of  the  lower  ungula^  and  /^   will  be  the 

fuperficies  of  the  conoid,  generated  by  the  con- 
verfion  of  the  figure  CAB  about  the  axis  AB ; 
and  therefore  the  fuperficies  of  the  Mgula  will  be 
to  that  of  the  conoid,  as  radius  to  oie  circum- 
ference of  the  circle. 

Now  let  the  two  ordinates  BC^  DF,  be  infinitely  near,  and  drawing  the 
perpendicular  FG  at  the  point  F,  let  it  be  put  in  DH,  and  reprefent  the  ordi- 
nate of  a  new  curve  MIH  drawn  by  the  method  prefcribed.  I  fay  that  the 
area  MABI  is  equal  to  the  fuperficies  of  the  ungula^  which  has  for  it's  bafe  the 
arch  AC. 

The  two  triangles  FCE,  GFD,  are  fimilar ;  then  it  will  be  FC  .  CE  :; 
GF  .  FD.    Therefore  FD  X  FC  =  GF  X  CE  =  DH  x  DB.    But  FD  x 

FC  {yu)  is  the  element  of  the  fuperficies  of  the  ungula^  and  HD  X  DB  is  the 
element  of  the  area  IMAB«  Then,  thefe  elements  being  equal,  their  integrals 
will  be  equal  alfo ;  that  :s,  the  aforefaid  areas.  This  being  premifed,  let 
the  figure  ACB  be  a  fourth  part  of  the  ellipfis,   the  equation  of  which  ii 

^  =  zax  —  XX.    Then  the  perpendicular  will  be  FG  = 

>/^a^x  —  aaxx  +  bbxx  —  xabbx  +  aabb.     Then,    making    the  ordinate 


aa 


BI  =  2j,  it  will  be  z  =  — ^  xx  —  2ax  x  ^*  —  ^*  +  ^*^%  ^^  equation  to  the 

curve  MIH,  which  will  be  another  ellipfis  when  a  is  greater  than  b,  or  if  AB 
be  the  greater  axis  of  the  ellipfis  ACB ;  and  on  the  contrary,  an  hyperbola, 
when  a  is  lefs  than  b,  that  is,  when  AB  is  the  lefifer  axis. 

LafUy,  in  the  middle  cafe,  or  when  the  ellipfis  degenerates  into  a  circle,  we 
know  already,  that  the  faid  furface  of  the  ungula  is  quadrable,  as  being  equal 
to  a  redtangle. 
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138.  Let  BD  be  an  hyperbola,  which  cir- 
culates about  the  tranfverfe  axis  B  A.  Let  A 
be  it's  centre,  BA  =  J,  the  conjugate  femi- 
axis  AE  =  ^,   AC  zz  x,   CD  =  y.    The 

equation  will  be  xx  -^  aa  zz  ^^9  and  there- 
fore  J  =  — \/xx  —  aa^  and  y=     , 


aa 


Therefore  the  general  formula,   when  the  fubftitutions   are  made,   will   be 


at 


s/xx  —  aa  X  y/ 


« Vi«  +  ^Vi»  -  fl*I* 


tf*  X  xjr  —  aa 


ehx 
aar 


,  that  is,  —  \/aaxx  +  bbxx  —  ^ *  ; 


or,  making  aa  +  hb  znffy  it  will  be  ^-^k/xx  —  —  .  the  integral  of  which, 

when  it  is  freed  from  it's  radical  fign,  we  (hall  find,  in  like  manner,  to  depend 
on  the  quadratureof  the  hyperbola. 


Sfatt 


EXAMPLE    XLIV. 


m 


«  —  **1  i  = 


X   z: 


TF' 


139.  Let  MD  be  an  equilateral  hyper- 
bola, between  it's  afymptotes,  and  let  it 
turn  about  the  alymplote  AC,  of  which  the 
eqiiation  is  ^y  +  xyziaai  making  AB  ^  tf, 
BC  =  X,  and  CD  =  y.    Then  it  will  be 

—  —  tf,  and  AT  =  —  — -,   XX  — 

y  yy 

Therefore,  making  the  fubftitution, 

•  . 

the  general  formula  will  be  -— -  \/y*  +  a*. 

Put  \/y  +  «*  =  z,  and  therefore  /  = 
Make  thcfe  fubftitutions,  and  we  {hall  have  the  formula 

G  g  2  transformed 


tftS 


A^MieLTTie  A&    X  K  S  T  X  TU  T  I  O  K  §• 


SOOK  lit. 


CZMX 


z  9  which  is  free  from  radical  figns  i  the 


transformed  into  this  other^  - 

rntegral  of  which  depends  partly  on  the  logarithms,  as  is  eafy  to  perceive. 
Therefore  the  fuperficies  required,  defcribed  by  our  hyperbola,  will  alfo  depend 
on  the  quadrature  of  the  hyperbola. 
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Fig.  ii6^  140.  Let  ABF  be  the  folid  generated 

by  the  traHrix^  as  in  Example  XXXVI> 

§  128,  of  which  the  fuperficies  is  re« 

• 

(L*'x  Ic      ^"^^^B  quired.    In  the  general  formula   -S2L 

sl""'"  I  n^^vT — E  (where  u  reprefents  the  element  of  the 

curve,)  inftead  of  u^  fubftitutmg  it's 

value  — -  -^  obtained  from  the  equatioa 
of  the  curve,  we  fliaH  have  —  -^ ,  and  by  integration^  —  —  +  «•  But 
when  the  fuperficies  is  nothing,  we  have  y  —  ^»  therefore  the  conitant 
«  =5  — ,  and  therefore  the  complete  integral  is  —  —  —  ,  equal  to  the  fur- 
face  of  the  folid  generated  by  die  figure  AEDB.  And  making  y  ^  o,  then. 
—  win  be  equal  to  the  fur&ce  'of  the  folid  infinitely  produced.     But  the  area 

of  the  circle,  whofe  radius  is  \^  taa,  was  found  to  be  =  — ;   then  the  furface 

r 

of  the  folid,  infinitely  produced^  is  equal  to  the  area  of  the  circle^  whofe  radius 
is  equal  to  the  diagonal  of  the  fquare  of  AE< 


aac 


EX. 
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141.  Let  CNEODAC  be  the  unguia 
wftofe*  fuperficies  is  required.  Impof- 
ing  the  fame  names  as  at  §  129,  it  will 

be  QK  =  —  =  MN.    But  Mi,  the 

clement  of  the  curve,   is  \/xx  +  yy, 

and  therefore  it  will  be  —  \/^xx  +  jfy^ 

equal  to  the  infinitefimal  quadrilineum 
M/'/wN,  the  element  of  the  fuperficics 
of  half  the  unguia^ 


Let  the  curve  DAC  be  a  ftmicircic;  in  this  cafe  it  will  be  y/xx  +  yjf 

« 

And  by  integration 


bxx 


->  9   and  therefore  the  formula  is    ^ 

W  aa^Kx  yaa^mx 


(according  to  §  3.1 ),  it  will  be  —  is/aa-^xx  +  f.    But,  making,  x  zn  o\ 
it  will  ht  f  zz  ah\    therefore  the  complete  integral  will  be  found  to  be 

ah  —  by/aa  —  xx).    And  making  x.zz  a^va  refpe£t  of  the  whole,  fuperficics 
of  the  half  ungtila^  that  fuperficics  wiU  be  =  j4. 

Let  the  curve  DAC  be  the  parabola  of  the  cquatbn  jy  =  «  —  ;if ;  it  will  be 
s/xx^yy  -  txv/^"'^  +  ',  and  therefore  the  formula  is  *^/llI±±i, 

the  integral  of  which  depends  on  the  quadrature  of  the  hyperbola  5  fo  that  the 
fuperficics  of  the  unguia  will  depend  on  the  fame  quadrature. 
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142.  Let  there  be  a  parabolical  conoid^ 
generated  by  the  rotation  of  the  parabola 
ADH  with  the  co-ordinates  at  an  oblique 
angle,  about  the  axis  AC,  whofe  equation  is 
ax  zz  yy.  In  the  formula  for  the  fuperficies 
belonging  to  this  cafe,  that  is,  the  formula 

— s/iy  +  x;c  +  i^ ,  let  there  be  fubftU 

tuted  the  value  of  x  given  by  y^  from  the 
differential  equation  of  the  curve,  and  it  will 

be  transformed  into  this  other,  ^22.  ^  jy  ^  f?L  +  x^  .  the  integral  of  which 
will  be  found  to  be  partly  algebraical,  and  partly  logarithmical. 


143.  In  purfuance  of  the  method  already  explained,  for  quadratures,  refti* 
fications,  &c«  this  would  be  the  proper  place  to  give  alfo  formulas  for  centres  of 
gravity,  of  ofcillation  and  percuffion  ;  but  I  rather  choofe  to  omit  them,  as  they 
necelTarily  require  fome  knowledge  of  the  principles  of  Siaticks  and  Mecha* 
nicks,  which  I  (hall  not  fuppofe  my  young  readers  to  underftand  at  prefent« 
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SECT.      IV. 


The  Calculus  of  Logarithmic  and  Exponential  ^antities. 


144,  Exponential  Quantiiies,  (of  which,  as  alfo  of  logarithmic  quan- 
titles^  we  have  treated  elfewhere,)  are  thofe  which  are  raifed  to  any  indeterminate 

power.  Such  would  ht  a  ^  y  ,  &c.  the  exponents  of  which,  ^,  z,  arc  inde- 
terminate or  variable  quantities.  And  therefore  the  method  of  computation^ 
which  is  converfant  about  fuch  quantities,  is  called  The  Exponential  Calculus. 

145.  But  exponential  quantities  are  of  feveral  degrees.  Thofe  are  faid  t<f 
be  of  the  firit  degree,  the  exponents  of  which  are  the  common  indeteroiinates^ 

as  are  the  quantities  a  ^  y  .    Thofe  are  of  the  fecond  degree,  the  exponents  of 

which  are  the  faid  exponential  quantities ;  fuch  would  be  tf*  ,  >  ,  where  x  i» 
raifed  to  the  power  /,  and  z  to  the  power  p^  Thofe  arc  of  the  third  degree^, 
which  have  an  exponential  of  the  fecond  degree  for  their  exponent.  And 
fo  on. 

146.  Now  here  we  (hould  call  to  mind  what  is  already  faid  at  §  11,  that 
/—  =:  /y,  in  the  logarithmic  curve,  the  fubtangent  of  which  =  a.  There* 
fore  the  differential  of  ly  will  be  —  multiplied  into  the  fubtangent  of  the 
logarithmic,  from  which  the  logarithm  is  taken.  Thus,  the  difFerential  of 
l\/aa  —  XX  will  be ^^^^—  in  the  logarithmic,,  in  which  the  fubtangent 


=  I.  And,  in  general,  the  differential  of  any  logarithmic  quantity  whatever 
will  be  a  formula,  compounded  of  the  differential  of  the  quantity  itfelf,  multi* 
plied  into  the  fubtangent^  and  divided  by  the  feme  quantity. 

147.  This 
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147.  This  fuppofed,  let  it  be  requijred  to  diflference  the  logarithmic  quantity 
/*"j^,  where  m  is  the  exponent  of  the  power  of  the  logarithm.    Make  l^x   = 

jr%  then  it  will  be  Zr  =  7,  and  —  zzy.    But  the  differential  of  rx  will  be 


X 

«— I.  J    .     •       «r— I  ,«r  — I 


my  ■"  y;  and  it  is  ^  ""     =  /    "  x.    So  that,  inftead  of  y  and  j^,  fubftituting 
their  values  given  by  Xj  the  differential  of'i^x  ss  ml  ^  x  X  —  >  fuppofing 

the  fubtangent  of  the  logarithmic  =  ii.     Or  otherwife,  =  «»/       x  X  — ,  fup- 
goiing  that  fubtangent  =  i. 

flit      tfB  ^0  #M 

148.  If  we  were  to  difference  rx  ,  making  x  rr  z,  it  will  be  I  z  i  and 
the  differential  of  this  will  be  ml^^^x  X  — .  But  z  zz  nx^^x^znd,  by 
fubftitution,  the  differential  of  the  j)ropofed  formula  /*jr*  will  be  nml'^^^x^ 

X     "TT"*  / 

149.  Let  it  be  propofed  to  difference  the  formula  llx.    Make  tx  rrjr,  and 

therefore  Ux  —  fy.    But  it  will  be  —  zizy^  in  the  logarithmic  whofe  fubtan-* 

gent  zz  I  (which  is  always  to  be  underftood^  whenever  thefe  fubtangents  are 
not  particularly  ezprefled).    But,  becaufe  l/x  =  ly,  the  differential  of  Ux  will 

be—.     Therefore,  inftead  pf  jr  and  j^,  putting  their  values  given  by  x,  it 
will  be  -T-  for  the  differential  of  the  formula  propofed. 

»%  imp 

But,  more  generally^  let  it  be  required  to  difference  T^Zr.  Put  Ix  njr,  and 
therefore  f"/x  =  /'"jr,  and—  rrj^.     But  the  differential  of  /*jr  is  mf^'^^y 

X    — ;  therefore,  fubftituting  the  values  of  7  and  y  given  by  x^  the  differ- 

•  • 

cntial  required  will.be  iw/*'""'/x  x  -^« 

w 

Still  more  generally.  Let  it  be  required  to  difference  l^i^ x.  Make  /** 
= /,  and  therefore ./)f  =^,  and  ~  =  y.    Then  it  wiJl  be  /"/*«  =  I'y'. 

6  But 
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But  the  differential  oi  l^ y'^  is  mnl^^^y^  X  ~  •     So  that,  making  the  fub* 
ftitutions,  mnl^'^   l^x  X  -jr  will  be  the  differential  required. 

150.  Now  for  the  meihod  of  differencing  exponential  quantities.  Let  the 
quantity  to  be  differenced  be  z  .  Make  2;  =  /,  and  confequently  it  will  be 
/«*  =  //.  But,  by  §  1 4,  it  is  Iz^  zz.  xlz,  and  therefore  it  will  be  xlz  =  //, 
and  therefore,  by  differencing,  xlz  +  —  z:  -7-  •     But  /  z:  2*,   whence  xl 

+  —  =  — - ,  and  finally,  /  =:  x^xlz  +  xz^'^  z,   which  is  the  differential 
required. 


z 


%  X 

% 


151.  Let  it  be  required  to  difference  the  exponential  quantity  of  the  fecond 

degree,  z*  .     Make  z     =  /,  and  therefore  it  will  ht  x^Iz  =  //.     And,  by 
differencing,  the  differential  oi  x^  X  Iz  +  x^   X  —  will  be  =  ~ .      But, 

as  t 

by  the  foregoing. article,  we  know  the  differential  of  x^  to  be  x^plx  +  px^^^x.; 

and  therefore  it  will  be  x^ plx  +  px^^^x  X  Iz  +  -^^-^  =  — .    But  izzz*  . 

P  P  ^  * 

Therefore  it  will  be  /  =  z*  x^ plxlz  +  z    px^'^^xh  +  z    z'^^x^  z  for  the 

differential  required. 

In  the  fame  manner,  we  may  proceed  to  exponential  quantities  of  any  other 
degrees. 

152.  Likewife,  in  the  fame  manner,  we  may  have  the  differentials  of  quan- 
tities, which  are  the  produfts  of  exponential  quantities ;  as,  for  example,  of 

x^ y^.     For  the  differential  of  this  will  be  the  produft  of  x^  into  the  differential 

J'*,  together  with  the  produft  of  _y*^  into  the  differential  of  x^.    But  it  has  been 

Ihown  how  to  find  the  differentials  of  x^  and  y^.    Therefore,  &c. 

153.  From  the  order  in  which  logarithmic  differentials  proceed,  we  may 
derive  rules  for  the  integration  of  logarithmic  differential  formulas.     And,  firft,. 
thofe  canons  which  ferve  for  the  integration  of  common  differential  quantities, 
will  alfo  ferve  for  logarithmical  differencials  which  are  like  to  them ;  becaufc 
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cbefe  are  divided  alfo  by  the  variable,  and  tbe  integrals  of  the(e  wtU  be  the 
fame  as  the  integrals  of  thofe,  putting  only  in  thefe,  inftead  of  the  variable  or 
it's  power^  the  logarithm  or  power  of  the  logarithm  of  the  fame  variable  ; 
dividing  the  whole  by  the  fubtangent  of  the  logarithmic. 

Thus,  becaufe  the  integral  of  w^'*"^  x  is  sT^  alfo  the  integral  of  mf^  x 
X   —  will  be  — ^  • 


X  a 


—  I  •    «  r      fi  ^     -r       /-f"*!      .^      X 


In  the  fame  manner,  becaufe  jx     x  :=:  Ix;  (o  likewife  //     x  X  — ,  or 
/  -p  will  he  Uxi  fuppofing  the  fubtangent  =  i . 


xlx 


And,  hcc^uk  fyy  \/ aa  +  jy  =  -J-  X  aa  +yj\^',  it  will  be  alfo  /fy^sa  +  t^y 


y        ^ 


jLet  ml      .  Ap  X  -T-  be  given  to  be  integrated.   Make  be  zny  ;  then  —  sj?. 
And  making  the  fubftitution,  it  will  ht  ml       y  X  -^^     But  we  know  the 


integral  of  my      j/  to  be  jr  ,  and  therefore  the  integral  of  »/       jr  x  -^  will 
be  /"jf.    But  y  =  Af,  and  therefore  ^  =r  /6r,  and  Z"*/  =  /*A;    Therefore 


fml^'^^lx  X  -T-  =  /*"/*. 


Let  it  be  nml^^  x^  x  —  •    Make  x^  z:  >,  and  therefore  x*  =:  — -^ 


JW*     "" 


And  making  the  fubftitutions,  it  uill  be  nml^"  y  x i  thatis,i«^'"'y 


X   — ,  the  integral  of  which  is  l^y.     Then  reftoring  the  value  of  j^,  it  will  be 

X 

Let  it  be  i/w/""  l^x  X  4-»     Make  Ix  zz  y  i  then  —  =  y,  and  l^x  s 

xlx  "^  X  '^ 

y^.     Making  the  fubftitution,  it  will  be  nml^T  y^  Y,  —  •     But  the  integral  of 


this  is  /  jf  .    Therefore,  reftoring  the  value,  it  will  be  Jnml       I  x  X  —  = 

i    I    X,  ■ 

154*  To 
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154.  To  this  I  (hall  add  a  general  rule  for  the  integration  of  the  formula 


i»  .»      - .    .  ^  3  i  y  ny    ^   al         y 


y"  fyy^y%  and  fay,  in  general,  it  will  be^   l^ y  Ky  z:  ^  ^  .  ^      —       .^ 

+   ==^1 ^ ==Tr ^  >  &c.     And  thus 

the  feries  may  be  continued  in  infinitum,  by  obferving  the  law  of  it's  progreffion, 
which  is  manifeft  of  itfelf. 

Hence,  if  the  exponent  n  (hall  be  a  po(itive  integer  number,  it  is  cafy  to 
obferve,  that  the  feries  will  break  off  of  itfelf,  and  confequently  the  integral  of 
the  propofed  formula  will  be  given  in  a  finite  number  of  terms. 

For  example,  make  w  =  2  ;  then  it  will  be  »  —  2  =:  o,  and  therefore  tiic 
co-efficient  of  the  fourth  term  will  be  nothing,  and  of  all  that  follow,  becaufe 
every  one  is  multiplied  by  «  —  2.  So,  if  »  =  3,  the  feries  will  break  off  at 
the  fifth  term  ;  and  fo  of  others* 

Make  »  =  2,  ;w  =  i  ;  then  the  formula  to  be  integrated  will  be  yt^y  X  y^ 
Therefore  the  fourth  term,  and  all  the  fubfequent  terms,  will  be  nothing. 

Therefore  the  integral  will  be  ^^^  -.  2^^^^  +  2^ . 

Now,  if  it  were  m  =  — -  i,  the  feries  would  be  of  no  ufc,  becaufe  it  would 
be  w  +  I  -=  ci  which  makes  every  term  infinite.  But,  in  this  cafe,  there 
would  be  no  need  of  a  feries,  becaufe  we  know  already  how  to  integrate  fuch 
formulas,  by  what  has  been  faid  before. 


It  remains  to  give  the  demonftration  of  this  rule.     To  do  which,  make 
/y  =:  2,  and  therefore  ^   zz  z.     Then  making  the  fubftitution,  it  will  be 

ylyy^yxy.    But  j^  ,2jk  =;^  2^ +;j-j-jjr       2      ;s— —.y^     ay 

n  X  «  — I     m+i   «  — 2    •     ,    «  X  »— I     m  11  —  2  ••     o  a    j  r  •     •  y-  .. 

—     .^-  y        z       az  A-    --  y   z      ay,  &c.     And  fo  on  m  tnfimtum ; 

III  +  I  I  HI  +  1 1 

becaufe,  in  this  manner,  every  term,  except  the  firft,  will  be  deftroyed  by  that 
immediately  following,  becaufe  it  is  i  :z  -2-.  Now,  becaufe  fuch  an  uifinite 
feries  is  integrable,  by  taking  the  terms  two  by  two  j  for  the  integral  of  the  firft 

and  fecond  term  is  ^! — —• ,   of  the  third  and  fourth  is   —  ^^      Z' -,  of 

the  fifth  and  fixth  is   ^  ^  *""i^ i ;  and  fo  of  the  reft:    in  this 

H  h  2  integral. 
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integral,  inflead  of  z,  reiloring  it's  value  fy^  we  (hall  find  it  to  be  at  lad 
/jT  I  ^yy  =  '^ — ; — ^  —  ''*'^  ^  ■    , ; — =^ ,  &c.  as  before, 

155,  The  artifice  of  finding  the  aforefaid  fcries  is  this.     We  may  conceive 

OT+I    fif 

the  integral  of  ^'  '/"jy/  to  be -9  as  it  really  would  be,  \i  I  y  were  not 

a  variable  quantity ;    but,  fuppofing  the  fubtangent  =:  a^  the  differential  of 

this  integral  is  y" l^yy  +  -2LJf ;2L.     This  is  found  greater  than  the  pro- 

pofed  formula  by  -2-1- — 22L^  fo  that  the  integral  affumed  is  greater  than  it 

ought  to  be,  by  the  integral  of  ^^^        ^^  ,   and  therefore  the  integral  of  this 
ought  to  be  fubtradcd  from  the  fuppofed  integral. 

And  here  again  I  conceive  that  the  integral  of  ^^^  ^  ,,  ^  is  -^^-si^irr — =^j 
whence  the  integral  of  the  propofed  formula  will  be  .  -^  ^  — i-  -, 
:2L^_>  .     Bur,  by  differencing  .2L=4-a-^>  we  (liall  have -^Lfi—^ 

+    ==rr —.      Therefore    the    mtegral    of  — — --— ^    is   not 

•^==r— i ,  but  is  greater  than  it  ought  to  be  by  the  integral  of  — 1^,      x 
y^a^r^^yy.     Therefore  too  much  is  fubtradled,   and  this  integral  is  to  be 

ft   \f  m  SB  I    X    V  Or  I  y 

added,    which  again  I  imagine  to  be "^'^Ti •     ^o  that  the 

w  +  xl 

integral  of  the  propofed  formula  will  be  ^-^^*'"^*  ^"^  "^  -^   ,J^^    'j/"""  j 

+  ~^^_y*"'*"V/""  J,  &c.     And  thus  proceeding  in  the  fame  manner,  the 
feries  may  be  continued  in  infinitum, 

156.  We 
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156.  We  may  alfo  have  the  integrals  of  logarithmic  differential  formulas  by 
the  help  of  feries,  which  (hall  not  contain  logarithmic  quantities,  but  only 
common  quantities;  which  feries,  therefore,  will  never  break  off,  but  aie 
always  infinite. 

Let  xlx  X  X  be  propofed  to  be  integrated.     Make  x  •=.  z  +  a ;  then,  by 


fubtlitution,  it  will  ht  z  -t  a  x  Iz  +  a  y.  z.     But,   by  §  70,  it  is  /i  +  ^  — 
~?  +  ~^i"  —  -^  >    &c.     Suppofing  the   fubtangent   =    i.     Then,   by 


a 


la- 


4a* 


adually  multiplying,  we  fliall  have  z  +  a  X  Iz^a  x  z  zi  zz  + 


vsrz 


»*i 


+ 


»*i 


^a 


T,  &c. 


2a  3tf> 


»*i 


%*i 


»>i 


-V  +   — r>  &c.;  that  is,  zz  A — 

4^'  5«*  ^^ 


r  H r  —  — r »  &c-  5  and,  by  mtegration,  it  will  be  —  +  -;=- 


2a 


6a 


a^a* 


z* 


6oa» 


jaoa^ 


,  &c.  zz  fz  +  a  X  1%  +  a  X  z. 


So,  if  the  formula  were  x  Ix  X  x,  that  is,  2  +  ^1     x  iz  +  a  xi,  wcmuft 

multiply  the  feries- expreffing  the  logarithm  into  the  power  z  +  a\   .     And 

moreover,  if  the  logarithm  alfo  were  raifed  to  a  power,  as  x^/^x  x  x,  that  is, 

z  +  a\  Xl^'z  +  a  X  Zf  there  would  be  occafion,  befides,  to  raife  the 
infinite  feries,  expreffing  the  logarithm,  to  the  power  »,  and  to  do  the  reft, 
as  above. 


157.  Differential  formulas,  or  equations  affefted  by  logarithmic  quantities, 
very  often  admit  of  integrations  which  are  geometrical,  and  which  depend  on 
quadratures  of  curvilinear  fpaces,  which  may  eafily  be  defcribed,  fuppofing  the 
logarithmic  curve  to  be  given.  Here  are  fome  examples  felefted  out  of  the 
more  fimple  ones. 


Fig.  138. 


Let  the  equation  be  yfy  =  Xj  and  in  the 
logarithmic  defcribed  let  CD  =:  jf ;  and  taking 
the  fubtangent  for  unity,  we  Ihall  have  AC  = 
HD  =  /y.  Whence  the  infinitefimal  redtangle 
DG,  of  which  the  bafe  is  GH  =  FE  =  j/,  will 
be  =  yfy.  But  this  redangle  is  the  clement  of 
the  increafing  area  BDH,  and  therefore  the  fum 
or  integral  fyly  is  equal  to  the  faid  area.  In 
fad,  the  area  itfelf.is  equal  to  the  redangleAD^ 
fubtradling  the  logarithmic  fpace  ABDC.    But 

this 
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this  fpacc,  as  is  known,  is  meafured  by  the  rectangle  AB  X  CD  =  y.  There- 
fore ibe  area  BDH  =  fyfy  '=-  yb  —  y\  ^  ^*y  be  found  by  the  way  of 

analyfis. 

•  I  (hall  confider  another  formula,  yl^y  n  x.  The  firft  member  is  no  other 
than  the  folid  generated  by  the  fluxion  HG,  muhiplied  into  the  fquare  of  the 
ordinate  GF;  which  folid  is  analogous  to  the  element  of  the  conoid,  generated 
by  the  area  BDH,  revolving  about  the  axis  BG.  Therefore  the  integral /y/^ 
n  yl^y  —  %yly  +  ^y  is  to  the  faid  conoid  in  a  given  ratio. 

More  generally,  let  us  have  yl  y.  Raifing  the  ordinate  HD  to  the  power  », 
(the  index  m  being  either  an  affirmative  or  negative  number,  cither  whole  or 
broken,  it  will  fuffice  that  the  ordinate  HM  may  be  made  equal  to  the  dignity 

HD  ,  and  that  through  the  point  M,  and  infinite  others  to  be  determined  in 
the  fatpe  manner,  the  curve  BMN  may  pafs  ;  in  order  that  the  area  BMH  r: 

/MH  X  jf  may  be  equal  to,  or  analogous  to,  the  integral  Jyl^y*^ 

The  difficulty  will  not  be  greater,  even  thougl)  the  logarithms  of  logarithms 
(hould  alfo  be  found  in  our  expreffions.  Let  there  be  propofed  yjly  =  x. 
Whereas  AC  is  the  logarithm  of  CD  ;  if,  in  the  logiftic,  the  new  ordinate  IL, 
equal  to  the  abfcifs  AC,  (hould  be  adapted  ;  AI  will  be  the  logarithm  of  IL» 
and  confequently  the  logarithm  of  the  logarithm  of  CD.  Let  the  right  line  IL 
be  prolonged,  fo  as  to  cut  HD,  parallel  and  equal  to  AC,  in  the  point  K ; 
through  which  and  infinite  others,  determined  in  the  fame  manner,  let  a  new 
curve  pafs,  drawn  relatively  to  the  logiftic.  I  fay,  that  the  quadrature  of  the 
fpace  belonging  to  this  curve  will  give  us  the  integral  of  the  formula  j?/^  =:  x. 

After  another  manner.    I  take  the  fluxion  of  the  quantity  ylly^   that  is, 
y^J  +  7--  J  and  adding  the  term  -^  to  both  fides  of  our  expreffion,  we  (hall 

have  ylly  +  -^  =:  ;f  "*"  "z^*  ^^^  ^^  integration,  ylly  =  *  +  J^*  There- 
fore, to  the  abfcifs  AH  annexing  the  correfponding  ordinate  in  the  reciprocal 
ratio  of  HD  =  ^,  a  curve  will  be  produced,  the  quadrature  of  which  will 

exprefs  the  integral  /-y- .  And  this  will  be  enough  to  fliow  how  the  method 
proceeds. 

158.  J  (hall  now  go  on  to  the  integration  of  differential  formulae,  which 

contain  exponential  quantities ;  and  let  us  integrate  itx.     Put  x  =    i   +  J^» 

(taking  unity  for  any  conftant  quantity,)  then  it  will  be  x*x  =    1"+^'   ^y. 

4  This 
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This  fuppofed,  make  alfo  r  +y\^      =  1  +  «,  and  then  it  will  he  i  +y   x 

1 1  -{-y  =  l\  +u.  Now  let  the  two  logarithms  be  converted  into  feries,  by 
^  70 ;  and  making  an  a(flual  multiplication  of  the  firft  feries  by  i  +  />  we 
ihall  have  ^  +  f/  —  iy*  +  ^y*  —  _V>»,  &c.  =  «  — 1«*  +  4«»  —  -Jw* 
+  -^8*,  &c.  Then  make  a  fidlitious  equation,  fuppoHng  it  to  be  «  =:  jr  +  Ky* 
+  B>*  +  Cy*  +  Djr*,  &c.  (where  A,  B,  C,  D,  &c.  are  quantities  to  be  deter- 
mined by  the  procefs.) 

Therefore    uu  =  y*  +  a  Ay*    +  K*y*  +  2ABy*,  &c. 

«»  =  y  +  aAy*  +  3 A*>»,  &c. 

+  3Bjr»  «♦  =  jF*  +  4Aj»»,  &c.     »*  =  jf%  &c. 

Whence.  «  —  f  «•  +  ^«»  — ,  i«*  +  -j|^$^  gj^,  = 

jf  +  A/  +  By*  +    Cy*  +  Dy*,  &c. 
—  ty  ~  Ay  —  tAy  -  A  By* 

—  By*   —  Cy*  , 

H-l;''  +   Ay    4- Ay        V=^+ »>*-•>* +  ^'^*  —  *'''J'*»  *^<^' 

+  Bjf'  ' 

—  t/     —Ay* 

Now,  by  comparing  homologous  terms,  we  (ball  find  the  values  of  the 
aflumed  quantities  to  be  A  =  i,  B  =:  f,  C  ;=  -^,  D  :;=  -,V->  &c. ;  fo  that, 
putting  thefe  values  in  the  places  of  the  capitals,  we  Ihall  have  i  +  «  a 

n^*"*"'  =  i+^+y  +  ty»  +  t;'»  +  tV/»  &c.    Whence  T+^  *'•''>  = 

j'  +  Jjy  +  J^!y  +  tJ^'i'  +  t>!y>  &c. ;  and  Uftly,  by  integration,  Ji+f     ^  ^y 
-y  +  \f  +. tJ''  +  t/  +  tV/  +  tV/,  &c- 

159.  We  may  find  the  integral  of  the  formula  x'x  thus,  in  another  manner. 

Make  **  =  i  +  j',  then  xlx  zi  / 1  +;r.  Reduce  iT+y  to  a  feries,  and  it 
wiil  be  iT+y  =;r  —  f>»  +  ^y^  —  ^y^  +  f/,  &c.  This  fuppofed,  make 
y  =  /i+jr  +  A/* T+y  +  B/»  i  +jf  +  Cl^T+y  +  D/»  i  -ty,  &c.  (where 
A,  B,  C,  D,  &c.  are  quantities  to  be  determined,)  and  ic  will  be 


y  = 


MO 


AHAtTTXCAt     I  M  8  T  1  T  V  T  I  0  V  t. 


BOOK  in« 


jr-=r 


y  = 


l*TTy  +  2A/»  r+^  +  AV* TTy  +  aAB/*  i  +jr,  &c. 

+  2B/»7+7  +  aC/»i  +y 
l*TTy  +  3A/*  I  +7  +  3AV»  i  +jr 


/ 


I'TTy 


Therefore  ^  —  f /  +  |/  —  \y*  +  f/,  &c.  =  /i  +J'  = 

iTTy  4-  A/»T+3  +  B/»r+7  +    C/*"iT}  +    D/» 
—  t/* rrj  -  A/»i  +^  —  iAV* TTy  -    *'*" 


B  /♦  I  +> 


AB/» 

+  i/»r+5  +  A/*r+]y  +  A*/» 

+    B/» 

+  4/* 


+;'.  &C. 


+  J' 


+j^ 


+Jf 


■^y 


+y 


+y 


N0W4  by  the  comparifon  of  homologous  terms^  we  (halt  find  A  =  f,  B  s  4> 
C  =  ^  D  =  TT<r,  &c. ;  whence  i  +7=1+/ 1  +jr  +  f/* i  +  jr 
+  T^*  rT7  +  T-?'*TTjr  +  TTv/»  I  +  jy  &c.  But  iTTy  =  *&,  and 
1  4-  J?  =  «*  i  therefore,  making  the  fubftituiions^  and  multiplying  by  x,  it 
will  be  «*x  =  X  +  *x/jc  H-  t**x/*A?  +  -J**x/'Ar  +  ■g\x*xi*x  +  -t-rzX^xPx,  &c. ; 
and  integrating,  by  the  known  rules  above  delivered,  it  will  be  /x  a"  =  x  + 

—  TrTr**>  &C. 


%•  139* 


160.  Now,  to  add  fomething  concerning  the  con- 
ftrudion  of  curves  exprefled  by  logarithmic  and  exi- 
ponential  equations.     Firft,    let  it  be   required  to 

defcribc  the  curve  of  the  equation  x  =^ 


Lee 


BD  (Fig.  139.)  be  the  logarithmic,  in  which  we  are 
to  take  the  logarithms  of  the  propofed  equation^ 
whofe  fubtangcnt  (for  example)  is  =  tf  s  AB.    This 

5  fuppofed. 
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F/jf.  140.  fuppofed,  taking  y  ^  a  z:  ABf  the  logarithm  of  y  will 

be  =  o,  and  therefore  x  —  o.  Making,  then,  MN  =:  j^ 
rz  a  (Fig.  140),  N  will  be  a  point  in  the  curve.  Taking 
y  lefs  than  AB^  ly  will  be  a  negative  quantity^  and  there- 
fore I'^y  will  be  an  imaginary  quantity,  becaufe  the  even 
number  2  is  the  index  of  the  root  of  a  n^ative  quantity ; 
whence  x  will  be  imaginary  whenever  y  is  lefs  than  a. 
Taking  y  greater  than  AB,  fuppofe  ==  CD,  it  will  be 

AC  n  ly.  Buti  ^>y  ^^^  given  equation,  it  is  a*  .  l^y  :: 
fy  •  x^  or  4  •  s/aly  :i  fy  .  x ;  and  therefore,  making 
MP  zz  CD,  we  mud  take  PH  equal  to  the  fourth  pro- 
portional of  AB,  a  mean  proportional  between  AB  and 
AC,  and  the  faid  AC ;  which  fourth  proportional  will  be  =  x^  and  H  will  be 
a  point  in  the  curve.  After  this  manner  we  may  find  as  many  points  as.  we 
pleafe,  and  fo  defcribe  the  curve,  which  will  go  on  ad  wfiniium^  as  is  eafy  to 
perceive. 

To  have  the  fubtangent  of  the  given  curve,  I  take  the  differential  formula 
-J-  of  the  fubtangent,  find  the  difference  of  the  equation  of  the  curve,  which  is  x  = 

il *y  X  —^»    Making  the  fubftitution  in  the  place  of  x,  we  Ihall  have  the 
fubtangent  =  p^y  x  «»"  =  ^  =  ia^x^. 

Alfo,  our  curve  will  have  a  contrary  flexure  i  to  find  which  I  uke  the 
fecond  fluxion  of  the  given  equation^  fuppofing  x  conftant,   and   I  find 

|a^^/^;x.-^|aV>;-l,,|.^;y/t^  =  o ;  and  therefore  y  = 

.    ,      — ^ .    But,  by  the  method  of  contrary  flexures,  it  ought  to 

he  y  zz  o.    Therefore  it  will  be  ia^jyfiy  —  ia^yyn*y  =  o  j  that  is,  jfy  — 

ial   ^  =  o,  or  ^  =  ia.    Therefore  the  point  of  contrary  flexure  will  be 
there^  where  it  is  (k  =  ia* 

If  the  curve  propofed  to  be  defcribed  were  xlx  =  y^  refolving  the  equation 
into  an  analogy,  it  will  be  I'.lx  ll  x  .y,  which  may  be  conftruAed  in  a  like 
manner. 

V01..IL  li  If 
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If  the  curve  were  x*lx  =i  y,  or  x^lx  rr  jr,  or  x'^lx  =  j^^  or,  more  gcnefalVy, 
x^lx  zz  y^  fnppofing  n  to  denote  any  power  of  x^  whether  integer  or  fradion  f 
this  equation  being  likewife  refolved  into  an  analogy,  i  . /*  ::  x*  .y,  and 
taking  in  the  logarrthmic  any  line  CD  =  x^  whence  AC  zz  Ix;  the  multiple 
of  AC,  according  to  the  number  »,  if  it  be  an  integer,  ihe  fubmuhiple,  if  a 
fraction,  will  give. the  correfponding  ordinate  in  the  lo^ithmic  itfelf^  which 
Ihall  be  *«,  by  the  property  of  the  logarithmic. 


Jf^i*  1 39* 


« 
If  the  curve  (hould  contain  quantities  that  are 
logarithms  of  logarithms,  fuch  a$  x^llx  zzy^  we  fhould 
eafily  have  in  the  log^itbmic  the  line  expreffed  by  IJxy 
by  taking  any  line  CD  =  ;if  (Fig.  i39.)»  whence  it 
is  AC  =:  Ix;  and  then  putting  AC  for  all  ordioatd 
in  {ae).  For  Aa  would  be  the  logarithm  of  {ae)^. 
that  is,  Ux  i  as  has  before  beea  takca  notice  of  at 

S  ^57- 


^g.  14^ 


t6i.  Let  it  be  required  to  conffruS 
the  exponential  curve  of  the*  equation^ 

x^  zz  y.    Now,  taking  the  logarithms, 
it  will  be  idx.  =  ly  ;,  and  defcribing  the 
logarithmic  curve  PAB,  (Fig.  i4i,)  with 
the  fubtangent  AD  =  i,  and  taking  any 
line  CB  =  DE  =  x,  it  will  be  DC  zzlx. 
Then,  becaufe  the  equation  may  be  re- 
folved into  the  analogy,  i  .  x  ::  Ix .  fy  $ 
the  fourth  proportional  to  AD,  BC,  and' 
DC,  which  fuppofe  is  DM,  will  be.^  ;  fo  that  MN  =  y.    Therefore,  if  it  be 
made  EF  =  MN,  it  will  be  DE  =z  ;c,  EF  zi  y^  and  F  will -be  a  point  ia  the. 
curve  to  be  defcribed. 

The  curve  will  cut  the  afymptote  HM  in  H,  making  DH  =  DA.  For,, 
putting  jp  IT  o,  it  will  be  /y  =  o,  that  is,  y  =:  DA.  Making,  therefore^ 
AG  =  DH,  G  will  be  a  point  in  the  curve. 

From  the  point  H  drawing  HP,  an  ordinate  to  the  logarithmic,  and  drawing- 
POR  parallel  to  HD,  then  OR  will  be  the  lead  ordinate,  jy,  to  the  curve.     For,. 

taking  the  difference  of  the  equation,  it  will  be  x  +  a:&   =  -=^,  that  is„ 

yx  +  yxlx  zz  y.     But,  by  the  method  de  maximis  et  minimis^  it  muft  be  J^  =  o;. 
iberefore  yx  +  yxlx  zz  o,  and  therefore  —  Ix  =:  i  rr  HD.  z:  DA» 

8.  Bocaufc 
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Bccaufe  -^  is  the  general  formula  for  the  fubtangent,  and  having  x  = 

— y  from  the  given  equation  of  the  curve,  by  fubftituting  this  value  in 

the  formula,  the  fubtangent  belonging  to  any  point  of  the  curve  will  be  = 

■    .  ;  and  for  the  point  G,  in  refped  of  which  it  is  a;  =:  AD,  and  confe- 

quendy  Ix  =  o,  the  fubtangent  will  be  =  i  =  AD,  which  is  the  fubtangent 
of  the  logarithmic. 

As  to  the  area,    take  the   general  formula  yx  \   but  y  =:  ,v*^,    in    the 
equation    of  the    curve.     Therefore,   fubftituting   the   value    of  y  in    the 

formula,    it  will  become   k' x^   and  therefore  Jx^ x    is  the  indefinite  area 

HOFEADH;  which,  being  integrated  according  to  §  159,  will  be  1=  ;^f  +  -^^ 

—  i**  +  —J—  —  —  +  —  + — h  -T-  f  &c.     And  takine:  x  = 

AD  =  I,  it  will  be  Ix  =  o,  and  therefore  the  area  HOGAD  =  1 ^  -4 — L. 

•"  ^»  *^^i  ^^^^  '^^  =»  —  -?■  +  -p-  -  -I^  +  -p-t  &<^- 

1 6ft.  Let  x^  —  a  be  the  equation  of  the  curve.    Then  ylx  =  Aj,   and 

therefore  it  may  be  conftrufted  by  means  of  the  logarithmic.     By  taking  the 

• 

fluxion  of  the  equation,  we  (hall  have  ^  +  yh  =:  o,  making  the  fubtangent 

Mr 

•   f 

of  the  logarithmic  zi  i.    And  therefore  it  will  be  ;^  =  —  ^^-^—i  and  therefore 
the  fubtangent  =  —  xlx. 

•  163.  Let  it  be  jt*^  =  fl^  ;  therefore  xlx  =  yla^  which  may  be  conftrufted  as 
ufual.     Taking  the  flujdon,  it  will  be  x  ^i^  xlx  zz  yla ;  and  the  fubtangent 

^■,       xlx 


I  +  Ix 


»' 


Here,  becaufe  y  =,  —^  it  will  be  yx,  or  the  element  of  the  area,  zz  ^r— ; 

-- J    •     -^  ^'  U         C  •      •        2XXlx  —  XX 

and  intcgraung,  by  §  154,  it  is j =  area. 

164.  Other  queftions  may  be  ftill  propofed,  relating  to  exponential  equations^ 
as,  for  example,  in  exponential  equations  compofed  of  only  known  quantities, 

but  with  variable  exponents,  to  find  thofe  exponents.   So,  let  it  be  ^   =  ^^       ; 
the  value  of  the  unknown  exponent,  Xy   is  required,  a,  b,  c^  being  given. 

I  i  2  Becaufe 
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Bccaufe  ^     =  i       ,  it  will  be  x/r  —  /^  =  at  —  i  /*,  and  therefore  xk  —  xlb 
z^h^lb.     Whence  ;^  =  ^^. 

165.  Another  queftion  (hall  be  this.  To  find  Tuch  x  number  ^  as  that  it 
may  be  ;v'  =  «,  and  alfo  x*^^  2:  ^  Now,  by  the  firft  condkton,  wc  fliail 
have  xlx  =  Ai,  and  therefore  ;p  =  ~  >  ^^  &  =  ~ .  By  the  fecond  condi- 
tion, we  (hall  have  x  +p Ix  =:  lb.  Therefore  it  will  be  *f  =:  ■  ^^  >  or  Lr ^ 
-4r:*    Then  it  will  be  -^  i:  -4-t  that  is»  ir Af  +  fii  s:  «#,  or  «  a 

11^  i  or  elfe  -^  =  1^,  that  is,  Ix  =  i^yiS.    This  fuppofed,  I  fli»!l 
propofe  to  myfelf  to  relblve  the  following  Problem. 

1 66.  A  veiTel  being  given  of  a  known  capacity,  full  of  any  liquor,  fuppofe 
wine,  out  of  which  is  drawn  a  draught  of  a  given  quantity,  aod  tbca  the  veflcl 
is  filled  up  with  water.  Of  this  mixture  of  wine  and  water  another  draught  is 
drawn  equal  to  the  former,  and  the  veiTel  is  again  filled  up  with  waten  Ag^^^i 
of  this  mixed  liquor  another  fuch  draught  is  drawn  out;  and  tlie  fiinie  operation 
is  continually  repeated  in  the  fame  manner,  h  is  demanded  how  many  fuch 
draughts  may  be  drawn  out,  or  how  mafty  times  the  operation  mufl:  be  repeated, 
that  a  given  quantity  of  wine  may  be  left  in  the  veflel. 

Let  the  capacity  of  the  veflel  be  =  a^  and  the  quantity  of  each  draught 
=  b.  Therefore,  at  the  firft  draught,  will  be  drawn  fuch  a  quantity  of  wine  as 
will  be  exprefled  by  b ;  and  as  much  water  will  be  poured  in  again  ;  whence, 
after  the  firft  draught,  will  be  left  in  the  veflel  the  quantity  of  wine  zz  a  ^^^b. 

At  the  fecond  draught  will  be  drawn  out  the  quantity  b  of  the  mixture ;  fo 
that,  to  have  the  quantity  of  pure  wine  contained  in  it,  we  muft  make  this 
analogy  ;  as  the  capacity  of  the  veflel  (a)  is  to  the  quantity  of  the  draught  (^), 

fo  is  the  wine  which  is  in  the  veflcl  (a  —  ^)  to  a  founh  proportional  — ^ — , 

which  will  be  the  quantity  of  pure  wine  which  is  drawn  out  at  the  fecond 
draught.      Then    there    remains  in   the  veflel   the  quantity   of  pure  wine. 


ma 


"  ^^^  +  *^       •  ^^   .       a^S) 


,  that  is. 


Therefore,  for  the  third  draught,  making  alfo  this  analogy ;  as  the  capacity 
ef  the  veflcl  [a)  is  to  the  q^uantity  of  a  draught  (*),  fi>  is  the  wine  in  the 

vefle}„ 

4 
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vcffcl,  lZ-£!,  to  a  fourth,  ii^^  X  —  •    This  will  be  the  quantity  of  pure 
wine^  which  was  drawn  out  at  the  third  draught ;  fo  that  there  will  renutin  in 


the  veucl  the  quantity  of  pure  wine,       ■       _  -^  x  »  or  — — .    And 

thus,  after  the  fourth  draught,  there  will  be  left  in  the  veflel  the  quantity  of 

pure  wine,  ^^^ — ;  and,  in  general,  after  a  number  of  draughts  denoted  by  n^ 
there  will  be  left  in  the  veffel  the  quantity  of  pure  wine  =     **   ' ,    Therefore, 

if  we  would  know  how  many  draughts  muft  be  taken,  fo  that  there  fhould 
remdn  in  ihe  veflel  a  given  quantity  of  pure  wine,   fuppofe,  for  example^ 

•^  part  of  the  whole i  we  mufl  make  the  equation  ^i""     ■  r=  — ;  which,  be- 

a 

caufe  n  is  an  unknown  number,  will  be  an  exponential  quantity.    Wherefore, 
the  equation  being  reduced  to  the  logarithms,  it  will  be  /iZLJ.  r=  /— ,  that 


is,  ir/tf  —  i  zz  la  '^  Im  +  n—'  ila^  or  nla  —  b  =^  ^—Im  +  nla^  and  there* 
fore'  n  = == ;  fo  that  it  will  be  eafy  from  hence  to  find  the  number  », 

by  the  help  of  a  Table  of  Logarithms. 


END   OF   THE   THIRD   BOOK» 
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BOOK    iv^ 


THE  INrRRSE  METHOD  OF  TANGENTS. 


mmmm 


X.'  A  S,  when  any  curve  is  gfven,  tHe  manner  of  finding  it^s  tangent, 
^^Tjl  fubtangent,  perpendicular,  or  anjr  line  of  that  kind,  is  called  the 
Diredt  Method  of  Tangents  ;  fo,  when  the  tangent,  fubtangent,  perpendicular, 
or  any  fuch  line  is  givcji, — or  when  the  redtification  or  area  is  ^iy9p>  .to  find 
the  <urve  to  which  £uch  properties  belong,  is  called  the  Inverfe  Method  of 
Tangents.. 

• 

In  the  fecond  and  third  Books  are  found  the  general  differential  expreflSons  of 
the  tangent,  or  other  lines  analogous  to  it  i  as  alfo,  of  redlifications  and  areas. 
Therefore,  by  comparing  rhe  given  property  of  the  tangent,  rectification,  &c. 
with  the  refpeftive  expreffion  or  general  differential  formula,  there  will  arife  a 
differential  equation  of  the  firft  degree,  or  of  a  fuperior  degree,  which,  being 
integrated,  either  algebraical ly^  or  reduced  to  known  quadratures,  will  give  the 
curve  required,  to  which  belongs  the  ^iven  property.     For  example,  let  the 

curve  be  required  of  which  the  fubtangent  is  double  to  the  abfcifs.     Calling  the 

• 

abfcifs  Af,  and  the  ordinate  ^,  the  formula  of  the  fubtangent  is  -% ,  and  there- 
fore the  equation  will  be  4^  =  2x.     Again,  1st  us  feek  the  curve,  the  area  of 

which. 
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which  muft  be  coual  to  two  third  parts  of  the  reftangle  of  the  coordinates ; 

tiie  lefement  of  tlie  area  is  >x,  and  therefore  k  ought  to  htfyx  s;:^^  or 

*  ■     * 

yx  = -— ^  •  .  If  we  would  find  the  curve  whofe  property  it  is,  that  any 

ardi  takea  from  the  vertex  (hall  be  equal  to  the  refpediye  fuboormal ;  the 
cxpreffioa  of  the  arA  \i/\/xx  +  yy^  and  that  of  Ok  fuboortnil  ii  '^  j  fo  that 

we  ftiaU  hzvc  fs/xx  +J7'  =  -=?-,  and  therefore  \/xx  +  jy  =,  ^J2J}l!21  ^ 
(taking  X  for  conflant^)  which  is  a  differential  equation  of  the  fecond  degree. 

2.  The  equations  which  arife  by  proceeding  after  this  manner,  will  always 

have  (as  is  eafy  to  perceive,)  the  indecerminates  and  differentials  intermixed  and 

blended  with  eaclN^her^  fo  that  at  prefcnt  they  cannot  be  managed»  in  order  to 

proceed  to  their  inte^ation,  (b  at  to  obtain  the  curves  required ;  and  much 

more  if  they  contain  differentials  of  the  fecond,  third,  and  higher  degrees. 

For,  in  the  third  Se£Uon  aforegoing,  the  differential  formulae  have  always  been 

fuppofed  to  be  compounded  ot  one  indeterminate  only,  with  it's  difference  or 

fluxioa.     Therefore  other  expedients  are  neceffary,  to  try  to  reduce  fuch 

equations  to  integration,  or  quadratures,  which  is  called  the  Conftrudion  of 

Differential  Equations,   of  the  firft,  fecond,  &c.  Degrees.    And,  as  to  the 

conftrudion  of  thofe  of  the  firft  tkgree,  we  may  proceed  ^wo  ways ;  one  is,  to 

pafs  immediately  to  integrations  or  (quadratures,  without  any  previous  feparation 

^of  the  iodeterminates  and  their  differentials;   the  other  is,  firft  to  feparate 

the  iodeterminates,  and  fo  to  make  the  equations  fit  for  integration  or  quari| 

diature* 

I  (hall  proceed  to  (how  feveral  particular  methods  for  both  the  w«ys,  by 
wliich  we  may  attain  our  ^urpofe  in  moft  equations.  But  very  often  we  (faatt 
meet  with  others,  which  will  be  (bund  fo  ftubbom,  as  not  to  fubmit  to  any 
methods  hitherto  difcovered,  or  which  have  not  the  univerfality  dkat  is 
oeceQary^ 


SECT. 
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S  E  C  T.     I. 

Of  the  Conftru£lion  of  Differential  Equations  of  the  Firji  Degree^  without ' 

any  previous  Separation  of  the  LtJeterminates. 


3.  The  mod  fimple  formulas  which  have  the  two  variables  mixed  together,  arc 
thefe  two,  xy  +  yx,  and  -iLZ-SL  .    The  integral  of  the  firft  is  xy,  and  of  the 

fecond  — ,  as  is  manifeft.     To  thefe,  therefore,  we  (hould  endeavour  to  reduce 

the  more  compounded,  and  that  by  the  ufual  helps  of  the  common  Analyticks, 
by  adding,  fubtradting,  multiplying,  dividing,  &c.  by  any  quantities  that  will 
make  for  the  purpofe,  which  will  be  different  according  to  different  cafes.  We 
(hall  here  fee  fomething  of  the  pradice. 

Let  it  be  yx  :=i  xx  —  xy.  By  tranfpofing  the  laft  term,  it  will  ht  yx  +  xy 
—  xx^  and  therefore,  by  integration,  xy  n  ^xx  ±  bb.  Let  the  equation  be 
x^  +  ix^xy  =  a^xx  —  xxyyxx ;  then  tranfpofing  the  laft  term,  and  dividing 

by  xx^  it  is  s^y  +  2xyxy  +  yx*  zz  — ;- ,  and  extrading  the  fquare-root, 

9y  +  yx  =  — ;  and  by  integration,  xy  zz  alx  ±  b,  in  the  logarithmic  with 

fubtangent  r:  a.     Let  the  equation  be  yx  zr  y^  +  yy  -^  xy,  that  is,  yx  —  xy 
zz  y^  +  yy.     The  firft  member  would  be  integrable  if  it  were  divided  by  yy\ 

therefore  I  divide  the  equation,  and  it  will. be  -CLU^  =  jjy  +  j^,  and,  by  iiw 


X 


tcgration^  it  is  —  zz  \yy  +  j  '±^  b. 


4.  Let  the  equation  be  _y  j^  =r  myx  +  xy.     If  there  was  not  here  the  co- 
efficient w,  the  matter  would  be  cafy,  becaufc  the  integral  of  the  fecond  member 
Vol.  IL  K  k  would 


would  be  xy.    The  operation  would  not  fucceed  any  bettef j  by  tranfpofing  the 
member  xjf  to  the  other  fide,  or  by  writing  y^y  —  xy  iz  myx ;  yet  I  obfenre. 


III 

—  I. 


th^t  the  differential  of  mxy  «    is  mxy «»    +  xy^      />  different  from 


X 

—  I 


pofedy  myx  +  xy^  only  in  this,  that  it  is  multiplied  hj  y^   ^  •   Therefore,  to 
make  the  quantity  myx  +  xy  become  integrable,  it  will  be  fufficicnt  to  multiply 


I 


it  by  j^ «        ,  and,  to  preferve  the  equality,  to  multiply  alfo  the  correfponding 

,1  1 

member  of  the  equation  y^y ;  therefore  it  will  be  jr       ^        y  zz  my  m  x  -^ 

«y  »        j^,  and,  by  integration,  fy       m   ^  y  zz  mxy  »    ±  ^« 

Let  the  equation  be  the  fame,  but  with  a  different  co-efficient  in  each  of 
the  two  laft  terms  j  that  is,  let  it  be  yjf  zz  myx  +  xxy.    The  fecond  member 

n  n 

is  not  integrable ;  yet  I  obferve,  that  the  differential  of  mxy  «    ismymx  + 
nxy  «       y.     Therefore  the  iomogemum  tomparatiofds  would  be  integrable^  if  it 


n 
—  I 


were  multiplied  by  j^  «  *"  •    Therefore  I  multiply  the  whplc. equation,  and  it 

r  +  — -X  —  —-I. 

^ill  become  y       m        y  zz  my  m  x  +  nxy  ^^        y^  and  the  integral  will  be 
jy       m        J'  =  fffxy  «    ±  ^. 


5.  The  differential  of  x'^y  is  x^y  +  tyx^^  x.  This  iuppofed,  let  the  equa- 
tion be  y^y  =  x^y  +  yx^^^x.  If  the  laft  term  had  n  for  it*s  co-efficient,  the 
integral  of  the  I'ccond  member  of  the  equation  would  be    x^y.    I  obferve, 

therefore,  that  the  differential  of  x^'y*  is  nx^  y  +  ny^x  x\  therefore,  mul- 
tiplying the  equation  by  ^/y^""',  there  will  arife  »/  ^^^y  zz  nx^y^^^y  + 
nyx       Xy  which  is  found  to  be  integrable,  it's  integral  being /;yf  ^      y   zz 

But  if  the  laft  term,  inftcad  of  the  co-efficient  ir,  had  any  other,  or,  in 
general,  if  both  the  laft  terms  were  affeded  by  different  co*efficientsi  or  if  the 

equation 


,  r. 
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equation  were  jTy  =  cxy    +  eyx^^^x;  I  obferve,  that  the  differential  of 

en  c%  cu 

—  :^y  '    is  fxy  '        y  +  ey  *  x      x.    Therefore  multiply  the  equation  by 


€m  .cm  en  en 


ii—s  . 


jr  *        ,  that  it  may  be  j^        *        y  zz  cx^'y  '        J^  +C  '  x  *  x,  which  is 


r  + —  I  ^         

ifitegrable,  and  ic*s  integral  is/y        ^        y  =  — xy  ^    ±  ^* 


Here  make  r  zz  i,  c  =  3,  »  n  i,  ^  r:  i,  that  is,  the  equation  jjy  =:  %xy 
+  yx ;  the  integral  will  be  ^y^  =  xy^.  Make  r  =  2,  ^  =  3,  »  =  i  j  r  =  i, 
that  is^  the  equatioq  will  be  j^  =  %xy  +  ^x^    and  the  integral  will  be 

Yipr  =  3^^>  or  ij'^  =  3^^-    Make  ^  =  a,  ^  =  2,  »  =  3,   r  =  3,  or 
the  equation  y^y  zz  ix^y  +  2yx^x  ;  and  the  integral' will  be  tj*  =  t^^* 


en 
1  — 


If  the  equation  were  expreffcd  thus,  y        ^  xx  zz  cxy  +  eyx       x,  it  is 


en- 
—  I 


cafy  to  fee,  that  it  would  be  integrable.    For,  multiplying  by^^         ,  it  would 

en  en 

ho  X  X  ZZ  cx^y  '        y  +  9  ^  ^^  y*    But  the  integral  of  the  fecond  .member^ 


is  known  to  be  —  Ar«jr  '  ;  &c* 

6*  Now  let  the  equation  be  y'^y  Sr^^  '^^^ .  If  it  were  not  for*  the  c!o-* 
efficient  2,  the  integral^  of  \t he  fecond  member  would  be  —  •  But  it  will  be 
to  no  putpofe  to  traofpofe  to  the  other  fide  the  term  yx,  and  to  write  it  yy  — 
fL  _  ^_2ji^     But  I  obferve  that  the  differential  of  ^  is  2SLZ-2i;  fo  that 

HtX  XX.  X.  XX 

if  the  propofed  equation  be  multiplied  by^^,  thac  it  may  be  ^     >  =  -^^^> 

it  will  be  integrable,  and  it's  integral  will  ^^  Jy     y  zz  ^  ±-i»    But,  more 
generally,  let  there  be  any  co-efficient  »,  and  therefore  the  equation  is  j^j^  =:. 

'SLlJ^.    I  obferve  that  the  diffel-ential  of  ^  is  "^'    ^^^;  therefore,  if  it 

XX  X  XX 

Kki  be 
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be  multiplied  by  j'*""*,  fo  that  the  equation  may  be  y^^^^y  rr  -22 — iZii, 
it.  will  be  integrable,  and  it*s  integral  will  he/y^        y  r:  —  ±  ^. 

Thus^   let  both  the  lad  terms  have  different  co-efEcients^   and  let  the 

M 

equation  be  y^  =  ^■^y  -  f»y^  ^     j  obferve,   that  the  differential  of  SLUL   {% 

n  n  ■  ^ 

lu^jn y  ^mymx  ^  ^j^^j^^f^j.^^  jf  ^^^  cquation  be  multiplied  by  j^ «  ""  ,  fo  that 

n  n 

it  may  bej^       «»  "  j/  =  ^^2J! UlJSLULl^  it  will  be  integrable,  and  it's 


XX 

n 


n 

integral  will  be  /y       m       y  zz    ^^  ^     ±  b. 

X 


If  the  equation  were  jr   **  «  ifx  =  — — SZi ,  it  would  alfo  be  integrable. 


For,  multiplying  it  by  ^  «  ^  ^  it  will  be  x'x  —  2L2 UUSLHUL^    But 

the  integral  of  the  fecond  member  is  known  to  be  ^  ^    ;  therefore,  fee. 

Let  the  denominator  ;fx  be  wanting  in  the  aforefaid  equations,  and  let  the 
equation  be  yy  ==  ».vy  — yx.  To  integrate  the  fecond  part  of  the  equation, 
there  would  be  occafion  to  multiply  it  by  ^       ,  and  to  divide  it  by  xx.     But 

r+«  — I. 

as  this  muft  be  done  alfo  in  refpeft  to  the  firft  part,  it  would  be  ^ ^ 

XX        * 

which  cannot  by  any  means  be  integrated.     Therefore  let  the  figns  of  the 
equation  be  changed,  and  it  will  be  —/y  =  j^x  —  nxy.     I  obferve  that  the 

differential  of  -4-  is  ^-——^ — ^  •     Therefore,  if  the  equation  be  multiplied 
by  ;^^""',  and  then  divided  by  y^^j   fo  that  it  may  be    ""-^         — ^  = 


IBCT.  !•  AHAtYTICAt     XHITXTUTIO  N^.  253 

'tL=Jt!^lllL ,  it  will  be  integrable,  and  the  integral  \%J^=jLJ.ZJ^  = 

Let  the  equation  have  both  the  laft  terms  with  a  co-efficientj  and  let  it  be 
y'y  =  mcy  —  myx.     Let  the  (igns  be  changed^  and  it  will  be  —  y  y  -=:  myx 


—  nxy.    I  obferve  that  the  differential  of  — ^ —  is 


n  n 

X         *     my  m  X  —  nxy  m j? 

n  2'u 

my  m  mmy  m 


n  tn 

Therefore,  if  the  equation  be  multiplied  by  j^ «  ""  ,  and  divided  by  mmy  «  , 

,     n  n  n 

fo  that  it  may  be  ^^ sL  =  ^ «  ^  -^nxym j^     .^  ^^^  j^^   .^^^^ 

grable,  and  the  integral  is  /  — ^ ^ ^   =  — * —  ±  ^. 

mmy  m  my  m 

7,  Let  the  equation  ht  y  y  :=:  xy  ^  nyx      x.    Change  the  figns,   and  it 

■ 

will  be  —  yjf  :=z  nyx  '^  x  "-^  X  y.    I  obferve  that  the  differential  of  —   is 
Sf frJLL.      Therefore,    dividing    the  equation  by  jy,   it  will  become 

«— X.    ^     II  . 

m^y^^y  =: -2Z t^ZJLJL^  which  will  be  integrable,  and  it's  integral  is 


But  if  the  co-efficient  n  had  been  wanting,  and  the  equation  were  yy  =:  x^y 
•  yx^'^^x ;  change  the  figns,  and  it  will  be  —  ^  j/  =  yx'^^x  —  a:*^.   It  may 


be  obfcrved,  that  the  differential  of  —  is  '^  ■  ^\ — ^   Therefore* 

y  y 

multiplying  the  equation  by  »)?*""  ,  and  dividing  it  by  jr^",  it  will  become 
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^'^     — =^  =  -2i-i^ *  7<**  ^      ^'  >  w^'c^  ^iW  be  intcgrablci  and   it's 

r+ii  — I  .  • 

integral  is  /—  ^ — jjj-^  =  ~-  ±  3. 

But  if,  inftead  of  the  co--efficient  n^  there  (hould  be  another  of  a  different 
nature ;  or  if  both  the  laft  terms  were  afie£t(Ki  by  a  different  co*effidem,  as  if 

the  equation  were  fy  =  cxy  —  eyx^^^x  ;   change  the  figns,  and  it  will  be 


r.  fr— I 


*» 


yy  =:  eyx      x  —  cxy.     I  obferve  that  the  differential  of  is 


ney  ^  X        x  —  ncx  y  ' 


inc 


^  •      Therefore^    multiplying   the    equation    by 


^^y  ^  nc 

nc  £«^  r  +  —    —  I  . 

tiy-^   ""    ,   and  dividing   it   by   iey ^  »    it  will   be  —    ?^       »^  ^    =: 


nc  nc  eey  e 

"^  «— I.  If    ^   "^  '  • 

-S! — f X  ^  ncx  y         y  ^  ^j^j^j^  ^jij  \^  integfaWe,  and  it's  integral  will  be- 

ity  $. 
nc 

^  2nc  nc         "^ 

ety  e  ty  c 

m 

But  if  the  equation  were  thus  expreffcd,  y  '^  e  ^x  -si  ^x»j/  —  ejol^^^xi 


without  changing  the  figns,    I   obferve,    that   the   differential  of    ^  ^     is 


X 


n  "7"  ""  ^  '  —       "T"  """^  •  —  ""' 

IffU! ii! 22 — f i  J  therefore,  multiplying  the  equation  by  »y  '        , 


4r 

nc  nc 

—  I 


a»  211 


and  dividing  it  by  x   ,  we  (hall  have  -—  =: ^ ^     ^ ■ — ,  which 


4r  X 

nc 


will  be  inregrable ;  for  it's  integral  is/-^  =  — jj~  ±  ^. 


«  .x* 


/  4 


8.  I  have 
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8. 1  have  already  faid,  in  the  foregoing  Book,  §17,  that  as  often  as  the  numerator 
of  a  fraftion,  compofed  of  only  one  variable  and  conftants,  is  the  exa&  differential 
of  the  denominator,  or  proportional  to  that  differential ;  the  integral  of  fuch  a 
formula  is  the  logarithm  of  the  denominator,  or  in  a  given  proportion  to  that  loga^ 

rithm.  This  alfo  obtains  when  the  formula  contains  two  variables,  intermixed  with 

•   •  • 

each  other  and  with  their  differentials.  Therefore  the  integral  of  ^-^  =  ^9  {z, 

after  any  manner,  being  given  by.^e  or  by  yy)  will  Be  Ix+y  zz  z  ±:  b^    The 
integral  of    *     -^    =  z  will  be  l\/x  +y    =   z    +  b.      The    integral    of 

*ftjzM  -  z  will  be  zlxx  —  yy  =  2  +  ^.    The  integral  of  -^^  +  ^  -  *y\ 
2=  z   will  be   l\/xy  ^  yy  ::z  z  ±  i.     And,    in  general,    the  integral  of 


« jw  — !•    ,       m  jf— I-  ,       JW+«  — I  . 


-^^^ -^    -^  ■ ^  =  z  Will  be  l^/  X  y  -^y        ziz+b. 


r  X  #  >     — Jf 


And  fo  of  any  other  equation  whatever,  which  fliall  have  the  condition  alfigned. 

9.  Wherefore  many  equations,  though  they  have  not  the  neceflary  condition, 
yet  may  eafily  be  made  to  acquire  it,  with  the  afliftance  of  fome  calcuLition. 

Thus,  the  equation  ^  '^  ^^  —  _  j^^  has  not  the  required  condition  in  the  firft 
member ;  but  it  will  have  it  if  it  be  divided  by  y.     Then  it  will  be  ^'^  ^*  = 


—  X 


;  and  therefore,  by  integration,  iKy  '=-  ly"    Jr  lb. 

Let  the  equation  be  axy  +  2ayx  zz  xyy.    I  divide  it  by  ayy^  and  it  will  be 

•  •      ••  • 

^ — —  =  -^ .    This  would  be  iategrable  if  it  were  not  for  the  co-efficient  % 
in  the  fecond  term  of  the  firft  member ;  therefore  I  fubtradt  the  quantity  ^tl 

from  each  member,  and  it  will  be  ±±JL  zi  i-  -  ii,  that  is,  5L±ji  ^ 

xy  41  xy  xy 

•  •• 

-=^  —  —  ;  and  therefore,  by  integration,  Ixy  zz  — lx.±  lb. 

Let  the  equation  be  yxx  zz  x^yy  -^  y^y  X  ^y  ^  y^y.  I  divide  it  by  jf,  and 
it  will  he  XX  zi  xy  +  yy  X  \/y  —  jry,  that  is,  xx  '\'  yy  zz  x^y  H-  y^  X  /y. 
And  dividing  again  by  xx  +  yy,  it  will  be  ^'^  j^-^    =:  y'/y.    And  therefore, 

by  integration,  l\/xx  +  yy  =  }y^  ±  b. 

5  10.  F    1. 
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10.  From  §  31,  32^  of  the  faid  Book  IIF,  we  m^y  gather,  that  any  formaU 
compoied  of  one  variable  only,  if  it  be  the  produS  of  any  complicate  quaDtiries 
raifcd  to  a  pofitive  or  negative  power,  integer  or  fra&iony  ii\K>  the  exaA  differo 
ential,  or  into  a  proportional  of  the  differential  of  the  terms  of  the  quantity; 
it  will  always  be  integrable.  And  the  integral  will  be  the  fame  quanriry,  the 
exponent  of  which  will  be  that  as  at  tirft,  but  increafed  by  unity,  and  muhiplied 
into  the  fame  exponent  fo  increafed,  but  taken  inverfely :  Or,  which  is  the  fame 
thing,  divided  by  it  j  or  elfe  this  integral  (hall  be  proportional  to  it.  Never- 
thelefs  the  rule  obtains  when  the  differential  formulae  are  likewife  compofed  of 
two  variables,  and  their  differentials  promifcuouily^  provided  they  have  the 
condition  required. 


Thus,  the  integral  of  x  +  y  :K  x/x  4-  7  rr  2;,  (where  z  is  any  how  given 
by  X  or  by  y^)  will  be  4.  x  x  +/!'*'  =  z  ±  ^.  The  integral  of  ix  +  \y  x 
^K  +  y  =  z  will  be  t  X  4-  X  x-^y.^  =  z  ±  l^^  that  is,  f  X  x+y^"^  =  z 
±  b.  The  integral  of  ^  +  3^/V  +  3/y'y  ±J±  ^  ^^  ^ju  ^c  v^PfTYp  = 
z  ±  i. 


nd 


The  integral  of  xy  +  yic  +  zjy  x  t  x   v  +  ^J'  "•    =  ^  will  be  — — —  X 
i^r+Jy^  -  z  ±  b.    The  integral  of  lL  +  >i+_2^  =  «»    will   be 


m  X  xy     p   m    _  ^  ±^,bi    And  fo  of  infinite  others  of  the  like  kind. 

But  fome  equations  of  this  kind  will  firft  have  need  of  fome  preparation. 
Let  the  equation  be  xxx  +  xyy  +  yyx  in  2?,  (where  z  is  any  how  given  by  x,)' 

I  muhiply  it  by  Xy  and  it  will  be  x^x  +  x^yy  +  xy'^x  =  xz^  or  xx  y^  xx  +  yy 
-^  XX  y.  yy  zi  xZy  which  has  not  yet  the  necefTary  condition.  But  it  would 
have  it  if  yy  were  alfo  multiplied  into  yy,  therefore  ladd  to  each  member  the 

term  y^y^  and  it  will  be  x;c  x  xx  -{-  yy  +  yy  x  xx  +  y^y  z=:  xz  +  y^y,  that 

is,  XX  +  yy  X  xx  -^  yy  =1  xz  +  y^y,  which  is  capable  of  integration,  and  it'>s 

integral  is  -J  X  »*  +/V'  =  iy^'±  i  +  fxz. 

But  it  is  not  always*  eafy  to  perceive,  what  quantities  are  to  be  added  or 
fubt rafted,  or  what  other  alterations  mufl  be  made  in  the  equations,  that  they 
may  be  brought  under  the  foregoing  method  ;  efpecially  when  the  equations  are 
fomething  compounded.    In  this  way,  to  arrive  at  a  folution  is  rather  the  work 

of 
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of  chance  than  of  art.     In  fuch  cafes,  therefore,  we  mud  have  recourfe  to  the 
Methods  of  Separation  of  the  Indcterminaies,  which  (hall  now  follow. 


SECT.     II. 

t)f  the  ConJlruSIion  of  Differential  Equations ^  by  a  Separation  of  the  Indeterminates, 


lu  The  Separation  of  the  Indeterminates  in  fome  equations,  although  but 
few,  may  be  performed  by  the  firft  operations  only  of  the  common  Algebra. 
Such  would  be  the  equation  ^*x*  +  xyxy  =  tf*v*,  in  which  I  obferve,  that  the 
firft  member  is  a. formula  of  an  afFefted  quadratick,  which  would  be  made  a 


y^. 


complete  fquare  if  the  term  ^^^^  were  added  to  it.     Therefore  I  add  this  quan- 
tity on  each  fide,  and  the  equation  will  be  xxxx  +  xyxy  +  ^yyy  =  aayy 

+  \yyyy*     And  extracting  the  root,  it  will  be  xx  +  \yy  r:  yy/^yy  +  aa^  in 
ivhich  the  variables  are  feparated,  and  therefore,  by  integration,  \xx  +  ^jjy  i= 

fy\/aa  +  \yy  ±  h.    The  integral  of  the  fccond  member  depends  on  the 
quadrature  of  the  hyperbola, 

12.  But  moft  frequently  it  will  be  convenient  to  make  xifc  of  fubftitutions. 
Let  the  equation  be  aaic  zz  xxy  +  xxyy  +  yyy.  Make  a?  +  ^  =  «,  affuming 
2  as  a  new  indeterminate  ;  and  therefore  A'  +  j/  =  ^i  and  xx  ■+•  %xy  +  yy 
=  %z.     Then  making  the  fubftitutions,  it  will  be  aa%  —  aay  =:  %zy^  chat  is, 

^      ^  =  J/,  an  equation  in  which  the  variables  arc  feparate.    The  integration 
of  the  firft  member  depends  on  the  rcdification  of  the  circle. 

Let  the  equation  be   xy  -^  yk  y,  y/c^  —  xxyy  r=  ^^-ryy  ^ 

.Here  I  obferve  in  the  firft  member,  .that  the  integral  oi  xy  +  yx  is  xy^  and  that 

the  fquare  of  this  integral  is  found  exadtly  in  the  quantity  y/d^  —  xxyy ;  there- 
fore, if  I  put  ^  =  2,  in  the  firft  member  the  variables  will  be  feparated,  and 

it  will  be  zy/a"^  —  zz.     I  obferve  further,  that,  in  the  fecond  member,  the 

integral  oi  xx  +  yy  is  — — ^ ,  and  that  the  quantities  in  the  denominator  are 

like  to  this  integral.     Therefore,  by  the  fubftitution  xx  +  yy  ::^  2/,  the  inde- 
terminates of  tiie  fecond  member  will  alfo  be  feparated,  and  the  equation  will 

* 

be  i;v/tf*  —  ax  =  -rr — ^ — : — . 
Vol.  II.  LI  Let 
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Let  the  equation  be  ^"^^  "^^  ~  ^%  (where  i;  is  any  how  given  by  x  or  jr  j) 
the  integral  oi  xy  -^yx  will  be  had,  if  we  divide  by  ^-.v,  and  it  will  be  ~» 
Let  us  fuppofe,  then,  -^  =  Ji-     and  therefore  ^^  ^^"^  =  ~ ,  and  ^^  ""^^ 

=  — ,  and  2xy  —  zyx  =  2f^,  Making,  therefore,  the  fubftitutions,  it 
will  be =====L  =  i?,  and  dividing  the  numerator  and  denominator  of 

the  firft  member  by  xx,  it  will  be  —      ^^  =  i.    But  it  was  put 

*y   .  jy 

X  XX 

~  =  — ,  and  ^  :r  —  J  therefore  it  will  be ^^^  ,  -^  =  z.   And,  be-' 

X  a  XX  aa  aa  ^  %af  -r  fp  ' 

caufe  the  integral  of  this  equation  is  algebraical,  I  will  go  on  to  the  integration. 
Mako^  therefore,  a-^p  zz  a^  and  it  will  be  —  —  =  i^j  and  by  integration^ 
*—  d:  ^  =  z.    But  q  z:z  a  — ^,  and  ^  =  ~  j  therefore  it  is  ;  =  ^  --  ^y  ^ 

Uow,  reftoring  this  value,  it  will  be  — —  ±  ^  ss  2;,  which  is  the  curve  bc^ 

X  '^  y 

longing  to  the  differential  equation  proppfed.     If,  inftead  of  making  «— -jp 

=  7,  I  had  made  p  —  a  zz  q^  another  integral  would  have  been  found,  but 

differing  from  this  x)nly  in  the  figns. 

13.  The  above  equation  gives  me  an  occafion  of  making  an  ufeful  obferva-^ 
tion;  which  is,  that  fometimes  curves  do  not  only  change  their  nature  by  taking 
their  integrals,  either  fimply  or  with  the  addition  of  conftants,  >\hich  has  been 
already  obfcrved  from  the  firft  original  of  infinitefimal  quantities ;  but  fome- 
times alfo  prefent  us  with  fuch  formula,  as  admit  of  int^rations  which  are 
really  different,  and  fupply  us  with  curves  of  various  kinds,  even  without  the 
addition  of  any  cotiftant  quantity ;  which  is  a  matter  deferving  conilderatioo. 

By  means  of  the  fuppofition  -^  z:  -^ ,  the  equation  -*^  ^^^*  =  zi$  pre-- 

fently  integrated,  and  the  integration  is  found  to  be  — ^^  =  2,  omitting  the 

y ' 

conftant.     Now  I  make  the  fuppofitiota  of  —  =  -^ ,   and  attempt  the  inte- 

•  •  • 

gration.    It  will  be,  therefore,  ^*  "  ^7    —   1- ,  and  thence   2«y  —  ^yx   =; 

2w^  ^^    ♦■A 

—  -r-  •    And,  by  fubftitution,  the  equation  will  be  T  =  Zm 

■  XX  2X       , 

aX  — h  I 

yy      y 

But  ^  =  -£-  ;  therefore  -— ZJ2^L —  —  z.    And  making  ^  —  tf  =  y,  it 

Will 
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will  be  —  —  =  ^;  and,  hy  integration,  —  =  z.    Now,  reftoring  the  va* 

lues,  it  is  — £—  =  2,  the  integral  of  the  propofed  differential  equation,  which 
is  different  from  the  firft. 

Another  integral  of  the  propofed  formula,  different  from  the  two  firft,  is 
1+2  =  z.    For,  by  differencing,  it  is  *^~J'^  +  *^  -yy  ^  ^ic -y.r  +  xy  +  ,y 

=  z^  and  ftriking  out  the  terms  that  deftroy  one  another,  it  is  ^--^2JZ~^  =  Zy 
which  is  the  equation  at  firfl.  propofed. 

Make  z  zizy^  and  the  propofed  equation  is  ^ZJL?"  =y.    If  I  make  ufc 

of  the  fecond  integral  found  above,  there  arifes  the  equation  — ^—  =r  jr,  and 
therefore  2  +  jr  =  x,  which  is  a  /^^/w  to  a  triangle.  Then,  if  1  make  ufc  of 
the  firft,  and  of  the  third  integral,  by  putting  -2f-  =  y,^  or  ^^  =  y,  the 
curve  will  be  of  the  fecond  degree. 

In  general,  let  it  be  -^^11^*  =  J^y*    The  firft  and  the  third  integration 

being  performed,  the  curve  thence  arifing  will  afcend  to  a  degree  denoted  by 
Iff  +  2«  if  D»  be  a  pofitive  number.  But^  making  ufe  of  the  fecond^  the  curve 
will  ftop  one  degree  Qioru 

14.  But,  however,  the  method  of  fubftitutions  is  ncverthelefs  univerfal,  the 
grcatcft  difficulty  of  which  is,  that  it  is  pften  very  hard  to  know  what  fubfti- 
tutions ought  to  be  made,  that  we  may  not  work  by  chance,  and  bcftow  much* 
labour  unfuccefsfuUy.  However,  we  ftiall  proceed  with  the  greateft  fecurity  in 
all  fuch  equations,  in  which  the  fum  of  the  exponents  of  the  variable  quantities 
is  the  fame  in  every  term,  and  the  feparation  of  the  indetermi nates  will  always 
fuccced.  It  matters  not  that  thcfe  equations  arc  afFefted  by  radicals,  or  byfraftions, 
or  by  fcries,  and  that  the  co-efficients  and  figns  are  of  any  kind.  The  fubfliiution 
to  be  made  in  all  thefe  equations  will  be,  by  putting  one  of  the  variables  equal 
to  the  produdt  of  the  other  into  a  new  variable,  fo  that,  if  the  equation  be  given 

by  X  and  J,  we  muft  make  a:  =:  -^ ,  or  elfe  y  sz  -—,  (where  by  the  denomi- 
nator a  is  underftood  any  conftant  quantity  at  pleafure,)  and  therefore  y  wm 
S-i-^;  and,  making  the  fubftitutions,  we  fliall  arrive  at  another  equation, 

which  will  always  be  divifible  by  as  high  a  power  of  the  indeterminate  *•,  as 
was  the  fum  of  the  exponents  of  x  and  ^  in  every  term  of  the  piopofed  equa- 
ls 1 2  tion. 
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tion.  Wherefore,  making  the  divifipn,  the  letter  x  will  not  exceed  the  firfl: 
power,  and  will  always  be  muhiplied  by  z  ;  whence  the  equation  will  be  fa 

reduced,  that  on  one  fide  there  will  be  — ,  and  on  the  other  fide  z,  with  only 

the  funcflions  of  z  ;  and  thus  the  variables  will  be  feparated.  For,  calling  A 
all  thoie  terms  which  are  multiplied  into  y,  and  B  tbofe  which  are  multiplied 
into  x^  the  equation  will  be  Ay  =:  Bx,  and  A  and  B  will  be  given  promif- 
cuoully  by  x  and  j.  Now,  becaufe  the  dimenfions  of  the  letter  jr,  togethec 
with  the  dimenfions  of  the  letter  x,  in  every  term  make  the  fame  number ;  if^ 

inftead  of  ^,  we  put  — ,  it  will  follow  from  thence,,  that  in  every  term  of  the 

quantities  A,  B,  the  letter  x  will  have  the  fame  dimenfion  which,  at  firft, 
A:andjr  had  together.  Whence,  if  this  dimenfion  be  called  »,  the  equation 
will  be  divifible  by  a:",  there  only  remaining  2,  a^  y,  x.    Let  it  be  fuppofed, 

that  after  the  fubftitution  of  — ,    and   after   the  divifion   by  x^,   that  which 

remains  in  the  quantity  A  may  be  called  C,  and  that  which  remains  in  the 
quantity  B  may  be  called  D ;  the  equation  will  be  Cy  s  Dx,  and  C  and  D 

will  be  given  by  z  and  by  conftants.    But  j/.as  "^  ;.  therefore .  tlie  equa- 

tioix  will  be  ^,  ^  =  D.;^,  that  is,  Dax  —  Czx  zz  Cxz,  and  therefore 
~  =  j^    '^^  •    And  thus  the  indeterminates>  wiih  their  differentials,  will  be 

pf  Da  ^  KM 

ieparated,  and  the  equation  will  be  con(lru£lible>  at  lead  by  quadratures. 

« ■ 

It  is  indiiSerent  whether  you  put  ^  =:  — ,  or  ^  =  —  ;  for,  in  either  of  the 

two  ways,  the  indetermi nates  will  always  be  feparated.  But  fometimes  one 
fubftitution  will  give  a  more  fimple  equation,  and  of  fewer  terms,  than  the 
other,  and  the  conftruftion  will  be  more  eafy  and  elegant.  Wherefore  it  will 
not  be  amifs  to  try  them  both,  and,  at  laft,  to  make  choice  of  that  which 
fucceeds  beft. 


EXAMPLE    I. 


Let  the  equation  be  xxy  =  yyx  +  xyx.     Make  y  =:  — ,  and  therefore  j^  =5 

— • .     Makmg,the  lubliitutions,  it  will  be zz + ., 

And  reducing^ to  a  common  denominator,   and  dividing  by  xXy  it  will'  bc; 


X  X 


axz  +  azx  zz  zzx  +  azx ;  that  is,  oaz  zz  zzx,  or  —  =  —  • 

'  I  »  J  ^  ax  z» 


EX> 


0£CT«  II« 
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EXAMPLE     II. 


Let  the  equation  be  xxy  =  yyx    +   xx::.     Putting  y  zz  —  ^  \t  will  be 

y  zz .     And,  making  the  fubftitutions,  it  will  be —  "7T" 

+  x^x.     And,  reducing  to  a  common  denominator,  and  dividing  by  xx^  it  will 
be  axz  +  azx  zi  zzx  +  ^jx",  that  i^,  zzx  —  ^zx  +  aax  —  i^^fij,  and  there- 

fore  —  = ^- — .     Now,  making  another  fubftitution,  x  =  ^^\t  will 

be  ^  =  i.+^,  and  therefore  ^^  =  ^^^^^  +  -i^ili^  j  and,  di- 


^lii  a  '  «' 


viding  by  yy,  it  is-  appy  =  ^^j^/  +  tf^/>y  +  yppp  +  p^y^  that  is,  appy  *—  ^^^j^ 


fy  =  a^;'/*'  +  ytfP  S  and  therefore  4"  =    .^^  -  ^^  -  ^3  • 


EXAMPLE    in. 


a-  -   —        ~a      » 


Let  the  equation  be  js/xx  +  _y_y  =  yx.    Make  j  =  — ,  and  y  = 
and,  making  the  fubftitutions,  it  will  be  ±±±  x  ^^I^ZjfE  =  ^ ,  that 


a  a 


is,   xxz  +  xa;;c    X    \/^^  +  zz  =,  azxx,   and,    dividing    by  .v,   it  will  be 
x^y/  aa  +  zz  +  zxy/aa  +  a^z  =  ^zv,  or  xzVaa  +  22  =  jza-  —  zx^/aa  +  zz 
Therefore  g<»      gg_  3.  ^  ^    jf  j  j^^j  j^^jg  ^  -.  j;^^  j  fhould  have  had 


J'      — 


this  equation,  ^^  == 


Vfl^i  +  //  —  ^ 


15.  But  fometimes  the  differentials  tUcmfelves,  x  and  y^  afcend  to  higher 
dimenfions,  the  condition  mentioned  before  being,  however,  in  the  equations. 

In  which  cafes,  the  fubftitution  of  — ,  inftead  of  ^,  being  made  as  before,  not 

meddling  with  y  at  prcfcnt,  will  make  every  term  of  the  equation  divifible  by 
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the  fame  power  of  Xy  and  there  will  remain  in  the  equation  only  z,  x,  and  y, 
with  the  conftants  given  or  aflumed,  but  not  x.     Now,  becaufe,  inftead  of  j, 

we  muft  put  2U2Lfi ,  by  which  the  letter  x  will  again  be  introduced ;  make 

~  =  /,  and,  inftead  of  y,  write  '^       \   and  the  equation  will  have  only 

z,  /,  ;c,  with  conftant  quantities  given  or  aflumed,  but  no  longer  x.    Now,  if 

We  make  a  .  u  ::  x  .i,  and  if,  inftead  of  /,  we  put  every  where  —,  wc  (hall 

have  an  equation  free  from  differential  quantities,  in  which  will  be  only  u,  2r, 
and  conftants,  for  an  algebiaical  corve.  By  means  of  this  curve,  we  may  find 
the  real  values  of  u.  Let  there  be,  therefore,  A,  B,  C,  &c.  fo  that  it  may  be 
n  :z:  A,  u  =  B9  «  =  C,  &c.  and  A,  B,  &c.  will  be  given  only  by  2,  and  by 

conftants,  and  it  will  be  ;c  =  4-  »  ^  =  -V**  &c«;  and  therefore  /  =  ~  will 

A  0  a 

>,  __  t_  •  •  •  • 

be  ^  =  ^,  X  z:i  —,  &c. ;  whence,  laftly,  -^  =  -^  ,  ~  =  —-,  &c.;  and 

the  logarithms  .of  A  will  be  direAly  proportional  to  che  fpices  comprehended  by 
Ciie  curves,  of  which,  the  abfcifies  heing  2,  the  oriinatcs  will  be  reciprocally 
proportional  to  the  values  of  (he  quant^tv  u  before  foiind.  And  the  curves 
faiisfying  the  purpofe  will  be  fo  many,  as  are  the  real  values  (different  from  each 

other)  ot  the  letter  w,  ftill  obierving,  that  the  aiding  of  a  conftant  quantity  ia 

-•  •         ••  • 

the  integration  of  the  equations  ~  =:  •^,   —  «  -^,  &c,  may  again  diver^ 

iify  the  curves  that  fatisfy  the  demand,  and  will  often  double  their  numben 
Then  Ix  will  be  equal  to  the  area  of  that  cuive,  which  has  z  for  it's  abfcifs,  and 

^,   -g-,  &c.  for  it'S  ordinate  I   that  is,  it  will  be  equal  to  the  integral  of 

X"»   "5"  *  ^^'     Wherefore,  taking  z  at  pleafure,  the  logarithm  of  x  will  be 

given,  and  confequenily  the  correfponding  ordinate  x  in  the  logarithmic  will  be  ' 

"given  alfo.     Then,  t  being  given,  by  means  of  the  equation  y  =  —  will  y  be 

given  alfo,  that  is,  both  the  co-ordinates  of  the  differential  equation  propofed, 
or  of  the  curve  required.  Then,  in  reference  to  the  different  values  which  will 
be  given  to  z,  fo  will  be  the  different  poihis  alfo,  which  will  be  found  in  the 
fame  curve  required. 

I  ftiall  apply  the  rule  to  an  example.     Let  the  equation  be  xxyy  +  xyxy  =: 
xxxx.     Make,  therefore,  j^  zz  — ,  and,  putting  this  value  in  the  equation, 

inftead  of  ^,  we  (liall  have  axy*  +  x*zxy  zr  ax^x^y  and  dividing  by  x<j  it  will 

be  ^y*  +  zxy  n  ax\    Here  we  fee,  that  x  and  it's  fundions  entirely  difappear, 

there 
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there  remaining  only  2,  x,  y,  with  their  fiinflions.  But,  becaufe,  by  fubfti* 
tuting,,  inftead  of  j,  it's  value  ^ — ^,  we  (hall  again  introduce  at  into  the 

equation;  make  —  =  /,  and  therefore 7  :=.  — ^ — >  ^^^  ^'^^  equation  will 
be  ^'^^  +  '^^'  +  '"'L  +  *^''  +  ^^^^'  =  ^xi,  that  is,  azz;^^  +  3^2^/  +  aaii 

ad 

—  aaxxi  in  which  only  enter  ZyXy  /,  with  their  funftions.  Again,  fuppofing 
i  zz  —  y  and  making  the  fubftitution,  we  ihall  arrive  at  an  expreffion  which 
is  purely  algebraical,  izz  +  ^zu  +  uh  —  aa,  fo  that  we  (hall  have  the  value 
of  u  given  algebraically  by  z  and  conftant  quantities.     But  /  =:  —  =  ~, 

•  •  • 

whence  —  =  — ,  in  which  equation,  u  being  given  by  z,  the  variables  will 

be  feparated.  Therefore  the  curve  being  defcribed,  of  which  the  abfciffes 
are  2,  and  the  ordinates  reciprocally  proportional  to  the  values  of  i^j  we  fhall 

have. AT,  and  thence  ;^,.by  making  the  fubftitution  of  -^  =  y. 

16.  Now,  from  this  and  other  examples,  it  will  fucceed  alfo,  without  making 
ufc  of  this^  method,  that  they  may  eafily  be  reduced  by  the  method  of  §  14, 
And,  indeed,  if  to  each  of  the  members  of  the  afore(aid  equation,  jf;ir^^  +  xyxj 
s  xxxx^  there  be  added  the  fquare  -^yyxx,  it  will  be  xxjiy  +  xyxy  +  ijyxx 

=3  xxxx  +  iyyxXy  and  extra6ling  the  root,  xjy  +  iyx  z=  x\/xx  +  iyyi  where 
now  it  is  reduced  to  the  aforefaid  general  method  of  §  14*  Or  elfe,  tranfpoling 
jhe  term  xyxy,  and  adding  the  fquare  tX^ii^,  it  will  be  xxjyj  +  ^JiyJJ  s  xxxx 

—  xyiy  +  \yyyy  \  and,  extrafling  the  root,  it  is  ys/ xx  -):  "^^yy  zz  xx  ^  \y}i 
now  reduced  to  the  fame  method. 

17.  Equations  which  contain  differentials  mixed  together,  and  raifed  to  any. 
power,   may  not  only  be  conftrufted  in  the  cafe  confidered  at  §  15,  which 
(bppofes  the  fum  of  the  exponents  of  the  variables  to  be  equal  ^in  every  term  ; 

but,  itt  general,  in  what  manner  foever  thofe  equations  are,  provided  one  of  the 

• 

two  indcterminates,  x  or  jr,  be  abfent.     This  is  done  by  making  ic  =  —^  if 

X  be  wanting,. or >  =  — ,  if  y  be  wanting  j  z  being  a  new  indeterminate,  and . 

a  any  conftant  quantity.    For,  by  fuch  a  fubftitution  in  the  propofed  equation, 

of  —  inftead  of  x,  it  is  plain  that  another  will  arife,  whicfr  will  be  divifible 

by  the  power  of  ^  j  fo  that  it  will  be  compofed  of  finite  quantities  only,  and 

3  therefore  • 
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therefore  will  have  z  given  by  y  and  conftants  only,  and  the  relation  of  j^  to  2 
will  be  exprefled  by  an  equation,  or  an  algebraical  curve.     Therefore,  in  the 

equation  ^  =  — ,  inftead  of  ^,  putting  the  value  that  will  be  derived  from 
fuch  algebraical  equation,  wc  (hall  have  the  variables  feparated. 


EXAMPLE    I. 


Let  the  equation  be  yy^x  =  ax^  +  laiy*  +  ay\    Make  x  zz  -^  ;  and, 
making  the  fubftitutions,  inftead  of  x  and  it's  powers,  we  (hall  have  the  equation 


a*     ^      a 


+  ay^;  and,  dividing  by  jf\  it  will  be  ^  =  -^ — l. 


2S« 

a 


+  a.     Or  jr  = 


aa  36  "'■ 


2ZZ 


az 


aa     -    ^^-5-     Therefore 
If  we  go  on  to  the  integration,  it  will  be 


—  —  Iz,  taking  the  logarithm  from  the  logarithmic  with  the 

fubtangent  r:  a.  Whence  we  have  the  vahies  of  the  two  co*ordinates  x  and  y 
of  the  propofed  differential  equation,  by  means  of  two  curves,  which  have  z 
for  a  common  indeterminate^  Now,  as  to  the  conftruclion,  we  may  proceed 
thus. 


Fig.  142. 


Iz. 


Taking  the  abfciffes  in  the  axis  QE, 
defcribe  the  curve  DAH  of  the  equation 

y  —  -^ — h  22  +  — ,  and  the  curve  RIK 

^  aa  as   ' 

of  the  equation   a?  =  i2-   + 

Then  EH  =:  ^,  and  EK  =  x^  will  be  the 
co-ordinates  of  the  propofed  differential 
curve  ;  by  the  conftruftion  of  which,  mak- 
ing CM  parallel  to  EK,  then  KM  is  pro- 
duced to  N,  whence  it  will  always  be 
MN  =  EH  ;  and  the  curve  NBN  will  be 
that  required. 


£X^ 
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EXAMPLE    II, 


i» 


Let  the  equation  be  fx^  +  aayyx^  =  a^y*.    Make  x  =:  — ;  and,  making 

the  fubftitutions,  we  fliaU  have  ^^  +  ff^  =  a^.  And,  dividing  by j/% 
it  will  be  zy  +  a^z^y  =  tf'.  Therefore  z  will  be  given  only  by  y  and  con- 
ftants,  and  therefore,  in  the  equation  i  =  SL ,  the  variables  are  feparatcd. 


Pi£^  H3- 


Now,  to  have  the  curve  of  the  propofed 
differential  equation  ;  to  the  axis  C£  let  there^ 
be  defcribed  the  curve  IK  of  the  equation 
2^*  +  a^z*y  —  a*9  it  being  CM  =  y,  and 
MK  =  z.  In  KM,  produced,  take  MM 
equal  to  the  area  CMKI,  divided  by  a.   Thea 

• 

will  it  be  MN  =  /—  —  ^^  and  the  point 
N  will  be  in  the  curve* 


1 8.  The  method  of  §  14  may  be  rendered  dill  more  general,  by  tranf- 
forming  the  equations  which  have  not  the  condition  required,  of  the  fum  of 
ihe  exponents  being  equal,  into  others  which  (hall  have  thofe  fums  equal,  and 
confequently  (hall  come  under  the  rule  of  that  article*  This  may  be  done  two 
ways.  One  will  be,  to  make  ufe  of  convenient  fubftitutions,  for  which  there 
can  be  no  rule,  and  it  muft  be  by  examples  alone  that  this  artifice  can  be 
acquired.  The  other  is,  by  changing  the  exponents  of  the  propofed"  formula 
or  equation,  that  it  may  be  determined,  at  leaft,  in  what  cafes,  and  with  what 
fubititutipns  it  may  lucceed,  to*transform  the  equation  into  one  equivalent  to 
it,  in  which  the  condition  required  may  be  found.  Thus,  though  the  fepa^ 
ration  of  the  variables  cannot  be  univerfally  performed,  yet  in(inite  cafes  ma/ 
be  aflSgned,  in  which  that  feparation  will  be  efTeded*^ 


Vol.  IL 


Mm 


EX 
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» 

"New,  «to  the  firft  manner*    Lit  the  equation  be  ics^Mkx  -f.  «**  =r  zzx^ 
which   has  not  the  ncceffary  condition.    Make   7?  =  ayy^   and,  uking  the 

tfiuxions^  zz%  r:  \ajy.    Therefore,  making  the  fubftitutions,  xSr  aaxx  +  aaxf 
=  ^yy »  An  ex|>f6ffion  chat  may  be  mtinaged  by  the  method  of  §  14.     We 

may  alfo  have  our  defircj   by  putting  %/aaxx  +  az^  zz  at^  and  therefore 

aaxx  +  az^  zz  aauu^  and,  by  differencing,  ^aaxx  +  3^222;  =  laauu^  that  is, 

■»  -  » 

sacz  =  -IWAT  -^  ^d:ix  ;  land,  making  the  ^bftitutions,  it  is  ux  = 


ainr  —  %xx 


EXAMPLE    II. 


Let  the  equation  be  x^x  +  ■  /^     =  jr.    Make  ^a  +y  =  «,  and  there* 

iofire  ^7  4-  jr  ::t  22,  and  y  =:  2xx;.  And,  by  fubftitution,  k^x  +  2xxz  =r  tzz. 
But  this  ftill  requires  a  little  further  reduction.  Therefore  make  xx  —  Uy  or 
jr^  zz  uuy  ahd  £^x  s  2ir»  ^  whence,  thete  vaUies  being  fubftituted,  it  will  be 
finally  t»Af  +  ^uz  :=:  22:2;,  &c. 

19.  I  (hall  go  on  to  the  fecond  manner  of  altering  the  exponents,  and 

therefore  I  fiiall  take  a  general  equation  of  three  terms,  ay^x^x  +  k^sfx  + 

cx  yy  zz  o\\vi  which  the  figns  may  be  as  we  pleafe,  either  pofitive  or  negative. 
If  it  were  »  +  w  =  y  +  p  =  r  +  /,  it  would  be  the  cafe  of  §  14.  But, 
fuppofing  fuch  an  equality  (hould  not  be  found  between  the  (ums  of  the 

exponents ;  make  y  iz  z  y  whence  y  zz  tz'' ^z,  y  zz  z\  y^  ^  z^,  y^  :=:  z  , 
and  making  the  neceffary  fubftitutions  in  the  propofed  equation,  it  will  be 

az  x^x  +  b^FxTX  +  tcx^z^         z  zz  o.    But,  by  the  condition  of  the  afore- 

faid  §  14,  it  is  neceffary  that  it  fhould  ht  fit  +  m  zz  qt  +  p  zz  r  +  si 
+  /  —  I.     From  the  firft  equation,  therefore,  nt  +  m  zz  qt  +  p,  we  muft 


^fJZ. 


derive  the  value  of  the  affumed  exponent  /  =  ^  [^    9  whichj  being  fubftituted 

in 


in  the  &cond,  qt  +  p  =  r  +  si  +  t  —  i,  or/  —  f  -h  i  X/srp  —  r  +  i> 

• _^^^^^.^^_____ 

will  give  J  —  f+  I  xp  —  ««^  —  r+  1  X  n  —  q  ;  which  is  the  con* 

dition  that  the  exponents  of  the  propofed  equation  ought  to  have.    To  verify 
which^  it  will  always  be  reducibi6  by  the  rule  of  §  14;  and  the  fubftitution 

to  be  made  will  be  r  =  z«— i^ 

Inftead  of  making  y  =  z'^  if  I  had  made  x  zi  2f,  I  (hould  have  found  the 
fame  condition  to.  be  verified  in  the  exponents,  but  it  would  have  been  /  = 

!LZJ    and  therefore  the  fubftltution  to  be  made  is  x  =  a/""**; 

/  —  Jir 

It  may  happen,  that  the  fubftitution  of  y  =  2;»-f  may  become  impoffiblfej; 
that  is,  when  p  zn  m,  or  n  s^  q.     But  it  may  be  obferved,  that,  in  thefe  cafesy. 
the  indeiermtnates  are  feparable  without  need  of  reduftion. 

In  the  canonical  equation  iff\^x  +  i)^x^x  +  cx^yy  =  o,   if,   befide*^  the: 
fuppofition  of  y  z=.  z^  we  (hall  alfo  make  x  zz.  u^ ;   making  all  the  fubftitu- 


2;=o. 


tions,  we  ihallfind  iiwz  u     ^        u  +  bwz^  u  ^  u  +  itu    z 

By  the  comparifon  of  the  exponents  of  the  firft  and  fecond  terms,  we  fliould 

A     ^am     fit 

have  fft  +  wm  +  w—  i=j/4-«;^4-w  —  i,  that  is,  /  =  w  x      _     • 
From  the  comparifon  of  thofe  of  the  fecond  and  third,  we  (lull  have  wr  +  st 
+  ' —  I   =:j/  +  «;p  +  w—  I,  or/XJ  —  y  +  i    nwx^  —  r+i. 
And,  inftead  of  /,  putting  it's  value,  w  x  p  —  w    X   /  —  y  +  i    =wx 
»  —  ?  X/>  —  r4-  1,  which  is  the  condition  the  exponents  of  the  propofed. 
equation  ought  to  have.     But  the  letter  w  vani(hes  out  of  the  condition ; 

therefore  the  fecond  fubftitution  of  x  zz  ti^  \%  altogether  fuperfluous  ;  whence • 
it  may  be  inferred,  that  all  the  formula?,  in  general^  cannot^  be  reduced  to  the* 

rule  of  §  14,    but  only  fuch,   in  which  the  condition  p — m  x  x  —  J  +  ^ 

zz  n  -^  q  X  p—-  r  +  I  may  be  verified.     The  fame  thing, is  to  be  concluded; 

of  others,  when  compounded  of  a  greater  number  of  terrns,  which  I  (ball  now. 
proceed  to  treat  of, 

ao.  As  the  number  of  terms  increafes  beyond  three,  fo,  'in  like  manner,  the 
Bumber  of  conditions  increafes,  which  the  exponents  of  the  equation  muft  have, 

M.m  2.  in. 
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in  order  to  be  reducible  by  the  jnetbod  of  §  14  .  I  will  take  thi^  canonical 
equation  of  four  tertns,  a^rfx  +  hx^y^x  +  t/yy  +  dic/y  =  o.     Putting 

y  =  z,y  =  tz  Zy  and  making  tbe  fubftitutions,  it  is  ^iz^x'y  +  iz^x^x 
+  tcxz       "^z  ■\-  dtxz^     "^z  =:  o.    Therefore  it  ought  to  be  »/  +  x»  = 

•  a 

^t  +  p.  Whence  we  may  derive  the  value  of  the  aflumed  exponent  /  =  ^^^. 
Alfo,  it  ought  to  be  r  +  J/  +  /  —  I  =:  jr/  +  ^,  or  //  —  y/  +  /  =  p  —  r 
+  I  ;  and,  fubftituting  the  value  of  /,  it  will  bej  —  j+i  x  p  —  m  = 
/>  —  r  +  I  X  «  —  f t  ^he  firft  condition.  And,  befides^  it  ought  to  be 
^  +  iu  +  t  —  I  =  qt  +  pj  or  iu  —  qt  +  i  —  p  —  e  +  i,  and,  fubftituting 

the  value  of/,  «  —  g  +  i    xj^  —  «»=p  —  ^+i    X  »  —  J>   the  fecond 

condition.  If,  therefore,  the  exponents  of  a  propofed  equation  (hall  be  fuch, 
as  that  both  thefe  conditions  (hall  be  found  therein,  it  will  be  reducible  to  the 

cafe  of  §  14,  and  the  fubftitution  to  be  made  will  be  jf  ~  ««— f . 

If  the  equations  (hall  have  five  terms,  the  conditions  to  be  verified  will  be 
three ;  and  fo  on  to  more  terms. 


EXAMPLE. 


X  . 


Let  the  equation  be  ay^xx  +  hyyx^x  =  cxy.  This,  being  compared  with 
tbe  canonical  equation,  will  give  »  =  3,  w  =  i,  y  z=  2,  ^  =  -J-,  r  =  i, 
s  zzL   o.      And,    becaufe,    in   the  prcfent  cafe,    the  condition   is  verified   of 


J  —  j+i   x/>  —  »=/  —  ^+1   X  n  —  q,  givmg  —  ix— f^tXl, 
which  is  true;  the  equation  will  be  reducible  to  the  method  of  §  14,  and  the 

fubftitution  to  be  made  will  be  j^  ==  z»-q  =  z    *.     Therefore  I  make  y  = 
z""*,  ^  =   —  iz    ^z,  y*  =  z    \  y*  =  z      ;  and,  making  the  fubftitutions, 

I  find  az'^^xx  +  iz'^^pi'^x  =:  —  ^cxz^^z;  which  is  now  reduced  to  the  cafe 
of  the  faid  article. 

21.  Butj 
S 
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di.  But,  without  applying  particular  equations  to  canonical  ones^  perhaps  it 
may  be  more  commodious  to  manage  them  by  this  method  only. 


EXAMPLE    I. 


Let  the  equation  be  afr^e  «  x  —  hx^y^  y  =  cx^yy.     Make  x  =  2 ,   x  r: 

tT^'^^z;  making  the  fubftitutions,  it  will.be  tay^z'^'^^''^z  —  iz^^y^^y  a 

cz^^yy.     But  it  ought  to  be  4.  +  V  ^-  /  —  i   r:  3/  —  i,  whence  I  obtain 

i  =  2,  which,  being  put  inftead  of  /,  gives  mc  this  equation  aqy^z~z  — 

iz^^^y  =  cz^jyy  which  is  juft  the  cafe  of  §  14.    Therefore  the  fubftitutioa 
10  be  made,  x  zz  z*. 


*mi 


EXAMPLE    IL 


Let  the  equation  be  x'^x  +  y*x  +  x'^yy  =  y^y.     Put  y  zz  z^  y  ^  tz  ^^z^ 

and,  making  the  fubftitutions,  it  will  be  x^x  +  7?  x  +  tx'^z^^^z  =:  tz^'^^z^ 
But  it  ought  to  be  t  =:  |/,  whence  I  have  /  =  4*  >  which  value,  being  put 

inftead  of  /,  gives  mc  the  equation  x^x  -\-  z^x  +  ^x^^z^^z  =:  \z^z^  which 

is  juft  the  cafe  of  §  14.    Therefore  the  fubftitution  to  be  made  is  ^  =  z^. 


EXAMPLE    IIL 


Let  the  equation  be  ay^x^x  +  bx  +  Cfxx  +  d^y'^y  =  o.    Put  jr  =  2% 

y  ~  tz^^z  ;  making  the  fubftitutions,  it  will  be  az\^x  +  ^i  +  czxx  + 

tdk^z^^^z  =  o.    Now  it  ought  to  be  2/  +  a  =  ^  +  i,  whence  /  =  —  1 5 

and^ 
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and,  putting  this  ihftcad  o£  /,  gives  me  the  equation  2L1  4.  A^c  +  ^  ""-^^ 
=  o,  which  is  the  cafe  of  §  14.     The  fubftitution  to  be  made  is  jr  =  ~  . 

22.  The  method  of  ^  14  being  thus  made  more  general,  I  Ihall  proceed  to 
another,  ^vhicb  is  alfo  general  in  it*s  kind.  This  comprehends  all  tbofe  equa- 
tions, in  which  neither  the  indeterminates,  nor  their  differentials,  exceed  the 
firft  dimenfion. 

Wherefore  let  the  general  differential  equation^  which  includes  all  poffible 
cafes  wherein  the  variables  and  their  fluxions  do  not  afcend  beyond  one  dimcn- 
lion,  be  axx  +  hy  +  ^^  +  g^  +  fx  +  by  sz  o.  The  co-efficients  a^  b, 
Cy  &c.  may  be  pofuive,  or  negative,  or  nothing,  as  the  circuipftances  of  the 
panicular  equation  may  require,  which  is  propofed  to  be  conftruded.  As  to 
this  equation,  1  obferve,  in  the  firft  place,  that,  if  it  (hall  be  ^  =  ;,  both  of 
themi  being  pofitive,  or  both  negative,  the  equation  may  be  integrated.     For 

then  it  will  he  ±  c  x  yx  +  xy  zz  —  axx  -^hyy  ^fx-^by^  and,  by  inte- 
gration, ±  ^xy  r:  — .  \axx  —  ^byy  ^^fx^^hy.  But,  it  not  being  c  —  g^  \ 
make  *'  =  p+  A,^=ijr  +  B,  where  ^  and  q  are  two  new  indeterminates, 
and  A  and-B  are  arbitrary  conRants,  to  be  determined  as  the  fequel  may 
require.  It  will  be  then  x  iz  p^  y  zz.  y,  xx  =  pp  +  A/,  yy  :=z  qj  +  Bj. 
Thefe  values  being  fubftiiuied  in  the  prinpipal  equation  propofed,  there  will 
arife  this  following. 

app  +  aAp   +  bq^   +  bBq  +  cqp  +  gpq  =:  O. 
+  cRp  +  gAq 

+    fP  +     hq 

In  this  equation,  if  the  feeond  and  fourth  terms  be  made  to  vanifli,  this 
will  be  tl\e  cafe  of  §  14 ;  and  we  (hall  know  how  to  feparate  the  indeterminates. 
But  the  feeond  term  wjll  vanifii,  if  it  be  made  ^A  +  rB  +/=  o,  and  the 
fourth,  if  it  be  ^B  +  f  A  +  ^  ^  o.  Whence,  from  thefe  two  equations,  the 
values  of  the  affumed  quantities  A  and  B  will  be  determined,  fo  as  that  the 
new  equation  will   be  a  cafe  of  the  aforefaid  ^14.     Then  it  will  be   A  z= 

:iiLz/,  B  =  =^^^.  that  is,  A  =  i^,  B  =  ±^{,    If,  there. 

a  ^  b  '  ^  eg  ^  ah^  eg  -^  ab  ' 

fore,  we  make  the  fubftitutions  oi  x  -=.  p  +  J-ZJl    and  of  y  =  9  +      '^  .% 

'  ^  eg  '"  ab^  '^  ^  cg^ab^ 

an  equation  will  arife,  which  may  be  managed  by  the  method  of  §  14. 

If  it  (hould  happen,  in  a  particular  equation,  that  it  (hould  be  bf  zz  cb,  or 
nb.  =^>  fo  that  eidier  of  thcaffuraed  conftants  (hould  be  nothing;  it  would 

be 
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be  a  fure  token,  that  we  might  obtain  our  defire  by  one  fubftitution  only. 

For  example-fake,  let   -^  _^    .   r=  A  =  o.     In  this  cafe,  omitting  the  quan- 

tity  X  with  it*s  fluxion,  it  will  be  enough  to  fubftitute  ^  +  B  inftead  of  j,  and 
to  proceed  in  the  manner  above  explained. 

Now,  if  both  the  quantities  A  and  B  fliould  be  nothing,  in  this  hypothefis 

we  (hould  have  bf  =  cbj  and  ab  ^  fg\  and  confequently  -^  =  —  =  /• 

Then  eg  =  ab^  by  which  we  (hould  no  longer  have  any  need  of  thefe  fubfti- 
tutions.     Therefore,  as  often  as  it  is  eg  =:  ab^  make  the  fubftitution  ax  +  cy 

=  2,  and  take  y  and  y  out  of  the  equation.    It  will  be  then  y  =  LZ-ff ,  j>  = 
""  ^^  •    Make  thefe  fubftitutions  in  the  principal  equation,  and  we  (hall  have 

axx  + [-  zx  —  axx  + —  +fx+  ■ 

=  o.  That  is,  ftriking  out  the  (irft  and  feventh  terms,  and,  reducing  all  to  a 
common  d^ominator,  bz%  —  abxz  —  ahzx  +  aahxx  +  cczx  +  cgxz  —  acgxx 
+  ccfx  +  chz  —  achic  =  o.  But,  becaufe  gc  =  ^,  the  fecond  term  wiH 
deftroy  the  iixth,  and  the  fourth  the  feventh,  fo  that  there  will  remain  only 

^2^2?  —  Mbzx  +  cczx  +  icfx  +  tbz  ==  acbx^  or  x  =  ^ ^  . — r  . 


—w 


EXAMPLE    l. 


Let  the  equation  be  axx  +  Oiiyx  +  hxy  —  n^  =  o*  Make  1^  =  ^  4-  A, 
y  =^  i  +B,  X  sss  p,  y  =  J ;  and,  making  the  fubftitutions,  the  equation 
will  be 

«jp/  +  ^Ap"  +  2ii2p*  4.  ^^  -|.  bAj  =  o. 
+  a«B/>  '-^abq 

The  laft  term  will  vani(h  if  it  be  ^A  -v-  nB  =  o,  or  A  sb  /?.  The  fecond 
will  vanifti  if  it  be  a^^B  +  tfA  =:  o,  or  B  =  —  ia.  Therefore  the 
fubftitutions  are  *  =  p  +  n,  and  jr  =  J  —  t^  5  and  the  equation  will  be 
reduced  to  the  cafe  of  §  14. 

The  aforefaid  terms  vaniftiing  out  of  the  equation,  it  may  be  integrated  by 
means  of  §  4,  without  having  recourfe  tg  §  14. 

EX- 


2J2  ANALYTICAL    iNSTITITTXONf*  BOOK  IVi 


EXAMPLE    II. 


Let  the  equation  be  2axx  —  i.oyy  —  ^ayx  4-  ixy  —  aax  =  o.  In  this  the 
co-efficient  2a  correfponds  with  a  in  the  canonical  equation,  -^  zt  with  ^, 
—  44  wiih  c,  b  with  g  \  and  gives  us  the  cafe,  that  it  is  eg  =  ab^  in  refpcft 
to  the  conftants  of  the  canonical  equation.     Therefore  I  make  the  fubftitution 


lax  ^  %  lax  —  % 


zax  —  4ay  =  2,  and  therefore  y  =  ^—  ,  y  =  — ;  wherefore,  eliminate 

mg  y  and  j^,  we  mall  have  zaxx  — ^—2- — —^ —  zaxx  + 

2f;J  +  ^ tftf.V  =  o.     That  is,  ^ahzx  —  zbzz  +  iSaazx  —  i6tf*:i; 

=  o,  or  .V  = 


^ab%  -f  i6fl*«  —  i6a*  * 


23.  Equations  of  this  kind,  as  alfo  thofe  of  a  higher  degree,  may  be  thus 
managed  by  the  help  of  one,  but  a  more  compounded  fubftitution,  I  refume 
the  canonical  equation  above,  axx  +  byy  +  cyX  +  gxy  +  fx  +  i&y  =  o, 
becaufe  thofe  of  higher  degrees  would  involve  us  in  too  long  calculations ;  and 
what  I  fhall  fay  concerning  this,  will  be  fufficient  to  (how  us  how  thofe  others- 
are  to  be  treated.  Tiierefore  1  make  ;tf  =  Ajr  +  p  +  B,  in  which  fubfidiary 
equation  p  is  a  new  indeterminate,  which  has  no  conftant  prefixed  to  it,  becaufe 
that  would  be  unneceffary,  as  the  operation  will  fliow.  A  and  B  are  two 
conftants,  to  be  determined  as  occafion  may  req^uire.  Making,  then,  a:  z=  Ay 
+  j)  +  B,  it  will  be  a;  =  A/  +  />*,  xx  =  Ahyy  +  Apy  +  AB^  +  Ayp 
+  PP  +  Bp ;  fo  that,  thefe  vahies  being  fubftituted  in  the  canonical  equation, 
it  will  be  transformed  into  this  following, 

aAAyy  +  aApy  +  aAyp  +  af^  +  ^ABj^  +  nB/J 

+    hy  +    gpy  +  tjp  +   ^y  +  fp        _ 

+  cAyy  -h    /Ay  ^  -^  ^• 

+  gAyy  +     by 

Now  we  muft  contrive  to  make  fome  of  the  terms  of  this  equation  to  Tanifh, 
by  conveniently  determining  the  aflumed  arbitrary  quantities  A  and  B,  and  to 
make  it  capable  of  the  end  propoled ;  when  fome  of  the  conditions  arc  to  be 
verified,  which  arife  from  the  values  of  A  and  B.  If,  therefore,  the  fecond  and 
third  terms  could  be  deftroyed,  the  variables  would  be  feparated,  and  the 
equation,  would  become  integrable.  But,  that  thefe  two  terms  may  become 
nothing,   it  is  neceflary  that  it  be  jA  +  ^  =  o   ^^  refpeft  of  the  fecond, 

and 
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tod  «A  +  ^  =  o,  in  rcfpeft  of  the  third ;  and  confcquently  g  =  c.  But,' 
iuppofing  this,  the  principal  equation  will  be  already  integrable,  without  the 
help  of  any  operation. 

If  the  two  laft  terms  were  nothing,  the  equation  would  be  reduced  to  the 
canon  of  §  14.    But,  that  they  may  vanifli,  it  will  be  acccffary  that  aB  +  / 

=  0,  or  B  =  —  ^,  in  refpe&  of  the  laft,  and  aAB  +  ^B  +  /A  +  A  =:  o, 

in  refpcdt  of  the  fifth.     But,  fubftituting  the  value  of  B,  it  will  be  —  A/* 

-^  -^  +  A/  +  A  =  o,  that  is,  ab  =  gf.    Therefore  the  laft  two  terms 

cannot  be  made  to  vanifh,  fo  that  by  them  the  equation  may  be  reduced, 
except  in  the  particular  cafe,  in  which  is  verified  the  condition  of  ab  zr  gf. 

If  we  endeavour,  then,  to  take  away  the  firft  and  fifth  terms,  by  which  the 
equation  will  be  reduced  to  the  cafe  of  ^  4  and  ^  6 ;  then,  in  refpeft  of  the 

firft  term,  it  will  be  aAA  +  *  +  rA  +  ^A  =  o,  or  A*  +  ^-^A  = —, 

from  whence  we  may  deduce  the  value  of  A.     This  being  found,  the  value  of 

—  /A  —  ^ 
B  will  be  difcovcred  from  the  fifth  term,  and  will  be  B  =  — 7— — .      And 

the  new  equation  will  become  ah  +  g  x   f>y  +  aA.  +  c   y,  yp  zz  — apf 
— •  d^p  "T^fp^  which  may  be  conftrufted  by  means  of  §  4,  if  the  co-efficients 
of  the  two  firft  terms  are  both  pofitive  or  negative ;   but,  by  means  of  §  6, 
if  one  be  poficive,  and  the  other  negative. 

But,  to  obtain  the  reparation  required,  it  will  be  fufficient  to  make  the  firft 
term  of  the  fubfidiary  equation  to  vanifli,  by  making  it  ^ AA  +  r A  +  ^A 
+  ^  =  o.     Now,  putting  the  aflumed  conftant  B  ==  o,  which,  in  this  caie, 

will  be  unneceflary,  there  will  remain  the  equation  —  tf//  — fp  =  « A  -t-  jj. 

X  ^  +  /A  +  i&  X  J^  +  ^A  +  r  X  ypj  in  which  the  variables  may  be  fepa- 
rated  by  the  method,  which  (hall  be  explained  in  the  following  article.  Or 
elfe,  by  the  foregoing,  with  the  help  of  an  eafy  preparation,  that  is,  making 

Atf  +  ^  X  i>  +  /A  +  i&  =  y,   and  taking  the  fluxion  Ka  +  g  x  p  ^  q- 

A  I  * 

Then,  by  fubftitution,  —  app  — fp  zz  qy  +     V*  ^  ^-  ^^ «     But  we  ought  to 

confider,  that,  in  making  ufe  of  fuch  formula?,  very  often  imaginary  quantities 
will  infinuate  themfelves,  arifing  from  the  extraftion  of  the  root  A  out  of  the 

affeded  quadratick  equation  aAA  +  c  +  g  x  A  +  ^  =  o.  And  thefe  will 
not  only  obtrude  themfelves  into  the  co- efficients,  but  will  often  pafs  from 
thence  into  the  expoaems.  And,  bocaufe  jas  yet  we  i^ave  not  found  out  the 
^  Vol.  II.  N  n  -  ways 


ways  of  managing  theniy  k  is  neceifaiy  to  avoid  them  us  much  as  poffible  i 
and,  among  various  mftbod$».  to.  .actWct  4Q  that  vhich  (hall  be  found  moft 

convenient. 

For.  aix  example;  let  the  equation  be  ab^nxx  +  ih^x  +  a^jX  +  aaiyy  + 
ajxy  —  o.  Make  ^  =  A^  +  p  +  B,  whence  y  •=,  kx  +  f.  Here  J  cboofe 
10  fiibftituie  inftead  of  j^  rather  than  x^  becaufe  1  forefec  the.  calculation  ,will  be 
(hoi  tcr.     Suhftituting,  therefore,  we  (hail  have  this  equation  followiog, 

bbhx^x  +  %a^hxx  +  ^M/^;v  +  tf*^AB;i;  f  ^xp 

+  a^bA^xx 
+  i^bfp     +  ij*^B/  =  0. 

.  Here  I  obferve,  that^  in  this  equation,  if  I  make  the  fird,  third,  fifth,  and 
Cxth  terms  to  vai)i(h,  we  (hould  have  the  in  determinates  feparabic;  for  it  would 
be  bbfxx  +  a^px   +  a^bkfx  +  a^bfp  +  tf*^B/>  =  o.    'And,  dividing  by  p^ 

bbxx  +  a^X  +  ijVAv  =  —  a^bp  —  ^ — ^.     Now,  that  the  firft  may  vanifli,  it 

/ 

iff 

is  neceflfary  that  n  +  i^A  =  o,'or  A  =: r- .  •  And,  together  with  this  will 

'alfp  vanifh  the  fifth  and  fixth,   without  any  condition  ariiing  from  thence* 
That  the  third  {hould^vani{h,  it  is  necelTary  that  bbh  +  2^A  -f  oatAA  =  o* 

And  fubftituting  thfe  value  of  A,  it  is  bbB  —  ~  +  -jr-  zi  o,  that  is,  B  n-ry-* 

Therefore  the  fubftitution  will  be;^r: 1-+^   +  "jr*  *^^  ^^^  equation 

thence  arifing  will  be  bbxx  zz  —  aabp  —  —- . 

24.  The  method  of  this  article  confifts,  firft,  in  difpofing  the  propofed 
equation  in  fiich  manner,  as  that  the  fluxions  may  continue  accompanied  with 
their  indeterminates  refpedively,  and  that  a  half-feparation  (as  I  may  fo  fay) 
may  be  made,  by  throwing  into  the  common  multipliers,  or  divifors,  fuch 
quantities  as  hinder  the  operation.  Then  taking  the  integrals  of  the  differential 
thus  prepared,  compounded  of  two  variables,  it  muft  be  made  equal  to  one 
aflbmed  variable,  and,  by  means  of  an  auxiliary  equation,  it  muft  give  a  new 
form  to  the  principal  equation.  Laftly,  taking  obfervation  by  that  which 
fucceeds,  the  operation  muft  be  repeated  till  the  defired  feparation  is  com^ 
pleted^  or  till  we  fee  the  formula  eludes  all  our  endeavours. 

This  method  has  this  advantage  above  the  others,  that  in  trying  thefe  fubftitu- 
tions,  at  the  fame  time  it  informs  us,  which  will  be  fuccefsful  and  which  ufelefs* 
But  it  muft  be  obferved,  that  there  are  fome  equations  which  will  not  admit  oB 

8   .  the 
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the  artifice  of  the  prefent  qiethocl,  unlefs  they  are  firft  prepared  according  to 
art.    The  whole  will  be  better  underftood  by  the  foUowimg  Examples, 


EXAMPLE    I. 


.t:  X  fS;. 


Let  this  equation  be  propofed,  ^  ^^  +  J^^        -.  2?,  in  which  z 

ftands  for  any  fundion  of  at  or  ^  whatever,  I  fet  afide  the  denominator,  which 
is  an  affedion  common  to  the  two  terms  which  compofe  the  firft  part  of  the 
equation^  and  the  bare  differential  x^y  +  y^x  will  remain.     I  divide  x  by  x% 

■  • 

and  jf  by  y,  and  then  it  will  be  ^  +  y^x  =:  k^f  x  "4"  +  "^  •    ^^^^^  ^^^ 


propofed  equation  will  take  this  new  formt ;  —  X  —  +  — 

xx+yy  X  '^xS'^'jy^xxyy  «'  j>* 

=  X.  Having  obtained  this  half-feparation,  in  which  the  fluxions  X^  y^  appear 
combined  fimply  with  the  fundtions  of  their  variables  x^^  y',  and  the  other 
terms  conftitute,  as  it  weref,  a  foreign  quantity,  which  has  the  appearance  of  n 

*  *  *  s 

multiplier  %  I  make  -^  +  -^  =  —  -^ ,  and  then,   by  integration,  -^    + 


y  tf»  '  ^  »      /  &  »   2XX 


^yy 


zz  p:    Now,  finding  the  value,  fuppofe  of  Xy  which  will  be  x  = 


'^^m- 


a 


;» 


and   fubftituting  this  inftead  of  x^   and v  inilead  of  ~  +  •=^  in  the 

*-»  a*  ■  X*  y* 

equation,  it  will  be  —         i~~'  ~  ^*    Wherefore,  &c. 

It  may  be  rccolledted,  that,  taking  a  quantity  at  pleafure  any  how  given  by  ^, 
as  />  B  — .,  It  will  be  —  z: 1-  — ,  that  is,  a  =  ^        ;    bv  which, 

in  an  inftant,  we  may  perceive  infinite  fubftitutions,  which  will  promote  the 
dcfired  feparation  of  the  variabtes.  All  the  other  poffible  ones  will  be  ufelefs, 
and  will  leave  the  variables  as  much  blended  and  intermixed  as  before. 

Moreover,*  let  it  be  obfcrved,  that  it  often  happens  with  the  fubftitutions 
here  explained,  that  in  one  member  of  the  equation  there  may  remain  fome 
function  of  one  of  the  variables  x  ot  y  \  in  which  cafe,  if  z  were  given  by  the 
variable  whofe  funftion  remains,  one  fim'ple  divifion  would  anfwer  the  purpofe. 


Mna  EX- 


it7^  ^MALT^IftifcX!  IVJjriT1f«|9V«f  90PKK;. 


EXAMPLE    IL 


Let  the  equation  be  ?-^     ,^  '''•^'^  t^  i;,  in  which  z  is  any  how  given  by  /• 

To  reduce  this  equation  to  the  method,  I  take  the  integral  of  the  numerator  of 
the  fraftion,  that  is,  yy  ^  xy,  and  make  it  equal  to  p.  Now,  making  x  and  x 
to  vaniQi  out  of  the  equation^  by  fubftiiuting  their  values,  I  fllati  have  a  new 

equation  — ^—  =:  z^.  which  is  reduced  to  the  following,  j/> -— ^i  =  ajz. 

y 

And   this,  being  prepared  according  to  the  method,    will  be  found  ta  be 

•  •  •  ,  •  •  » ■* 

PX- ^  =  /?a.    I  make  -^ ~:z  -^-,  and  therefore  Jp  ^  /~ 

1=  Iq.    I  make  alfoy* —  =  ulm^  where  Im  is  fomexonftant  logarithm.    Then 

k  will  be  Ip  -^  Iq  zz  ulm.    And  going  on  from  logarithmic  quantities  to  «tpa- 

nentials,  it  will  be  -^ -=  m  .    Therefore,  in  the  reduced  equationy  making 

•  •  • 

the  fubilicutions  of  —  inftead  of  -^  —  -^ ,  and  of  vTo  infiead  of  p^  it  will 

be  01  ^  =  4K2;,  that  is,  ^  ss  —  ;  in  which  the  variables  are  feparated,.  beeauie 


both  z  and  w*  are  given  by  y. 


K.      I 


EXAMPLE    III. 


ajWRy  +  .Tjy  +  yy»  ^^     sex  +  jy 


Let  the  equation  be    Z^T'^^Tz:  =  •    Before  we  attempt  this 

formula,  it  will  be  beft  to  reduce  it.    I  obftrve  that  the  fecond  member  is 

integrable,  and  it^s  integral  is  \^xx  +yy  (§  lo).  Wherefore  I  make  %^xx  +yy, 
n  2,  and  making  y  to  vanifh,  finding  that  it*s  powers  afcend  to  the  fquare,, 
and  putting  zz  —  xx  inftead  of  yy,  and  zz  —  xx  inftead  of  j|y,  we  fliall  have 

the  equation  ^^  ^  ^ =«,  th»t  is,  ^^^  ^  ^'  =  z;  which. 

being 
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being  prepared  as  ufual,  will  be  ■'    /^    .  X  xz  i-zx  zz  z.    1  make  xz  +  zx 

*  *  ■     • 

=  /,  and,  by  integration,  xz  =  p;  and,  making  x  to  vaniCli,  we  (hall  have 


EXAMPLE    IV. 


Let  it  be  the  laft  equation  of  the  foregoing  article,  —  app  — /p  =  ^ A  +  ^ 

X  0/  +  fA  +  b  X  J^  +  aA  +  c  X  j^/,  which  I  undertook  ta  conftruft. 
This  equation  being  prepared  according  to  the  method^  and,  for  brevity, 
making  <iA  +  ^  ==  ^,  /A  +  ^  =  w,  <|A  +  r  =:  ;/,  it  will  be  reduced  to  this^ 

and,  by  integration,  ly  +  —  I  p  +  —  =  Iq.    And  therefore  y  = 


C^  +  « 


And  eliminating  y,  we  (hall  have  —  ^^^  = ^- — ,  that  is,  —  ^±2 


X  p  +  —         =  y, 


EXAMPLE    V. 


Let  the  equation  be  this  already  prepared^  y    X  $cx  +  jiy  z:x    X  yx  -^  xy^ 

which  I  write  in  this  manner,  ^         X  xx  +  yy  =  ■?*  ""  "^ ,  in  order  to  make 

the  fecond  member  integrable.    In  this  I  make  ufe  of  a  double  fubftitution^ 
aind  therefore  I  put  xx  +  yy  =:  fp^  and,  by  intcgratiod,  xx  +yy^  pp*    '  P^ 

alio  i-— —  =  f ,  and  by  integration,  —  =.  ?•    Making  the  fubftitutions,  wo 

(hall  have  i^jj—  X  ^^  =  f.    But  ;y  =  /^  —  x*,  and  x*  =  jjjy*  fi>  that  it 

wia 
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will  beyy  =  pp^  qqyy,  that  is,  yy  =  T^^f  and  j*"*  =  — .^— j— ^,  and 
*•  =  — 2,^ — .    Wherefore,  fubftituting  thefe  values  of  j^      and  jr*,  wt 

(hall  have  f**"*  "  p  ^z  q  ^  x  i  +  q^     a      • 


EXAMPLE    VI. 


Let  the  equation  be    T  ""  ;/^  n  i; }  in  which  z  \s  any  how  given  by  #  or  v* 

I  obferve  that  the  numerator  of  the  firft  member  is  integrable,  if  it  were  divided 
by  Afx,  and  that  it's  integral  would  be -2^^   and  therefore  I  thus  difpofe  the 

eqpation,  .=i=r^    X    ^"^  Z  ^^'    ^   ^^     Put  ^  =  p,  whence  it  will  be 
»»y  ■*  ^J^^  _  ^^  and. the  equation  will  be  changed  into  this  following,  ■  ^^^  — 


.     But   2y  =  pXj  and  jj'  zz  ^ppxx ;   fo  that,  making  the  fubftitutions,  "it 


JTiT 

•  •  • 

will  be  ——: =  — ;  and,  multiplying  by  xx,  it  is  ^,     ■■  =  i, 

in  which  the  variables  are  feparated.     I  go  on  to  the  integration  ;  and  therefore 

it  will  be  — —, — h  c  zz/zi  and,  reftoring  the  value  of  p,  it  is  — ^ —  +  c 
^  -  if  '^  ^  f  i^JL 

X 

=:  yir,  and  reducing  to  a  common  denominator,  it  is  ^ — ^-^  ^  ^^  zr  /z.     If 
we  make  the  conftant  ^  =  o,  we  (hall  have  -— —   =  /z ;   and,  making  c  = 

*—  2,  it  will  be  -^^  ^  /Zj  which  is  another  integral  of  the  propofed  fbmiula 
different  from  the  firft.    Laftly,  putting  tf  =  —  Jf  a  third  integral  will  arifc, 

"  ZSi  J  Zm 

m  — jr         "^ 

»i.  The 
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25.  The  method  I  now  undertake  to  explain,  akhough  much  limited  and 
conBned,  is  yet  of  great  ufe  in  fome  particular  cafes.  By  this  the  variables 
may  be  feparatcd  in  the  canonical  equation  ay  =  ypx  +  by^qx^  in  which  the 
quantities  pj  q^  are  to  be  underftood  as  any  how  given  by  x.  The  quanticre^ 
d,  b^  are  conftant ;  the  figns  may  be  pofitive  or  negative  at  pleafure,  and  the 
exponent  n  may  be  integer,  fraftion,  pofitive,  negative,  or  even  nothing.  In 
this  equation,  then,  make  y  zz  zu,  where  z  and  u  arc  two  new  variables  5 
and,  by  taking  the  fluxions,  it  will  bt  y  =  zk  -\r  uz.;  and,  by  fubftituting, 
inftead  of  j/,  y,  and  ^'»,  their  values  zh  +  «ij,  z//,  and  a'z",  we  (hall  have  the 
equation  azii  +•  auz  =  uzpx  +  bz^u^qXy  in  which,  if  two  terms  fhall  vaniOi, 
the  indeterminates  will  be  feparated.     To  do  which,  let  us  feign  an  equation 

between  the  two  terms  auz  =  uzpx,   then/  —  =  px,  and,  by  integration, 

aJz  zz/px;  and,  proceeding  from  logarithms  to  exponendal  quantities,  it  is 

%  =  nr^^^  or  z  =  f/»  ^  ,  fuppofing  Im  ^  \.  This  laft  equation  fhows  us  the 
value  of  2,  and  informs  us,  that,  to  reduce  the  equation  propofed  to  two 
terms  only,  and  to  caufe  the  other  two  to  deftroy  each  other,  inftead  of  y  =  zu^ 

we  ought  to  put  y  =  um^  f  that  is,  —  =  »» **  >  or  ly  •—  lu  =/-^ .     And, 

•  •  • 

by  differencing,  -^L  — .  ^  —  px^  and  therefore  ay  =  ypx  +  ^ .  Therefore, 
in  the  canonical  equation  ay  =s  ypx  +  by'qx,  inftead  of  j^,  I  fubftiture  it's 
value  now  found,  and  it  will  be  ypx  +  ^  =  ypx  +  byqxj  that  is,  —   3 


by'qXf  and  therefore  —  :z  by      qx.    But  y  as  zu^  and  y        zz  z      u       1 

whence,  finally,  it  will  be  -^  =  fe  ""  qx;  in  wliich  equation  the  variables  will 

be  feparated,  becaufe  z  is  fuppofed  given  by  x.  When  we  came  to  the  equation 
alz  zz  Jpx,  it  is  plain,  that  if  p  given  by  ;i^  is  fuch,  that  the  integ  al  fpx 
depends  on  the  quadrature  of  the  hyperbola,  that  is,  on  the  logarithms,  and  the 
quantity  a  is  any  number  whatfoever,  the  relation  of  2;  to  x  will  be  algebraical, 
and  in  all  other  cafes  tranfcendental. 

And  here  it  may  be  obferved,  that,  in  order  to  have  a  given  equation  come 
under  the  cafe  of  the  canonical  formula,  it  is  neceflary  that  the  following  con- 
ditions (hould  take  place,  Firft,  ^hat  the  fluxion  y  may  be  alone,  or,  at  leaflr, 
multiplied  by  a  conftant,  on  one  fide  of  the  equation.  Then,  that,  on  the  other 
fide,  the  firft  term  may  contain  the  fluxion  x^  multiplied  by  any  fund  ion  of  ;r 
exprefled  by  p,  and  by  the  indeterminate  y.  Then,  that,  in  the  other  term, 
the  quantity  qx  given  by  x  may  be  multiplied  by  a  power  of  y.    In  a  word, 

making 
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makiflg  the  divifion  by  jr,  it  is  required,  that,  on  one  fide  of  the  equadon, 

there  may  remain  the  logarithmical  fluidon  ^  >  and,  on  the  other  fide,  the 

firil  term  may  be  free  from  the  indeterminate  y^  and  the  fecond  muhiplied  by 

the  dignity  >***^    If  any  one  of  thefe  requifites  be  wanting,  this  method  cannot 
take  place ;  as  we  (hould  not  have  them  in  the  following  equations,  ^  =  jjpx 

+  ly^qxy  and  ay  =  ypk  +  tfjrx +/  X  qx. 

But  fome  formulas  are  very  eafily  reduced  to  the  canon,  by  a  little  preparation 
only.  For  example,  take  this  equation  ay  zz  ypx  +  iyqx  +  yyqx.  Confider 
that  the  quantity  px  +  iqx,  multiplied  by  y^  and  that  the  binomial  /  +  ^;  is 
given  by  x^  fo  that  in  it's  place  may  be  fubftituted  the  quantity  r,  alike  ^iven 
by  x;  the  expreffion  then  will  be  changed  into  the  following,  ay  ^  yrx  + 
yyqXf  in  which  the  method  here  explained  will  take  place.  And  this  will  be 
lufficicnt  to  (how  the  way  of  operation  in  all  like  cafes. 


EXAMPLE    I. 


Let  the  equation  be  ^y  rr  -^  +  yyx.  Make  y  =  zir,  and  therefore  ay  = 
azu  +  auz.  And,  making  the  ncceflary  fubftitutions,  we  (hall  have  azh  +  auz 
=  -^  +  zzuux.    Let  auz  =  -^ ,  that  is,  —  =  ^ }  and  integrating,  it 

will  be  alz  =  flx^  and  therefore  z^  =  x^. 

Tf  the  conftants  ^,  /,  (hall  be  rational  numbers,  whole  or  fraded,  affirmative 
or  negative,  z  will  be  given  algebraically  by  x.    For  example,  make  a  =  i^ 

/  =:  2,  fo  that  it  may  be  2  =i  xx.     Then  eliminating  the  terms  auz^  —^  , 

there  will  remain  the  two,  azu  =  zzuux.    But  z  ~  xx,  therefore  it  will  be 

.« 

—  =  xxXy  an  equation  in  which  the  variables  are  feparated. 


In  proceeding  to  the  integration,  it  will  be ^  +  ^  =  4*'.     But  u  = 

—  =  — ,  and  therefore  —  ^  +  r  =  4;c'  5  that  is,  ^cy  —  ^axx  =  x^j  5 

B  XX  y 

OKhich  is  the  algebraical  equation  concealed  under  the  propofed  differential. 


EX. 


l«CT»n« 


AXALTTIJCAX    J  N5  Tl  TITT  I  O  N  lb 


tU 


EXAMPLE    IL 


Make,  as  above,  y  =  zu,  and 


Let  the  equation  be  y  =  — 2!f l  2J1 

y  :=izu  +  uz'y  then,  making  the  fubftitutioos,  we  ftall  have  »i  +  x^i  = 


i!^^!^  -f  ^.    And,  fuppofing  «i;  =  -^^,  that  is,  -=-  =  ^717^.  or 


X«  —  <l«. 


dSc 


z  =;  w-' '*-*»,  we  (hall  have  the  equatba  z«  =  ^ 


XfS^ 


VB^ 


which  the  variables  are  feparatcd,  z  being  given  by  Xm    But  It  may  be  ab- 
IJarved,,  that  the  quantity  — ^ —  may  be  reduced  to  a  logarithmic  fluxion,  bjf 

making  x  =:  l±liLf .   wherefore,  making  the  due  fubftitutions,  it  will  bfc 


ax 


jcx  —  aa 


m 


Whence  —  r: 


a« 


4r  K  4r  ^  dc 

,  and  therefore  zz  =  »  =      ^  ,  ^     • 


And,  putting  this  valued  ittftcad  d  zz^  in  the  final  equation,  we  (hall  have 


axx  —  aax 


^,  ^ 


••   Without  making  the  fubftitution  ot  x  =z  l±i2S*,  thfe  quantity.     ^^ 
«iay  be  reduced  to  a  legarithmical  fluxion,  by  means  of  §  21,  Book  III;  aad 

and  confequentb 


we  fliould  have 


^            nr  —  a 
2a  =   : —  , 


4to  -*'  «a 


2  X  X't'd        i,x  x^a 


% 


*  +  < 


waaaBBfamaa^ 


EXAMPLE    III.' 


m 


Let  the  equation  be  j^  =  —  2!L^  y^x.    Make  y  =  zu,  y  zz  zu  +  uz ; 

» 

therefore,  fubftituung,  jt  will  be  zi  +  ai  =  —  ^  +  iTz^ic.     Suppofing 

mur  z  jr  ... 


X    *  X 


W   flf  • 


,  and,  by  integration^  «  2r  — ^;  we  fliall  have 


the  equatioa  s^  ^  s  y  x^  that  is,  : —  zi;  :s^ 


ni— I 


m 


M'-l 


Vol,  II. 


'  Oo 


*■    «. 


EX. 
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EXAMPLE    IV. 


Sometimes  a  two-fold  operation  is  neceflary ;  as  in  cextain  equations  which 
have  more  than  three  terms.  Wherefore,  let  the  equation  be  ^  +  yx  ss  ak, 
+  ^j  and  let  u  be  any  how  given  in  the  terms  of  y.    I  difpofe  the  equation 

in  the  following  manner,  au  +  xu  -^  xy  =  yXf  or  — -  4.  —  —  ^  — -  x. 

Make  x  :z:  pq^  and  x  zz  pj  +  qp ;  then,  making  the  fubftitutions,  it  will  be 

—  +  ^  —  ^  =  ^7  +  2?«    If  *ny  one  would  reduce  the  formula  by  one 

operation  only,  he  muft  put  ^  —  ol  =  p^,  that  i^,  —  —  -^  =  -^ ;  by 
which  we  find  q  given  by  /.    But  the  operation  will  be  performed  more  neatly 


in  the  following  manner.    Make  — ^  z:  ^y,  then  —  —  =  -^,  and,  by 

integration,  ~  =  ;.     Taking,  therefore^  the  other  terms  of  the  equatioii 

—  +  —  =:  {/>',  and,  inftead  of  j,  fubftituting  it's  value.  — ,   it  will  be 

^  +  ^  =  i^,  that  is,  i  +  ii  ss  /f.    Make  p  =  mn,  then  p  zz  ni, 
9         Xf  9  y 


-f  iTMi  and  making  the  fubftitution,  it  will  be  i  +  — «  =  mtii  +  hm.     Sup- 


mnm 


pofe  —  =  mn,  thai  is,  —  =  -^ .    Therefore  n  will  be  given  by  /,  and  in 


(he  remaining  equation,  after  the  terms  — ,  nin^  have  been  eliminated,  that  is, 
in  the  equation  u  zz  nm^  the  variables  will  be  feparated,  and  it  will  be  —  =  «. 

a6»  Still,  after  another  manner,  the  variables  may  be  feparated  in  the  cano- 
mical  equation  y  =  pyx  +  qy'x.    .Make  px  zz ,   x  = 


Making  the  fubftitutions,  it  will  be  y  =  — — — -  +  ==- ;  that  is^  y  z: 

^H^  ^"^ ,  or  I  —  n  X  pzy  =  pyz  +  qy^z  ;  and  therefore,  dividing  by  py\ 

il  [5  ■' "?    J^  '^^  m  -^ .     Laftly,   dividing  by  zz,  it  will  be 


•ECT.  11.  AWAtYTXCAtI»«TITVTI01tl.  iSj 


^-'^"y'^-y 1  =  JL ,   and,  by  integration,  i—  =  /£ .  that  is, 

t^**  =  «/— •     And,  bccaufc  p  and  j  are  fuppofed  to  be  given  by  x;  and 

«  alfo,  by  the  fubftitution  of  px  =  ==^ —  ,  is  given  by  x  \  the  variables  will 

I  -»«  X  z   . 

be  feparated,  at  leafl  tranfcendentally. 


that  is,  V  =:  —  +  :^    it  will  be  ^  =  — ,  ^  =  — ,  »  =  2.    So  that,  fub- 


Refuming,  therefore,  the  equation  of  the  firft  example,  ^ly  ==  ^^  +  y*>i, 
=  ^  +  =^,  it  will  be  p  =  -:^,  ?  =  - 

ax     ^     a  ^  ax  ^  ^  a 

(lituting  thcfe  values  in  the  final  equation  >**"*   =  «/— ^  it  will  be  —  =r 
zf^i  and  the  fubftitution  fx  = will  be  —  = ^i    And, 

making /=  2,  ^  =:  i,  we  (hall  have  —  =  —  — ,  that  is,  z  =  — -.   And 

therefore  —  =  — /  —  xxx.    And,  by  integration,  ~  =  —  X  —  -J*'  +  ^, 

that  is,  3or  —  3Ar;c  =  jr^^,  as  before.    And  fo  wc  may  proceed  with  the  other 
Examples. 


WKBBBaamBSgassssssssssssaaBssesamBaaam 


EXAMPLE    V. 


Let  the  equation  be  tui^yy  —  bx^yy  =  axf^x  —  iyy^^:  +  a'^  —  x*ic,  which, 

divided  by  09^  —  ^;i^,  will  be  found  to  be  v  =  ~  +  HT'*^  ,  which  is  a 

I  ^    ^ 

cafe  of  the  canonical  equation.    Therefore  it  will  be  ^  =  — ,  a  zz      ^      . 

•  •  •  * 

II  =  — - 1.    And,  by  fubftitution,  px  =        *^        will  be  —  =  — ,  whence 

I  — 0  X  9(  *  ** 


f. 


x-zz  XX.    Then,  putting  thefe  values  in  the  final  canonical  equation,  y         zs 

*/:E- »  ^*  ^'"^  ^^*  jy  =  xxf%s^ ,  in  which  the  ▼ariables  are  fe- 

paratcd. 

O  o  a  27.  If 


aSV  AKAt.YTIC  AL     IKfrTlTUTIOK^y.  BOOK  1T»« 

2j.  If  the  canonical  equation  were  y^^^y  z:  />x  +  jy»i,  where  ^  and  y ,  in 
alike  manner,  ^re  any  how  given  by  x ;  the  indeterminates  may  be  feparated * 

by  making  ^^  =  ~ ,  and  ;v  =:  — .    For,  making  the  fabftiiutiona,  it  will 

J-J"'^^;  and,  by  integration,  ^  = /^,  that  is, 7- =  2/^, 
ah  equation  in  which  the  variables  are  feparated. 

For  an  example,  let  the  equation  be  2a*xyjf  =  aayyx  -f-  a^je^x,  that  is,  yy  zz 
*fif  4.  J"!* .    It  wiU  be  »  =  2,  />  =:=  — ,  J  =  ~ ,   and  therefore  we  (haU 

have  —  =/i-^.    But  ji  =  —  =  —y.  and  ^  =  z.     Therefore  it  will  be 
~  ny— ^,  and,  by  integration,  —  =  -^  ±  ^;  an  algebraical  curve* 


:— I 


Alfo,  the  general  formula  jr  y  zz  pi  +  qy'^x  might  be  conftrisded,  aiid. 
confequently  the  particular  example,  by.  means  of  the  method  at  §  24. 

28.  Before  I  finifh  this  Sedion,  I  fhall  add  one  obfervation,  that  (bmetimesr 
the  indeterminates  are  involved  and  mingled  with  differential  quantities,  when 
it  may  be  aHowed  to  modify  the  co- efficients ;  and  this  fucceeds  efpecially  when 
the  exponents  are  formed  of  the  co-efficients ;  and  thus  making  a  kind  of 
circuit  in  the  reduftion.  This  artifice  chiefly  takes  place  in  Phyfico-mathe- 
matical  Problems,  in  which  magnitudes  of  very  different  kinds  mingling 
together,  we  are  more  at  liberty  to  make,  ufc  of  fuch  conftant  quantities,  as 
beft  ferve  the  prefent  purpofe. 


m 


For  an  example,  I  (hall  propofe  to  myfelf  this  equation,  x  x  +  iy  +  yy   X 
JL  z=  yy^  which,  being  prepared  according  to  the  method  of  §  24,  will  be 


«^  ^  30^  2_  _  if. .    Make,  then,  2L  _  if.  =  JL ,  and  we  (hall 

have  the  value  of  j'  =  px^^  and  yy  ^  ppx  •     Thefe  values,  conveniently  fub- 

ftituted,  will  give  the  equation  x^x  +  icpx^^x  =  x^^pp;  and,  dividing  by 

x^^y  it  will  be  x^'^^^x  +  bcpx^^'^^x  =  fp.  Here  it  is  plain,  that,  an  equality 
Joeing  given  between  the  exponents  of  the  indeterminate  Xj  that  is,  between 
ffi —  2£r  and  — c —  i,  the  variables  will  be  feparate,  the  bomogeneum' €omp{h 
rationis  ff  being  only  to  be  divided  by  the  binomial  i  +  bcp^    Now,  putting 

6- 


tMT*I>«%  ^^VALVTICAt      INSTXTlTTJbNSt  285 

m  —  2C  :=:  —  c  —  i,  it  follows  w  +  i  =:  r  ;  fo  that,  expounding  the  con- 
ftant  c  by  m  +  i,  we  Ihall  have  our  define.  If  c  reprefents  unity,  which  we 
are  at  hberty  to  fuppofe,  it  will  be  /»  zz  oj  and  if  ^  iz  2,  it  will  be  i»  =  !• 
And  fo  we  may  go  on. 

The  artifice  here  explained  may  be  applied  to  all  other  equations  of  a  like 


r . 


Rind  ;  for  example,  to  this  following,  x"x  +    ^^  *    +  ^^-^  ^=  y y*      For, 

putting  /  =  r  —  I,  or  =r  »  —  i,*  the  formula  will  be  thence  abbreviated  by 
making  ufe  of  the  logarithms. 


SECT.    III. 


Of  the  Conjru^m  of  more  Limited  Equations,  by  the  Help  of  various  Subjlitutmsm 


r- 


29.  In  the  equation  ^^x  ±  ayy  x  p  =  xy  -^  yx  x  q,  the  indeterminatcs 
artlilways  feparable;  where  p  and  q  are  promifcuoufly  given  by  ^  and  x  after 
any  manner;  algebraically,  when,  in  every  term  of  the  quantity  p,  the  Sum  of* 
the  exponents  of  x  and  y  is  the  fame,  and  thus  likewife  in  every  term  of  the 
quantity  q  ;  but  it  is  not  required  that  the  fum  (hould  be  the  fa&ie  in  p  and  q^. 

The  fubftitutibns  to  be  made  arc  y  =  tz^+i.  and  ^  =  /  x   «*  qi  ««%>+'•. 

Thefe  being  fubftituted,  refpedively,  inftead  of  tc^  x^  y,  y^  and  making  the 
iecef&ry  operations,  after  a  very  long  calculation  we  (hall  come  to  this  equation,. 


%        %  X 


r*""*i  —  ^'^^  ^ 


»  Now,  becaule  it  is  known,  that,  in  every  term  of'^,  the  film  of* the  expo-^- 
nents  of  x  and  y  is  equal,  as  alfo  in  every  term  of  ;;  making  in  them  the* 
fubftitutions  of  the  values  given  ±)y  /  and  z  ;  in  every  term  of  p,  /.will  have. 
the  fame  p.o,wer,  as  alfo  in  every  term  of  y  a  fame  power;. that  is  to  (ay^.thatc 
the  bomogeneum  comparationis  will  be  muhiplied  by  a  pofitive  or  negative  power* 
of/,  or  the  firft  member  will  be  multiplied  or  divided  by  that  powerj  ,and.^. 
therefore  the  variables  will  be  feparated. 


2B6.  AVALYTICAL     IKfTITVTIOyf*  9f(P6%  Vf^ 


As,  for  example,  let  the  equation  bt  xx  +  ayy  x  ^^y  ^  xy  — yx  x  ^a  *, 
it  will  be  «  =  I,  />  =  \/y,  q  =  v^tf,  and  therefore  —-  =    .„— L,Ji!L . 

But  f  =  /2j ;  therefore  it  will  be  ^r  =    >  ^  r  • 

In  the  fame  equaition  the  indeterminates  may  be  feparated,  when  alfo  the 
exponent  n  is  negative ;  that  is,  when  the  equation  is  this,  x     x  dt^    y^P 


zz  xy  —yx   X  qi   and  the  fubftitutions  are  y  zz  tzi •«,   and   «  =  /    x 

V  T  ^2zV-«.    Thefe  will  give  the  equation  /""*""*/  =  ill2 _     /^..^ 

the  fame  as  that  above,  only  with  the  figns  of  n  changed*  And  though  the 
equation  were  alfo  thus  expreffed,  j"x  ±  axy  x  -^j~  =  xy  — jwc  X  J  ;  it 
fellows  that  this  alfo  is  conftrufiible  by  the  iame  fubftitutions. 


— »— I— c 


30.  Let  the  equation  be  more  general,  x^x  ±:  ay      €      y  x  p  ss  xy  +  €yx 
X  ;•    The  variables  will  always  be  feparated  by  making  the  fubftitutio;is  of 

y  s=  /'z*+',  and  a?  =  /     ^   x  a  ±  acz     ^  *+',  where  s  and  r  are  numbers 

aifumed  at  pleafures  fuppofing,  however,  this  condition,  that  the  quantities 
pi  ?•  are  given  algebraically,  and  in  fuch  a  manner,  that,  in  every  term  of  the 
quantity  p^  the  exponent  of  j,  taken  as  often  as  the  number  €  denotes,  may 
exceed,  or  be  exceeded  by,  the  exponent  of  x  in  the  fame  excefs ;  and  fo  in 
every  term  of  the  quantity  q ;  but  it  is  no  matter  that  the  excefs  in  p  (hall  be 
the  fame  as  in  q.    Thus,  for  example,  if  ^  =  3,  it  may  be  ^  n  i^V  +  jS^V*, 

&c. ;  and  it  may  be  q  =  gy^x^  —  by^^x  * ,  &c.  It  is  eafy  to  perceive,  that  it 
cannot  be  ^  s=  o. 

Making  the  due  fubftitutions,  inftead  of  x  and  y,  in  the  propofed  equation, 
we  ftiall  have  this  following,  —  —  /       c       i  =  f  "'^^ ^ 


— i^—    * 


For 


tlCTWIll*  AHAI^YTICAt     XNSTXTITTIOKS.  ftS; 

For  example,  let  it  be  xx  +  ay^^j^  X  —  =  pcy  +  yx  X  x.    Make  J  =  i, 

r  =  2 ;  it  will  bc»=i,  ^=i,  p  =  — ,  j  =  x ;   and,  making  the  fubfti- 

«^ 

tutions  in  the  laft  equation  found  above,  we  (hall  have  —  /"*^/  =  t==——. 

But,  by  the  fubftitutions  made,  at  =  /""'  x  a  +  tfz""*)**  and^  =  Z^,    There*- 
fore  xy  ^  z  X  a  -^  az       *•    Whence  we  Ihall  have  —  -jr  ~  ^* 


31.  But  let  the  equation  be  ftill  more  general,  x^x  ±:  ay      c      y  x  p  sz 

fxy  +  cyx  X  ?»  which  comprehends,  as  particular  cafes,  the  two  canonical 
equations  of  the  foregoing  articles;  that  is,  that  of  §  30,  when  it  is/n  t ; 
and  that  of  §  29,  when  it  is  /  =  i,  and  ^  =  —  i. 


The  indeterminates  are  feparated  by  means  of  the  fubftitutions  jts/Zz/^ii-I-u 

-^  - — rz\-i- 

and  Af  =  /         X  J  ±  — 7 —         ;   the  condition  concerning  the  quantities^ 

^  and  9  being  fuch,  that,  in  thefe,  the  exponent  of  jr  being  mnliiplied  by  r, 
may  exceed,  or  be  exceeded  by,  the  exponent  of  x  multiplied  by  /,  by  the 
fame  excefs  in  each  term.  The  fame  quantities  p,  ^,  may  alfo  be  fra&ions,  or 
mixed  with  fradions,  and  rational  or  irrational  integers,  whatever  they  may  be. 
And  the  indeterminates  will  always  be  feparable  in  the  equations,  provided  that 
f  and  9  are  given  by  x  and  y  in  fuch  a  manner,  that,  the  affigned  fubftitutions 
being  made,  fuch  quantities  may  arife  in  their,  place,^  that  they  may  be  the 
produd  of  two,  one  of  which  (hall  contain  z,  and  not  /,  the  other  /  and 
not  %. 

The  iaid  fubftitutions  being,  made,  we  (hall  have  this  formula. 


— 

• 

i 

= 

r 

41 

X 

± 

z  ^*^  z  X 
/ 

X 

^8  AKALYtlCAtr    IKlTITVf  |OII^••  MCMC  C4^. 


EXAMPLE    L 


Xet  the  equation  be  xxx  +  0f^y  X  J^  =  —  ^xy  +  jrx  X  «Jr.  *  Let  it  be,  as 
before,  s  zz  i,  r  n  2,  it  will  be/zz—  3,  rzz  1^  n  zz.  2^  q  zz  ax^  f  zz  y  ^ 
and,  making  the  fubditutions  in  the  lad  formula  found  above^  we  (hail  have 


therefore  it  will  be —  :z: ,f  ''^        . , ;  as  was  to  be  found, 

3%  X  4i-itf«"**** 


w.ii  IM    ti\9TSsssBssssaasaBssaBatssasBTSSSsss,  e 

EXAMPLE    IL 


the  equation  be  :rx  +  ay  ^y  X  ay^x  +  yyx^  =  oxy  +  3 jrx  Xy^x^^yxx. 
.Let  /  =  I,  r  =  I  i  it  will  be  ^  =  3,  /  =  2,  «  =  tt  P  =  ^J^*-*  +  yy9^%  f  = 
jf  S4P  -^yxx.    And^  making  the  fubftitutions,  it  will  be 

in  which  the  variables  are  feparated,  as  was  required. 

3  2.  In  the  equations    ( i )    fxy      y  =     ff'x  +  yx", 

(2)    txf^y  =— ^"x  +  fx, 

(3)    <»P*>'         ^    =       %'-^  +  f^» 

(4)  apxy*~^y  =  ^bfy'x  +  j;v, 

* 

where  p  and  j  are  any  how  given  by  x ;  the  indetcrminates  may  be  feparated, 

by  putting,  as  to  the  firft,  y  :=:  xz\  as  to  ihe  fecond,  y  =  — ;  as  to  the  third, 

JL  -J- 

j^  =  ;c  tf  2  ;  as  to  the  fourth,  y  ^  x       «  z. 

*  This  equation  evidently  admits  of  a  fimpler  fonn.         £DXTO&f 

Asj 
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As,  for  example,  let  the  equation  be  zhbxyjy  —  ^x^yjy  =  i^x^x  —  ^hby^x 

+  Z^^^^^  which  I  write  thus,  bh  ^kx  X  ixyyy  zz  hx^x  +  bb  —  xx  X  —  ^y^x^ 
This  being  referred  to  the  laft  of  the  four  canonical  equations,  it  will  be 
p  zz  bb  ^  xxy   tf  =  2,   n  zz  ^9  ^  zz  2%  q  zz  bx\     Therefore  we  muft  put 


%         .   **«  —  izx*x  «.    ««         s  —    «' 


y  —  '—^y  —  ^^-~r- — ^  Jy  =  ir>  /  =  -r*     ^^^*  making  the  fubaita 


1   ..         .    X 


tions,  we  fliall  have  o^bbx  —  ^x^  x   ^  ^  ^   5 '*         =  bxM  +  s^&ifr  —  3;c;c   x 


z?x  —- —' -^  -    ^ 


2. 


;   that  is,    zbb  —  2xx   x   xzzz  —  \z^x   zz  bx  *  x  +  3i&A  —  ^xx    x 


z'x ;  and,  making  the  ufual  multiplications,  it  will  be  2bbxzzz  — *  2xi'z7:z 


17. 

=  bz*  Xi  that  IS,  2;z2;  =:  —77 r    • 


33.  Let  the  equation  be  axy  +  lyx  +  cy^x^^^x  ^  fx'y^'^^y  =  o.    In  this 

the  indeterminates  may  be  feparated,  in  general,  by  putting  x  zz  u       z       , 
and  y  zz  z  ^^  j  for,  making  the  neceflary  operations,  we  (hall  come  to  the 


i«ji— «— ji+x*    ,   '    "        ^     %•     ,       «iff<-«i«-i»-i"< 


equation  i  — 1»   x  ««  +  /«  2;  +  «  —  i    x   ^«  +  ^»  ^ 


■■   ■■  *. 


=r  »  —  I    X    —  *««     u  —  czu  «,  that  IS, 


n^i   X   '^  pu       u  -^  cu  u 


1— «  X  a-irju  -|-  fi  — I    X   9  +  ^v 

As,  for  example,  let  the  equation  be  a^xy  —  b^yX  =  cyyxx  ^^fxxyy.    Then 
it  will  be  »  =  2,  w  =  2.     Therefore  I  put  ;c  =  — ,  and  y  zz  ^^  that  is, 

#f  =  — ,  and  therefore  x  —  ^^^  ^  ^^^  .     Whence,  making  the  due  fubftitu- 
tions,  weihallliave  ^  -  ^'  x  ^ '^  ^'"^  =  ^^  -  ^''^  .>^f!2!,  that  is, 

J'  y  y  y       . 

4i^uy  +  aPuy  4-  aacuuy  -j-  f^auuy  =  tf^^i  +  aacyuu,  and  therefore  —  = 

tf^tf  -♦-  atf^H  +  aacuu  +  aaftiu 

34.  Let  the  equatioa  be  .====s--  =  y ;  or,  more  generally,  ^         ^—r* 

zz.y.    The  indeterminates  will  be  feparated  by  putting  bx  +  ay^x       =  zx^^ 
Vol.  II.  P  p  Whence 

*  See  the  Note  at  the  bottom  of  the  preeediog  page. 
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I— s 


Whence  ,  =  5f^5z!l:,  and  therefore  y  =  ^  >< ''^"' 7  ^'7^  ' 


-    X 


— ^^ '^  *  j^    ^  *  ,  putting  thefe  values  of  y  and  ;«      in  the  propofed 


«"» 


general  equation ;  and  dividing  by ,  it  will  be 

ff  Iff  4r      4r      •        . 

.  , '  '  ■      ■  s  — — ,  that  M, 

and  thcretiore  —  ■  .  ,  ■■         "" 


If  you  fliould  have  terms  with  negatiTc  figns^  you  mult  proceed  after  the 
fame  manner,  and  in  the  final  equation  there  would  be  no  othfic  difierence^  but 
that  of  the  iigna  themfi:lves«^ 

35.   Alfo,  taking  a  more  univerfal  equation^  as -^  *  — 


cx  a  y»  the  indeterminates  would  be  feparated  by  the  fame 

fub(litution» 


EXAMPLE    I.. 


Let  the  equation  be     .         —  «  i^.    Make  \/^bbxx  ^  a^y  =  xz^   and 

V  hhxx  —  a}y 

iherctore  ^  =:  ^ ,  and  y  zz  — ^     And,,  makmg 

the 
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the  fubftitutions,  —  X r"= —  = « -J  that  is,  aaiixx 

X%  €fl  Or 

—  aazzxx  =  iPzxx  —  zh^xx  —  2^Af;if«2;2;,  or  xbxxzzz  =  zPzxi  —  2iz^xx 

zbxxk  X 


-f-  aazzxx  •«-  aabbxx  i  and  therefore  - 


Qtss^BttBa^aBBBa 


EXAMPLE    ir. 


Let  fke  equttiooi  U     j   n  ^  :=  4-  •    Make  y/~~bbi^^  ^xyj  =: 

«c*,  and  therefore  y  =  ^!fi!+i*r,  and  >  =  ^i«i±^^i  +  g:if .    Where- 

^  •   ^*»ip*  +  bote* 


«MiiBBiwa 


fore,  making  the  fubftitutions,  we  (hall  have  — 1/  _ 

**  '  %xx  a» 

,,^,  .  ^^^, — ,  that  IS,  bToatxx  +  ^»**x  =  *»za«  +  ^2****  +  ^Uzxxx, 

ath^  —7, 

or  bzzxxx  +  ^*4r*x  —  \z^xxx  —  ibbzxxx  =  x^a^zi ;  and  therefore  —   = 


&6»  -  t»»  —  i*te  +  h*  • 


36.  By  the  fame  fubftitution  as  above,  the  indeterminates  in  this  equation 
alfo  may  be  feparated: 


^  ^  ^  X.    Make  bx  +  ay^x^"^  zz  x^'z,  it  will 


vx   +  ay  X  I 


ZZ  ex 


bej^  =  ^ ;  then^  = — +  'V"^^  *'   + 


a' 

■■■■    "  »■  I  •*• 


^^-^^^t'^'^^'^v  into  "^  I   ^.  "^^^^^  .  ;   and,  making  the  fubftitutions,  we 

(hall  have  — — z  x  x  +  — — Ar  ;v  into 


Ppa 


» 
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^^"'V  -  3jp^""^)     "       =  ^AT  *  ;if.     Wherefore,    dividing    the 

numerator  and   denominator  of  the  firft  member  of  the  equation  by  x   , 


»  +  x 


J^^rJ~TP?^ 


and  multiplying  the  whole  by  a  n  z;  and,  inftead  df  ;if ""  a?— ^x 

writing  x  «  x   2*  —  Jy     «     ,  which  is  the  fame;  and,  uniting, 

the  dimenfions  of  the  letter  x,  we  (hall  find  the  equation  to  be  divifible  by 

A^  »  ^,  and  that  being  divided  accordingly,  itwHl  be 

+   Lzla";v  +  il^^x  into  z""  -  ^     *      =rM  «  »c.   And  laffily,  dividing 


jrx   JHT    s; 


again  by  7-?    *     ,  ft  wUl  be  **  *  *■  =  ^^^  X  A  +  ^  X  ^*^  + 


?Zl  "T S-' 

r^a  «  zx  X  s;"  —  ^^     ""     ,  that  is, 

»ff^a  n  z  X 


X 

X. 


»•»  —  il      ^         +  mr  -^  mt  X  XT'  +  mt  ^  mr  X^ 


EXAMPLE. 


1  *  M        *  iHB*^i^H^HiMa^^BM*«"^^Maa^M^HH^ 

Let  the  equation  be  ■  ^/  =  — .    Put  \/ibxx — aaxy  —  atxj 

Vhbxx  —  dtfA^  —  abxy  ^ 

=  xz,  and  therefore  >  =  -^jqr^ ,  and  ;;  =s  ^^-qp^j ;     Making, 

therefore,  the  fubftitutions,  it  will  be  rrrx    X     ■ . 

'  aa^r  bb    ^  aa  +  bb  X  xx  ^ 

And,  inftead  of  ibx  —  22;^^*,  writing  ^'  x   ^^  —  ^zV,  and  multiplying  the 
whole  equation  by  aa  +  a^\   X  Z9c^  we  ftiall  have  x^   x  bb-^ziit    X 
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Kx^i 


iibx  —  zz:i  —  ZXZ.Z  =  aa  +  atA^  X  — •  And,  dividing  by  x^  X  ^^—22]% 
it  will  be  ^^x  —  zzx  — -  2x22;  cs  ^a  +  ad\^  x  ^*  —  22^""^  X  —  I  that  is, 
hbx-^  zzx  +  M+ii^)*  X  Z'^  — 22!""^   X    ~  -^  8sa  2X2^.    And  therefore 


^^  —  »B  —  —  X  W  —  ail""^  X  ^^  +  ^^' 


37,  The  fame  fubftitution  will  ferve,  in  like  manner,  for  a  ^xore  general 
equation,  "^        ,/      =  '* » ■^-    Alfo,  it  wUl  ferve 


for  the  equation       .    -^      -^     .      zzfx  ^^^^^^x^  by  making^ 

ix  +  cx  +  ay  X  '    zz  x   z;  whicb>  if  w  =  i,  will  be  a  particular  cafe  of 
5  27 ;  and  if  it  be  ^  =  o,  will  be  a  particular  cafe  of  §  3(5,     Moreover,  wc 

may  alfo  conftruft  the  equation  - —  .  — ^  =  /»  x, 

ax  +  &x  +  cy  X  I 

when  it  is  cb  zz  ik^  making  ufe  of  the  fame  fubftitution,  ax  +  bx  +  cy^x^^ 

mt 

zz  X   z. 

Now,  if  it  (hould  be  alfo  i&  =  o,  ^  =  o,  the  equation  will  be  a  particular 
cafe  of  the  firft  equation  of  this  article. 

38.   Thefe  equations  may  be  conftrufted,  -^      .  ■  =  gy  """x,  and 

h  +  cj^-^/x)^ 


^  «— I. 

gy      y         ^  i»— I 


b  +  ^Tfi^ 


—  gx^^^x,  by  putting,  for  the  firft,  0'"  +/*!*  =  z,   and  for 


thefecond,  iy^  +fx^^'*zz  z.    And,  as  for  the .  firft,  it .  will  be  then  jr  = 


I— « 


1 \j^  ■'x — ^' 


1— « 


;^,  and  ^  =  ~  X  ^^^=4 X  — 2  «    i  —  /i ;    and  therefore^ 


1— « 


making  the  fubftitutions,  we  (hall  have  az  ^  z  :^  nuhcgx  +  ^«i:^2x  +  ^f^9 

that 
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I— » 

az  u    X 


that  is,  -7 — r-^ — r — %  =  X.    As  to  the  fccond,  we  (hall  have  jr  = 


*   "{*       i  and  thercfoPC  >  =  ~-  X  ^-^ >^  ~»  «  «-n/5r— '*; 


C*  '  <• 


iand,  making  the  fubftitutions,  x  ""'^ 


« 


^  — I  •  tfK    «     » 


^^JM  +  ir^fflMB  +  M^>f 


Likcwifc,  if  we  take  a  more  general  equation,      -^  1      ..^  =  ^j^wf,  where  p 

and  q  are  any  how  given  by  x  and  conftants ;  if  it  be  7  =  *4-  ^  the  indetermi* 
nates  may  be  feparatcdj  by  putting,  in  like  manner,  fy'  +P     =  z#    For  it 

Will  be  jf  =  ji- ,  and  ;^  =  J, 5^  _  z'^z  —  p;    and^ 

making  the  fubftitutions,  the  eqtatton  will  be  nbcguqx  ^  ncguzqx  +  oMp  = 

4^z  «  ir.    But  if  we  fuppofe  p  =  yx,  then  it  will  be  -r- — ^  *^   ^   ■   ■  =  jx* 


it 


EXAMPLE    r. 


a^} 


Let  the  equation  be  cH  —  6i^x  —  ^bix\/fy  +  h,  or  -^     ■  -  s  3^^Pf. 


«8    —  ^4P  222   —    3jr 


Make  \/cy  +  ix  =  Zy  it  will  be  j^  =:  ,  y  zz ;  and,  making 

the  fubftitutions,  ^^^^^      ^  3^^*^*  ^^  2(^zz  =  6^Vx  —  3W^zx  +  a^ix, 
and  therefore  rn — ^^l  ^   «»>  =  x. 


EX- 
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Let  the  equadon  be  ^"^    ■-■     ■   =  *M(  —  iix^c.     Make 

b  +  Vjr*  +  aax  —  ix» 

\/y  +  a^x  —  ^x*  =!  z ;  it  will  be  y  =  z*  —  aax  +  ^^^l■''^   and  j>   = 
^  ^  \^  I   whence^  making  the  fubftitucions,  the  equation  will  be 

s*  —  aax  +  hfjrf 

^7\   "^^ =:  Jiwc  —  ihx ;  that  is,  ^azzz  =  ii'^  —  2^^xx  +  ^aatx 

—  6^^Ar;c  +  ^aazx  —  6^2;^x  5  and,  dividing  by  ii  +  3*  +  32,  it  will  be 

* 

.    .  ' —  =  aax  —  2Mxx^ 

39^  The  equation,  or  canonical  formula,  ax'^x  +  cyyx^x  1=  y^  has  not  it*s 
indeterminates  feparable  in  general,  whatever  the  exponent  m  may  be  ;  yet 
they  are  feparable  in  an  infinite  number  of  cafes  ;  that  is,  the  exponent  m  may" 
receive  infinite  values^  in  which  the  deiired  feparation  will  fucceed. 

To  determine  which  I  make  ufe  of  a  method  not  unlike  to  that  of  §  23* 

Make  y  zz  Ax^  +  xt\  where  the  quantity  A,  and  the  exponents  ^,  r,  arc 
arbitrary  conftants,  to  be  determined  as  exigence  may  require,  and  /  in  a  new 

indeterminate  quantity.     Therefore  it  will  be  y  ziz  phx^^^x  +  rtx^^x  •+• 

/i,  and  yy  =  hkx^^  +  2 A;c^'*"' /  +  «jr*'' .     Wherefore,   fubftituting  thefe 

values  in  the  propofed   formula,   they  will    give  this    following,   ax^x    + 

cAhx^^^^x  +  2cktxf'^'+''x  +^///"+«;c  =  pAx^^'x  +  rix^'^'x  +  //. 
Let  us  fuppofe  ^AA  =  />A,  2/+»=:/) —  i,r=:  zcAi   that  is,  p  = 

—  «  —  I,  A  r:  -""*'"'  ,  r  rr  -—  2ir  —  a.  By  thefe,  in  the  laft  formula^, 
will  vanilh  the  fecond,  third,  fifth,  and  fixth  terms,  and  it  will  be  reduced  to 
ax  X  +  cttx   ^     ^x  ^=  X  t.  That  is,  (dividing  by  X  ,)  ax  ^    ^  x 

+  Cttx  X  '=z  i  i  or  (D)  ax  x  +  cttx  x  =  /^making  m  +  2n  +  2  zzK, 
and  —  »  —  2  =  X, 

I  refumc 
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I  rcfume  the  propofed  equation  ax  x  +  €)yx^li  =  y,  which,  putting  y  s 
,  is  transformed  into  this  ether,  asizx  x  +  €X^x  =  —  i  j  in  which  is  put, 

as  above^  z  =  B^^  +  sTu^  where  B,  q^  v,  are  conftants,  to  be  determined  as 
before,  and  ir  is  a  new  indeterminate  quantity.     Therefore  it  will  be  2;   =: 

gBx^'^'x  +  vax'^'x  +  ic\  zz  =  BB;c*^  +  2&^'^\  +  iwjc*^    And thefe 

values  being  CubRituted,    we  (hall   have   dS^x^'^'^'^x  +  2«B«/"'"^"*'*x    + 


auux 


2V+1W  •       ,  «•  ^'D.-f—^    •  V— I 


Iv  +  ^jr*x  ==  —  jB«^""  X  —  v«/'""'x  —  Ap'^w.   Nowt  if  We  fuppofc 

dS&  =  —  Bj,  2y  +  w  =  ?  —  ij  —  ^  =  2tfB ;   that  is,  j  +  ji  =  —  i, 

* 

B  =  ^        ,  ^  =  — .2f»  —  2i  with  thefe  in  this  laft  formula  wiH  vanifh  the 

firft,  fecond,  fifth,  and  fixth  terms,  and  it  will  be  reduced  to  auux^^^^x  + 

r^f  x   =    — >  AT  » ;   that  is,   (dividing  by  a:  ,)  cx  x    + 

•auux'''^''^x  =  —  »,  or  (G)  ex  x  +  auux^x  =  —  »;  making  im  +  n  +  z 
11:  S,  and  «—  m  '^  2  iz  oi* 

Now,  in  the  propofed  equation,  the  indeterminates  are  feparable  when 
m  zz  n.  Wherefore,  alfo,  in  the  formula  marked  D,  G,  the  indeterminaces 
will  be  feparable,  when  it  is  10  +  2»  +  2  =z  — -  72  — -  2,  2111  +  if  +  2  = 
—  m  _  2,  becaufe  m  obtains  two  values,  that  is,  iw  =  —  3»  —  4,  «r  = 

■^  *  "  ^ ;   which  being  fubftituted,  the  feparation  of  the  indeterminates  will 

fjjcceed.     For  then^   in  the   propofed  equation,   the  indeterminates  will  be 

fpparated  when  it  is  m  zz.  S  j  alfo,  they  will  be  feparated  in  the  formulas 

D,  G,  when  it  is  K  =  ^ — ^,  I  =  ZJULZS^   becaufe  there  are  other  two 

3  3 

values  of  w,  that  is,  «  =  *"  ^"  "" — ,  m  zz  '^  ^^'^    , 

3  5 

By  the  fame  way  of  argumentation,  we  may  have  infinite  other  values  of  « ; 

— '  7n  —  12  —  c/i  —  12  —.Oft  —  16  —  7»  —  16        -, 

as  ;w  =  -^^— ,  m  =  — ^ ,  m  =  — 1^ ,  m  ■=  -^ ,    &c,  ; 

and,  in  general,  m  zz -^-- 1-,  taking  i&  any  integer  pofitive  number, 

cbeginning  from  unity.     Putting  any  of  thefe  values  in  the  propofed  equation, 
we  (hall  have  the  indeterminates  feparable. 

It 
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It  may  be  added,  that  the  indeterminaies  will  alfo  be  feparable  in  the  pro- 
pofed  equation,  when  the  exponent  m  is  fuch,  that,  by  the  method  of  §  19, 
it  may  be  reduced  to  a  cafe  of  §  14. 

This  would  be  the  place  to  make  ufe  of  two  Diflertations  of  the  very  leirncd 
Mr.  Euler^  inferred  in  the  Memoirs  of  the  Academy  of  Peter/burg,  Tom.  VI. 
But,  becaufe  of  the  fubtile  manner  in  which  that  author  proceeds,  I  (hould  be 
obliged  to  exceed  thofe  limits  which  I  had  fixed  to  myfelf,  intending  only  a 
plain  and  fimpic  Inrtitution.  I  (hall  therefore  leave  the  curious  reader  to  feek 
them  in  the  book  itfelf. 


PROBLEM    I. 


40.  To  find  the  curve,  the  fubtangent  of  which  is  equal  to  the  fquarc  of  the 
ordinate,  divided  by  a  conftant  quantity. 

Making  the  abfcifs  equal  to  x,  the  ordinate  equal  to  y,  the  fubtangent  is 
always  — ,  which  therefore  ought  to  be  equal  to  — .     Therefore  we  fliall 

have  the  equation  —  rz  ^ ,  or  ax  :r:  yy^  and,  by  integration,  ax  zz  fyy^  or 
lax  zz  yyy  which  is  the  Apollonian  parabola. 

If  the  fubtangent  ought  to  be  equal  to  twice  the  abfcifs,  we  (hould  have  the 

equation  -=^  =:  2*-,  and  therefore  —  =  — ,  and,  by  integration,   ^Ix  +  ^la 

=:  ly,  (where  the  conftant  ^la  is  added,  to  fulfil  the  law  of  homogeneity,)  that 
is,  l\/ax  =  ly  ;  and,  returning  from  the  logarithms,  y/ax  =  y^  or  ax  zzyy, 
which  is  alfo  the  fame  parabola. 

• 
If  the  fubnormal  is  to  be  conftant,  it  will  be  ^  =  «,    that  is,  yy   =z  ax^ 

and,  by  integration,  -Jjjy  =:  ax,  or  yy  zz  2ax,  which  is  again  the  fame  pa- 
rabola. 

Let  the  fubtangent  be  triple  of  the  abfcifs ;  it  will  be  -^  =  3;^,   or  —  = 

^ ,  and,  by  integration,  l^aax  =  ly,  or  aax  =  y^,  which  is  the  firft  cubical 
parabola. 

Vol.  II.  Q^q  Let 
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Let  the  fubtangent  be  a  multiple  of  the  abfcifs,  according  to  any  number  m ; 
it  will  bt  ~  zz  mxy  that  is,  —  =  —  ,  and,  by  integration,  l^a^^^x  zz  ly^ 

or  cT^^x  '=' y^'i  a  curve  of  the  parabolic  kind. 

Let  the  fubtangent  be  ^— — —\  then  the  equation  is  —^  =.  ^— — —^    that 

°  tf  +  x  ^  y  a  -{•  X      ' 

ax  4-  XX  y  a     j       i        • 

IS,  ayx  +  yxx  =  *iaxy  +  xxy^  or —  =  •^^—  •      And,    by  integration,   it 


will  be  ^  =  ^liax  +  xx^  and  therefore  ;r^  +  2ax  ^=^  yy^  an  equation  to  the 
hyperbola. 

Let  the  fubtangent  be  ^f^^LT-^.  then  the  equation  will  be  -—^  =  ^f^^^^lfL 

^  ay '\' ixx    ^  ^  y  ay-^^xx 

that  is,  ayyx  +  ^yxxx  zz  2axyy  —  ^x^.     According  to  what  has  been  already 
delivered  at  §  i8,  I  endeavour  to  reduce  this  equation  to  a  cafe  of  §  14, 

Therefore  I  make  j'  =  — ,  j/  =s  ^^;  and,  making  the  fubftitutions,  it  will 

be  z*x  +  ^zzxxx   =:  j^xz^z  ■—  6x^zz,  where  now  it  is  reduced  to  the  faid 

cafe.     Wherefore  the  indeterminates  will  be  feparated,  if  we  put  z  =  — , 

z  zz  ^ — ^;  and,  making  the  fubftitutions,  it  will  be  ^-7^  +  ^^       zz  ^-^  X 
^^tZil 1A  X  ^l±tl^  that  is,  ^aapx  —  ^p^x  zz  ^xppp  —  Ca^ixp^  and  therefore  -^ 

of  p,  that  is,  as/ ^  ,  it  will  be  ^  =:  — r — ^ — \ —  ,  that  is,  finally,   iiV  — 
3^*j^a:*  =  mx.  ^* 

The  two  fubftitutions  made  of  ^  zi  — ,  and  2  zi:  -^j  in  order  to  feparate 
the  indeterminates,  plainly  ftiow  us  that  it  would  have  been  fufficient  if,  at 
firft,  we  had  made  but  one  of  them,  o\  y  zz  ^^  • 

But  we  might  have  obtained  our  defire  fomcrhing  more  expeditioufly,  by 
writing  the  equation  thus  :   '^yxxx  +  3*^  =:  2axyy  —  ayyx\  which,  divided  by 

xx^  will  be  lyx  +  ^xy  =  '^^"''^'   "  ''-^  '*'  •  and,  by  integration,  ^xj  zz  ^  ^  that 
is,  ^ay  zz  xx^  the  Apollonian  parabola,  when  we  omit  the  conftant  m. 

Let 


=  ^— -^ ;  and,  by  integration,  Ix  =  — >   And,  reftoring  the  value 
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Let  the  fubtang-ent  be  4^  —  ^*y     jj^^  equation  will  be 

3AJC  —  ay  *  3A  c  —  ^^  j' 

that  is,  4x^'/  —  ^atvj/  z:  3avv,\vv  —  ^'Jiy^^  which  1  write  in  another  manner,  thus  : 
^xy  —  lyxxx  zz  axyy  —  ayyx.  I  obferve  that  the  fecond  member  would  be 
integrable,  if  it  were  divided  by  xxy ;  I  divide,  therefore,  the  whole  equation, 

whence  it  is  ^^-^'  ""  ^*  zr  ^"^  ^  ^^^ .      I  fuppofe   the   integral   of  this  fecond 

y  XX  '^  *  ° 

member  —  r=  2  j  and,  making  y  to  vanilh  out  of  the  equation,  it  will  be 


4x  y  xz  +^ — ^%xx  _  ^   ^1^^^  .^   lfLZl±I  —  2;,  which  may  be conftrudled  by  the 

zx  z  ■'  ' 

method  of  §  14,  or  elfe  prepared  according  to  the  method  of  §  24,  it  will  be  at  X 

•  •  •  •  i 

— +  —  zz  z.     Therefore  I  make  —  +  —  =:  — ,   and,  by  integration, 

Iz^x  zz  la^pf  or  z^x  zi  ^^^ ;  and  therefore,  making  x  to  vanifti  out  of  the  final 

equation,  we  (hall  have,  laftly,  -£.  x  —  =  i?,  that  is,  a^p  z=  2*2;,  and,  by 

integration,  a*p  iz:  |2*  ;  in  which,  reftoring  the  value  of  />,  then  that  of  2,  it 
will  be  XX  zz  ^y,  which  is  the  Apollonian  parabola*. 


a+xYla-^-x        ,  .  Ml    1       a'\-x  Xla-^x    


Let  the  fubtangent  be  --^ -z^^—  ;  the  equation  will  be 

a  +  la+x  a  +  la+x 

•^,  that  is,  ■=^  rr  _ ,  "^  1— f  >     In  order  to  proceed  to  the  integration,  I 

make  ^  H-  x  x   la  -^  x  zz  2,  and  therefore  2;  =  ;c'  x  /^  +  ;c  +  jx;  (fup- 

pofing  the  logarithmic  with  the  fubtangent  zz  a.)     Thefe  valuer  bemg  fubfti- 

•  • 

tuted  in  the  equation,  it  will  be  —  zz  — ,  and  integrating,  it  is  j^  zi  2,  that 

y  « 

is,  j^  =:  tf  +  J?  X  /a  +;if,  a  tranfcendent  curve,  but  which  is  eafily  defcribed, 
fuppofing  the  logarithmic. 


ZI      ^ 


PROBLEM    II. 


41.  To  find  the  curve,  the  area  of  which  is  equal  to  two  third  parts  of  the 
redlangle  of  the  co  oidinates. 

The  formula  for  the  area  \%  yx^  and  therefore  we  fhall  have/yx  zr  \xy  % 

whence  yk  zz  ^  +  4.^^,  that  is,  yx  zz  ixy,  or  -^  zz  -^^  j  and,  by  integra- 

Q^q  2  tion, 


800 
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tion,  as  before,  it  is  l^/ax  =:  ly,  ax  =7>     The  curve  is  the  fame  Apollonian 
parabola. 

Let  the  area  be  equal  to  the  fourth  power  of  the  ordinate,  divided  by  a 


30 


conftant  fquare ;  then  it  will  ht  /yx  =  — ,  that  is,  yx /^z  — 


,   or  aax   = 


4Xyy ;  and,  by  integration,  \aax  zz  y^j  the  firft  cubic  parabola. 

Let  the  area  be  equal  to  the  power  denoted  by  m  of  the  ordinate,  divided 


by  a  conftant ;  it  will  be  fyx  rz  — — ,  that  is,  yx  r:  — =^ ,  a  curve  of 

a  a 

the  parabolic  or  hyperbolic  kind,   according  as  i»  —  i  (hall  be  pofitivc  or 
negative. 


PROBLEM    III. 


42.  In  infinite  number  of  parabolas  being  given,  of  any  the  fame  kind ;  to 
find  what  that  curve  is,  which  cuts  them  all  at  right  angles. 
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Let  the  equation  of  the  curve  required  be 


m 


P  X  :zy^^  which,  {p  being  confidered 
as  arbitrary,  and  fufceptible  of  infinite  values,) 
exprefles  infinite  parabolas  j  and  (confidering 
m  and  n  in  the  fame  manner,)  exprefles  any 
kind  of  parabolas.  And,  firft,  let  them  all 
belong  to  the  fame  axis  AB,  (Fig.  144.)  with 
vertex  A,  and  different  only  in  their  para- 
meters. Let  AC  be  one  of  thefe  infinite 
parabolas,  in  which  AB  n:  ;t',  BC  =  y. 

From  any  point  C  let  the  tangent  CT  be  drawn,  and  the  normal  CP,     It  is 

known  already,  that  it  will  be  BT  ==  — .     Let  DC  be  the  curve  required  ; 

and,  becaufe  this  ought  to  cut  the  parabola  perpendicularly  in  the  point  C,  in 
an  infinitefimal  portion  it  muft  coincide  with  the  normal  CP  in  the  point  C. 
Therefore  CT,  the  tangent  of  the  parabola  AC,  will  be  likewife  perpendicular 
to  the  curve  DC  in  the  point  C,  and  confequently,  at'  the  fame  time,  BT  will 
be  both  a  fubtangent  to  the  parabola,  and  a  fubnormal  of  the  curve  required, 
DC.  What  is  faid  of  the  parabola  AC  agrees  with  any  other  of  the  fame 
kind.     Therefore  the  problem  confifts  in  finding,  of  what  kind  is  the  curve 

DC, 
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inaa 


DC,  whofe  fubnormal  is  =  — .  Now  the  general  expreffion  of  the  fubnormal 
is  —i  which,  in  this  cafe,  ought  to  be  taken  negative,  becaufe,  in  the  curve 
DC,  as  AB,  or  Xj  incrcafes,  at  the  fame  time  BC,  or  y^  decreafes  ;  and  there- 
fore  the  differential  equation  will  be  —  =s  —  ^;   and,  feparating  the  vari- 

ables,  —    z=   —  jy/j  and,  by  integration,  —    =  —  t>y  +  ^^$  or  -^^   = 

—  XX ^  which  is  an  equation  to  the  ellipfis.     And,  becaufe  the  parameter 

p  does  not  at  all  enter  here,  the  folution  will  be  general  for  the  infinite  parabolas 
that  .may  be  thus  defcribed. 

If  the  exponent  n  of  the  equation  f       .v    ^  j'     is  fuppofed  to  be  negative, 

fo  that  the  equation  may  be  x^y^  rr  p^  j  in  which  now  it  is  pofitive;  it  will 
belong  to  infinite  hyperbolas  of  the  fame  kind  between  the  afymptotes,  the 

fubtangents  of  which  arc  —  — ,  and  the  fubnormal  of  the  curve  DC  ought 
alfo  to  be  equal  to  thefe.     Then  it  will  be  - 


mx 
n 


—      yy 


mxx 

n 


»  or  ^r  ^  yy^ 


And,  by  integration,  —  zi  ^^jy  +  aa^  or  xx z=  ^^ ,  an  equation  to 

the  hyperbola. 

Pig*  H5-  \  •.  If  the  infinite  parabolas  AC,  QC,  &c. 

of  the  equation  p  '^  z  'zi  y  ,  fhall  have 
all  the  fame  parameter,  but  each  a  different 
vertex  in  the  fame  axis ;  that  is  to  fay,  if 
one  of  them  be  conceived  to  move  always 
upon  the  axis  parallel  to  itfelf ;  from  a 
fixed  point  A  (Fig.  145.)  making  any 
abfcifs  AB  =  x^  and  taking  any  .curve 
iS    i)   p"     QC,  whofe  abfcifs  is  QB  =  2,  and  ordi- 

• 

nate  BC  =  y ;  then  will  alfo  —  ^  be 

X 

the  fubnormal  of  the  curve  DC  required,  and  therefore  equal  to  the  fub- 
tangent  BT  of  the  parabola  QC.    Whence  the  equation  —  -^^^  z:  — ;   but. 


m 


by  the  equation  of  the  parabola  we  have  z  =   ^  ^  ,  and  therefore 

p-;r 


xa 
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m 
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—  ,  that  is,  x"  z:  —  — p^   y        "  y  i    and,    by   integration,    x   zz 


fip   n 


,  the  equation  of  the  curve  required,  DC. 


m  X  2n  -^  m 


If  the  parabolas  arc  the  Apollonian^  that  is,  w  =  2,  »  ==  i,  the  integrated 
equation  would  not  be  of  ufe  in  this  cafe;  for,  making  the  fubllitutions  of  the 

_  __  ^ 
o 


values  of  m  and  ^,  we  (hould  have  at  iz  —  -^ .     But,  taking  the  difFercntial 


equation,  it  would  be  ;v  zz  —  i^  X  —  >   an  equation  to  the  logarithmic. 

Therefore  the  curve  which  cuts  the  infinite  Apollonian  parabolas  at  right  angles 
will  be  the  logarithmic  MCN,  the  fubtangent  of  which  is  equal  to  half  the 
parameter  of  the  parabola. 

Let  the  parabolas  be  the  firft  cubics,  that  is,  ;»  zi  3,  ;»  =  x  ;  it  will  be 

;r  =  —  ^ — ,  or  ^  zz  \ppy  and  the  curve  DC  will  be  the  hyperbola  between 
it's  afymptotes. 

Let  the  parabolas  be  the  fecond  cubics,  that  is,  w  =  3,  »  =  2  ;  it  wiJl  be 
9t  iiL  —  iV^/y,  or  XX  n  ^^y^  and  the  curve  DC  will  be  the  common 
parabola.     Taking  other  values  for  m  and  »,  we  (hall  have  other  curves. 

If  the  parabolas  AC,  QC,  &c.  befides  having  a  different  vertex  on  the  fame 
axis,  fliould  have  their  parameter  variable,  that  is,  equal  in  each  to  the 
refpeftive  diftances  of  the  vertex  from  the  fixed  point  E;  taking  any  one  of 
them,  QC,  make  EB  iz  x  the  ab'fcifs  of  the  curve  required  DC,  the  ordinate 
BC  n  yy  EQ^—  p  =  parameter ;  it  will  be  QB  =1  x  —  p,  and  the  equation 

of  the  infinite  parabolas  p^^^  X  at  — /)^»  =^^j  and  the  fubtangent  BT  sb  — 
X    X  -—  pj  and  therefore  the  equation  —  ^  zz  —  X*  —  p. 

If  the  parabolas  be  Apollonian^  that  is,  /w  =  2,  u  =  i,  it  will  ht  p  :=:  \x 


X 

n 

to  a  feparation  of  the  indeterminates  by  the  method  of  §  14  s  and  then  we  may 
go  on  to  tlfie  integral,  which  will  be  algebraical. 


±  \/\^^  '^yy  »  whence,  making  the  fubftitutions  in  the  equation  — 

X  *  —  P»  it  will  be  —  -^  =  *  4=  %s/\xx  --yyt  which  may  be  reduced 


If 
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Fig.  146. 


If  the  infinite  parabolas  AC,  QC,  &c 


tn^n 


m 


of  the  equation  p  z^  'zi.y  fhall  have 
the  fame  conftant  parameter,  the  axes 
parallel,  and  the  vertices  variable  in  the 
perpendicular  to  the  axes ;  that  is  to  fay, 
if  one  of  them  be  moved  in  fuch  a 
manner,  as  that  every  one  of  ii*s  points 
may  defcribe  perpendiculars  to  the  axes : 
Taking  any  one  of  them,  EC,  (Fig.  146.) ' 
and  caUing  AM  =  EB  =  2,  BC  =  y^ 
MC  "=  x;  and,  drawing  to  the  parabola  EC  the  tangent  CT,  produced  to  V, 
then  MV  will  be  the  fubnormal  of  the  curve  DC  required.     Now,  becaufe  it 

is  BT  =1  — ,  it  will  be  MV  =  ^-^j    whence  we  (hould  have  the  equation 

^ ;  and,  inftead  of  y^  fubftituting  it's  value  p  '^  z^  ^    given    by 


wxx 


the  equation  p^^^z"^  =r  y^^  it  will  be,  finally, 


mzx 


XX 


ftp  m     Z  m 


—  =  ^  -;- ,  that  is, 

n  z 


im-^H 


mzz 


m  —  u 


zz  X,  and,   by  integration,   x  = 


Vifnz    m 


m-^n 


,  the 


n  X  2/n— ;»  Xfm 


fip  m     Z  m 

equation  of  the  curve  required,  DC. 

Let  the  parabolas  be  the  Apollonian^  that  is,  w  =  2,  »  =  i  ;  it  will  be 

X  =  —  2-j.,  or  -^^pxx  ~  z* ',  and  therefore  the  curve  DC  will  be  the  fecond 

3/* 
cubic  parabola,  of  which  the  latus  reSfum  will  be  to  that  of  the  parabola  AC  as 

9  to  16. 

Fig.  146,  It  is  to  be  obferved,  that,  in  this  cafe,  the 

pofition  of  the  curve  DC  will  not  be  that 
marked  in  Fig.  146,  but  will  have  it's  vertex 
in  A,  cutting  the  inferior  part  of  the  Apollonian 
parabola  at  right  angles ;  that  is,  meeting  the 
convexity,  as  in  Fig,  147. 

Another  kind  being  pitched  upon  for  the 
parabolas  AC,  alfo  the  curve  DC  will  be  a 
parabola  of  another  kind. 


PRO. 
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PROBLEM    IV. 


Fis^  148. 


43.  Upon  the  right  line  AD  let  the  right 
line  AC  infill  at  halt  a  right  angle ;  the  equa- 
tion of  the  curve  AB  is  required,  the  property 
of  which  is,  that  the  ordinate  BD  may  have  to 
the  fubtangent  DF,  the  ratio  of  a  conftant  line 
a^  to  BC. 

Make  AD  =  ^,  DB  -  j ;  it  will  be  CB  = 
y  —  X.     Whence,  by  the  condition  of  the  pro- 


blem, we  fliall  have  y  . 


yx 


a  .y  '^^x  ;  and 


therefore  the  equation  ax  zz  yy  ^  xy.  Now,  to  feparate  the  indetermi nates, 
I  make  ufe  of  the  method  of  §  23.  Wherefore,  putting  x  zi  Ay  +  p  +  B^ 
and  X  —  Ay  +  p ;  and,  making  the  fubftitutions,  it  will  be  aAy  -^  ap  —  yy 
—  Ayy  —  j>y  —  By.  Now,  in  this  equation,  the  indetermmates  will  be 
feparaied,  if  the  firft  and  fecond  terms  of  the  bomogeneum  comparationis  be 
made  to  vanifti  ;  that  is,  if  A  ==  i,  and  B  remains  arbitrary,  which,  for 
brevity-fake,  I  will  make  B  =  o.  Therefore  the  fubftitutions  to  be  made  will 
he  X  zz  y  +  p^  X  =  y  +  p,  and  the  equation  will  be  ap  zz  ^  0y  —  py, 

m 

that  is,  j^  -  =  —  j^,  a  tranfcendent  curve,  and  which  depends  on  the 
logarithmic. 


PROBLEM    V. 


44.  To  find  the  curve,  the  area  of  which  is  axy  +  hxy  \  where  the  abfcifs 
is  4?,  and  the  ordinate  y^  as  ufuaU 

Therefore  it  ought  to  htfyx  n  axy  +  hx^y  \  and  therefore  ^x*  ziaxy'^ayx+ 
chy^x'^^x  +  ehxy  ""  j/ ;  or,  making  ^  —  i  =  i»,  it  is  myx  +  axy  +  cby  x'^  ;c  -f- 
ibx^y'^^y  zz  o.  To  feparate  the  indeterminates  in  this  equation,  we  may  make 
ufe  of  the  method  of  §  33,  putting  a:  =r  «  ""  2  ""  ,  and  y  zz  z  "^  -^  whence 

-12      u      u  -j^  e  ^  iH      z      z,  and  ^  =  1—^2     z.     Now, 

making 


X  zzz  e 
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making  the  fubftitutions,  we  (hould  obtain  an  equation  much  compounded^ 
and  which  would  require  a  very  long  calculation. 

To  come,  theh,  to  the  point  with  brevity;  rcfuming  the  equation yjfjc  =s 

^y  +  axy,  put  x'/  =  y,  whence- the  equation  will  be /yx  zi  iq  +  axy,  and 
therefore  yx  zz  bj  +  axy  +  ofx*    This  fuppofed,  I  make  ufe  of  the  method 


«ai 


cf  §  24,  in  the  form  of  which  I  write  the  equation  thus,  axy  X  —  X  —  — — 


1  —  tf  v>   *        y    .^  p 


=  ^y  i  then  I  put X  —  —  -^  =  -^  j  and  then  integrating,  it  wi 

w  ^  J  r 


will  be 


I— tf 


Ir  ^  iJL  —  i[p,  or  — ^  =  ^    Wherefore,  making  the  neceffary  fubftitu- 
^       y  J 


a.i^ 


tions,  we  (hall  have  the  equation  — ^  ==  ^^«    Now,  to  ej^refs  the  quantity  x* 
by  the  aflumed  quantities  /,  ^,  we  muft  confider,  that  x^y  =:  j,  that  is,  y    — 

-i-,  or  T  =  -^.    But  we  have  alfo  — ^ —  =  jr;  therefore  — t —  =:  -L- 
or  X     *'     •  =  j7>;  and,  laftly,  **  =  j'-«+^^  x  ;>'--»'+^.    Then,  mak- 


ing  this  fubftitution  inftead  of  x',  we  (hall  have  the  equation  ap^"^"^^^       p 
=  ^— -;  that  is»  ap^^^'^^  p  =  ^j^-«'+«*^;  and,  by  integration. 


f>-.^+^  X  ^'-«+«  =  *^"'^*+^^  X  P^=^^  +  ^j  which  is  the 
equation  of  the  curve  required. 

It  is  plain  that  this  cirrve  will  be  algebraical,  at  leaft  when  the  quantities 
'4,  r,  fj  (hall  be  rational  1  and,  on  the  contrary,  it  will  be  tranfcendcmal  when 
one  of  tbefe  (hall  be  irrationaU*  I  fay  at  lea(l»  becaufe,  making  a,  c,  e,  ra- 
tional, the  curve,  however,  will  be  tranfcendental  if  e  ^  €  i  or  if  s  :^    J^    ; 

or  if  f  n  I,  and  at  the  fame  tirtie  4  =  i  ;  or  ^  =  o,  and  alfo  e  =  u     And 
in  feveral  other  cafes,  which  it  is  not  necef&ry  to  enumerate. 
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SECT.    IV. 


Of  the  ReduSion  of  Fluxioml  Equations ^  of  the  Sectmd  Degree^  ^c. 


45.  When  the  differential  equations  of  the  fecond  degree  arc  foch,  that  the 
jTules  here  explained  for  integrations  may  be  adapted  to  (hem,  as  well  in  cafes 
of  feparate  variables,  as  In  ihofe  that  are  mixed  ;  nothing  elfe  remains  to  be 
done,  but  to  apply  the  faid  rules,  and  thus,  by  means  of  integration,  to  reduce 
thetn  to  firft  differentials ;  therefore  there  is  no  need  to  add  any  tfaii^  funher 
about  this  matter.  If,  after  the  formulas  thus  reduced  to  the  firft  degree,  the 
indeterminates  will  not  then  be  feparable,  as  is  often  the  cafe,  nor  (ball  be  in 
any  wife  con(lru(ftible^  it  is  not  the  method  that  is  in  fault,  b^  which  the 
fecond  differences  are  refolved,  but  rather  that  by  which  the  firft  differences 
aFC  managed* 

Therefore  we  ought  to  employ  our  indudry  about  the  redudlion  of  the 
diffcrentio- differential  equations,  chat,  by  the  rules  already  taught,  they  may 
be  made  fit  for  integration,  which  may  be  attempted  feveral  ways.  • 

46.  One  way  will  be,  to  make  ufe  of  the  common  expedients  of  vulgar 
Algebra,  by  tranfpofing  the  terms,  by  multiplying  or  dividing  them  by  fbme 
quantity,  and  fuch  like.  But,  firft,  before  any  other  thing,  it  is  neceflary  to 
recoUedl,  or  to  know,  if,  from  paffing  from  firft  to  fecond  fluxions,  there  be 
any  fluxion  that  was  taken  for  conftant,  and  what  it  was.  And  befides,  that 
as,  in  the  integration  of  firft  differences  to  finite  quantities,  there  is  always 
added  fome  conftant  quantity ;  fo,  likewife,  in  the  integrations  of  fecond  to 
firft  differences,  fome  conftant  quantities  fhould  be  added.  This  fuppofed, 
2et  us  proceed  to  fome  Examples. 


EX- 
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EXAMPLE     h 


Let  this  equation  be  propofed,  -^^  z:  ^^  ..^^ ,  in  which  u  =r  Vxx  +  jy 
is  the  element  of  a  curve^  and  is  fuppofed  conftant.  I  write  it  thus^ 
■  •^  -^    =  2ifyx  +  axy. 

c 

As  //  is  conftant,  the  firft  member  will  be  integrable,  even  though  it  (hould 
be  multiplied  or  divided  by  any  funftion  of  j;  and  I  obferve,  that  the  fecond 
would  be  fo  alfo^  if  it  were  divided  by  z^y.    Therefore  I  divide  the  whole 

equation  by  2  Vy^  and  it  will  be  JLJ!L  —    ^-^"^       ^  I  and,  by  integration,  it 


*y-+ii 


ac    s/y 


will  be  --^ — ^  =  tfxi/j  +  ait^a^  which  equation  is  now  reduced  to  firft 


«+4  X  ic" 


fluxions. 

In  the  integration  J  have  added  »  for  this  reafon,  becaufe  it  is  conftant  j  and 
I  have  multiplied  it  by  ay/a^  to  preferve  the  law  of  homogeneity. 


EXAMPLE    n. 


Let  the  equation  be  /  =  ^*7!.^  ,  in  which  yx  is  taken  for  a  conftant.    I 

multiply  it  by  ay,  and  it  will  be  %fy  =  ^f^Lz^,  that  is,  2/5^  =  ii  -  i^ : 
and,  by  integration,  becaufe  of  yx  being  conftant,   it.  will  be  /aj^  =  — 


'        yy     , 


R  r  a  EX- 
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EXAMPLE    III. 


Let  the  equation  be/m  — jrr^,   in  which  let  x  be  coi^nt,  and  u  the 

element  of  a  curve,  that  is,  V^xi  +yy  =  »•  Therefore,  .becaufe  x  is  conftant^ 
it  will  be  yy  =  w»  ;  and  therefore,  fubftituting  the  value  of  y  in  the  equation, 

it  will  be  /  =  ^^i0^ ;  and,  multiplying  by  2;,  it  ii  «;>  =  '^^f^*  , 
that  is,'  2^  =  mitLz^;  and,  by  integration,  2/j5>  =  -  ^  +  «fx. 

Again,  after  another  manner.    Inftead  of  ^,  putting  it^(  vAlue  in '  the  equa* 
tion,  it  will  be  /  =:  ^^'    f:^  "^  ;  and^  multiplying  by  2yy,  k  is  zM  zn 

^''•^"^^,  rh^x.  is,  1^  =:  ^*"  -^^  "  ^^  and.  by  integration. 


■  •      .      •  • 


EXAMPLE    IV. 


Let  the  equation  be  ax  =  ^-^      ^^-^ ,  in  which  let  x  be  conftant*    Multi- 


axx 


plying  by  A",  and  dividing  by  Xy  it  will  be  —  =  yy  +yy;  and,  by  integration, 

becaiife  x  is  conftant,  it  is  axlx  +  A:ic  =z  j^.  Now,  if  we  Ihould  make  the 
affumcd  conftant  A  =  ^?,  we  fliould  have  axlx  +  ax  zzyy;  and,  proceeding 
to  integration,  axlx  =  ijff. 


EX, 
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EXAMPLE    V, 


Let  the  equation  be  /  =  ^^^  ^^^^  ^^'^^'"^  ,  in  which  ;/  is  the  little  arch 

or  element  of  a  curve,  /  is  given  by  x  and  y^  and  no  firft  fluxion  is  yet  taken 
for  conftant.     I  divide  it  by  y^x^^  and  multiply  it  by  2,    and   it  will   be 

%f    _^  ixyuu  +  tyuux  —  2yxuu  ^fy^^    _   zyxxyuu  +  2yyuuxx  —  lyyxxua  ^         ,    , 

integration,  2/^:^1,--  r:  —  — rr-  ±  »• 

But  it  may  truly  be  faid  to  be  a  thing  inipoflible,  to  make  ufe  of  this  method 
in  fuch  equations,  in  which  the  quantities  are  intricate  and  compounded,  when 
we  do  not  know  the  integrations  pretty  nearly  before-hand,  which  we  are  to 
make.     Wherefore  I  (hall  go  on  to  other  methods, 

47.  In  the  folotion  of  problems,  when  wc  are  to  proceed  from  firft  to  fccond 
fluxions,  it  may  be  much  more  convenient  not  to  aflume  any  fluxion  for 
conftant,  though  we  are  at  liberty  to  do  it :  that  we  may  be  able  the  better, 
when  the  formula  is  under  our  infpedtion,  to  determine  that  to  be  fuch  conftant, 
by  which  the  expreffion  may  be  much  abbreviated,  and  moft  readily  integrablc. 
The  Examples  will  beft  make  this  method  to  be  underftood. 


EXAMPLE    L 


Let  the  equation  be  /  z:  "^  Z^*      ^^^  »    which   may  arife  without 

having  taken  any  fluxion  for  conftant.  Tov  fliorten  this  formula,  I  confider, 
what  may  be  that  fluxion  which,  taken  for  conftant,  will  deftroy  two  terms  of 
the  bomogeueum  comparatienis ^  and  leave  only  two  in  the  equation ;  and  I  find 


\   ' 


there  may  be  two,  that  is,  xy  and  — .     Therefore  make  xy  =  c,  and  taking 

the  difference,  it  is  *y  +  ^  =:  o.     Then  multiplying  by  x^  it  is  xxy  +  xxy 
=  o,  by  which  means  the  fecond  and  fourth  terms  of  the  bomogeneum  difappear 

•a  *  ** 

out  of  the  principal  equation,  fo  that  we  fliali  have  /  =  •  .~,?^«    But,  as  it  if 
4  tey  -k- 
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«<  • »— 

xy  +  xy  s=  o,  it  will  he  y  = ~ ;  whence,  by  fubftitution,  /  zr ^^ 

therefore /=  —  ^     ."^^  ;  and,  laftly,  y3c  =:  — -^LZLff;  and>  by  integration, 
//v  =  _^2_±if  ±  ;,,  or //;c  z=  -  ^J^^  ±  „.    When  I  came  to  the 

•  2  •  •• 

equation  /  zz  ^— -^v"  >  wc  might  more  briefly  have  gone  on  to  the  integration. 


•  ■• 


by  multiplying  by  a-,  and  difpofing  it  thus,  fxzz— ^5^,  where,  becaufe 

9cy  is  conftant,  it  will  be  ffx  z=  ■—  —  —  ■     i>    ±  »•  as  before. 


••        •  • 


Now  let  u^  make  conftant  the  quantity  — •    Such  a  fuppofition  giving 

=  o,  and  alfo  —  9yx  +  xxy  zz  o,  lakes  away  the  fecond  and  third 

•  •  1^   •  •• 
serms  from  the  principal  equation,  and  changes  it  into  this,  /=         i^^^»  ^"^d, 

multiplying  by  X,  it  is  fx  zz  ?     .-T'^ >   ^^^  integral  of  which,   (becaufe  of 
•  •  •  •  •  • 

• — ,  or  —  conftant.)  will  be  found  to  be  ffx  = r  — —•  ±  n.  as 

above. 

48.  But,  to  know  nearly  what  fluxion  may  be  taken  for  conftant,  it  may  be 
obferved,  if,  in  the  propofed  equation,  there  be  two,  three,  or  more  terms, 
which,  being  multiplied  or  divided  by  a  quantity  which  is  common  to  them, 
they  may  be  reduced  to  be  integrable  ;  then  making  the  integration,  their 
integral  may  be  taken  as  conftant,  and  fo  proceed  in  the  manner  fpecified.  If 
not  always,  yet  fometimes,  at  leaft,  we  fliall  fucceed  in  our  attempt. 

I  refume  the  equation  /  =  -^ "^  7 z^i^     ^^"^  >  ^^^  obferve,  that  the  two 

• 

terms  xy  +  xxy^  being  divided  by  ^,  will  become  xy  +  xy^  which  is  an 

integrable  quantity,  and  that  it's  integral  is  xy.    Sec,  then,  upon  what  account 

we  may  take  this  quantity  for  conftant.     In  like  manner,  I  obferve,  that  the 

two  terms  x*y  —  xyx^  if  they  be  divided  by  —  xxy,  will  give  us    ^  '^'^       "^  , 

XX 
X 

an  integrable  quantity,  the  integral  of  which  is  —  j  therefore  the  fluxion  — 

might  alfo  be  taken  as  conftant. 

For 


SECT.  IV.  AKALTTICAL      INSTITUTIONS.  3II 


For  example,  let  the  formula  ^j^y  x  xy — yx  =  yyx'^  —  jr*iy*  —  xiy*  be 
propofed,  in  which  the  variable  2  is  any  how  given  by  /.  I  difpofe  it' thus, 
iyxy  +  yyi:y*  =:  yxyx  +  yyic^  —  xxy^^  and  obferve,  that,  if  the  homogeneum 

cumparationis  be  divided  by   vjy,   it  will  be  ^— — ^ -^^  the  integral  of 

•  •  • 

which  is  -^.     Therefore  I  take  —  for  conftant,  and  make  —  =  r,   and 
y  y  y 

thence  — — -^^   *"  ^^-^    ^  q^      Whence  the  propofed  equation  will  become 

•••  • 

:cfxy  +  yyiy  =  o,  that  is,  z  zz  —  ^5  and,  by  integration,  becaufe  of  — 

conftant,  it  will  be  a  =  — r-  ±  ». 

49«  In  an  equation  of  the  fecond  degree,  when  either  of  the  two  indetermi- 
nates  are  wanting  with  all  it's  functions,  and  only  it's  fird  or  fecond  differences 
enter  in  the  formula,  any  how  compounded  and  raifed  to  any  dignity ;  the 
integration,  or  rcdudion  to  firfl  fluxions,  will  always  be  in  our  power,  by  help 
of  a  fubftitution.  This  will  be,  to  make  the  firft  fluxion,  which  is  flowing  or 
indeterminate,  equal  to  a  new  variable  multiplied  into  a  conftant  aflumed 
fluxion,  or  which  may  be  aflfumed  at  pleafure,  in  cafe  that  no  other  be  ap« 
pointed  conftant.  For  example,  in  a  given  equation,  let  x,  at  flrft,  be  fup- 
pofed  variable,  and  y  conftant ;  make  x  =  py,  and  taking  the  fluxions,  on 
the  fuppofition  of  y  being  conftant,  it  will  be  Jc  =  ^.  Making  this  fubfti- 
tution inflead  of  x,  and  the  equation  being  managed  by  fubftituting  the  values 
taken  from  the  equation  x  =  fy,  it  will  always  be  reduced  to  flrft  fluxions. 

Or,  perhaps,  it  may  be  more  convenient  to  make  the  flrft  fluxion  of  the 
variable,  which  is  wanting  in  the  equation,  equal  to  a  new  indeterminate, 
multiplied  into  the  flrft  fluxion  of  .the  other.  Making  the  neceflary  fubfti- 
tutions,  and  having  a  due  regard  to  the  fluxion  which,  at  flrft,  was  taken  for 
conftant,  we  ftiall  have  the  propofed  equation  reduced  to  flrft  fluxions. 


EXAMPLE    I. 


Let  us  take  again  the  equation  of  the  flrft  example  of  §  46,  ^  =  -  *..  ^^, 
in  which  u  is  fuppofed  conftant.  Make,  therefore,  x  sz  pu,  and  by  differ* 
cncing,  if  =  ph.     Then,   fubftituting  this  value,  wc  (hall  have  -^  = 
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*^iX^± ,  that  is,  ^  =  *M4-^ ,  and  therefore  ^  =  zi^p  +  ^, 
which  equation^  divided  by  z^y^  is  integrable^  and  the  integral  is 


5?  ^vj  ±  !"•    But  f  zz  -r-,  therefore     ^  =  ^vV  ±  ^» 


«i-l»i  X  ar 


EXAMPLE    IL 


Let  the  equation  be  fyyyxx  =  —  ««,  where  /  is  given  by  ji  u  is  the  element 
of  a  curve,  and  vx  is  the  fluxion  taken  for  conftant.  Therefore  I  make  it  = 
fyx^  and^  by  differencing,  it  is  //  =  ypx ;  and  therefore^  making  the  fubfti<- 
lutions,  it  is  fiTyx^  =  —  fppX^y  that  is,  fy  zz  — //.     Whence,  by  integra* 


•  •  •  •  •   •  •• 

tion,  a/^  =  '^pp  +  2m,    But  pp  ==  — r-  =  — ^<=2. .    Wherefore,  making 


the  fubftitutions  and  the  r^udion,  we  (hall  have  x  zr r^ 7?-. . 

Now  I  reduce  the  fame  equation  by  means  of  the  other  fubftitution  men* 
tioned  before.     Make,  therefore,  x  =  pity  and  x  =  fit  +  p//,  whence  »  =r 

f  r  ^"  ,     Making  the  fubftitutions,  the  equation  will  be  fyyppyuu  zz  ZUl—fH^. 

P  .... 

But  the  fluxion  yx  is  aflumed  as  conftant,  whence  we  (haU  have  yx  +  yx  =  o^ 


•  • 


that  isjifrz— — ,  or  x  =  ~^^.     And,  fubftituting  this  value,  again  in 

in  the  equation,  it  will  be  fppyyy  =  -^ — I-  —  •     This  fuppofed,  we  may  go 


on,  and  make  -^ — |-  —  =:  -2-  ^  whence  fy  zz  q^  and  therefore  fqqy  =  -^, 
or  fy=  -p-.  And,  by  integration,  /;5?  =  —  —  +  w.  But  y£  =  />/»»  = 
J^':=  jyfL,,     Therefore  it  will  be  2//y  =  —  %tii   +    a«i   from 

% 

whence  we  may  derive,  as  above,  x  =  ^ i„^yy  Ji  ^  2jy/^ ' 


EX- 
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EXAMPLE    III. 


I  refumc  the  equation  of  Example  III,  §  ^(^^  fy^xx  zz  xx  +  jy  ''^  yy^  in 

which  X  is  conftant ;  and  make  y  =s  px,  and  therefore  y  =:  px*    Making  the 

,  fubftitutions,  ic  wtU  be  fy^xx  zz  xx  +  yy  ^  ypx ;  and,  making  x  to  vanifh 

by  it's  value  -^,  we  (hall  have  -^^  ==  —  +  yy  — ^5  that  is,  fy^jy  =yy 

+  tPyy  —  ypyp^    And,  dividing  by  y>,  it  will  be  /^  =  4-  +  ^^"^  "/^^  • 
And,  by  integration,  jy>  —  _  J ^  +  iw.     And,  inftead  of  />,  fubfti- 

tuting  it's  value  4",  it  is//>  =  -  ^  -  ^  +  «*  *«  «»  *//>  =  — 

A'Jp  "f-  yy  y 

— — TT^  +  2;7i ;  and  therefore  x  ==  -: ^ tt-  • 

so.  If,  in  the  propofed  equation,  no  fluxion  has  been  taken  for  conftant, 
one  may  be  taken  at  pleafure,  and  the  operation  may  be  performed,  as  is  done 
at  §  48. 

As,  for  example,  the  equation  of  Example  V,  §  46,  being  given,  in  which 
no  fluxion  is  aflumed  as  conftant,  that  is,  ^*yx^  =  xyUu  +  yuux  ^^yxuu, 
(putting  yx  inftead  of  /,)  if  x  be  made  conftant,  it  will  expunge  the  term 
yiiidx,  and  the  equation  will  become  j5^^;c*  =yu*  — ylni.  Now,  to  reduce  it, 
wc  muft  put  ii  zz  fXy  whence  ii  =  pic.  Thefe  values  being  fubftituted,  we 
fl)all  have  Jy^xx  =  ppyxx  -^yppxx,  that  is,  ^j  =  ppj  —  ypp ;  which  equa* 

tion,  in  order  to  proceed  to  integration,  I  write  thus,  ^'>  =  ppy  ^  77'^'T'* 

Therefore,  integrating  by  the  method  of  §  24  aforegoing,  //^  =  —  —  +  «r^ 

and,  reftoring  the  value  of  p,  ffy  s: ^  +  W. 

*yyx^ 

If  «  be  taken  as  conftant,  the  term  ykiiU  will  be  expunged,  and  the  equation- 
will  be  fy^yx*  =  icym  +  jriii,  and  therefore  we  muft  put  x  =.f'u,  x  =:  pk,. 
Thefe  values  being  fubftituted,  we  fliall  have  fy^y  X  p^i^  =  ty'^  +  yP'«^*  that 

».  J^'i  =  ^-y^  J   then,  by  integration,  it  will  be  //>  =  -  -~  +  Wr 

•  •  •  ' 

and  reftoring  the  value  of  />,  it  will  be  Jf^  s=  —  — jr  +  »» 
Vol.  II.  S  C  51-  To> 
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51.  To  aflume  at  pleafure  any  fluxion  as  conftant,  in  equations  wherein 
there  is  none  already  fo  taken*  may  make  fome  equations  fubjeft  to  the 
method  of  ^  49,  which  are  not  fo  already,  becaufe  of  having  both  the  indeter- 
minates  finite  quantities.  And  this  by  afluming  fuch  a  fluxion  for  conftant,  as 
may  make  all  the  terms  to  vanifh,  in  which  is  found  one  of  the  finite  indeter- 
ixiinates^  thofe  only  remaining  which  include  the  other. 

For  example,  let  the  equation  be  x^  —  xyy  ^^yxx  +  ^xyy^  in  which  no 
fluxion  is  taken  as  conftant.  If  we  make  x  conftant,  the  firft  term  of  the 
bomogeneum  comparationis  will  vanifh ;  and  if  we  make^  conftant,  the  laft  term 
will  vanifli ;  and,  in  either  cafe,  there  remains  only  one  of  the  indeterminates. 
Therefore,  appointing  x  to  be  conftant,  the  equation  will  be  jc'  —  xyy  =  2*jy« 

Put  y  =:  -^,  y  =r  ^,  and  making  the  fubftitutions,  it  will  be  x^  — ^  = 

•  •  •  •  • 

^^'^^ ,  that  is,  aax  —  ppx  =  2xpp^  or  —  =    -^^     i  then,  by  integration, 

it  will  be  Zii;  s  —  laa  —  pp  +  /«i,  and  therefore  ^  =  — ^'^T•    And,  inftead 
of  p^  reftoring  it*s  value  -2^ ,  it  will  ht  x  zz ^^— m ,  that  is,  x  =    !^^     ■, 


or  mx^  zz  aaxx*  —  a^xy*. 


0a  — 


52.  But  when  the  taking  at  pleafure  a  fluxion  for  conftant,  does  not  fucceed 
in  eliminating  one  of  the  two  finite  indeterminates,  or  if  the  <:onftant  fluxion 
faie  already  fixed#  fb  that  both  the  indeterminates  remain  in  the  equation ;  there 
is  no  general  method  as  yet  difcovered,  how  to  proceed  further. 

The  methods  here  explained  may  fometimes  have  their  ufe,  as  alfo  the  ufual 
expedients  of  common  Algebra,  fuch  as  multiplication,  divilion,  &c.     As,  for 

example,  in  the  equation  xxyyy  =  xx  —  xx^  which,  being  divided  by  xx^  will 

**      •  • 

be  yyy  zz  ff-HiJ^,  and  therefore  is  integrable,  (fuppofing^  to  be  conftant,) 
and  the  integral  is  ^yyy  =  —  +  ny. 

Sometimes  a  fubftitution  may  make  the  propofed  equation  within  the  reach 

of  the  method  of  §  49.     And,  indeed,  the  equation   x^x  ^=^  yy  +  jy   + 
yyyy,  which  is  not  fubjedl  to  the  canon  of  the  aforefaid  article,  will  however  be 

fo,  if  we  make  yy  zz  z;  whence  it  will  be  x^x  zi  z  +  zz. 

53*  Wherefore,  in  cafe  that  in  the  equation  there  ftiould  be  already  a  conftant 
j^qxion,  it  may  be  of  good  ufe  to  change  the  propofed  equation  into  another 

equivalent 
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equivalent  to  it,  in  which  no  fluxion  is  conftant.  To  do  which,  let  there  be  a 
general  equation  y  zz  />x,  where  ^  is  a  quantity  any  how  given  by  x  and  y^ 
and  .let  x  be  conftant.     By  taking  the  difference,  it  will  be  y  zz  px.     But  it  is 

p  =  -4-;  then,  by  differencing,  without  making  any  conftant  fluxion,  it  will 


X 

XX 


be  f  =  ■     rr^  ' .    Wherefore,  the  value  of/  being  fubftituted  in  the  equation 

•  ••      • •• 

y  =  px^  we  fliall  have  y  =  ^  '^.^^  .     So  that,  in  any  propofed  equation  in 


xy   '^ yx 


which  X  is  conftant,  inftead  of  y^  if  we  put  it's  value,        .       y  it  will  be 

changed  into  another  that  is  equivalent  to  it,  in  which  there  is  no  conftant 
fluxion. 

But,  becaufe  often  other  more  compound  fluxions  may  be  affumed  as 
conftant,  or  have  been  at  firft  affumed,  it  may  be  of  ufe  to  render  this  method 
more  univerfaL 

Let  us  take  this  general  equation  y  zr  m^x^  where  f  is  likewife  given,  in- 
any  manner,  by  x  and  y^  and  m  is  any  fundtion  whatever  of  x  or  of  jr,  or  of 
both  together.     Let  mx  be  conftant ;  then,  by  differencing,  it  will  be  y  s 

mxp.     But  ^  =r  A- ;  and  by  differencing,  without  affuming  any  conftant,  it  is/y'=- 

wtx 

•  ■•  •  •  •  •  •• 

^^  ""  ^. ""  y^ ^     Wherefore,  fubftituting  this  value  in  the  equation  y  =:  mxp^ 

inftead  of />,  we  (hall  have  y  =  ^^  ""  "*?  ^  ^*  .    Wherefore  in  any  propofed* 

equation,  in  which  mx  is  conftant,  if,  infl:ead  of  j^',  we  put  it's  value  now 
found*  it  will  be  changed  into  another  which  is  equivalent,  in  which  no  fluxion 
is  conftant. 

After  this  manner  equations  being  made  complete,  that  is,  fuch  as  may  have 
no  conftant  fluxion,  in  proceeding  to  the  redudion,  we  ftiall  be  at  liberty  to  take- 
that  for  conflant,  by  the  affiftance  of  which  we  may  beft  attain  our  purpofe. 


EXAMPLE    L 


.ji- 


Let  it  be  propofed  to  reduce  this  equation,  xxy  —^jf^ '  =  axy  +  xxy,  in 

•  ••      •  •• 

bich  X  is  conftant.    Therefore,  inftead  of  jr,  putting  it's  value  ^  1^*  >  (fo» 

Sf  2  ia 
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Jn  this  cafe  w  =  i,  and  m  =r  o,)  it  will  be  xxy, — ^  s  axy  —  ayx  +  xxy 
—  xyx,  in  which  no  fluxion  is  conftant.  Whence,  making  ^  coaftant,  it  will 
be  found  to  be  xx  +  x'x  4-  ax  -zz  yyi  and^  by  integration,  iitrx  +  tfx  =  jf>, 

^hich  is  ^  equation  to  tlie  hyperbola. 


EXAMPLE    ir. 


Let  the  equation  be  -  SIlJ!^!^  =  fflZLfff ,  in  which  the  fluxion 

yX  is  aflumed  as  conftant.     To  transform  it  into  another,  in  which  there  is  no 

conflant  fluxion^  becaufe  in  this  cafe  it  is  m  zzy^  the  value  oi  y  to  be  fubfti- 

"'^•«       ••••••  • 

tuted  will  be  ^ — -*"  ^y  "  "^y*  ^  ^^^  therefore  the  equation  is  —  —  —  ;v  — 
tiyxy  -  ^'^y  -  ^yx    _^  aax  -  xxx  ^    ,j,^  rcducc  this,   making   ^   a   conftant 

yxy  aa  +  AX  '  o      • 

fluxion,  in  confequence  of  which  it  will  b^  xy  +  xy  zz  o^  that  is,  —  j?  3  •^— ; 
then  making  the  fubftitution,  it  is  —  ^— :v+!X  +  ~  +  ^z:  — t~» 

that  is,  —  4-  =  **^"t!*i  and,  by  integration,  -  /y  =  li±±fL  —  /^. 
Here  I  fubtraft  ky,  becaufe  it  is  a  conftant  quantity.  And,  taking  away  the 
logarithms,  4-  ==  fl±J?  ^  that  is,  ;f*^  =  a*x  +  x^x. 


EXAMPLE    III. 


Let  the  equation  be  —  ~L  —  ^L!L  zi  — — — ,  and  yx  a  conftant  fluxion^ 


#  ••       •  •  •        •  •• 

yxy    —  xyy   ^  jyx 


Therefore,  inftead  of  j^',  I  put  it*s  correfponding  value,  ^^  ^    .  ""       ,  and  it 

•  *•         •••         ••.•■ 

will  be  —  ^  +  ^  =  '^^  ^yy,      \^  which  there  is  no  conftant  fluxion. 

y  ^    y  * .  • 

Wherefore,  taking  y  conftant,  it  will  be  xx  :=,  xx  ^  yy.    Which  equation  is 
the  cafe  of  §  49,  and  therefore  it's  reduction  is  known. 

54*  The 
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54.  The  method  explained  in  the  foregoing  Se6lion,  at  §  24,  may  be  alfo 
of  ufe  in  diift^rentio-differeniial  equations,  by  proceeding  nearly  in  the  manner 
there  purfued.    K?ie  is  the  pradice  in  fome  Examples. 


EXAMPLE    I. 


I  refume  the  formula  of  the  fiift  Example  of  this  Scftion,  -^  zr  22!fi^, 

c  ^ 


in  which  u  zz  \/xx  +  yy  is  aflumed  conftant.    It  will  be  2L21!1  —  ^yoc  +  xy. 


ac 


••  •  •    #w  •   • 

I  prepare  it  after  the  following  manner,  ~ — |--^  x  x  zz     ^    *  ,  where  I  ob- 

ferve,  that  the  two  quantities  under  the  vinculum  are  integrable^  by  means  of 

••  •  • 

the  logarithms.    Therefore  1  make  -^  +  ^  =  -^ ,  and  therefore  Ix  +  Vy 

zz  ip  +  lu;  (I  add  /i,  becaufe  of  u  conftant,)  that  is,x\/y  n  pu.    Where- 

••  • 

fore,  in  the  propofed  equation,  inftead  of  -4-  +  — ,  fubftituting  it*s  value 
•^ ,  and,  inftead  of  x,  it's  value  -^ ,  it  will  be  -^  ss  -2 ^^ ,  or  <>'  = 

-2 — =L-;  and,  by  integration,  b  +  p  zz  ^ .    But  ^  =  ^^ ,  and 

therefore,  laftly,  hu  +  x\/jf  =  -^-^ -,  as  in  the  Example  quoted  above. 


EXAMPLE    H. 


Let  the  equation  be  ^  ^^^  +-^  =  H^I\  in  which  yx  -  Af>  is  conftant. 

The  fecond  fluxion  i,   divided  by  the  conftant  xy  —  ;(^,  will  give  us  an 

•  •• 

int^rablc  quantity^  and  therefore  I  write  the  equation  thus,   '^^   >  = 
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■'  — . •    But  I  obferve,  that,  in  the  fecond  member,  the  quaniit? 

yx  —  xy  is  fnmmable  when  it  is  divided  by  yy  j    therefore  I  prepare  the 
equation  according  to  this  method,  and  it  will  be    .""  ^  ■  zz  ^JL 


yx  --^  xy         XX  -\ryy  X  ^xx  +yy 
•  •  •  • 

^   y*  -^  ^    yi^]^^  y"  -^J^  --•  p^  and,  by  integration,  —  —  p.     Whence, 


making  the  fubftitution,  we  fhall  have  -r^ — r  =  '^^  from  whence 

yx  ^  xy  xx-^yy  x  ^xx-^-yy 

we  can  expunge  x  or  y^  by  means  of  the  equation  ~  z=^.     Expunge  x  from 
the  fecond  member,  by  putting  it*s  value  $y  in  it's  place,  and  we  (hall  have 

i  and,  proceeding  to  the  integration,  it  will  be 


-^     _  // 


yx  ^  xy  1  +/>/   X   '^l  +// 

.'""'.  = 7==="»  ^^^^  is,     . "  ^.  =  ^y>    ^^  — ,  inftead  of/,  by  re- 

ftoring  it's  value  —  • 

In  this  integration  the  conftanC  yx  "^  xy  might  have  been  added  ;  but 
whether  it  be  added  or  omitted,  the  reduction  of  firft  diflferences  to  finite 
quantities,  in  each  cafe,  will  always  give  the  conic  fedions. 

5^.  I  faid  before,  at  §  52,  that  when  the  difFerentio-diiTerential  equations 
contain  both  the  variables,  there  is  no  general  method  to  reduce  them.  One, 
however,  may  be  affigned,  which,  though  it  does  not  ferve  in  all  cafes,  yet  is 
very  general  in  it's  kind,  and  comprehends  all  the  infinite  number  of  equations, 
which  may  be  referred  to  thefe  three  following  canons.  By  the  help  of  this 
method,  the  given  equations  are  transformed  into  others,  in  which  one  of  the 
two  variables  is  wanting,  and  confequently  they  may  be  managed  by  the  method 
of  §  49. 

The  firft  canon  comprehends  thofe  which  are  of  two  terms  only,  and  are 

ezprefTed  by  the  general  formula  ax^x^  =  J^"^'""  J'*,  in  which  let  x  be  taken 

as  conflant.    To  reduce  this  equation,  make  x  n  c  '^y  and  y  z=  ^*/,  where  c  is 
a  number,  the  logarithm  of  which  is  unity,  and  b  is  an  arbitrary  quantity  to  be 

determined  afterwards,  and  «r,  /,  arc  two  nevir  variables.    Now,  fince  x  zzc  , 

4#  Xki^0 

and  J?  =  r  /,  by  the  rules  of  the  exponential  calculus  it  will  he  x  =  be   u, 

ki^^bi     X  uT^bmi,  y  z:  c'i  +  ^*/i,  y  s=  c^  x  /  +  SL.iu  +  /»i  +  tii^ 

Bur, 
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But,  making  X  conftant,  ii  is  x  =  o,  and  therefore  bn^^  X  u  +  hhu  zz  o,  or 
i  =r  —  buu.     This,  being  fubftituted,  inftead  of  k,  in  the  value  o(  y^  will  be 

y  =  c'^  X   /  +  2//i  +  T^  X  /««•     In  the  propofed  equation,  fubftituting 
the  refpeSive  values  inftead  of  y,  y^  and  their  differentials,  it  will  be  changed 

into  this  other,    tf^         x   «>     X  ^     «     =  ^  /"  X  r  /  +  ^  /«  '^        X   ^ 


•*^ 


X 


/  +  2/«  +  1  -A  X  /««,  that  IS,  ac  ^h^u'^  zz  c  ^^  /•  X  /  +  tuY 


X  /  +  a/«  +  I  -  i&  X  /^/^ 

Now,  to  free  this  equation  from  exponential  quantities,  that  is,  to  take  c  out 
of  it,  it  will  be  neceffary  that  »  +  jp  —  i  zz  bm  +  bp^  by  which  the  value  of 

the  affumed  quantity  b  will  be  determined,  that  is,  b  =      ^^  ^-Z    '     ^^^"^^ 

the  equation  will  be  —^ =i  /»  x  ^  +  /«'^         X 

m+pY 


/  +  2/i  +  -i^  ""  *         X  /«»»  which,  becaufc  it  contains  only  one  of  the  finite 

m  '\r  p 

variables,  that  is,  /,  will  now  be  fubjed  to  the  above-cited  rule. 

Now,  fincc  wc  have  found  the  value  oi  b  zz  ^  ■        — ,  it  cafily  appears 
what  fubflitutions  might  have  been  made  at  the  beginning,   that  is^  h  = 

c  ^+f        ,  and  y  ss  c*/,  in  order  to  obtain  our  intendoo* 

To  go  on  with  the  operation  according  to  the  method  of  ^  49,  make 
u  zz  zt^   and  therefore   u  zz  z'i  +  zi.     But   the   fuppofition  of  x  con- 

ftant  has  given  us  «  rz  —  bUu^  that  is,  u  =  '  ""  ^  ""^  X  22//.  Therefore 
we  (hall  have  '  ""  *^  ""^  x  22//  =  z?  +  iz^  whence  /  =:  '  ****'/ 
X  z//  •—  — .    Wherefore,  fubftituting  in  the  equation  their  re(peftive  values. 


inftead  of  i  and  7,  it  wiU  be  «  x  ^  *  "; '^^  X  z^i^  =  f  X  JTot^*  X 
^-—^  X  2/V  ^Ii.  +  2zii  +*-«+'-  X  zg///;  or,  dividing  by  /'"', 
and  multiplying  by  z,  it  will  be  «  X  *  ^  ">:    X  »'"•"'/  =  /•  xTfJ*)^"* 
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X    '  +  »'»-«+/   xzzi  +  *"•""•*"  X  tz'i  —  z )  which  equarion  is  now 
reduced  to  firft  fluxions.    It  is  eafy  to  perceive,  that,  to  reduce  the  equation j 

it  would  be  fufficient  to  make  x  zz  c  m+f  ,  and  y  ^  c       X  /• 

In  this  general  equation,  which  I  have  now  reduced,  I  fuppofed  the  fluxion 
X  to  be  conftant ;  yet  it  would  make  no  difficulty  in  the  method,  that,  in  anjr 
propofed  equation,  fome  other  fluxion  different  from  x  (hould  be  made 
'conftant.  F'or,  by  §  53,  the  propofed  equation  may  Be  changed  into  another 
equivalent  to  it,  in  which  no  fluxion  is  conftant,  and  then  the  faid  x  may  be 
made  conftant. 


EXAMPLE    I. 


Let  the  equation  be  xxy  '=^yy%  in  which  x  is  conftanC    I  write  it  thus» 

XX  =  j^y"*  y.    This  being  compared  with  the  canonical  equation,  it  will  be 

tf=i,«jrzii,^=ri,»=i;  whence,  thefc  values- being  fubftituted  in  the 

general  differential  equation  of  the  firft  degree  found  above,  we  (hall  have  \z:d  = 
^  


SB 


EXAMPLE    \\. 


Let  p  r:  I,  »  =  —  i,  i»  z:  —  i,  or  the  equation  ax'^^x  =  y^  y^  h 

•  ••  « 

or  —  =  — r- ,  in  which  ^v  is  a  conftant  fluxion.    In  refpedt  of  this,  the  method 

will  be  of  no  ufe,  for  we  ftiall  have  p  +  «  =  o,  and  confequently  every  one 
of  the  terms  of  the  general  differential  equation  of  the  firft  degree,  except  the 
laft,  will  be  infinite. 

But,  in  this  cafe,  the  reduftion  is  eafy,  without  any  further  artifice*  1  write 
the  equation  thus,  xy  -zz  ayyx.  Now  the  integral  of  the  firft  member  is 
^  —  y>^i  that  of  the  lecoad  is  \ayyx.  Therefore  the  equation  is  ^  —  jrx*  = 
\<rfyk  ±hx. 

56,  The 
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56.  The  ftcond  canoh  comprehends  all  thofe  equations,  in  which  the  fum  of 
the  exponents  of  the  indeterniinates,  and  of  their  differentials,  is  the  fame  ia 
every  term«     SuppoGng  x  and  y  the  two  indeterminates,  and  x  to  be  conftant^ 

thefe  are  reduced  to  the  cafe  of  §  49,  by  putting  x  zn  c  ,  and  y  '=ic^t\  c  being 
Hitl  the  number,  the  logarithm  of  which  is  unity,  and  u^  /,  are  new  indeter- 

iriinates.     To  fliow  the  method,  J  (hall  take  the  equation  ax^y^^^^^icy^'^^  + 

^«^^a—  ^^2^^  _^^.^  which,  though  it  be  but  of  one  dimenfion  only,  and  of 

three  terms  only,  yet  the  method  is  general  notwithftanding,  and  will  ferve  for 
any  number  of  terms  and  dimenfions,  if  the  conditions  be  obferved. 

TJierefore  I  make  ;t  z=  ^*,  ^  rz  c^t ;  it  will  be  ^  =  c^ti ;  and,  becaufe  x  is 
conftant,  we  (hall  have  c^'ti  +  c^m  =  o,  that  is,  »  z=  —  uu.  It  will  be  alfo 
y  zzc^t  +  ^tu^  and  j^*  =  ^"  X  >*  +  2«/  +  tun  +  iu.  But  u  zz  ^  iiu\  there- 
fore y  :=L  t  X  /  +  2/V/.  Wherefore,  thefe  values  being  fubftituted  in  the 
propofcd  equation,    it  will   be   aC^^'^u^  X  /  +  /i)^""^   +  bC^^'^u^    x 

i  +  tl?^^^  =  /  +  xui.    And,  becaufe  in  tliis  the  indeterminate  u  is  wanting, 
we  may  proceed  by  the  method  of  §  49. 

Make  u  =  zl ;  it  will  be  u  =  zi  +  z7.  But  «  =  —  «»  =z  —  zz// ; 
therefore  7  =  — zii.     Wherefore,  fubftituting  thefe  values,  we  (hall 


+  z/,  a  differential  equation  of  the  firft  degree.     From  hence  it  may  be  feen, 
that  the  propofed  equation  might  have  l^en  reduced  at  the  beginning,  by 

putting  X  =  ^*^,  and  y  =  /^f. 

For  example,  let  the  equation  be  xxy  — yxx  z:  yyy.     To  bring  this  to  the 

canonical  equation,  I  write  it  thus,  xy^^xy  —  y'^^xx  :=:  y.     Then  it  will  be 
a  zz  i^  m  zi  I,  p  =:  I,  »  z=  o,  ^  =  —  i,  ;  =  2.     Wherefore,  thefe  values 

being  fubllituted  in  the  differential  canonical  equation,  here  before  found,  we 

• 

fliall  have  the  equation  reduced,  /""^z/  x  i  +  zt  —  t^^zzl  =  —  — +2/| 

or -^  =         ^       ,  that  IS,  zzi  —  zzttl  =  -  ttz. 

Vol.  II.  T  t  If 
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if  * 

If  wc  proceed  on  to  the  integration,  it  will  be  — ^—  =  ~  *  ^^^  therefore, 

by  integrating,  /H rr ^  +/,  (where  /  is  a  conftant  to  complete 

the  integral,)  that  is,  //z  +  2  =  —  /   +  ftz.     But,  by  the  fubftitutions^ 
z  zz  -3-,  X  =r  ^  ,   y  =  f  /,  It  will  be  »  z:  — ,  /  =  -=^i  /  =  -^ — =^,  ana 


ax 


therefore  z  =  ^. . ;  wherefore,  fubftituting  the  values  of  /  and  z,  we  fliall 

have  ^±±^  zzf. 
y*         ^ 

57.  The  third  canon  comprehends  all  thofe  eqoations,  in  which  one  of  the 
two  variables,  whatever  it  may  be,  together  with  it's  differentials,  always  makes 
in  every  term  the  lame  number  of  dimenfions.  But  we  muft  here  diftinguifh 
two  cafes.  One  is,  when  ihe  differential  of  that  variable  is  conftant,  which 
forms  the  fame  number  of  dimenfions*  The  other  cafe  is,  when  the  difierential 
of  the  other  is  conftant. 

As  to  the  firft  cafe,    let  the  canonical  equation  be    P*  j^  + 

Qx^'^^xy^'^^'^^  =  iTy^  in  which  the  fum  of  the  exponents  of  x  and  x 
is  the  fame  in  every  term.     P  and  Q^are  any  functions  of  jr,  and  x  is  conftant. 

To  reduce  this  equation,  make  x  =  r",  where  alfo  ^  is  a  number,  the  logarithm 

of  which  is  unity,  and  ir  is  a  new  variable.    Therefore  it  will  be  x*  =  c*ui  and 

differencing  again,  making  x  conftant,  it  will  be  €^u  +  c  uu  zz  o^  that  is, 
u  zz  ^^iiu.     Thefc  values  being  fubftituted  in  the  equation,  we  (hall  have 

Pj^*"    ^  +  Qi^"  =:  u^y^  which,  bccaufe  it  does  not  contain  ir,  will  be 

under  the  canon  of  §  49. 

Therefore  I  put  U  zz  zy^  and  it  will  be  2  =  iy  +  xy  j  but  ii  =  —  ii  rr 

•—  2^* ;   therefore  we  fhall  have  zy  +  iy   z:  —  zzyy ;  and  thence  y  = 

•  •      •  • 
ZJiSLLJZ^.    Wherefore,  thefe  values  of  it  and  y  being  fubftituted  in  the 

equation  before  found,  it  will  be  Py*"^*  +  qj^^**"*"*  =:  —  2"*+'^*"^*  — 
z'^^jT  ^z;  and,  dividing  by  jS''"  ,  it  will  be  Vy  +  (^y  =  —  z*  ^y 
•—  X  ir,  an  equation  of  the  firft  degree.  Therefore  we  might  at  firft  have 
made  x  z:  c-^^,  and  thus  have  reduced  the  equation  at  one  ftroke. 

3  For 
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For  example,  let  the  equation  be  laxiy  +  axxy  =  zxxyy  +  ^xpyy^  in 

which  let  x  be  conftant.    Put  x  zz  r^^  and  therefore  x  =  zyr  ^,  and  x  =; 

c  ^^^  X  2^*  +  zy  +  j^i.    But  X  is  coniiant,  and  therefore  zzyy  +  zy  -{-  yz 

.  •      •  • 
=:  0,  whence  y  z=  -  ««y  —  *y  ^    Now,  the  values  of  x  and  x  being  fubfti* 

tuted  in  the  equation,  we  (hall  have  laz'y*  +  tfzyj?  =  22y'  +  lyy ;  and, 

fubftituting  the  value  of  j^',  it  is  laz^y^  +  tf zy  X   ""  ^"^  ""^  =  2zy*  +  ^y  X 
••      •  • 


—  2e 


,   that  is,  dividing  by  jjy,   tfz^  —  azz  =  —  22;,  ov  ay  = 

.    And,  by  integration,  ay  zz ^  H •    Laftly,   rcftoring  the 

value  of  z,  which  is  given  from  the  fuppofition  made  of  jr  =:  c^^^^  that  ist 
«  =  -^ ,  we  (hall  have  the  equation  reduced,  ayxx  =  xxyy  —  ii;irxy. 

flC       HI  J*  V 

58.  As  to  the  fecond  cafe,  let  the  canonical  equation  be  Px  j^  + 

QAf*""'*;c5^*  *■*■*■'  =:  x*"''ir,   in  which  let  y  be  conftant,   and  P,  (^  any 
fund  ions  of  y. 

Put,  as  above,  x  —  ^*,  and  therefore  x  r:  c^u,  x  zz  c^u  +  ^iiu.  Make  the 

fubftitutions  in  the  canonical  equation,  and  we  (hall  have  Py        +  Qif'y  *" 

=  i*       -J-  «*""'»,  which,  becaufe  it  does  not  involve  «,  is  fubjed  to  the 
canon  of  §  49.    Therefore  I  put  »  =:  zy ;  and,  as  y  is  conftant,  it  will  be 

fi  zz  zyi  and  then  making  the  fubftitutions,  we  (hall  have  Pj^*""*"'  -+•  Q^jT^^ 
—  z      j'^*^  +  z^^^y^Zi  and,  dividing  by  >*,  it  will  be  P>  +  Qgy 

=  2*"    V  +  z^^^z,  an  equation  of  the  firft  degrees  which  might  h»ve  been 
reduced  at  once,  by  putting,  as  above,  x  z:  r^. 

For  an  example,  let  the  equation  be  axy  =  ax  —  jw,  in  which  let  jr  bt 
conftnnr.  Therefore,  putting  x  =  r^,  thence  ;c  =  «y  X  r^*-',  and  xzij"^^ 
X  2>*  -t-  zy  -H  j^i.     But  j^  is  fuppofed  conftant,  and  therefore  y  =r  o,  and 

thence  x  =  J"^^  x  zzyji'  +  zy.     Wherefore,  making  the  fubftitutions  in  the 
propofcd  equation,  we  (hall  have  azj^  ==  azzyy  +  azy  ^  zzyyy  — yyz*,  and, 

dividing  by  j>,  it  will  be  2zy  =  azTy  +  ikc  — .  zs^  —  jri>  which  is  a  differ- 
ential equation  of  the  firft  degree. 

Tia  To 
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To  go  on  to  the  integration^  I  divide  the  equation  by  ^  —  yz^  whence  it  \%^ 
*^2—  -^  zy  +  ~ ,  or  —3-  —  ~  =  zy.    And  now,  if  you  pieafe^  making 

ufe  of  the  method  in  §  24,  by  integrating,  we  (hall  have 


—  t  —  I 


+  iw  ;  and,  laftly,  by  reftoring  the  value  of  z  =r  — r,  we  (hall  have  the  equa* 

tion  reduced,  yx  +  xy  zn  ax,  where  the  conftant  m  is  neglefted,  which  was 
introduced  in  the  ir^egration. 

This  example  has  ferved  to  (how  the  application  of  the^  method  ;  for  other- 
wife  fo  many  optrrations  would  have  been  unnece(raiy.  Indeed,  the  equatioa 
itfclf,  2XX  =  ax  — yXj  might  have  been  reduced  in  an  inftanr,  by  only  tranf"» 
po(ing  the  term^ic,  and  writing  it  thus:  2xy  +  yx  z^  ax ;.  for,.aij^  is  conila,nt, 
the  integral  of  the  firft  member  is  yx  +  xy,  as  plainly  appeais. 

S9*  '^^  ^hat  has  been  already  faid,  concerning  dif&rentio-differcntial  equa^ 
lions,  in  which  no  firft  fluxion  was  taken  for  conftant ;  another  metnod  may  be 
added  which  is  more  univerfal^  and  which  wilLierve  for  all  luch  as  are  compre* 

hended  under  this  canonical  formula,  z^    ^x"x  +  —y^"^^  zzjTj/;-  in  which. 
z  is  any  how  given  by  the  functions  of  x  and  ^.. 

To  reduce  this,  appoint  the  fluxion  —  for  conftant^  where  y  is  any  how 
given  by  the  funftions  of  x  and  y.  Then  make  —  =:  f.  Now,  becaufe  — 
is  conftant,  it  will  be,  by  differencing,  qx  -^  xj  zz  o,  that  is,  x  zz  ^ ;  or, 
inftead  of  ~,  writing  it*s  value/,  it  will  he  x  =  jj^    Befides,  make  j/  =  u^^ 


X 


and  taking  the  fecond  fluxions,  fuppofing  P  conftant,  as  being  equal  to  — -, 

which  is  conftant,  it  will  be  y  =  up*     Therefore,  in  the  canonical  equation, 
fubflituiing  the  values  thus  determined,  indead  of  x^  x,  y^  and  jfy  we  (hall 

have  the  equation  2"+'i"y>'"+'  +  £+^1^  __  ^«.;^.«+i .  ^^^^  dividing  by 

p        ,  u  will  be  2        q    q  +  zz  u  Uy  ot  q   q  zz •    And, 

by  integration,  -^--; —  +  j^.  =  !!^ — ,    and  therefore  u  =  z    x 
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.  I 


j'-^'  4.^TTx^"+*,    But  «  =  4-   =   -^.    Then  -ii.  =  2   x 


t 


J         +w  +  i^        ,an  equation;  reduced  to  firft  fluxions, 

60.  Concerning  this  laflr  equation  we  are  to  obferve,  that,  if  the  quantity  2 
be  ^iven  by  x  and  y  in  fuch  manner,  that  i&  the  quamity  q  fuch  a  value  may 
be  afllgned,  alfo  given  by  x  and \y,  that  the  indeterminaies  may  be  feparable  in 
the  equation,  and  therefore  that  it  may  be  conftrudtible,  either  algebraically, 
or,  at  Icaft,  by  quadratures,  we  may  have  the  curve,  on  which  the  diffcrentio- 
difFcrential  equation  depends.  And,  becaufe  the  values  are  many  which  may 
be  affigned  10  y,  the  curves  may  be  many  alfo,  and  every  value  o^  q  will  fupply 
us  with  a  difFertm  curve,  either  tranfcendent  or  algebraical,  which  will  isaisff 

thequeftion.  Let  the  equatbn  be  i^?!jllf  +  2aayxyy  +  aaxy  _  aayy..  Now^ 
applying  this  to  the  canonical  equation,  it  will  be  m-=-i,  2;  =  —i  therefore 
the  reduced  equation  is  —^  :^  —  X\qq  +  2|1  *i     I  take  q  zz  x;  it  will  be 


~  ==  —  \/x;c-t-  /^^,  that  is,  ~  =  xx^/xx  +  2g ;    the  integral   of  which 

plainly  dep.ends  oa  the. quadrature  of. ihe  Kyperbola^  and  the  curve.wilLbe 
tranfcendeatt. 

61.  Th  pafling  from  dr^  to  fecond  fluxions,  either  we  afliime  no  fluxion  for 
cofiftant,  or  we  aflume  fuch  an  one  as  is  moft  eligible,  as  faid  before.  Where- 
fore, in  finding  the  integrals  of  formula?  of  the  lecond  degree,  becaufe  wc 
know -what  fluxion  had  been  fo^  taken^  we  know  alfo  how  to  proceed,  and  the 
rules  for  it  have  been  explained. 

But  there. are  an  infinite  number  of  problems,  which  require  fecond  fluxions^ 
without  our  knowing  what  conftants  are  involved  in  the  formulae  thence  anfing. 
It  often  happens,  that  v^c  cannot  arrive  at  the  analytical  expreflion  without  the 
afliftance  of  the  conftants;  and  likewife>  it  fucceeds  lometimes,  thai  the  equation 
may  be  refolvcd  without  recurring  to  the  conliants.  1  hefe  two  cafes,  therefore, 
ought  to  be  examined,  and  >\e  Ihould  leek  tor  fome  criterion,  to  dilHngutfti  one 
from  the  other.  And,  becaule  examples  will  perform  this  better  than  any 
thing  elle,  I  (hall  take  this  tuUowiog. 

It  is  required  to  find  fuch  a  curve,  that  it's  abfcifs,  raifed  to  any  dignit/,  may 
be  diredly  as  the  fecond  difference  of  the  ordinate,  and  reciprocally  as  the 
iecond  difference  of  the  fame  abfoifs*     Therefore  we  (hall  have  this  analogy^ 
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x^  .Ar  l\  a  .b.    And  confequcntly  bx^x  r?  <jy#    In  this  equation  I  find  the 

fecond  differences  both  of  the  abfcifs  and  of  the  ordinate ;  but  I  cannot  know 
what  conftant  was  affumed,  or  whether  any  condant  was  affumed  or  no  ^  fo  that 
I  cannot  know  what  courfe  I  am  to  purfue. 

I  fay,  in  the  cafe  of  this  equation,  that  no  poffible  curve  will  fatisfy  the 
Problem,  fince  we  pafs  from  firft  to  fecond  fluxions,  without  the  aOidance  of 
conflants.  On  the  contrary,  the  conftants  being  determined,  we  may  find 
curves  that  will  fi.lfil  the  conditions  of  the  Problem,  but  they  are  infinite  in  < 
number^  and  different  in  their  nature,  as  varying  by  the  change  of  the  arbitrary 
conftant  which  is  affumed. 

To  diftinguilb  one  fpecies  from  another  of  thefe  equations,  we  may  make  ufe 
of  the  method,  or  canon,  which  will  arife  from  the  following  Examples,  and 
which  will  ferve  in  all  luch  cafes,  wherein  the  Integral  Calculus  does  not  tor- 
fake  us» 


EXAMPLE    I. 


Let  this  equation,  2**    ^iTx  +  ~  X  J/**       —jTy^  be  propofed.    I  fay,  this 

is  one  of  thofe  formulae  to  which  we  may  attain,  without  taking  any  quantity 
by  way  of  a  conftant.     Let  the  variable  z  be  any  how  given  by  x  and  y. 

The  demonftration  will  be  made  general,  as  far  as  that  can  be  done,  by 
taking  the  fluxion  ~  as  conftant,  in  which  y  is  a  fundion  of  x  and  y^  any 

how  combined.    Wherefore  I  put  —  =  />*;  and,  becaufe  the  firft  member  of 

this  equation  is  conftant,  the  fecond  />  will  be  fo  too.     And,  as  it  is  x  =  j^, 
if  we  'pafs  to  fecond  Juxions,  it  will  be  5:  =  qp. 

Now  make  y  zz  up;  and,  taking  the  fecond  fluxions,  on  the  fuppofition  6f 
p  being  conftant,  we  ftiall  have  y  zz  up.  Wherefore,  fubftiruting,  in  the 
principal  equation,  the  values  thus  determined,  there  will  arile  the  equation 

z       q    qp         H ^ zz  u  up        ;  and,  dividing  by^        ,  an  equa- 
tion will  arife  which  is  free  from  the  unknown  quantity  /,   and   from  it's 

fundions,  that  is,  z^'^^q'^q  +  1—^  =  u^i.    Taking  the  fluent,  therefore^ 

by 
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by  the  rules  before  explained,   not  omitting  to  add  the  conftant  g^  it  will 


w+I  ^w+l 


be  3L_   +  ^  = jjj-pY,   which  equation  gives  us    «  =  z    X 


«  +  «      . .      J'"'*-*  A^^      U^^^.^r.    /-   —   --^-  —    »^ 


?         +  gf^  +  g         •    And,  becaiifc  y  -zz  up  zz  —  ,  making  the  ncceffary 
fubftitutions,  we  flia'l  have  the  equation  reduced  to  it's  fimplcft  ftate,  that  is. 


I 


;'  =  — x?^  +i»»  +  ^ 

From  the  foregoing  manner  of  operation,  we  may  deduce  the  following 
Corollaries. 

I.  The  quantity  z  being  determined,  if  the  laft  equation  can  be  conftru^ed, 
even  by  quadratures,  io  that  it  may  but  be  executed,  it  is  pbin  that  infinite 
curves  will  agree  to  our  formula,  which  will  change  their  nature  by  changing 

the  affumed  conftant  fluxion  — .     And  every  value  of  the  quantity  q  will 
fupply  us  with  a  new  local  equation,  either  algebraical  or  tranfcendental. 

II.  Although,  if  the  value  of  the  fymbol  q  be  altered,  different  curves  wilt 
arife;  yet  it  is  certain,  that,  if  we  make  the  additional  conftant  ;  =  o,  we 
ihall  always  have  the  equation  y  =  zx.     In  which  cafe,  it  matters  not  what 


X 


fluxion  —  is  taken  for  conftant ;  becaufe,  the  given  quantity  g  vaniftiing,  the 
variable  q  alfo  vanilhes. 

III.  Here,  then,  is  a  token  by  which  it  may  be  known,  that  wc  (hall  arrive 
at  our  prjmay  equation,  without  alTuming  any  fluxion  as  conftant,  and  that,  in 
fuch   a  fuppofition,  it's  integral   is  zx  ::: y.     tor^  recalling  to  our  view  the 

expreflion  z       x'^x  +  —  X  y^    '  ^ y^y  =  o,   an!  again  differencing  the 

integral  zx  zrj?,  without  aflTuming  any  conftant ;  thence  wc  iball  have  zx  + 
zx  zz  y  \  if,  by  mean?  of  tliefe  two  lall  equations,  wc  ftiould  mikc  to  vanidi 
out  of  ihc  principal  formula,  firft  y,  then  x,  with  their  tundions,  wc  ihall  find 

X  X  '\'  z  zx         ^z^xX'— zzx        =0,  and  y  y  ^  -rry 


z 


K     •  «r  4*  I  •  m  •• 


IV.  The 
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•  IV.  The  primary  formula  being  managed  as  above,  and  the  equation  being 

I 

found  reduced  to  the  firft  degree,  that  is,  j^  =  ~  X  3*^^  +  pff  +  if^^$ 

we  fliould  pafs  on  to  the  integrations,  which  fomeiimes  will  be  out  of  our 
power^  according  to  the  various  values  of  ihje  exponent  m  of  the  fraftioo  z 

given  by  x  and  by  jr,  and  of  the  quantity  — ,  which  is  taken  for  conflaot. 

However  the  reft  may  proceed,  theaforefaid  vahies  being  determined  in  infinite 
particular  cafes,  the  local  equation  of  the  curve  is  alfo  difcovered  in  finite 
terms ;  when  we  proceed  to  the  firft,  and  thence  to  feconjd  differences,  keeping 

dill. the  conftant  -^^  which  our  prkcipal  formula  will  prefent  us  with.     But, 

changing  the  conftant,  different  formulae  will  be  found.  I  can  aflure  nothing 
.further,  but.  this  is  very  manifeft,  by  turning  back  again  the  fteps  of  the  Analyfis. 

^.  The  fame  thing  happens  by  taking  the  firft  fluxion  —  for  conftant.   For, 

^making  the  operation  according  to  the  method,  (which  I  ftiall  omit  for  the  fake  of 

1 

brevity,)  we  (hould  arrive  at  the  reduced  equation  x*  =:  -^  —  -^  X  mg  +  £^^      $ 

in  which  it  may  be  obferved,  in  like  manner,  that,  making  ^  =:  o,  it  concludes 
by  reftoring  the  equation  ^  =  -^ ,  exprefled  by  firft  differences* 


VI.  Afluming  fome  limitations  that  are  more  fimple,  that  is,   m   z±   t, 

m 

z  zz  XX,  and  q  zz  x  ;  if  we  make  ufe  of  the  conftant  — ,  as  in  Cor.  IV,  the 

I 

.— —  • 

formula  J/  =  —  X  j""*"^  +  gf^  +  ^^       will  be  changed  into  this  following. 


y  zz  xx\/xx  +  2^,  which  admits  of  analytical  integration.    Now,  making  ufe 


of  the  expreffion  contained  in  Corol.  V,  that  is,  x*  =:  —  —  —  X  mg  i-^)*  , 
arifing  from  the  aflumed  conftant  ^ ,  and  keeping  ftill  the  limitations  of 
w  =:  I,  2  =:  /ita:,  and  y  =  ^,  there  refults  th'^  exprcflion  — ^^^—  rrj/,  which 

is  not  integrable  without  the  help  of  the  logarithms,  and  confequently  gives  us 

)  none  but  tranfcendent  curves. 

Therefore 
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Therefore  it  is  plain  that  we  may  arrive  at  the  differential  formula  of  the 
fecond  order,  tT  x^'x  +  —  x  y  '^J^h  without  taking  any  conftant ; 
in  which  cafe  the  integral  zx  zz  y  will  take  place ;  or,  fixing  for  conftant  the 
fluxions  —  ,  -i-,  for  example-fake,  and  then  the  fame  integrations  will  be 
made  as  before,  that  were  found  in  thefe  fuppofitions. 


EXAMPLE    II. 


Let  us  take  the  equation  x  x  zz  y  +  yy.  I  fay,  we  cannot  arrive  at  it, 
without  taking  fome  conftant,  except  in  one  cafe,  in  which  it  is  ;w  zi  —  i. 
To  fhow  this  plainly,  I  (hall  manage  the  formula  in  the  manner  following. 

Firft,  I  take  x  for  conftant,  and  thence  ic-  =:  o.  Then  —  4-  n  j^,  and  by 
integrating,  /-^  n^*,  or  -4-  =  c^.    Make  c^  =  2,  it  will  be  ylc  =  Iz,  and 


therefore  J/  =:  — .   and,  inftead  of  y,  fubftituting  this  value,  we  (hall  have 
=:  c^.    But  c^  =  z,  therefore  x  =z  Zy  and  x  :=:  z  zz  c^  i  and  therefore 


=:  y,  an  equation  to  the  logarithmic. 


Secondly,  I  propofe  to  inveftigate  how  it  may  fucceed  on  the  fuppofition  of 
another  conftant,  y  for  example,  whence  y  zz  o.  I  make  x  zz  sy  +  cy^ 
where  j  is  a  new  variable,  and  c  a  given  quantity.    I  go  on  to  fecond  differ- 

ences,  and  it  will  be  ic*  =  iy ;  and,  making  the  fubftitution,  it  is  x'^sy  =  yy^  or 

x^s  zz y.     But  y  =  -^  ;  then  ss  +  c's  zz  x^^xi  and  integrating  (omitting 

to  add  a  conftant),  \ss  +  ^j  zz ,  or  J  +  ^  =  V  +  cc.    But 

.   -  ,.  ^  _^      ; h  cci  therefore  —  -^  =  y# 

V   . T— +  ^^ 

*  See  §  46.    Editor. 

Vol.  II.  U  u  I  proceed 


< 
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I  proceed  to  inquire  if  poffibly  the  logarithmic  curve  may  be  concealed  under 
the  lad  formula,  which  being  found  above,  in  the  hypothefis  of  x  being 
conftanty  it  may  likewjfe  have  place  in  the  other  fuppofition  of  y  being 

conflant.    Making  r  =:  o,  it  is  neceflary  that  the  equation  %/ 77*   =  x 

(hould  be  verifiedj  or  elfe  2x  zz  "^m  +  i  x  xx.    And,  that  the  equa- 

tion may  be  found,  the  fame  quantity  —  ^  +  19  both  in  the  co-efEcient  and 
the  exponent,  ought  to  be  =  a  i  for  this  to  obtain,  it  follows,  that  it  muft  be 
i»  =  —  I. 

Tliercfore,  in  the  foitnula  x  x  zz  y  "^  yy^  by  limiting  the  value  of  the 
exponent  to  m  =1  —  i,  we  come  to  a  differejicial  equation  oFthe  fecond  degree, 
without  afluming  a  conftant,  the  integral  of  which  is  the  logarithmic  expreflion 

—  ^  J^»     In  any  other  cafe  we  could  not  obtain  the  forefaid  expreffion^ 

SB 

without  fixing  upon  fome  iniinitefimal  quantity  of  the  firft  order  as  a  conftant. 


EXAMPLE    IIL 


It  remains  that  we  (hould  propofe  a  differential  equation  of  the  other  cla&, 
at  which  we  cannot  arrive  without  afluming  a  conftant. 

I  refume  the  problem  :  To  conftruft  a  curve,  in  which  any  dignity  whatever 
of  the  abfcifs  may  be  in  a  diredt  ratio  of  the  fecond  fluxion  ot  the  ordinate, 
compounded  witii  the  inverfe  ratio  of  the  fecond  fluxion  of  the  abfcifs. 

The  equation  is  ^x  i:  =  ay.  Make  x  1=  qp^  ^  zz  up ;  and  perform  the 
^operations,  as  in  the  firft  Example.     Taking  the  (econd  fluxions,  we  fliall  have 

$  =  pjj  y  ^  ^p9  ^"d,  fubflituting  thefe  values,  it  will  he  ix  q  zz  au\  and 
by  integration,  fbx^q  ^  au  ±  g.  But  y  zz  up  ^  —;  then  ay  —  -^fbx^q 
q:  IfL,     Making  |^  =  o,  in  this  cafe,  whatever  be  the  value  of  the  fymbol  y, 

it  gives  us  a  different  curve,  if  alfo  we  do  not  put  the  exponent  i»  ==  o,  by 
which   the  hypothefis  will  be  deftroyed,   and   the  problem  changed.     The 

fame  thing  may  be  faid  if  we  make  conftant  the  firadion  -^;  and  from 

8  hence 


SECT.  IV.  ANALYTICAL      INSTITUTIOKa,  33 1 

bencc  we  may  conclude,  that  it  is  not  poflible  a  differential  equation  of  the  firft 
degree,  wiihout  the  benefit  of  a  conftant,  (hall  reftore  our  formulae,  when  it  is 
differenced  again ;  for,  if  it  were  fo,  it  would  be  tnanifefted  in  any  affumption 
of  a  conilant ;  and  alio,  the  analyfis  evidences  the  contrary. 


PROBLEM    I. 


6a.  The  radius  of  curvature  being  given,  any  how  expreflcd  by  the  ordinate 
of  a  curve,  to  find  the  curve*  itfelf. 

As,  when  the  curve  is  given,  to  find  it's  radius  of  curvature,  it  is  called  the 
Dired  Method,  or  Problem  of  the  Radii  of  Curvature,  of  which  we  have 
treated  already  ;  fo,  when  the  radius  of  curvature  is  given,  to  find  what  curve 
it  is  to  which  it  belongs,  is  called  the  Inverfe  Problem  of  the  Radii  of  Curva- 
ture. Wherefore,  let  the  radius  of  curvature  be  =  r,  and  be  any  how  given 
by  y^  the  ordinate  of  the  curve ;  and  we  may  take  any  one  of  the  formulas  for 
the  radii  of  curvature,  which  we  pleafe  ;  but,  firft,  for  the  curves  referred  to  a 

focus  \  as,  for  example,  rrr^ — rr, ,  in  which  x  is  conftant,  and  i  is  the  element 

•  '        '  ^      '   xss  "^yxy  '  ' 

of  the  curve.  Then*  we  ftiall  have  the  equation  r  iz  tt— — rt;  or  elfe,  it  being 
ss  zz  XX  +77^  it  is  ss  =yy,  becaufc  of  X  conftant,  and  r  zz  .,?^'   ...  . 

To  reduce  this  equation,  I  make  ufe  of  the  method  of  §  49  ;  and  therefore 
I  make  i  zz  px,  whence  s  zz  px.     Then,  making  the  lubftitutions  in  the 

equation,  it  will  be  r  rr  J^-—r ,  or  elfe  ^  "  ^^ ^  zz  —;  and  then,  by  intc- 
gration,  becaufe  r  is  given  by  jr,  it  will  be  —  =:  /—  +  h.  But  p  :=:  —r- 
n  LllJt2Z  .  therefore  the  curve  Will  be       -^-^        r:  /—  ±  ^>  an  equation 

reduced  to  firft  fluxions,  becaufe,  r  being  given  by  ^,  the  integral  /—  niay 
always  be  had,  at  leaft  tranfcendentally. 


U  u  2  Another 


33* 
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Fig.  149. 


Another  way.      I   write   the    eqiiatioDj    r   =: 
T-rr rrr,   ifl  tbis  nianncr,   -s^—   zz  xs*   —   yxy. 

Then,  from  the  point  B,  (Fie.  149O  from  whence 
proceed  the  ordinates  BE  of  the  curve  required 
AEC,  I  draw  BF  perpendicular  to  EB,  terminated 
at   the   radius   of  curvature    EQ^5    and,    making 

BF  zi  f^  EF  zz  J,  by  the  known  formulae  of  the 

• 

normal  and  fubnormal,  it  will  be  j  =  4^,  ^  r= 


jy 


^y  or  y  :=:  ^.     And,   by  taking  the  fluxions^ 

X  y 

on  the  fuppofition  of  x  being  conftant,  it  will  be  jf  =  ^^*  ""        .    And,  mak« 


ing  tiie  fubftitutions  in  the  principal  equation,  it  will  be  ^^  ir  xl^  — /Jlv*  + 
tLL^  But  i  iz  -^  ;  therefore  ^  zz  qqic  — yyp  +  fjy.  And,  becaufe  it  is 
;^  zz  —  ,  it  will  be  —  =  qqy  +  fpy  "^  ypp*  But,  becaufe  of  the  right  angle 
EBF,  it  is  fp  zz  qq  —  yy^  and  pp  zz  qq  —  yy.  Wherefore,  making  the 
fubftitution,  we  fhall  have  —   zi   o.qy  —  yq ;  and,  multiplying  by  y^    and 

dividing  by  yy,  it  will  be  —  =:  ^^ — ~y  and,  by  integration,  it  is  /-^ 
±  h  =  ^.     But  ?  =  4^  ;  therefore  /^  ±  ^  zz  --=^L=. 

It  may  be  done  thus  more  fimply,  by  avoiding  fecond  fluxions. 

Taking  the  infinitely  little  arch  EC,  let  the  chord  CED  be  produced,  to  which 
let  BD  be  perpendicular.     Now,  if  we  make  BD  z=  />,  by  what  has  been  faid  at 

§  i  15,  Seft.  V,  B.  II,  QE  ZI  r  =  -^  ,  and  therefore  ^  zz  pi  and  by  integra- 


tion, becaufe  r  is  given  by  y,  it  isy*—  ±:  b  zz  —====;  for^  zi      /^^ 
by  the  place  now  quoted. 


+XV 


Let  it  be  r  =  J-^y/aa   +  bb  \  then  it  will  be  / 


hy 


^  ±b-       ^^ 

and  by  aAual  integration,    (omitting  the  conftant  b  for  greater  fimplicity,) 

h  k 

\  =  ' ,  ,  and  therefore  b^x'^  +  ^*y*    iz   a^x^   +  ^'x*,  that  is, 

^  aa  '\'  DO  Vxx  "^yy 

by  zz  ax,  which  is  the  logarithmic  fpiral  of  Example  V,  §  128,  Book  II. 

Inftead 
9 
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Inftead  of  the  radins  QE,  let  the  co-radius  HE  n  z  be  any  how  given  by 
the  ordinate  y.     Becaufc  of  fimilar  triangles,  EBD,  QEH,  ic  will  be  EB  .  BD 

::  QE  .  EH  ^  that  is,  j  ./>  ::  ^  .  z,  and  therefore  x  =  ^,  or  —  =:  -^; 
and  by  Integration,  f^  ±  h  zz  Ip.     Make  z  :=:  y,  then  /—  ±  b  =/~  ; 

and  by  integrating,  ly  ::::  Ip  +  l-r-  *,  that  is,  )f  =  Y"  •     But  />  =     ...   ^  ..  , 

then  h\/xx  -^  yy  =  m^  and  therefore   hy  sz  X\/mm  —  bb,  which  is  the 

logarithmic  fpiral ;  and,  when  b  zz  t,  m  zz  \/aa  4-  ^^  is  the  fame  as  the 
above-cited. 

6^.  For  curves  referred  to  an  axis,  the  formula  of  the  radius  of  curvature  is 
— rrr,  putting  X  conftant ;  and  therefore  the  equation  will  be  r  =  — r^  . 

I  put  y  =:  qx\  whence  y  zz  (^x ;  and,  making  the  fubftitutions,  it  is  r  = 

^ — rr^ ;  and,  inftead  of  Xn  putting  it's  value  — ,  it  will  be  r  zi  "^^ -P-^, 

that  is,  ^  =  —  j==rT  .     And,  by  integration,  /—  ±:  b  zz     ,  .     But 

•  •  • 

9  =  -4-  ;  therefore  /—  ±  i&  zi     ,  . 

Let  r  =  4^"  H-  ""H .  then  it  will  be  f^^£—  -\- b  =. L=- .     And, 

laa  ^y  -^  aa  %  ^  xx  -^^  yy 

by  adual  integration,  omitting  the  conftant  b^  it  is zi  , 

V^jf  i-  Ai         w  kx  -^  yy 

that  is,  2jy/  iz:  tf^c ;  and  by  integration,  yy  —  jx,  which  is  the  parabola  of  the 
firft  Example,  §  122,  Sc6l.  V,  Book  II. 

Inftead  of  the  radius,  let  the  co-radius  be  given,  which  make  iz  z,  the 

formula  ol  which  (fuppofing  X  to  be  conftant,)  is  ^S^^.     Then  '^'^  -^Z  =2; 

and  making  y  =  qxy  y  z:  qXj  and  making  the  fubftitutions  of  thefe  values  of 

y  and  x,  it  will  be  -Lli^LZ?  :::  ^    that  is,  ^  =  ^^  .     And,    by  Integra- 

tion,/— -  ±  Z>  z:  —  Vi  4-  ^y.     Whence,  if  2,  or  the  co-radius,  be  in  fuch 

manner  given  by  ^,  as  that/—  be  a  logarithmic  expreffion,  we  fliall  have  a 

I 

*  This  equation,  as  well  as  the  fubfequent  work,  would  hare  been  clearer  and  fimpler,  if  m  had 
been  put  for  the  conltant  number  of  which  tde  logarithm  is  b.    LoiTotu 

differential 


'^' .  ^^. 
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differential  equation  of  the  firft  degree  expreffed  after  the  ufual  manner  s  in  any 
other  cafe,  it  will  be  expreflcd  by  logarithmic  quantities. 

Let  it  be  2  =  ^ ^ ;  we  (hall  have  the  equation  /    /^ —   ±  i&  = 

— /v/i  +  qq.     And,  by  aftual  integration,  (omitting  the  conftant  bj)  it  is 
i      ^         =  i  I  and  therefore  — ^^ —  =  — : — .     And,  fubflituting 

the  value  of  y,  it  is  2yy  =  ax^  and,  by  integration,  it  is  jjy  =  <wf,  the  fame 
parabola  as  before. 

64.  In  the  fecond  place,  let  the  radius,  or  co-radius,  of  curvature  be  any 
how  given  by  the  abfcifs  ;c ;  it  is  plain  that,  in  this  cafe,  we  cannot  make  life  of 
the  fame  redudions  we  did  in  the  firft,  becaufe  we  cannot  have  the  fluents 

/-^ ,  or  /— ,  if  r  and  z  are  given  by  x. 

Taking,  therefore,  the  formula  of  the  radius  of  curvature,  in  which  x  is 

*  •  ,  •  •■>  J. 

conftant,  that  is,  •^'"^.^''*  for  curves  referred  to  an  axis,  (for,  in  thofe  referred 

—  iy 

to  a  focusy  the  radius,  or  co-radius,  cannot  be  given  by  the  abfcifs,)  it  will  be 
—  *'^  +  yyJ^  ^  and  therefore,  in  the  fame  manner  as  before,  I  put  y  =  qx^ 


r  zi 


-  ^y 


whence  y  z=.  qXy  yy  =  qq><x  \  and,  making  the  fubftitutions,  r  =:  JllJLJl'^SL^,^ 

•  •  • 

that  is,  —  =  ■    ""  ^  ;  >  and,  by  integration,/—  ±ih  —      ^^.  ,  which  is 

an  equation  reduced  to  firft  fluxions ;  becaufe  r,  being  given  by  x^  the  fluent 
y_l_  niay  always  be  had,  at  leaft  tranfcendentally.     And,  fubftituting  the  value 

of  q,  it  is  /4-  ±i>   =     >.T''^  ..  • 


Let  it  be   r  zz   is/ ^aa  —  %ax  \    then  it  will  be  / — ===  ±  i&    = 

2^  /^aa  —  lax 


'^  XX 


z^~==rLm     And,  by  actual  integration,  omitting  the  conftant  by  it  will  be 


XX  -f    \y 


— ^  n       -/       .     And,  by  fquaring,  and  reducing  to  a  common 

cnominator,  it  is  /^aaxx  —  2axxx  —  2a:<yy  zi  c,  that  is,  y  r:  Xv ,  an 

e^i^iation  10  die  cycloid  of  §  131,  Sedt,  V,  B.  II. 

Inftead 
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•   •        «        •  • 

Inftcad  of  ihe  radius,  let  the  co-radius  be  given ;   then  z  =      ^  r^    . 

And  putting,  in  like  manner,  y  =  qx,  it  is  y  zz  jx,  yy  =  qjXX ;  and  making 

. .         .  • 

the  fubftitutions,  inftead  of  y  and  j//,  it  will  be  2;  zi   ——4?^^  that  is, 


X 


—      -  y 


_  ;  and,  by  integration, /1 —  ±  b  zzj    T^  '*     But  the  integral  of 

the  homogeneum  comparalionis  is  the  arch  of  a  circle ;  therefore,  if  the  co-radius 

(hall  be  given  in  fuch  manner,  as  that  / —  is  alfo  the  arch  of  a  circle,  and 

thefe  arches  (hall  fo  correfpond,  as  to  be  to  each  other  as  number  to  number, 
we  Qiall  have  the  equation  reduced  to  firft  fluxions^  and  exprelFed  in  common 
quantities. 


Let  z  =  2\/2ax  -^xxi  then  it  will  be/— 7=:=  =/ — -2-^ .     But  the 
integral  of  the  firft  member  is  the  arch  of  a  circle,  the  tangent  of  which  is 

""^  ""  ^"^ ;  and  of  the  fecond,  is  the  arch  of  a  circle,  the  tangent  of  which 


V  lax  '- XX  y  .1         r  .  •      .la  ^  X 


is  q.     Then  it  will  be ^ i  =  j  =  -^ ;   therefore  y  =  x\/ 

an  equation  to  the  fame  cycloid. 


9 


PROBLEM    II. 


65.  The  radius  of  curvature  being  given  in  any  manner,  in  a  curve  referred 
to  an  axis,  to  find  the  faid  curve. 

•  • 
The  formula  for  the  radius  of  curvature  is  4^,  making  s  the  element  of  the 

curve  conftant;  whence  the  equation  will  be  r  rz  4^.    Call  the  tangent  of  the 
curve  /,  and  the  fubtangent  p.     It  will  be  ~-  =  /,  and,  differencing  in   the 


y 


hypothefis  of  ;  conftant,  it  will  be  /  =  -^^  -j'\  that  is,  y  =  ^''  "-^^  . 

yy  -^  ys 

•  •  • 

Wherefore,  making  the  fubftitutions,  it  will  be  r  =  .,/•'''"'..,,     Bur,  bccaufe 


yys  -^yj 

we 
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we  have  p  =  ~^  and  /  =  ^ ,  it  will  he  x  =  -^,  i  z=  — .    Then,  fub- 


ftituting  thefe  values  in  the  equation  above,  we  (hall  have  r  =   ^S^   . .     But 
p  =  v^//  —  yy  i  therefore  r  =  f^,  ^^  ^ P  ^  or  —  =  — 4-~L=. 

•^  (y  -y^  r  t^tt  -  jf; 

The  firfl:  member  of  this  laft  equation  is  in  our  power,  at  lead  tranfcen- 
dentally,  bccaufe  r  is  a  fundtion  ot  s.     Then,  in  the  fecond,  the  indetermi- 

nates  will  be  eafily  feparated,  if  we  make  q  =  — ,  by  which  wc  (hall  have  a 
very  fimple  equation,  —  =        ^     ■  • 

In  the  formula  r  =    .^^     ,  if,  inftead  of/,  we  had  taken  it's  value  Vpp+jy^ 


we  (hould  have  found  r  z=  iL±JL2LL-;  and,  making  -^  =  z,  we  (hould  alfo 

py  -yp  ^   f 


have  had  a  very  fimple  equation,  ~  =  — - 


The  two  differential  quantities  —  ^         and  -— —  are  the  exprefljons  of 

^  I    —  f  7  I    +  MS 

the  element  of  the  arch  of  a  circle.    Whence,  if  the  integral  /-^  (hall  be 

algebraical,  or  (hall  depend  on  the  logarithms,  or  on  higher  quadratures,  the 
reftification  of  the  curves  required,  and  the  value  of  the  radius  of  curvature, 
will  fuppofe  the  quadrature  of  the  circle.     But,  on  the  contrary,  each  of  them 

may  be  algebraical,  if  the  integral/—  agrees  with  a  formula  of  the  circular 
arch. 

Ketaining  one  of  the  two  equations,  for  example  the  fecond,  —  ri  — -^ — 5 

becaufe  ^  = -— =  -ys/WTJy,  and  ;>  =  -^,  it  will  be  s  =  J^y/TT^. 
Then,    fubftituting    this    value    into    the    equation,    we    (hall    have  y    zz 


T%Z  .    ^    ^ 


TTZi  ^  a/T^—  •     Now,  it  being  i  =:  -^\/ 1  +  22,  we  (hall  have  alfo  ss  = 


:<x  +  jy  ZZ  '^'^  "*"  *^^-^  ,  and  therefore  x  zz  -=^ . 


Make 
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Make  the  given  radius  of  curvature   r  =  i  +  J/.    Then  the  equation 
•  •  • 

—5 —  =  —  will  be  changed  into  this,  — ; —  =  —r — ;  from  whence  we  ob- 

tain  2  =  J,  and  therefore  r  zi  i  +  zz.    Subftitute  this  value  in  the  equation 

J  =  --_J2i--_— ,  and  it  will  be  y  =  ■    **      •     And,   by  integration, 

omitting  the  conftant,  it  is  jf  =  v/i  +  zz,  whence  z  =  y/yy  —  i.    Then, 

becaufe  I  retained  x  zz.  —^  it  will  be  finally  x  =      JL ,   an  equation  of 

*  '^xy  —  * 

the  curve  required,  on  the  aflumed  fuppolitioo  of  the  radius  of  curvature.    It's 

conftrudlion  depends  on  the  quadrature  of  the  hyperbola. 


k«  •   •• 


I  take  the  formula  of  the  radius  of  curvature,  — .=   ^  t  /    ,  in  which  no 

r  '  xs        ' 


firft  fluxion  is  conftant.    I  difpofe  the  equation  thus,  -4-  X  -4-  —  4-  =  —  • 

••  •• 

The  integral  of  -4-  —  4-  is  /y  — .  /},  which  I  make  equal  to  Ip.    Then  it 

••••••  • 

will  be  ^  —  4-  =  —  -,  and  -4-  =  ^,  and  then  the  equation  will  be  —  =: 


•  • 


•4-  X  -—.    But  :p  =  4-,  and  ^  zi:  ss  zz  xx  +  yy;   therefore  x  zz 

^ — ^^      •    And,  fubftituting  this  value,  it  will  be  —  r:     .  ^      »  an  equa* 

tion  in  which  the  variables  are  feparated,  and  confcquently  may  be  treated  in 
the  manner  made  ufe  of  before. 

•  •• 
Let  the  formula  of  the  radius  of  curvature  be  —  =  —  44-,  in  which  y  is 

•  •  •  • 

conftant.    Make  s  =  qjf^  and  therefore  s  zz  qy.    Then  —  =  —  i^^  j  but 
Ji  =  ^fx  +  »  =  qqyj.    Whence  we  have  X  zz  jt\/qq  —  7,  and  xs  r: 


Ji*v/j*  —  I.     Wherefore,  making  this  fubftitution,  it  will  be  —  =  -^. 
Vot.  II.  Xx  Laftly, 


33^  AHAI.TTICAL     I H  tTlT  VTIOVI.  MOK  !▼• 


Laftly, 


•  M 


// 


MS 


•  •    '  •  ••  •  •  •  • 

X  is  conftant.    Make  z  =  -^ ,  and  therefore  z  =  —  -^^ .   Then  —  =  "^  • 

•  • 

But  *  n  «>,  and  ss  =  ijj  +^  =  zxy)  +JJ.    Whence  —  =  ^  ,  ^» 

Therefore^  after  whatever  manner  we  operate,  the  integral  /-^  will  always 
be  brought,  either  to  the  redifipation  or  quadrature  of  the  circle. 

Let  the  co-radius  u  be  any  how  given,  to  find  the  curve.    Take  one  of  the 
three  formuls  before,  that,  for  example,  in  which  J  is  taiken  for  conftant  i  'that 

i»,  — .  =  —     ,J. ,  in  which  it  is  put  s  =  »>.    The  radius  will  be  r  = 

•  •   • 

;  and,  puuing  this  value  in  Ac  formula,  we  (hall  have  -^  ss  —      .ls== . 

But  i  =  f:r,  and  X  =  J\/qi  —  i.    Whence,  making  the  fubfticudons,  it 
will  be  -^  s  —  — i--  •    But  u  is  given  by  s  %  therefore,  &c. 

S 

Here  it  noay  be  obierved,  that,  as  the  integrd  /t—  is  equal  to  an  ezpreffioa 

of  a  circular  arch ;  fo  the  oUier  integral  /—  will  be  rdetred  to  the  quadrature 
of  the  hyperbola,  or  to  the  logarithms. 

66.  By  like  artifices  and  expedients.  Or  but  little  different  from  tbefe,  many 
equations,  or  forn\uke,  may  be  reduced  to  fecond  differentials,  which  arc 
cxpreffed  by  third,  fourth,  or  higher  degrees  of  fluxions*  And,  firft,  the 
method  of  ^  49  may  be  extended,  (yet  within  certain  limitations,)  to  diflTer- 
cntial  equations  of  the  third,  fourth,  &c.  order.  That  is  to  lay,  equations  of 
the  third  order  may  always  be  reduced  to  the  firft  order,  provided  that  either 
one  or  the  other  of  the  finite  variables,  x  or  jr,  is  wanting  in  them.  Thofc  of 
the  fourth  order  may  be  reduced,  if,  befides  one  or  other  of  the  two  finite 
variables,  x  or  jr,  one  or  other  of  the  firft  fluxions,  x  or  >,  be  wanting,  together 
with  their  refpcdive  funftions.  Thofe  of  the  fifth  may  be  reduced,  if  both  the 
finite  variable?,  and  both  their  firft  fluxions,  be.  wanting  in  them.  Thofe  of 
the  fixtb,  if,  befides  idl  this,  one  or  other  of  their  fecond  fluxions  be  wanting. 
And  fo  on. 

Let  the  equation  he  xj^  +  xxy  =  ;c*  +  >*,  in  which  i  is  taken  for  conftant. 
I  make,  as  ufual,  px  zz  >,  and  therefore  px  =  y,  and  px  =  jf.    Wherefore, 

•    mAkmg 
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making  the  fubftitutions,  we  (hall  have  xxp  +  x^p  =  x^  +  ^\     But  >*  = 
p^x^ ;  therefore  ir  will  be  />  +  xp  zz  xx  +  p^xXy  an  equation  reduced  to  the 
fccond  order.      Make  furiher  qX  =  />,  retaining  x  as  conftant,  and  therefore- 
qx  rz  p.     Then,  by  fubftitution,  ic  will  be  qx  +  px  :=  xx  +  p^xx^  that  is, 

^  +  p  =  X  +  p^.  But  X  z=  -^ ;  therefore  j  +  />  =  -^  +  ^ ;  which 
equation  is  now  reduced  to  firft  fluxions. 

Let  there  be  a  fluxional  equation  of  the  fourth  order,  ^'  +  xj)  -^  xxy  =  o^ 
in  which  let  x  be  conftant.  Therefore  I  make  px  zzy,  and  thence  px  =\yf 
and  px  zr /,  and  px  =  y.    Therefore,  making  the  fubfl:itutions,  we  (hall  have 

p  -¥  xp  ^-^  xxp  =:  o  ;  an  equation  which  is  a  cafe  of  the  foregoing  Example,. 

and  which  therefore  we  know  how  to  manage;  and  which  will  eaflly  be  reduced 
to  firfl  fluxio'tis. 

*  The  method  of  §  49,  found  fome  time  ago  by  S.  Count  James  Riccati,  was 
now  firft  known  to  me  \  but  the  foregoing  application,  as  alfo  the  fecond  inverfe 
Problem  concerning  Radii  of  Curvature,  I  have  learned  of  him  only  fince  the 
fecond  Tome  of  the  Commentaries  of  the  Inftitute  of  Bohnia  is  fallen  into  my. 
hands.  And,  indeed,  fomething  too  late  for  me,  becaufe  I  was  now  at  the 
clofe  of  the  impre(fion  of  this  my  Work  ;  nor  could  I  take  the  advantage  of  the 
other  learned  Dilfertations,  neither  of  P.  Vincent  Riccati^  fon  of  the  aforefaid 
gentleman,  nor  of  S,  Gabriel  Maitfredi^  therein  inferred^  Therefore  it  muft 
fuflice  that  I  have  jull  named  them  to  the  readers^  that  they  may  there  find 
them,  and  be  improved  and  inftruded  by  them. 

67.  Having  (hown  the  aforefaid  application,  or  improvement  of  the  method 
of  §  49,  I  (hall  go  on  to  other  equations,  and  to  other  expedients.  Therefore 
let  the  equation  be  pyyy  zz,  pxxjf  —  ipxxy  —  pxxy^  in  which  p  is  any  how  given 
by  X  and  y^  and  now  the  element  of  the  curve,  i,  is  taken  for  conftant.  Becaufe 
i  is  conftant,  it  will  be  ;^x  z:  —  yy ;  then,  fubftituting  this  value  inftead  of 

XX,  it  will  be  pyyy  =  pxxy   +   ifyyy  —  pxxy^   that  is,   ftriking  out  the 

fuperfluous  terms,  pxxy  =c  pyyy  +  pxx^,  or  ~  =:  44-  +  -^  •    And,  inftead 

p         ■*•*         • 

of  jy,  putting  it's  value  —  xx,  it  will  be  —  =  —  -4-  +  -4-  •  And  laftly, 
integrating  by  the  logarithms,  Ip  n  ly  —  Ix  ^^^Is,  s  being  conftant  1  and 
therefore  pzz-4r-'.  which  equation  is  reduced  to  fecond  fluxions. 


Xx2  Let 
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Let  the  equation  be  bzx  —  $bzx  —  bhx  zz  o,  in  which  b  is  any  how 

given  by  x  and  z.  Let  us  affume  the  following  fiftitious  equation,  b^z^x  = 
condant ;  where  «,  »,  r,  are  unknown  exponents  of  powen,  to  be  determined 

by  the  procefs.    Then,  by  taking  the  fluxions,  we  (hall  have  rb^z^'x'^^x  + 

nb  xz'^  z  +  mb'^'^^bz^'if  =  o,  which,  being  divided  by  i>  ""  i**"  x^^  , 

will  be  reduced  to  rbzx  +  nbxz  +  mbzx  zz  o.  This  equation  being  com* 
pared,  term  by  term^  with  the  principal  equation  proposed,  we  fliail  have 
r=i,s=—  3,  fv=   — >i;  wherefore,  inftead  of  the  fiAitious  equation 

b^z* x"  zz  conftant,  we  (hall  have  the  true  one,  ttj  =  conftant,  which  is  the 

integral  of  the  propofed  equation. 

Alfo,  by  the.  way  of  the  logarithms,  we  may  obtain  the  fame  integration. 
I  refume  the  equation  bzx  —  ^bzx  —  hzx  =  0.    I  divide  it  by  bzx  1  it  will 

be  -^  —  -^  —  -J-  =  o,  and  by  integration,  Ix  ^-^  Iz^  -^  lb  =  to  a 
conftant  logarithm.    Therefore  ^  is  equal  to  a  conftant  quantity. 


aai 


ADVER  T IS  E  ME  NT. 


68.  I  SHALL  finifti  thefe  Inftitutions  with  an  Advertifement,  which  is 
this  ;  that  the  ingenious  Analyft  muft  endeavour,  with  all  his  fkill,  in  the 
folution  of  Problems,  to  avoid  fecond  fluxions,  and  much  more  thofe  of  a 
higher  order  5  and  this  by  means  of  various  expedients,  which  will  oflTer 
themfclves  commodioufly  on  the  fpot.  Such  artifices  may  be  lecn,  as  they 
are  made  ufe  of  by  famous  Mathematicians,  in  the  Problems  of  the  Elaftic 
Curves,  the  Caienaria,  the  Velaria,  in  that  of  Ifoperimetral  Curves,  and  in 
others  of  this  kind  5  the  folutions  of  which  may  be  feen  in  the  Leip^c  A6ts, 
and  other  works  of  this  nature  :  by  which  a  learner  may  acquire  fuch  fkill  and 
dexterity,  as  will  be  very  beneficial  to  him. 


END    OF    THE    FOURTH    BOOK. 
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Being  a  Paper  of  Mr.  Colfinfsy  containing  a  Specimen  of  the  Manner  ia 
which  Two  or  more  Pcrfons  may  entertain  themfelves^  by 
propofing  and  anfwering  curious  Queftions 
in  the  Mathematicks. 


'pHE  Manufcript  of  this  little  piece  appears  to  be  a  firft  draught,  and  only 
a  part,  of  what  Mr.  Cotfon  intended  to  draw  up  :  yet,  I  perfuade  myfelf,  it 
is  fufficient  to  point  out  to  the  readers  of  it  the  way  in  which  feveral  perfons 
may  amufe  themfelves  with  propofing  and  anfwering  Queftions  of  this  kind. 
Thofe  readers,  who  with  to  fee  more  of  this,  may  find  it  in  the  Vlth  Sedion 
of  Mr.  ColJoiCs  Comment  on  Sir  Isaac  Newton*s  Fluxions.  They  may  alfo, 
with  a  little  attention,  propofe  and  folve,  in  the  fame  manner,  any  of  the 
Queftions  in  ihefe  Volumes. 

"  A  Problem  is  fuppofed  to  be  managed  between  two  perfons,  the  ^uerift  and 
the  Rejfondent :  the  Data  are  fuch  numbers  or  quantities  as  are  given  or 
fupplicd  by  the  Querift ;  the  Affumpta  or  ^ajita  are  fuch  as  are  aflumed  or 
found  by  the  Refpondent.'* 


PROBLEM    L 

**  Querist.  /  ^%vt  you  three  numbers^  4,  5,  ar^  10 ;  I  require  a  fourth^ 

Respondent.  I  aflume  x  to  denote  that  fourth. 

Q;^  &o  thai,  if  from  tbe  frodud  of  ibis  info  the  ibird^  tbe  firft  be  fubtraSted, 

R.  Then 
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R.  Then  the  remainder  will  be  denoted  by  io;r  - 
Q^  jind  if  the  remainder  be  divided  ly  the  firfi^ 

R.  The  quotient  will  be  denoted  by  ^  \ 

.  TUbe  ^otient  will  be  equal  to  the  fecond  number. 


R.  Then  the  equation  is 
xox  zz  24,  and  x  =  —  z^  2.4J 


lOjr  —  4    ^^ 


=  5  J    whence   10  a?  —  4  —   20,    and 


PROBLEM    IL 


^^  Q^A  certain  number  e/Jbillin^s^ 

R.  That  number  (hall  be  denoted  by  ;if ; 

Q^  ff^as  to  be  diftributed  among  a  certain  number  of  poor  people  j 

R.  The  number  of  poor  (hall  be  y. 

Q^  Now  if  three  Jbillings  were  given  te  eacb^  there  would  be  8  wantii^  i 

R.  Then  «  =  3^  —  8. 

O.  But  if  two  were  given  to  eacb^  there  would  be  3  to  fpare. 

R.  Then  ^  =  aj^  +  3  =  3^  —  8,  or  j^  rr  11,  the  number  of  poors  and 
thence  ^  =  2jr  +  3  =  22  +  3  =  25,  the  number  of  fhillings." 


Fig.  4; 


PROBLEM     III. 


**  Q.  In  the  triangle  ABC,   1  give  you  the  fides 

AC  =1  tf .   BC  =r  b^  and  the  bafe  AB  =:  c  -j  vou  art  to 

find  in  this  fwb  a  point   D,        R.  I   will   alFume 

j\\y  =:  x\  then  D»i  =:  ^  —  jf;     Q.   ^hat  drawing 

itn  it  will 


DH  paraie:  to  BC,     R.  Th( 


II  be  AB  {^c)  . 


hx 


BC  (b)  ::  AD  (;c)  .  DH  =  -^  i     Q,  The  fquare  of 
DH  may  be  equal  to  the  rcH^n^e  /AD  and  DB. 


R.  Then 


bbxx 


bbx 


cc 


:=•  X  X  a  -^  X,  arid  —  =  tf 


€C 


and  bbx  =  acc^^ccx^  and  /'^a?  -f  c^;r  _  ace,  and  ;v  = 


ace 


9f 


bb  +ee' 


PHO- 
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PROBLEM    IV. 


Fig.  5- 


««  (y  /  give  you  in  poftfion  the  two  ri^ht 
lines  At,  AE,  and  a  point  C  in  netiher  oftbofe 
lines ;  R.  Then  I  can  continue  AF  to  D> 
and  draw  CD  parallel  to  AE;  and  as  AD 
will  be  given,  I  (hall  make  AD  =  a.  And 
I  can  let  fall  the  perpendicular  CB,  which 
will  be  given  alfo  ;  and  therefore  I  will  make 
CB  =  ^.  Q.  Ton  are  to  draw  the  line  CEF 
in  fucb  a  manner^  as  that  it  Jball  €Ut  off  the  triangle  AEF  e^ual  in  area  to  the 
given  plane  cc.  I  will  let  fall  the  perpendicular  EG,  and  make  the  bafe  AF=  x. 
And  then,  by  fimilar  triangles,  ic  will  be  DP  {a  +  x)  .  AF(x)  ::  DC  .  AE  :: 

CB(^J.EG=     ^"^ 

mX         P\  ,  • ^ 

a  +  X  2a  -^  2x 

the  value  of  x  Ss  cafily  obtaihed  by  §  74,  Seft.  II,  Book  I.] 


-    But  the  area  of  the  triangle  AEF  is  -JAF  X  EG  = 
Therefore  — ^^  =  cc.'^    [From  which  quadratick  equation 


PROBLEM    V. 


Fig. 'J. 


**  (^  /  give  you  the  tfofceUs  triangle  CDB  ; 
R.  Then  I  will  make  CD  =  iJ,  BC  =  * ;  I  will 
bife6t  CD  in  E,  and  draw  the  indefinite  line  BEA. 
Q^  The  diameter  of  the  circle  is  required  in  which  it 
may  he  infcribed.  R«  Let  AB  =\Jf  be  the  dia- 
meter, and  the  circle  ACBD,  No^^  becaufc  of 
fimilar  triangles,  it  is  A B  {x)  .  BC  (^)  ::  BC  (*)  . 

BE  =  — .    ButBE=i/BCy-CEy  =  /JJ^^i^. 

X  • 

Therefore  —  =  ^ih—jaa,  and  x  =    ^     ..■     •'* 

*         ^  ^     '  ^b^^\Qa 


PROBLEM    VI. 


*^  Q^  In  the  triangle  ABC,  /  give  you  the  three 
Jidesj  AB  =  a^  AC  =  b^  and  BC  =  ^  j  and  letting 
faU  the  perpendicular  AE,  /  require  the  Jegments  of 
the  bafe,  ^E  and  EC.  R.  I  make  BE  z=^i  then 
is  EC  =  r  —  X.  But  ABj  -  BEy  =  AEq  = 
KCq  —  ECj  ;  that  is,  aa  —  xx  =.  (AEf )  =  bb 

—  ^^  +  xcx  —  XX ;  from  which  x  =  ^^-rr— •'* 

PRO. 
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PROBLEM    VIL 


**  CX /»  ibi  qiuuksntsl  snb  AM,  itflaiM  wiib 
Mv/#r  C>  4md  raSus  AQ  ibe  isi^na  AI  V  ^be 
MnbAH,  Md  MJ/b  ibi  tsKginiiiK  rf  ibe  mxb  HDf 
srg  givm ;  R«  I  will  make  AC  wms,  AI  =  b, 
ud  HK  as  c.  (^ToM  sre  ie  Jmi  AB9  iU  isngmi 
rf  AD,  wbiA  is  ibi  Jim  if  ib^  iw$  mrcbis.  R.  I 
will  make  AB  =  le^  and  let  fall  clie  perpeodi* 
culars  DP  ud  DE ;  and  then,  from  fiouur  tri- 
angles,  I  (hall  haTo 


CB  (v/m  +  mt)  «  AB  (»)  ::  CD  (n)  •  DE  s 


V^«i  + 


Bod  CB  (s/m  +  xx)  .Ck  <«)  ;:  CD  (4)  .  CE  =    Jl • 

and  BC  (s/sa  +  nx)  .  DC  ia)  ::  AC  .  "EC  ::  AI  {h)  .  EOas    ,1  ^ 

[and  BC  (v^STTlSi)  •  DC  (#)  ::  lC(v/^Sr+TI).oc  =  ^*^> 

and  KC  (^/ST+T?)  .  DC  (a)  :;  KH  (0  •  DF  =  ^  ^      , 
and  CE  (_2i— ),C0  (i^^^2)  ::  DF  (  ,  ^      )  .  DO  = 


But  DO  =  DE  —  OE I  therefore  I  have 


iVam  +  ^  _ 


AT 


-^ 


9  an  equation 


which  differs  from  that  in   §  1089  Sefl:.  11,  Book  I^  only  in  notation,  and 
which  therefore  may  be  folved  in  the  fame  manner.] 
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Note.  When  the  letter  b  i$  joined  to  the  number  of  any  \mc^  it  is  counted 
from  the  bottom  of  the  page. 


VOLUME  I. 
In  the  Plan  of  the  Lady's  Syftem  of  Analyticks, 

Page#    Line. 

xL      II.  4f^er  the  word  branch,  infert  a  comma. 

In  the  Body  of  the  Work. 

41.       2*h.  Delezs. 
125.       7.  Injlead  of  2aaccxy  read  laacx. 

yind  in  the  bead- lines ^  on  tbe  rigbt-band  pi^es^  from  p.  zop  to  p.  223, 
in/iead  of  Sect.  IV.,  read  Sect.  V. 


VOLUME  IL 

Page.    Une. 

9,  In  fig.  II,  tbe  perpendicular  to  AC  is  drawn  firm    the   point  CJ, 

injlead  of  E. 
1 1.  T!be  fmall  letter  i  //  wanting  in  fig.  i  ^ 

15.  4.^.  Inftead  of  tdichj  read  out  \ht. 

1 6.  9.  Infteadof  EG,  read  EF. 

24.  In  tbe  bead'HnCj  injlead  of  Book  I.,  read  Book  IF. 

64*       7.^.  Jffter  tbe  letter  a,  in/lead  of  — ,  read  zz. 

113.  Infiead  of  art.  9,  read  10.     N.  B.  AH  the  articles  from  9  to  22  are 

numbered  too  little  by  i. 
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Page.    Line* 

125.     20.  Towards  the  end  of  the  line^  after  the  word  radiuf,  deU  ibe  €9mma\ 

and  injiead  of  adding,  read  added  to. 

189.       9.^.  Jfter  :r,  infert  the  letter  a. 

205.       8.  Inftead  of  x  ^  read  -^  • 

a  1 6.      6.b.  After  =,  infiead  of  a^  read  i. 
^95*     ^3*  I^ft^iof  in,  read  is. 


>-^*    — j>-^V 


317.       %.h.  Inflead  of  ^' — f£L     read        ^ 
339.      3.  Inftead  of  qx,  read  qx. 

I 

N«  B.  The  name  of  the  city  Bologna  is  in  a  few  places  printed  Bolonia,  as  it  was 
found  in  the  Tranflator's  Manufcript^  but  I  cake  it  to  be  erroneous. 

Editor. 


A  LETTER 


A     LETTER 


FROM 


PHILALEfHES  CANrABRIGIENSIS. 


Reprinted  from  the  Gemleman^s  Magazine  for  November  xSau 


TN  the  Gentleman^s  Magazme  for  November  laft,  pages  597  and  998^ 
is  a  Letter  figned  PbilaUthes  Cantabrigienjisy  the  delign  of  which  ia 
fo  laudable^  that  I  gladly  embrace  this  opportunity  of  contributing  my 
mite  to  it  by  reprititrng  the  Letter ;  coticeiving  that  it  catinot  fail  of 
the  approbation  of  all  the  fober  and  difcerning  part  of  mankind,  and 
that,  if  the  fuggeftions  of  it  be  duly  attended  to,  it  will  prove  very 
beneficial  to  thofe  who  are  of  a  different  chara6lcr.  as  well  as  to  the 
public  in  generals  Editor^ 

Dec.  10,  180K 

•  Mr.  Urban,  OSI.  7. 

*  The  following  paflage,  taken  from  the  preface  to  the  fourth  volume 
of  the  *^  Scriptores  Logarithmici,"  lately  publifhed  by  Mr.  Baron 
Maferes,  appears  to  be  writtea  with  fo  benevolent  a  defign,  and  points 

out 


J6S  A    LtTTER    FROM    PHItALETHK?    CANTABRIGIENSIS. 

out  to  the  Great  objcfls  fo  worthy  of  their  attention,  that  I  wifli  It  were 
more  generally  known ;   and  therefore  fhall  be  glad  to  fee  it  in  the 

Gentleman's  Magazine. 

*  The  paflagc  begins  in  the^ixth  page  of  the  preface,  where,  fpeaking  of 
Dr.  James  Wilfon's  "  Hiftorical  Differtation  of  the  Rife  and  Progrefs  of 
the  Modern  Art  of  Navigation,"  the  Baron  fays,' 


^^  It  Is  full  of  curious  hillorical  matter,  and  has  fuggefted  to  my  mind  a  wi(h 
that  fome  perfon  of  affluence,  fond  of  the  fubjeft  of  navigation,  and  who  (hould 
have  been  indebted  to  it,  perhaps,  for  his  rank  or  fortune,  would  caufe  a 
colledlion  of  all  the  authors  on  that  fubjed,  whofe  works  are  mentioned  in  this 
Differtation,  to  be  made,  and  reprinted  in  a  handfome  manner  in  a  fee  of 
quarto  volumes,  of  the  fize  of  thefe  volumes  of  the  Scriptores  Logaritbmci^ 
under  the  title  of  Scriptores  NauticL  Such  colleftions  of  learned  tr^s  on 
particular  fubjeds,  under  various  titles  fuited  to  the  feveral  fubjeds  of  which 
they  treated,  would  be  very  convenient*  in  the  prefent  date  of  fcience ;  which  is 
extended  to  fuch  a  variety  of  fubjefts,  and  difperfed  in  fuch  a  number  of 
different  books,  that  it  is  very  difHculc  and  very  expenfive  for  a  perfon,  fond  di 
any  particular  branch  of  fcience,  to  procure  himfelf  all  the  books  that  relate 
to  it.  Befides  the  col  led  ion  called  Scriptores  NautUiy  relating  to  navigation, 
there  might  be  a  colledion  called  Scriptores  Statici^  relating  to  the  dodrine  of 
Jlaticks,  or  bodies  at  reft  that  form  an  equilibrium,  or  counterpoife  to  each 
other ;  under  which  head  all  the  books  of  merit  that  treat  of  the  lever,  the 
inclined  plane  J  and  the  other  mechanical  powers,  would  be  comprized,  and  thofe 
that  treat  of  the  catenary  curve,  and  of  the  partial  immerfion  and  the  pofitions 
of  bodies  floating  in  liquids  of  greater  fpecifick  gravity  than  themfclves,  and  of 
niany  other  curious  fubjeds  of  the  like  nature.  And  there  might  be  another 
coiledion  called  Scriptores  Phoronomiciy  relating  to  the  dodrine  of  bodies  in 
motion  ;  under  which  head  would  be  comprized  Galileo's  Mechanical  Dialogues, 
of  which  the  3d  and  4ih  contain  the  dodrine  of  the  fall  of  heavy  bodies  to  the 
earth  with  the  law  of  their  acceleration,  and  of  their  motion  on  inclined  planes, 
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and  of  the  motion  of  pendulums  in  circular  arches,  and  of  the  motion  of  pro- 
jeftiles,  which  (abftradting  from  the  refiftance  of  the  air,)  would  defcribc 
parabolas;  and  under  the  fame  head  would  be  comprized  Mr.  Huygens's  traA 
on  the  motions  of  perfedly  elaftic  bodies  ftriking  againft  each  other,  and  his 
admirable  treatife  De  Horokgio  O/ctllaiorh,  or  on  the  motion  of  a  pendulum- 
clock,  and  his  trad  on  central  forces ;  and  all  Sir  Ifaac  Newton's  moft  pro- 
found,  but  very  difficult  work,  called  the  Principia^  or  Mathematical  Principles 
of  Natural  Philofophy^  with  the  feveral  commentators  on  it,  and  Herman's 
Phoronomia^  and  Euler's  work  De  Motu.  Another  collection  might  relate  to  the 
finding  the  centres  of  gravity  of  different  bodies ;  which  is,  I  believe,  a  more 
fubtle  and  difficult  fubjecl  than  is  generally  fuppofed.  This  coUeftion  might 
be  called  Scriptores  Centrobarici.  And  another  colleftion  might  confift  of  all  the 
writers  on  opticks,  under  the  title  of  Scriptores  Optici.  This  colledtion  (hould 
comprize  the  work  of  Euclid,  or  that  which  has  been  afcribed  to  him,  on  this 
fubjed,  and  thofc  of  Alhazen,  and  Vitellio,  and  Roger  Bacon  (the  learned 
Englifh  monk),  and  Antonio  De  DominiSj  and  Willebrord  Snell,  and  Des  Cartes, 
and  Huygens's  Dioptricks,  and  his  treatife  De  Lumine^  and  other  works  of  his 
on  the  fubjeft  of  opticks,  and  James  Gregory's  Optica  Promota^  and  Dr, 
Barrow's  LeSlimes  Opticdtj  and  Sir  Ifaac  Newton's  Leiliones  Optica,  and  hi$ 
Treatife  of  Opticks,  or  Experiments  on  Light  and  Colours,  and  Molineux's 
Dioptricks,  and  Dr.  Smith's  Compleat  Syftem  of  Opticks,  and  Harris's  Opticks, 
and  many  papers  in  the  Philofophical  Tranfadions  relating  to  the  fame  fubjed. 
If  fuch  feparate  colledions  of  authors  were  publifhed,  every  perfon  who  was 
devoted  to  any  particular  branch  of  thefe  fciences,  (and  no  man  can  attend  to 
all  of  them,  or  even  to  many  of  them,  with  any  great  profped  of  becoming 
mafter  of  them,)  might  buy  the  coUedion  which  related  to  his  particular 
branch  at  a  moderate  expence.'* 

*  On  this  occafion  I  beg  leave  to  make  another  remark  or  two. 

*  The  importance  of  the  art  of  navigation  to  this  ifland,  in  times  of 
peace  as  well  as  of  war,  is  generally  acknowledged  ;  yet  it  may  be  juftly 
doubted  whether  it  has  been  encouraged  here  in  a  degree  fuitable  to  its 
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importance,  or  equal  to  what  It  has  received,  in  the  laft  fifty  yean,  from 
other  nations ;  certainly  not  fo  as  to  excite  equal  emulation  amongft  men 
of  fcience  *.  In  fupport  of  this  aflertion,  1  might  enumerate  the  prizes 
which,  from  time  to  time,  have  been  given  by  foreign  academies  for 
improvements  in  navigation  and  aftronomy,  and  recount  the  learned 
trads  which  have  been  produced  in  confequence  of  that  encouragement ; 
but  I  fhall  at  prefent  wave  this  fubjed« 

*  In  all  civilized  nations,  arts  and  fclences  have  been  confidered  as 
making  a  part  of  the  education  of  the  Great,  and  as  being  under  their 
patronage.     Amongft  the  men  of  rank  in  this  country,  in  former  ages, 
are  to  be  found  the  names  of  Napier^  Bacon^  Boyle^  Newton^  Macclesfield, 
and  Stanhope ;  men  who  excelled  in  fcience,  and  patronized  it  in  others. 
May  I  then  be  allowed  to  fuggeft  to  the  nobility  and  gentry  who,  of 
late,  have  made  a  confpicuous  figure  in  Weftminfter'Hallj  and  to  all 
others  of  rank  and  fortune,  who,  although  their  names  have  not  yet 
graced  the  columns  of  the  London  news-papers^  are  wafting  their  time 
and  money  in  the  fedu£tion  of  the  wives  and  daughters  of  their  friends^ 
or  in  other  idle  and  vicious  amufements,  that,  if  they  would  exchange 
thofe  vicious  amufements  for  the  innocent  and  rational  ones  purfued  by 
the  men  whofe  names  I  have  mentioned,  and,  inftead  of  fquandering 
away  thoufands  on  courtefans^  lay  out  a  few  hundreds  in  printing  fuch 
fcientific  tracts  as  the  worthy  baron  has  mentioned,  and  in  the  fupport 
of  Genius  fi^t^ggUng  with  poverty^  it  would  undoubtedly  be  much  more 

*  I  am  aware  of  the  rewards  which  have  been  offered  by  adls  of  parliament  for  the 
difcovery  of  the  longitude  at  fea,  and  not  unacquainted  with  the  manner  in  which  20^cx>l. 
has  been  beftowed. 

for 
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for  their  prefent  honour  and  future  fatisfadion^  as  well  as  for  the  good 
of  mankind.' 

*  Philalethes  Cantabrigiensis/ 


Offtne  animi  vitium  tanto  confpeSlus  in  fe 
Crimen  iabet,  quanta  major ^  qui  feccai,  babetur. 

Tota  licet  veteres  exornent  undique  cerce 

Atria,  kobilitas  fola  ejl  atque  unica  virtus. 


Juv, 


Printed  by  Wilks  and  Taylor,  Chancery-lane. 
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